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Overview

The linear theory of thermoelasticity considers
the interaction between the deformation of
elastic materials and the thermal field for infin-
itesimal deformations and small variations of
the temperature. The linear thermoelasticity
gives the tools to investigate the stresses pro-
duced by the temperature field and to calculate
the distribution of the temperature due to the
action of internal forces. The rapid develop-
ment of this theory was stimulated by various
engineering science. We have to point out
that, for the isotropic materials, the equations
of linear thermoelasticity were postulated by
Duhamel [1, 2] and Neumann [3]. The history
of thermoelasticity is fully discussed by
Truesdell [4] and Hetnarski and Eslami [5]
(see also the reference list of the work by
Carlson [6]).

Our analysis is based on the works by Trues-
dell and Noll [7], Truesdell [4], Nowacki [8],
Carlson [6], Eringen [9], and Hetnarski and
Eslami [5]. More details regarding the nonlinear
theory can be found in the article of the present
encyclopedia devoted to this subject [10].

The main purpose of this work is to present the
equations of linear theory of thermoelasticity.
First, we present the equations of the nonlinear
theory. Then, we consider the case of infinitesi-
mal deformations and of small variations of the
temperature, and we give the forms of the basic
equations for anisotropic and for isotropic mate-
rials. The equations are formulated in Cartesian
coordinates and also in cylindrical and spherical
coordinates. In the last section, we give a short
description of the linear theory of thermoelastic
materials with initial stresses and initial heat flux.
To this aim, we use the results from the paper [11]
(see also [12]).

The Equations of Nonlinear Theory

We consider a body made by a thermoelastic mate-
rial, which at the time 7y occupies the region B of
the three-dimensional Euclidian space E3, whose
boundary is the smooth surface OB. In the
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following, the configuration of the body at the
initial time #, is considered as the reference
configuration.

We refer the initial configuration of the
body to a fixed rectangular Cartesian system
of axes OXkg (K =1,2,3). We denote by
Xk (K =1,2,3) the coordinates of a generic
material point My, of the domain B. We sup-
pose that after the deformation process, at the
time ¢, the body occupies a new domain B
which has the boundary OB, the material
point M, arriving in the position M. We will
refer the configuration B of the body at the
time ¢ to a new fixed rectangular Cartesian
system of axes ox; (i =1,2,3). The coordi-
nates of the position M are denoted by
x; (i=1,2,3). In the rest of this entry, X
denotes the position vector with the compo-
nents (X1,X>,X3), and x denotes the position
vector (x,xp,x3).

In the following, Latin subscripts take the
values 1,2, 3, and summation is carried out over
repeated indices. Typical conventions for differen-
tial operations are implied such as a superposed
dot or comma followed by a subscript to denote the
partial derivative with respect to time or to the
corresponding Cartesian coordinate, respectively.

We assume that the body should not penetrate
itself and hence there is a one-to-one application
between B and B. Let us consider a fixed time
interval [ty, 11), where £y > 0, while #; > 0 can be
infinite.

The deformation of the body will be described
by the relation [9]

x=x(X, 1), (X, 1) €Bx [to,t;) (1)

This application is of class C? on B x [to, ),

and we have
ax,-
J = det >0
¢ <8XK)

The coordinates Xx are called material coor-
dinates, while the coordinates x; are called spatial
coordinates.

Considered two positive integers M and N, we
say that a function f defined on B x (fo, ;) is of
class CMN | if the functions

(2)
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o anf
aXanQaXK or"

me{0,1,...M},ne{0,1,...,N}
m+n < max{M,N}

o)

exist and are continuous on B X (fo, t1).

We denote by E; the directional vector of the
axis OXk, and by e; the directional vector of the
axis ox;. It is easy to remark that

EK . EL = 5KL; e - ej = 5,:/' (3)

where dg; and 0;; are Kronecker’s symbols.
Hence, we have

X = XKE[(, X = X;€; (4)

—
Let us introduce the vectors ¢ = Oo and

—
u = MyM, and let us remark that we have

u=ue = UKEK
C =c¢i¢ = C[(E[( (5)
u=x—X+c

We call the vector u the displacement vector.

