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where AY) are defined in (23) and solutions can
be represented by the single-layer potential

Ux)=V(h)(x), xeQ

where the density vector h € C1?(S) solves the
integral equation

[—27'6 + K] h(x) =F(x), x€S

A solution vector U is defined modulo a rigid
displacement, while the generalized stress vector
TU is determined uniquely.

Similar existence results hold also true for
weak solutions in smooth and Lipschitz domains
(see [9-11], and [12]).
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Overview

In this work, we formulate boundary—initial
value problems of the linear thermoelasticity.

We formulate the forward in time-coupled prob-
lem and the backward in time-coupled problem.
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Moreover, we consider the uncoupled problem of
thermoelasticity, the problem of the quasi-static
theory, and the problem of the equilibrium
theory.

Our analysis is based on the works by
Truesdell and Noll [9], Truesdell [10], Nowacki
[8], Carlson [4], Eringen [5], and Hetnarski and
Eslami [7]. The history of the thermoelasticity is
fully discussed by Truesdell [10] and Hetnarski
and Eslami [7] (see also the reference list of the
work by Carlson [4]).

Boundary-Initial Value Problems

In this work, we consider a thermoelastic material
which at time 7y = 0 occupies the region B of the
three-dimensional Euclidian space E3, whose
boundary is the smooth surface 0B. In the follow-
ing, the configuration of the body at the initial
time fy = 0 is considered as the reference
configuration.

Throughout this chapter, Latin subscripts
take the values 1,2, 3, and summation is carried
out over repeated indices. Typical conventions
for differential operations are implied such as
a superposed dot or comma, followed by a sub-
script to denote the partial derivative with
respect to time or to the corresponding Carte-
sian coordinate, respectively.

We refer the configurations of the body to
a fixed system of rectangular axes. In the rest of
this chapter, x denotes the position vector with
the components (x1, x2, x3) of a generic point P of
the domain B.

Let us consider a fixed time interval [0, 1),
where #; > 0 can be infinite. Considered two
positive integers M and N, we say that
a function f defined on B x (0,#) is of class
CMN if the functions

o o"'f
men) =~ (ZJ
I = Ox,0x,. . .Ox; <8t”>

me{0,1,...M},ne{0,1,...,N}
m+n < max{M,N}
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exist and are continuous on B x (0,1;).

We denote by T the absolute temperature in
the reference configuration, and we suppose that
Ty is a prescribed positive constant. We also
suppose that in the natural state, the body is free
of initial stresses and entropy.

We assume that the components u; of the dis-
placement vector are of class C2 on B x (0, 1),
while we assume that the variation of temperature
0 is of class C*! on B x (0,1;) and continuous
together with 0 and 0;onB x [0,11).

In the linear theory, we suppose that u = eu’
and 0 = &0 where ¢ is a constant small enough to
have ¢" ~ 0, forn > 2, and u and 0 are indepen-
dent of &. We consider the components of the
infinitesimal strain tensor ¢;; given by

Zez'j = Uj; + Uji (1)

In the following, we denote the stress tensor
and the heat flux by ¢; and ¢;, respectively.
Moreover, we will use the following notations:

i) p, is the mass density of the continuum at the
initial time.
ii) S is the entropy per unit mass.
iii) b is the body force per unit mass.
iv) r is the heat supply per unit mass.

The equations of the linear theory of
thermoelasticity consist of (see [4])

— The equations of motion

ajij + pobi = polii
— The energy equation

poToS + gii = por
— The constitutive equations

oij = Cijen — M;;0
poS = Mjje;; + ab
qi = —ki0;

— The geometrical equations
1
eij = 5 (uij + uji)

2
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The constitutive coefficients Ciy, M, kij, py
and a are depending on the spatial variables
X1,Xx2,x3, and they have the following properties
of symmetry:

Mij = Mji Cijk[ = Cklij = Cjikl (6)
and
k0, >0 (7)

To these equations, we must adjoin boundary
conditions and initial conditions. The boundary
conditions can be of Dirichlet type or of Neumann
type, or we can have mixed boundary conditions.

