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Overview

Saint-Venant’s principle in linear elasticity was
established by Toupin [20] and Knowles [15],
who gave an inequality describing exponential
spatial decay of effects with distance from the
excited end of the right cylinder. A comprehensive
review of the results concerning Saint-Venant’s
principle was given in [11, 13, 14]. In
elastodynamics, the study of spatial decay of solu-
tions was first suggested by Boley [2]. Boley [3-5]
was also the first who studied the validity of Saint-
Venant’s principle for transient heat conduction.
In the dynamical theory of linear
thermoelasticity, Chirita [7] established a spatial
decay estimate of Saint-Venant type for a certain
energetic measure. Then, Chirita and Ciarletta [8]
introduced a new method, called the time-
weighted surface power method, which was
applied to study the spatial behavior of elastic,

viscoelastic, and thermoelastic processes outside
of the support of the external given data. Within
the framework of thermoelasticity theory, Chirita
and Ciarletta [8] studied the spatial behavior of
dynamic processes in terms of two appropriate
time-weighted surface power functions. Using
the properties of these time-weighted surface
power functions, for bounded domains, they
established decay estimates of Saint-Venant
type, while for unbounded domains, the authors
established alternatives of Phragmén—Lindelof
type with both time-dependent and time-
independent decay and growth rates.

On the other hand, following the research line
initiated by Horgan et al. [12] (for parabolic equa-
tions), Quintanilla [17, 18] (for coupled systems of
parabolic and hyperbolic equations) has shown that
further exponential estimates may be established
for semi-infinite cylinders. For a fixed time, the
results in question prove that the mechanical and
thermal effects are controlled by an exponential
decay estimate in terms of the square of the dis-
tance from the support of the external given data.

The present work gives a short description of
the results established in [7, 8, 17, 18].

Formulation of the Problem

Throughout this entry we shall consider a
thermoelastic homogeneous material which
occupies the region B of the three-dimensional
Euclidian space E° whose boundary is the smooth
surface OB.
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We refer the motion of the body to
a rectangular Cartesian system of axes Okx;.
Throughout this entry, Latin subscripts take the
values 1,2,3; summation is carried out over
repeated indices. Typical conventions for differ-
ential operations are implied such as a superposed
dot or comma followed by a subscript to
denote the partial derivative with respect to time
or to the corresponding Cartesian coordinate,
respectively.

Let us consider a given time #; > 0. In the
absence of body forces and heat supplies, the
equations of the linear theory of thermoelasticity
consist of (see [6, 10])

— The equations of motion

Tjij = Po li (1)
— The energy equation
—qi; — ToMjjiiy; = 0 (2)

— The stress—strain—temperature relation and the
heat conduction equation

oy = Cijuen — M;0 3)
qi = —kig;j
— The strain—displacement relations and the
thermal gradient—temperature relation

1

eij = 5 (uij + uj) )
gi=10,
Here we have used notation: u; are the com-
ponents of the displacement vector, 8 is the var-
iation of temperature from the reference
configuration, p, is the mass density of the con-
tinuum at the initial time, o;; is the stress tensor,
Ty is the absolute temperature in the reference
configuration, e;; is the infinitesimal strain tensor,
qi is the heat flux vector, and Cjji, M;j, k;j, and ¢
are constitutive coefficients satisfying the follow-

ing properties of symmetry:

M,’j :Mji

Cit = Cuij = Cjiu

(5)
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In this work we suppose that Cjj; is positive
definite. It follows that there exist the minimum
and maximum elastic moduli for C;j;, denoted by
Uy > 0, py > 0, such that

i < Cijniilu
< uyé;&yj, for all symmetric  (6)

tensors ¢

We assume that the conductivity tensor kj; is
symmetric and positive definite. Thus,

kij = ki (7)
and

kméiéi < k[jéléj
< ky&;E;, for all vectors &, (8)

where k,, > 0 and ky; > O denote the minimum
and maximum conductivity moduli for k;;.