In the nonlinear theory, the following mea-
sures are used to describe the deformations of
the continuum:

2Ek; = Cxr — Ok1
26,‘1‘ = 5,‘]‘ — C,'j

(6)

where

Ckr = XigXiL

(7)

cij = Xk iXk

The tensors ¢;; and Ck;, are called the Cauchy
deformation tensor and the Green deformation
tensor, respectively, while Eg; and e;; are the
Lagrangian strain tensor and the Eulerian strain
tensor, respectively.

The strain tensors Eg; and e; may be
expressed in terms of the components of the dis-
placement vector as

2Eg; = Ukp +Urg + UuxUnp (8)
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2ejj = uij + Uj; — Us il 9)
The equations of nonlinear thermoelasticity

consist of (see [6])

po=pJ
Skikx + pobi = po Ui
Pol: = SkL EKL —Qk .k + por

(10)
Sk = Stk
; Ok
pO(TS—V)—i-QK,K— T >0
K
where
Ski = Xi,LSKL (1 1)

The quantities from the above relations have

the following physical significations [5]:

1. py is the mass density of the continuum at the
initial time, while p is the mass density in the
actual configuration.

2. Sk; and Sk; are the Piola-Kirchhoff stress

tensors.

. b; is the body force per unit mass.

. 1 is the internal energy per unit mass.

. Qg is the heat flux vector.

. § is the entropy per unit mass.

. T is the absolute temperature.

. r is the heat supply per unit mass.

We consider that T is a positive function of

class C*! and S is of class C%! on B x (1o, ;).

We say that a media is a thermoelastic mate-
rial if the following constitutive equations hold

0 3O L AW

V= ‘L(EKM T,Tpg; XN)
Skr = Sk (Exr, T, T g; X)

> (12)
S =S(Ex.,T,Tp; Xn)
Ok = Ok (Exe, T, Tg; Xy)
where
W=i—TS (13)

is the Helmholtz free energy. We assume that the
response functions are of class C? on their
domain.
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It follows, using the entropy inequality, that
(see [6])

U = lj(E[(L, T; XN)

S ou
KL =
Ok (14)
ou
PoS = Tar
Ok = Ok (Exe, T, T a3 X)
where U = pyy.

Moreover, the heat flux vector must verify the
following inequality:
OkTxk <0 (15)
A consequence of the inequality (15) is the
fact that the heat flux vanishes when the gradient
of the temperature vanishes, that is,
Ok (Ek,T,0; Xy) =0 (16)
In conclusion, the basic equations of nonlinear
thermoelasticity consist of (10), the constitutive
(14), and the geometrical (8), on B X (t9, ).
More details about the above equations can be
found in the books by Truesdell and Noll [7] and

Eringen [9] and in the paper of the present ency-
clopedia by Gales [10].

Linear Theory

In this section, we present the equations of linear
theory of thermoelasticity. We use the following
notations X; = 9;4X4, where 0,4 is Kronecker’s
symbol, and f; = 5—)1;1
We denote by T the absolute temperature in
the reference configuration, and we suppose that
Ty is a prescribed positive constant. We also
suppose that in the natural state, the body is free
from stresses and has zero entropy.
The variation of temperature is given by
0=T-T, (17)

In the linear theory, we will suppose that
u = ¢eu; and 0 = ¢ where ¢ is a constant small
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enough to have ¢" ~ 0, for n > 2, while u; and o
are independent of ¢. In fact, we assume that all
quantities u;, 0,Sk;, Ok, S are of the form &¢ with
¢ a very small constant and ¢ independent of e.
Moreover, in the linear theory, we consider
only one fixed system of rectangular axes, and
so we have
Xi=Xi+u (18)
Let us remark that, in the framework of the
linear theory, the partial derivatives of a function

f = ¢f with respect to the spatial coordinates,
where ¢" ~ 0 for n > 2, can be approximated by
the partial derivatives with respect to the material
coordinates, that is,

O o O

8X1_an6X1
B/ T W/ AP
= 8xj (511 +8X1) == 6)(1 +0(8 )

Hence, in the linear theory, the Lagrangian
and the Eulerian strain tensors coincide. We
denote the components of the strain tensor by
ejj, so we have

26,'1' = Uj; + Uji (19)

This tensor is called the infinitesimal strain
tensor. In the linear theory, the Piola-Kirchhoff
stress tensors coincide. In the following, we
denote the stress tensor and the heat flux by o;;
and g;, respectively.