The initial conditions have the following
form:

and, in the case of the mixed problem, the bound-
ary conditions are

w(x, 1) = i(x,1), on = x[0,1;) (9)

S,’(X, t) = O'j,'(X, I)I/lj
= §5i(x,1), on X x [0,#)) (10)

0(x,t) =0(x,t), on X3 x [0,1;) (11)
Q(Xv t) = Qi(xv t)ni

=q(x,1), on X4 x[0,1) (12)
where X (s = 1,...,4) are subsets of the bound-
ary OB so that X, UX,=2X3UZX; =0B,
21Ny =23N2s =0, n is the unit outward
normal to the boundary, and uy;, tto;, So, @i, Si, é,
and ¢ are prescribed fields.

In the linear theory of isotropic materials, we
have only five constitutive coefficients A, u, m, k,
and a so that the constitutive equations (4)
become

qi = —k9},~ (13)
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0jj = /ALerré,:]' + nej — m@b‘,;,- (14)
poS = me, + al

Here, the scalars 4 and u are called Lamé
moduli, u is the shear modulus, m is the stress—
temperature modulus, and k is the conductivity
coefficient assumed to be positive.

We assume that the constitutive coefficients
are of class C' on B while p,, and a are assumed to
be continuous on B and p, > 0.

We also suppose that the prescribed data are
given so that [4]:

i) b; and r are continuous on B x [0, ;).

ii) uo;, i1o;, and Sy are continuous on B.

iii) #; are continuous on X x [0,1).

iv) §; are smooth functions on X, x [0,#,) and
continuous as functions of time.

v) 0 is continuous on X3 x [0, #).

vi) ¢ is smooth on X4 x [0, ) and continuous as
function of time.

By an admissible thermoelastic process, in the
linear theory of thermoelasticity, we mean an
ordered array [u;, e;, 0,0, S, ¢;] with the proper-
ties [4]:

i) u; are of class C?> on B x (0,1;).

i) u;,u;, i;, u;j, u;; are continuous on
B x [0,[1).
iii) e;; are the components of a symmetric ten-
sor, continuous on B x [0,#1).
iv) o;; are the components of a symmetric ten-
sor, of class C'"? on B x (0, ).
v) o;; and 0j;; are continuous on B x [0, 7).
vi) Ois of class C>! on B x (0,1).
vii) 0,0, 0 are continuous on B x [0,1;).
viii) S is of class C%! on B x (0,#).
ix) S, S are continuous on B x [0,11).
X) g; are of class C'* on B x (0,1,).
xi) g; and g;; are continuous on B x [0, ;).

The following remark is an immediate conse-
quence of the above definitions and linearity of
field equations.

Remark 1. Carlson [4] Let [u;,e;;, 05, 0,S,qi]
and [i;, €, Gjj, 0,8, g;] be thermoelastic processes
corresponding to the external force systems [s, f]
and s, f'], respectively, and to the external ther-
mal systems [¢,r] and [g,7], respectively.
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If o and « are scalars, then [ow; + ail;, oejj + 4é;;,
oo + ady;, ol + a0, oS + S, ag; + ag;] is a
thermoelastic process corresponding to the exter-
nal force system [us 4 &8, of + f] and to the
external thermal system [0g + &g, ar + o7].

The above remark proves that the set of all
admissible thermoelastic processes may be orga-
nized as a linear space endowed with natural
addition and scalar multiplication.

By a solution of the mixed boundary—initial
value problem, we mean an admissible
thermoelastic process which satisfies the (2)—(5)
and the conditions (8)—(12).

Let us introduce the relations (4) and (5) into
(2) and (3). Then, we can formulate the bound-
ary—initial value problem in terms of displace-
ment u; and temperature variation 6 only. Thus,
we have the differential system

(Ciaurs) j — (M;0) ; —
(kij@,j)_,,‘ — T()M,'jl;tl'lj

— pobi

polli =

(15)

with the initial conditions

I
5 5

u;(x,0)
11 (x, 0)
Q(X 0) = Qo(X)

U:JI\_/\_/
—~
—_
©))
~

0i(X
i0i (X
X €
and the boundary conditions

u;(x,t) = i;(x,t), on Xy x [0,4))

(17)

—M,'jg)(X, l)l’lj
on 2, X [O, tl)

(Cijrattic
= §i (Xa t) )

(18)

A~

0(x,t) = 0(x,1), on X3 x [0,1)

(19)

k,‘j@J(X, l)l/l[ = qA(X, Z), on X4 X [0, ll) (20)
In the above relations, we have used the spe-
cific heat ¢ = Tya, and we have introduced the

notation:

a90 = pOSO (21)

— Mijugi
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If the body is homogeneous, then the system of
partial differential equations (15) reduces to

M0 — poii; =
— ToMjjuii

— pobi

Cijttr,1j — 22)

Moreover, if the body is homogeneous and
isotropic, then the equations are

ptijj + (A4 wujji —mb; — poli; = — pobi
kH,,-,- - Tomll” — Cé = — Por
(23)

Concerning the solution of the mixed bound-
ary value problem, we have the following unique-
ness result [4]:

Theorem 1. Suppose the elasticity tensor Cjjy is
positive semi-definite and the specific heat c is
strictly positive. Then the mixed problem has at
most one solution.