Since we consider the linear theory of coupled
thermoelasticity, we can assume that

D=

In view of the constitutive equations (3), we
have [7, 8]
0ijoij = Cijuenoij — O0M;joj;
< (Crsmnersemn)1/2(Cijk16ij0k1)1/2
+ ’9|(Mrst’S)l/z(aljalj)l/z
< (500)" [ (an Cromersenn)"”” + m)]
(10)

Thus, by means of the arithmetic—geometric
mean inequality, we get

1
00} < (1 + S)MMC,-jk;eijek; + (1 +E> m202,
forall e € IR
(11)
Moreover, we have that

qiqi < kykin0 0 (12)
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Throughout this entry, by an admissible pro-
cess, we mean an ordered array
[ui, eij, ij, 0, g, ;] with the following properties:
L. wi, i, i, (uij + uj;), and (1;j+ 1;;) are con-

tinuous on B x [0, #1).

2. e; is continuous symmetric tensor field on
B x [O, 5] )

g;j and gj;; are continuous on B x [0,2).

0,0 and 0 ; are continuous on B x [0,1;).

g; are continuous on B x [0, #).

gi and ¢, ; are continuous on B X [0,1;).

By a thermoelastic process we mean an admis-
sible process [u;, e;j, gij, 0, g, gi] that meets the
fundamental system of field equations (1)—(4),
listed at the beginning of this section.

The corresponding surface traction s; and heat
flux ¢ are defined at every regular point of the
boundary surface OB by

IS

Si = 0jilj, 4 = qiN; (13)
where n; are the components of outward unit
normal to the boundary surface 0B.

To a thermoelastic process [u;, e;;, 6;j, 0, &, qi],

we associate the quantities

1
K = =Po I/.tl'l/‘t,' (14)
2
1
U = EC,jkleijek; (15)
S = (16)
- 2T,
1
D = 7-ki0.0, (17)

Saint-Venant’s Principle

In this section we consider the domain B to be
a closed, bounded, regular region in the three-
dimensional space, whose boundary includes
a plane portion Sy. We choose Cartesian coordi-
nates so that Sy lies in the plane x3 = 0, and
suppose that B lies in the half-space x3 > 0.
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Let S, be the intersection with B of the plane
x3 = z; let
B. = {x € B|x3 > z} (18)
and let L = max{x3 € [0,00)|x € B}.
We associate with the thermoelastic process
[ui, ejj, 0ij, 0, gi, q;] the kinetic energy on B.

K(z,t) = L—, K dv (19)
the strain energy on B,

u@g:LUw; (20)
the thermal energy on B,

S(z,1) = JB' S dv (21)

the dissipation energy on B., on the time interval
[0,7)

t

D@ﬂ:J (22)

J D dvdrt
0 Ja.

and the total energy on B,

E(z,t) = K(z,1) + U(z,t) + S(z,1) + D(z,1)
(23)

We define the energy stored in the portion B,
of B in the time interval [0, 7] by

t

E@ﬁ:JE@wm (24)

0

Let the body be subject to null initial condi-
tions so that

u;i(x,0) =0, 1 (x,0) =0, 6(x,0) =0, on B
(25)
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In this section, we suppose that the body is
deformed under the action of nonzero boundary
conditions only on the plane end face Sy. So, we
assume that

O'j,'(X, l)l’lj =0on (8B\S0) X

(0,11) (26)

qi(x,t)n; = 0 on (0OB\Sy) x (0,1) (27)

The boundary conditions on the end face S are

5i(X,1) = a;i(x, t)n; = § (x,1) on So x (0,2) (28)

q(x,1) = gi(x,0)n; = g(x,1) on So x (0,11) (29)
where §; and ¢ are prescribed continuous func-
tions on Sy x (0, #1). Further, we assume that the
traction §; is self-equilibrated at each instant, i.e.,

J fi da = 0, J EjjkXj fk da=0 (30)
S() S()

Moreover, we assume that §i 1s continuous on
So X [0, t 1).