In the linear theory, the free energy is consid-
ered to be a second-order polynomial in terms of
the strain tensor and the variation of temperature.
Thus, it has the following form:

U= U(e,:,-, 9) = Co — Clg + Cij€jj
1 1 (20)
+ ECI-jkge,-jek/ — M,-je,-jé) — Eagz

where co, c1,¢;j, Ciju, Mj; and a are constitutive
coefficients characterizing the type of material.
They have the following properties of symmetry:
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cij = Cji, My = Mj;

(21)
Ci = Cuij = Cjina
The quantity
1
¢, =—Toa (22)
Po

is the specific heat per unit mass corresponding to
the natural state (e;; = 0,0 = 0), while
¢ = PoCe (23)

is the specific heat per unit volume.
Because we have assumed that in the natural
state the body is free from stresses and has zero

entropy, it follows that c¢p =0,ci =0 and
cij = 0. So, the free energy has the form

1 1
U= EC,jkleijek[ — Mijeijﬁ — 56102 (24)
It follows from (14) that
v 2 36,:,- 8€ji
= Cyuen — M;;0 (25)
ou

pOS = —% = M,‘jel‘j + al

Moreover, in view of the relations (15) and
(16), the heat flux vector is given by

qi = —ki0,; (26)

with

kij0 ;0; > 0 (27)
The tensor k;; is called the conductivity tensor.
In view of the above analysis, we remark that
the energy equation can be written in the follow-
ing form:

poToS + qii = por (28)
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Concluding, the equations of linear theory of
thermoelasticity are:
— The equations of motion

gjij + pobi = po li; (29)
— The energy equation

poToS + qii = por (30)
— The constitutive equations

o;j = Cijuen — M;;0

poS = Mjje;; + a0 (31)

qi = —kij0,

— The geometrical equations
1
ey = 5 (uij + uj;) (32)

To these equations, we must adjoin boundary
conditions and initial conditions. The boundary
conditions can be of Dirichlet type and of Neu-
mann type, or we can have mixed boundary
conditions.

Let us consider now, in the
dimensional Euclidian space, a symmetric
tensor a of second order. As it is known, the
coefficients of the following polynomial
expression (in &)

three-

det(a; — &655) = ~& +1(a)& (33)
—1>(a)¢ +I5(a)
are the principal invariants of the tensor a under
the full group of orthogonal transformations of the
rectangular frame of reference. For more details
regarding the invariants of vectors and tensors, the
reader is referred to the book by Eringen [9].
Moreover, we recall that any other invariant of

the tensor a can be written as function of the
invariants /;(a) which are given by

1 1 (a) = aj;

1
L (a) = 5 (aiiajj - arsars) (34)
(

I; a) = det(aij)
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For isotropic materials, the function U must be
form invariant under the full orthogonal group of
transformations of the material frame. This
means that U shall be a function of the invariants
of e;;, that is,

U= U(Il(e),lz(e),13(e),Q;X,-) (35)

The effect of material symmetry on the form
of the elasticity tensor Cyj; is discussed in details
by Gurtin [13].

Often, the invariants /;(e) are replaced by the
invariants defined by

Ji = ej
J2 = €€ (36)
J3 = det(éij + 2eij)

For isotropic materials, the Helmholtz free
energy is given by

1 1
U= EM% +pr=mh0=2a0  (37)

where A, u, m and a are constitutive coefficients.
Moreover, we have

qi = —k@ﬁi (38)
with £ > 0.
Using the relations (14), we deduce that

0jj = xerréij + Hnej — mgéij (39)
PoS = me, + al

The scalars A and u are called Lamé moduli,
wis the shear modulus, m is the stress-temperature
modulus, and % is the conductivity coefficient.