Sometimes in applications, the boundary con-
dition for the heat flux is considered in the form of
the following convection condition:

q-n=nT—-T,) on OB (24)
where T is the temperature of the solid’s bound-
ary, T, is the ambient temperature and / is the
convection coefficient. The last two quantities, /
and T,, are determined by experiments. Other
types of boundary conditions for the heat flux
can be found in the books [3, 7, 8].

Up to now, we have formulated forward in
time problems. In the last part of this section,
we formulate the boundary—final value problem
known as the backward in time problem. We
consider the boundary—final value problem of
the linear theory of thermoelasticity on the inter-
val (—11,0], where #; > 0 may be infinite. All the
quantities have the same significations as in the
formulation of the forward in time problem
defined above.

In terms of displacement u; and temperature
variation 6, the boundary—final value problem is
defined by the equations
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(Ciaurs) j — (M0) ; — poiii = —pobi
(klfjaj)',' — T()MUL.{,'J' — Cé = —pol, in B X (—[1,0)

(25)
the final conditions
U; (X, 0) = M()I(X)
1i(x, 0) = tigi(X) (26)
0(x,0) = Oy(x), x €EB
and the boundary conditions
M[(X, I) = ﬁ[(X,I), on X X (—Il,O] (27)
(Ciaurs — Myi0)(x, t)n;
= §i(x,1), on X x (—1,0] (28)
0(x,1) = 0(x,7), on X3 x (—1;,0]  (29)

k,‘jQ/(X,f)l’li = C?(X,l), on 24 X (—[1,0] (30)

where X (s = 1,...,4) are subsets of the bound-
ary OB so that X, UX,=2X3UX; = 0B,
2iNX,=23N24 =0, n is the unit outward
normal to the boundary, and uy;, ito;, So, i, i, @,
and ¢ are prescribed fields.

The backward in time problems lead to
ill-posed problems. By means of the change
t~ =t we can transform the above boundary—

final value problem into a boundary—initial
problem defined by the equations

(Cijratur) ; — (My0) ; — potii = —pobi
(kijgsl')ﬂ' + TOMij’/.liij + Cé = —Pols in B x (0 tl)

(31)
the initial conditions
u;(x,0) = up;(x)
I/'ll'(X, 0) = I/to,'(X) (32)
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and the boundary conditions

ui(x,1) = u;(x, 1), on Xy x [0,4) (33)
(Cijatr g — Mii0)(x, 1)n;

= §i(x,1), on X x [0,4) (34)

0=10, on X3 x[0,1) (35)

kij0 j(x,t)n; = ¢(x,t), on X4 x [0,t;) (36)

We remark the energy equation is changed by
this transformation, while the first three equations
have the same form as in the case of final value
problem. This class of problems was first consid-
ered by Ames and Payne [1] (see also the book by
Ames and Straughan [2]).

Uncoupled Problems

In the study of certain materials, it has been
observed that in the energy equation (15),, the
term ToMju;; can be neglected, and the
corresponding predicted results are in concor-
dance with the experiments. In such a case, the
energy equation (15), is replaced by

(k,:,-@i,-)’l. — Cé = —por (37)

and the mixed problem becomes high simplified.
In fact, the mixed problem leads to the separate
study of two boundary—initial value problems. The
first is concerned with the above equation together
with the initial and boundary conditions for the
temperature variation 0, a problem relating only
the temperature variation. Assuming solved this
problem for the temperature variation 0, the sec-
ond boundary—initial problem consists of the dif-
ferential system (15); with the initial and
boundary conditions in terms of the displacement
u; in which the temperature variation is assumed
prescribed. This last boundary—initial value prob-
lem represents a boundary—initial value problem
of the linear elastodynamics in which the compo-
nents of the body force vector are

b; — s (M;0)

Po (8)

J
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and the stress boundary condition is

Si(X, Z) = gi(X, l) + M,‘]'Q(X, t)nj (39)

This last case is called the uncoupled theory of
the thermoelasticity. The coupled theory con-
cerns the studies of the interaction between the
deformation of elastic materials and the thermal
field. Thermoelasticity gives the tools to investi-
gate the stresses produced by the temperature
field and to calculate the distribution of tempera-
ture due to the action of internal forces.