In this entry [7], it is shown in the following
result:

Theorem 1. Let  [u;,e;,0;,0,8,q;] be
a thermoelastic process on B satisfying the initial
conditions (25) and the boundary conditions (26)
and (27). Then we have

E*(z,t)ﬁE*(O,t)exp{—W} (31)

for0 <z <L, t>0,where
t T
v(t) = max{ Bl 20 \/—
Po 2#M
— (32)
) T()m kM}
¢ PoMm TOC

Proof. We note that the function E* is continu-
ous differentiable with respect to z, and, more-
over, we have
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OE* .. 1
0z (z1) =— J J {Po Miui+ciik/ezj€k1+T—0692

1
2
2

Ty

+ J kii0 ;0. dr}dads
(33)

Further, on the basis of (1), (3), and (4) and the
symmetry of Cyy; and M;;, we get

| @

— Cyjuejj e+ M e 0
(34)

(pO u,u,) = (Uij ’/“j),i

N —

We next eliminate the last term on the right-
hand side of the above equation by means of (2).
Then we obtain

10 .. .1
2 o (po titt; + Cijuejjen) = (Gijuj - T—OQ%) )
1
——c00 qi0 ;
TOC 7,1
(35)

Finally, we integrate relation (35) over
B, x [0,7] and use the divergence theorem, the
initial conditions, and the boundary conditions
in order to obtain

1 L. 1 2
5 JB: {p() uiu; + Cijkle,-je;d + T—0692+ T_() JO kUH,QJ} dv

! 1
= J J {L’tisi - —Hq}dads
0 Js. Ty

Thus, the (36) and (24) lead to the identity

t rS
E*(z,t):J J [ {L’t,-s,-—Tié)q}dadrds (37)
0JoJs. 0

Using the Schwarz inequality and the relation
(8), we get

E*(z,1) <t (J; JS; uil; dads)
([ o)

(36)

D=

D=

(38)
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|—

(39)

(] ] o)

Further, we use the arithmetic—geometric
mean inequality and the estimates (6) and (8) in
order to obtain

OE*

vV 0z

(z,0) + E*(z,£) <0 (40)

By integrating this first-order differential
inequality, we obtain the estimate (2) and the
proof is complete.

In the following we give an explicit
upper bound for E*(0,¢) in terms of the given
data [7]

Theorem 2. Let  [u;,e;,0,0,8,qi] be
a thermoelastic process on B satisfying the initial
conditions (25) and the boundary conditions
(26)-(29). We assume that §;, 5; and q are con-
tinuous on So X [0,11) and $; is self-equilibrated
at each instant. Then we have

' s . 1/2
E*(0,1) < 16b7! [ ([ [ .§i§fdad7:) ds
JO \JO JSo

2 k t S
+ — C'max (t, Mpo) J J J ¢ dadrds
Ty Hyc /) Jo Jo s,

2

(41)

where b and C are positive constants depending
on the domain B, on Sy, Ty, and the thermoelastic
moduli.

Proof. Using the integration over B for (1) and
by means of the boundary conditions (26) and
(28) and the initial conditions (25), we get

[ u;dv =0, J ejXjpdv = 0 (42)
B B
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Then, we have the inequalities [1, 7, 9]

J uiuida < b~ J Cijneijendv (43)
So B

J 02d0'§gj <ic(92
B 2 Jp \To

where b and C are positive constants depending
on B, Sy, Ty, and the thermoelastic coefficients. It
follows that

k 2
+ MPo —ki,~6.,~0l,- dv
,uMC TO LI

(44)

t
J J uuidads < 2b~'E*(0, 1) (45)
0 Js,
“r 2 kypo
J J J 0°dadtds < C max (t, )E(O,t)
0 Jo Js Hy€
(46)

On the other hand, from the relation (8) and
using the initial conditions, we obtain

t

E*(0,1) :J

0

! A
—J J J u; S;dadrds
0 Jo Js,

t S 1
—J J J — Ogdadzds
0JoJs, To

Moreover, due to the compatibility between
the initial conditions (25) and the end conditions
(28), we have the inequality

d ! t 1/2
— (J J §,’§,’ dads) S 2 <J J fl‘fl‘ dads>
dr\Jo Js, 0 Jso

J u; S; dads
So

(47)