If u # 0 and 32+ 2u # 0, then the relations
(39), can be inverted to yield

1 o A
2u " 2u(3N + 2u)
+ 06951']'

ej = Trr0jj

(40)
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The quantity

o= m
C3h+2u

(41)

is called the coefficient of thermal expansion.
Let us define Young’s modulus E and
Poisson’s ratio v by

E— u(3h +2u) I

rtu 20+ p) (42)

The relations (40) can be written in the fol-
lowing form:

I+v v
ejj = LG:‘/ - Ef"rr‘sij + a0

- (43)

Cylindrical and Spherical Coordinates

In the study of many problems of the mechanics
of continuous media, it is useful to employ
curvilinear coordinates. In this section, we present
the equations of the linear theory of
thermoelasticity in cylindrical and spherical coor-
dinates, respectively. The equations of the theory
of thermoelasticity in arbitrary curvilinear coordi-
nates are presented in [14] (see also [15] and [16]).

Let us consider the cylindrical coordinates
(9, ¢,z). Thus, we have

Linear Thermoelastic Model

X| = QcosQp, xp = gsing, x3 =z (44)

0€[0,00),¢ €[0,2n),z€ R

The physical components of the displacement
vector are denoted by u,, ug, and u,, while the
physical components of the strain tensor are
denoted by ey, €ggp, €22 €y, €pz, and €.

We have the following relations between the
physical components of the strain tensor and the
physical components of the displacement vector:

Ou, 1 (Ouy Ou;
=90 " g\ap T )Tl

1/10u, Ouy 1
eg“’:5<56¢+6r‘5“>

1 8u¢ 181/12
e@Zi(E*ga(;;)

—l %+auz
=75\ ; do

(45)

Throughout this section, we consider the equa-
tions of the linear theory of thermoelasticity for
homogeneous and isotropic media.

If we denote by b,,bs and b, the physical
components of the mass forces, then the equa-
tions of motions are

00y 100,y 0oy 1 a2u0
Q0 - - _ b = e
aQ 0 8(Z) 9z +Q(GQQ O-¢¢) +p0 Q Po 8t2
66@, 1 80'¢¢ 60¢7 2 82M¢
- -+ — by = py—— 46
D0 "o 0p oz glre TP =PoT5, (46)
00, 4 1 0oy, 0o N 1 + b &u.
- — 0y 7 — Nl
Bo o 0 0z gl TP PoTan
In cylindrical coordinates, the physical com- Goo = Megg + e + €:2) + 2uegy — PO
ponents of the stress tensor are Tpp = Megy + €gg + €2:) + 2pepy — O
0. = Megy + epg + €22) + 2pe.. — o (47)

Top = 2Ueyp
Op: = 2Uue,;

Op: = 2ley:
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The entropy is given by

p()S ﬁ( €00 ) + oo + ezz) + ab

(48)

while the heat flux vector has the following phys-

ical components:

00 1 00

:—k— :—k—— , =
QQ 8Q’qd> Q8¢’q

Hence, the energy equation becomes

0
ﬁT()_ (eQQ + e¢¢ + eZZ) + Toa—

Jro ey 1 a2e+
0 o QBQ 0% d¢*

00
ot
629

00

—kZ- (49)

0z

(50)

+ por

Let us now introduce the spherical coordinate
system by means of the mapping

= Rsin ¢ cos ,x, = Rsin ¢ sin ¢,

x3 =R cos ¢

(51)

O0RR 1 861?1/, 1 (3O'R¢ 1

oR "Rsing Oy 'R 06
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€[0,00),¢ € [0,n),y € [0,2n)

In this case, the physical components of the
strain tensor are

8MR 814
eRR aR ) (b(]” ad)
1 % n l | cotp cot¢p
= Rsing Oy R"F R "