In the uncoupled theory, the function 0 vanishes
when r, 0, 0, and q are zero. In the coupled theory,
this is not true: there is a variation of the tempera-
ture due to the mechanical deformation. This vari-
ation also produces a mechanical deformation.

Sometimes the inertial terms are not taken into
account. Then, the (2) is replaced by

Ojij + ,Oob,' =0 (40)

In such a case, we obtain the so-called quasi-
static theory of thermoelasticity. Then the basic
equations of the quasi-static theory are (40) and
(3)-(5).

Let us consider now the equilibrium theory.
Then the fundamental system of field equations
consist of
The equations of equilibrium

gjij + pobi =0 (41)
— The energy equation
qii = Por (42)
— The constitutive equations
aij = Ciuen — M0
P()S = Mijeij + ab (43)
qi = —k;0,;
— The geometrical equations
1
ej = 5 (uij + i) (44)
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To these equations, we must adjoin boundary
conditions which can be of Dirichlet type or of
Neumann type, or we can have mixed boundary
conditions.

In the case of the mixed problem, the bound-
ary conditions are

ui(x) = ;(x), on X (45)

si(x) = g;;(x)n; = §i(x), on 2 (46)

0(x) = 0(x), on X3 (47)

q(x) = qi(x)n; = g(x), on 24 (48)
where X (s = 1,...,4) are subsets of the bound-

ary OB such that X, UX, =2X3UX; = 0B,
Z] 022 = 23 ﬁZ4 ZQ, and l),‘, AA‘I', é, and qA are
prescribed fields.

We suppose that the prescribed data are given
so that [4]:

i) b; and r are continuous on B.

1) #; are continuous on X1.

iii) §; are smooth functions on X,.
iv) 0 is continuous on X 3.

v) ¢ is smooth on Xy.

Let us remark that the above system is
uncoupled in the sense that the temperature can
be found by solving the heat flow problem
given by

(kleJ)_j = —pr, in B

0(x) = O(x), on X3

qi(x)n; = ¢(x), on Xy

(49)

From the above problem, we can remark that
the mechanical deformation does not influence
the variation of the temperature. In the following,
we can suppose that the temperature field is
already determined.

By an admissible state, in the linear equilib-
rium theory of thermoelasticity, we mean an
ordered array [u;, e;;, 0;;] with the properties [4]:

i) u; are of class C? on B.
ii) u; and u;; are continuous on B.
iii) e;; are the components of a symmetric tensor,
continuous on B.
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iv) o;; are the components of a symmetric ten-
sor, of class C! on B.
v) o;; and gj;; are continuous on B.

Thus, the equilibrium problem consists in
finding an admissible state which satisfies the
problem defined by the (41), (43), and (44) and
the boundary conditions (45) and (46), where 0 is
a known function. We also have that the set of all
admissible states may be organized as a linear
space endowed with natural addition and scalar
multiplication.

Regarding the equilibrium problem, we have
the following uniqueness theorem [4]:

Theorem 2. Let the elasticity tensor Ci be
positive definite. Then any two solutions of the
mixed equilibrium problem are equal modulo
a rigid displacement. Moreover, if 2 is
nonempty, the mixed problem has at most one
solution.

In the equilibrium problem, let us consider
that X, = OB. So, we know the surface traction
on entire boundary of the body. For this problem,
we intend to give a formulation of the problem
only in terms of the stress tensor.

We assume that the tensor C;; is invertible.
From the constitutive equations (43);, we have
that there exists a tensor A;;; so that

ej = Ajuou + ;0 (50)

where

i = AjiaMu

(51)

We assume that A;;; and o;; are of class C 2 on
B and that the domain B is simply connected. In
view of the compatibility conditions (see [6]), it
follows that the stress tensor ¢;;, of class C?>onB,
corresponds to a solution of the equilibrium prob-
lem if and only if it is solution of the problem
defined by the equations

0jij + pobi = 0

. 52
sz'mgq/'n(Ai/klO-kl + OC,:,‘@) =0, in B ( )

,mn
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and the boundary condition

ojjnj = fi, on OB (53)

where g is the alternating symbol.
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