) N 12 (48)
<J J f[f[dddj‘)
0 Js,
which implies that
t 1/2
<J J SA‘,'§,' a’ads)
0 Jso
t s o 1/2
gJ <J J §i§,-dad7:> ds (49)
0o \Jo Js,
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Now, we use the relations (45), (46), (47), and
the Schwarz inequality in order to obtain

o s 1/2
E?(0,1) <{16b7! J (J J §,-§,-dadr) ds
0 0 JSp
t S
,kM"O)J J J & dadcds YE*(0,1)
Hp€ /) Jo Jo Js,

(50)

2

2
+T_§C max (t

which leads to the estimate (12), and the proof is
complete.

Estimates for Arbitrary Domains

In this section, we consider a domain B with an
arbitrary shape. Given the thermoelastic process
[ui, eij, 657, 0, gi, qi] on B, we define ﬁtl to be the
set of all x € B such that:

1. If x € B, then

ui(x,0) £ 0 or i (x,0) #0or 0(x,0) #0 (51)

or
2. If x € OB, then

si(x,7)

u; (x,7) #0 or (52)

q(x,7)0(x,7) # 0 for some 7 € [0, 1]
Roughly speaking, ﬁ,l represents the support

of the initial and boundary data on the time inter-

val [0, 7]. In what follows we shall assume that

D, de

a nonempty set D,

such that:

1. If D, NB # {, then we choose D* to be the
smallest bounded regular region m B that
includes D, ; in particular, we set D =D,
if D,1 also happens to be a regular reglon

2. If ) # D,, C OB, then we choose D,1 to be the
smallest regular subsurface of OB that includes

is a bounded set. We consider next
N o
so that D, C D,1 C B and

D,; in particular, we set ﬁ: =D, if D, is
a regular subsurface of 0B.

3. If ﬁ,l = (), then we choose lﬁtl to be an arbi-
trary nonempty regular subsurface of 0B.

Saint-Venant's Principle

On this basis, we define the set D,, r > 0, by

D,.:{xeﬁzzj:mmyfé@} (53)

where 2 (x,r) is the open ball with radius r and
center at X. Further, we shall use the notation B,.,
for the part of B contained in B\D,, and we set
B(r1,r2) = B, \B,, r1 > ra. Moreover, we shall
denote by S, the subsurface of JB, contained into
inside of B and whose outward unit normal vector
is forwarded to the exterior of D,.

We associate with the thermoelastic process
[ui, eij, 05,0, 8i,q] the following time-weighted
surface power function [8]:

o(r,t) = — J; Js, e [S;(S) i (s) — Tioq(s)é)(s) dads

(54)
for all » >0 and 0 < < ¢, where A is a pre-

scribed strictly positive parameter at our disposal.
Moreover, we consider the function

(55)

In the paper [8], the following result has been
established:

Theorem 3. Let [I/tl', €jj, 0jj, 9, i, (],] be
a thermoelastic process on B corresponding to
given data with the bounded support ﬁ,l on the
time interval [0, t,]. Then the corresponding time-
weighted surface power function Q(r,t) has the
following properties:

(Q1) Foreach r € [0, ]

- Q(VQ, [)

. o c
= __ J e {po it + Cijuegen + T 62} dv
B(r1,r2) 0

! s A . )
_ e 4= | po itti + Cijueijers +—0
0 JB(rm) 2 To

1
+T_0kl:f0¢f0;f}d‘}ds7 0 < 1] < ry

(56)
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(Q2) Q(r,t) is a continuous differentiable func-
tiononr > 0,0 <t <#t,and

0

1 . c
—0(r,t)=—= J e M pottitti + Cijuejjex +—0|dv
(9}” S TO

2 s

' —s 2 .
—JJ e 95 |potiitii + Cijueijen
0JS, 2

c 5| 1
+T—09 :|+T_0kij€’i9’j}dads <0

(57)