(1 Ouy,  cotep 1

Ro6 R "™ Reing 0y

6u¢>
1 1 8uR 1 . Ouy,
e —_—— —
VR = Rsm¢ oy R™ TR
. 1 Oug 1 n Ouy

_ — —_———1Uu "
oR 2 Rop R’ OR

(52)

where ug, uy and uy, are the physical components

of the displacement vector.
The equations of motion become

82 UR

(ZGRR — Opp — Oyy + OrpCOtd) + pobr = Poga

Jdo R 1 do oY 1 do ¢¢
OR  Rsing Oy R 8(]5
30‘R¢ + 1 (%W 1 80'451/,
OR 'Rsing Y R 8(}5

8211¢

[3‘7R¢ + (‘7¢¢ - O'W)COUP] + poby = Poy (53)

82ul/,

(30'[3,# + 26¢¢Cot¢) + pobl/, pO W

In spherical coordinates, the physical compo-

nents of the stress tensor are

ORR = 7\,(€RR +epp + ew,p) + 2uegg — B0
0pp = Merr + epp + eyy) + 2uepy — pO
Oyy = Merr + epp + eyy) + 2ueyy — po

ORp = 21€4R
ORy = 21eyr
Ty = 2lepy

(54)

The entropy and the physical components of
the heat flux vector are given by

poS = Plerr + epp + eyy) +al (55)
and

00 100
* oR 1 R ¢’
1 00
=" Rsing w

(56)

respectively.
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In consequence, the energy equation has the
following form:

0 00 1 0 o0
ﬁTO& (err + €pg + eyy) + Tan =k [RZ R <R2 87R>
+ # 3 i d; % + ; ﬁ + -
Rasing 06 \"" 9p) T Rasintg oy? | PV

(57)

Linearized Theory of Materials with
Initial Stresses and Initial Flux

In the first part of this section, we consider three
states of the body: the reference configuration B (at
the time #p) and other two configurations, B and
B*, at some intermediate moments. We call 3 the
primary state and B* the secondary state. More-
over, we shall designate as incremental those
quantities associated with the difference of motion
between the secondary and primary states.

Let us consider that the material point having
the coordinates Xk in the reference configuration
has the coordinates x; in the primary state and y; in
the secondary state. The quantities associated with
the secondary state will be denoted with an aster-
isk. We define the incremental displacement by

Up=yi— X (58)
We have
yi = yi(X1,X2,X3,1) (59)
We define the incremental quantity
0=T"-T (60)

Because we consider the linear theory, we
assume that u; = eu and 0 = e, where ¢ is
a constant small enough for square and higher
powers to be neglected and «/ and 6’ are indepen-
dent of &.

If we refer all quantities to the primary state,
then we have to consider u; and 6 as dependent of
x;. If we refer all the quantities to the reference
configuration, then we consider these functions
depending on Xk.
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In the secondary state B, we consider the
following stress tensors: g7; is the Cauchy stress
tensor, Sk; and Sk, are the Piola-Kirchhoff
stress tensors measured per unit area in the con-
figuration B, and S;-(I) and S;.m are, respectively,
the first and the second Piola-Kirchhoff
stress tensors measured per unit area in the con-
figuration 5.

In the configuration 3%, we consider the follow-
ing heat flux vectors: ¢; is the heat flux across the
planes y; = constant, measured per unit area of
these surfaces and per unit time; Qj is the heat
flux across surfaces in B* that in the reference
configuration B were coordinate planes perpendic-
ular to the Xk -axis, measured per unit area of these
planes and per unit time; Q_,* is the heat flux across
surfaces in B* that in the configuration B were
coordinate planes perpendicular to the x; -axis,
measured per unit area of these planes and per
unit time. These quantities are related by equations
similar to (11).