(Q3) For each fixed r€[0,], Q(r,t) is
a nonincreasing function with respect to r.
(Q4) QO(r,t) satisfies the following first-order

differential inequality

A 0

= —Q0(r,H) <0, r> <t<

KIQ(r,t)I+8rQ(ut)_0, r>0,0<t<rp
(58)

where

(14 &)y
Po

K =

(59)

and ¢ is the positive root of the algebraic
equation

Ty Apok T
s2+3<1—m 0 4P M) _miyg
Chy  2CHy Chm

=0 (60)

(Q5) Q(r, 1) satisfies the following first-order
differential inequality

(1) -001) + 10001 <0, r >0, 0 <1 <1
(61)

where

[1 4 6(0)] iy

x(1) = py

(62)

and J() is the positive root of the algebraic
equation

52+5<1 _mlo_ pokM) _mh

63
Cly  21cpy Clhy (63)
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(Q6) For a bounded body, Q(r, ) and Q(r, 1) are
positive functions.

The analysis of spatial behavior of
thermoelastic processes requests a separate
discussion for bounded and unbounded
domains. Using the above theorem, in [8]
there were established two spatial decay esti-
mates of Saint-Venant type, one of which pre-
dicts a time-independent decay rate, while the
other predicts a time-dependent decay rate.

We first consider the case of a bounded
domain, that is, r ranges on [0, /], / < oo, where

[ = max{min{[(x,« —y) (i — )]y € D, }|X € E}
(64)

Theorem 4. (Spatial behavior for bounded
domains). Let [ui, eij, 0ij, 0, &i, qi] be
a thermoelastic process on the bounded regular
region B, corresponding to given data with the
bounded support D, on the time interval [0,1],
and let Q(r,t) be the corresponding time-
weighted surface power function. Then, for each
fixed t € [0, 1], either

A
O(r,t) < 0Q(0,1) exp <—Er>, 0<r<I (65)
where k is given by (59) or

O(r,t) < Q(O,I) exp <_L

ty(t)

r), 0<r<li

(66)

where x(7) is given by (62).

Let us discuss the spatial behavior of
thermoelastic processes on unbounded domains.
For such bodies, a Phragmén-Lindel6f-type
result has been established in [8].

Theorem 5. (Spatial behavior for unbounded
domains). Let [ui, eij, 0ij, 0, &i, qi] be
a thermoelastic process on the unbounded
regular region B, corresponding to given
data with the bounded support ﬁtl on the time
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interval [0,t,], and let Q(r,t) be the
corresponding time-weighted surface power
function. Then, for each fixed t € [0,1], the
following alternative holds:

1. Either Q(r,t) > 0 for all » > 0 and then

O(r,t) < 0(0,1) exp (—%r), r>0 (67)

or
2. There exists a value r, > 0 so that Q(r;,1) < 0
and then Q(r,t) < O for all » > r, and

—Q(r,t) > —Q(r,t) exp E (r— rt)], r>r
(68)

Estimates with time-dependent rates are given
by the following theorem:

Theorem 6. Assume the hypotheses of Theorem 3
hold. Then, for each fixed t € [0, t], the following
alternative holds:

1. Either Q(r,7) > 0 for all 7 > 0 and then

~ ~ 1
O(r,t) < Q(0,t exp<——r>, r>0 (69
(1) < 0.0 e[~ (69)
or
2. There exists a value 77 >0 so that

O(rf,t) <0 and then Q(r,7) <0 for all
r>r; and

1

ol t(1)

(70)

Further Estimates for Unbounded
Domains

In this section, we consider an unbounded
domain, and we present an estimate in the sense
described by Horgan, Payne, and Wheeler [12]
and by Quintanilla [17, 18].

To this end, we assume that the support lﬁtl of
the initial and boundary data, defined in the

)2 =0niep| s =) 2

Saint-Venant's Principle

previous section, is enclosed in the half-space
x3 < 0. We introduce the notation S. for the
open cross section of B for which x3 =z, z> 0
and whose unit normal vector is (0,0,1). We
assume that the unbounded set B is so that S, is
bounded for all finite z € [0, c0). We denote by B.
that portion of B for which x3 > z.