The equations of motion of the secondary
state are

*(1 * . .
Sjifj) + pb; = py;,in B X (1o, 1) (61)
while the corresponding energy equation is
pT*S = —Qj;+pr*,inBx (tg,t;)  (62)
Let us consider the strain tensor
2E 5 = YiaYiB — 0B (63)
It is easy to see, in view of (58), that
. 1
E,p = Eap + 3 (xiplia + Xialti ) (64)
If we denote
28,7 = Ui, + Uj; (65)
then we have
E:ZB = EAB + &ijXi, AXj.B (66)
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Thus, in a second-order approximation, we
have

oU* oUu

=—+A E —E — Gyt
O,  OEx + Assun (Eygy MN) AB
ou* oU y
8T* :ﬁ_GAB(EAB _EAB) —AG

(67)

where Aapun, Gag, and A are constitutive coeffi-
cients depending on T and X.

Moreover, we have the following relation
between S;;(l) and S} :

S = LS (69)

Now, we call the usual relations between the
first Piola-Kirchhoff tensors and the Cauchy ten-
sor, the relation (67), and the form of the consti-
tutive equations derived in the previous section.
Hence, in a second-order approximation, we have
[11,12]

*(1
Sij( = oij + Cijuers — M0 + 0ir1tj

(69)

where

S B B y ki
Clj) J’K‘-I K’(‘[L’CI M’CS‘ N4 ‘KLMN

1
M;; = jxi,Kxj,LGKL

Similarly, we have that

Q; = qi — hijeix — ri — ky0 (71)
7= polS" — S) = I (Mye; + ab)

In Section 2, we have given the basic equa-
tions related to the primary state, in terms of the
quantities referred to the initial configuration B. If
we refer the motion to the configuration /5, then
the equations are

gjij + pbi = pX;

3 )
_qu + pr = pTS,ll’lB X (t()’tl)
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In order to study the motion between the sec-
ondary state and primary state, we subtract (61)
and (62) from (72), and (72),, respectively, and
we obtain

Ajij + pBi = pii;

1 .
—V;; +pR ZJT? + p0S,in B x (to, 11)

(73)

where B; = bf —bi,R=r1r"—r,Aj= S;;-(l) - 0jj,
and y; = Q;k —qi-

Now we consider that the primary configura-
tion B is identical with the reference configura-
tion B. We suppose that B is subjected to an initial
stress and is at a nonuniform temperature 7. So,
u denotes the displacement vector, 6 denotes the
temperature variation,J = 1,p, = p,T = T, and
Eap = 0. The quantities o;;, S, Cjji,M;;, and a
must be evaluated for Espg = 0 and T = T. The
functions o;; correspond to the initial stresses, and
g; corresponds to the initial heat flux.

In view of the above results, the equations of
linearized theory of materials with initial stresses
and initial heat flux are

Ajij + PoBi = po lii

— i+ pr=T7p,inB x (t,1) (74)
where
il'j = (Cijrs + aiséj”)urﬂ - M’:/IQ
v = Miju;j + a0 (75)

Vi = —hiujp — rib — k6,

If T is constant, then ¢; =0, hijjx =0 and
r; = 0. To this system, we have to adjoin bound-
ary conditions (Neumann or Dirichlet conditions)
and initial conditions.

Cross-References

Structural Stability in Linear Thermoelasticity
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Synonyms

Interface and  structural

Interface phenomena

nonhomogeneity;

Definitions

Local gradient models are the models describing
locally heterogeneous, namely, structured deform-
able systems. They are based on principles of irre-
versible thermodynamics and solid mechanics. The
local gradientality means that a chemical potential
gradient is used for describing the equilibrium state
of physically small subsystem of a one-component
solid body. The parameter conjugated to the gradi-
ent of chemical potential is the density.

Real solids are locally heterogeneous. They
feature a structure as, for example, internal
areas of grains and their surfaces. In massive
solid homogeneous bodies, the relative part of
interfacial component in internal energy and
other energetic characteristics usually is small
as compared with a volume component, and the
interfacial effects are used to be ignored in classic
mathematical models of thermomechanics.

Near-surface heterogeneity is especially
important in solids whose characteristic size is