In the works by Quintanilla [17, 18], with the
[ui, eij, 057, 0,i,q:], the following function was
associated:

t

H(z,t) = —J

1
J [0'3,- w; — —qﬁ} dadt (71)

0 Js. To
We assume further the following asymptotic
behavior for H(z,t) (see [17, 18]):
H(z, 1) — 0 (72)

uniformly in ¢, as z — oo.

Using (1), the divergence theorem and having

in mind the definition of S, and B., we deduce that
the function H(z, t) can be written in the form

t

1
H(z,t) = Jo L [03,- i — T_0q39] dadt
3

_ Lz IK(6) + S(6) + U(0))dv + J; Lz D()dvdz

(73)

Further, we introduce the function

E(z,1) = rc H(p, 0)dp (74)
and note that
OE
P —H(z,1) (75)
and
e | &+ 50 + viodar
5 (76)

+ J; LZ D(t)dadt
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On the other hand, from the constitutive equa-
tions (3) and the relations (71) and (74), we have

OE 1
—_—=— nu;——q30 |d 77
ot JB; <63u Toq3 ) ' (77)
We remark that
J q30dv = —J J k330730dadz
B. z S,
1 2
= = k339 da (78)
2 Js.

The next step is to estimate the time derivative
of E in terms of the two first spatial derivatives of
E. In view of the relations (75), (76), (77), and
(78), we can conclude that there exists the posi-
tive constants A; and A, such that

v
072

E E
0 < —A18—+A2

ot 0z (79)

Following Horgan et al. [12], we use the
change of variable

w(z,t) = exp(bat — by1z)E(z,1) (80)
with
by :%, by = btA, (81)
Thus, the inequality (79) becomes
Rl (52)
ot 072

We have that w(z, t) satisfies the relations

O*w ow
- - > .
Ay 972 (th) ot (th)_o, ZG[O/OO),tG[O,[l)

w(z,0) =0, z€[0,00)
w(0,1) = exp(bt)E(0,£) >0, 1€ [0,11)
w(z,t) — 0 (uniformly in ¢) for z — oo

(83)
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Using the maximum principle for parabolic
partial differential equations, we obtain

w(z,t) <J(z,t), z€[0,00),t€[0,f)

where J(z,#) is solution of the following
problem

2
AZ%(Z,I) —%(z,t) =0, z€[0,00),t€]0, t;)
J(z, 0)=0, z€[0,00)
J(0, 1) =exp(bt)E(0, t) >0 t€[0, t;)
J(z, t) — 0 (uniformly inz) for z — oo
(84)

The solution of the above problem is (c.f.
Tikhonov and Samarskii [19])

x exp(ba7)E(0, 7)dt

From (80) and the above relation, we deduce
that

E(z,1) < (max E(0, r)) exp @Ti) Gz 1)

€0,
(85)
where
Glz 1) = —
Zt) = ———
’ 2\VAT
t 2 2
g ATy
X Jo zT exp( WAt 4A21> T

(86)

Using the estimate discussed by Pompei and
Scalia [16], we have

2Z(A2l/7'5)1/2 exp(—%r)

72 — A%ﬂ

22
X exXp| — Kzt

G(z,1) <

(87)

forz > Ayt
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Thus, we find the estimate

=

1 Aot
E(z,1) < E0,7) ) 5——=2z (=
(z,)_<gg[gf;] (’T))ZZ—A% Z(n)

o A? , Az 2
exp| ——1)exp| —0—— —
P\74a," ) *P\24, ~ 24y

(88)

forz > Ajt.
The estimate (88) proves that, for a fixed time,
at large distance to the support D,, of the given
2

i t> . More-

over, A, depends only on the thermal coefficients
(see [17, 18]). We can conclude that at large
distance from the support of the external given
data, the spatial decay of processes is influenced
only by the thermal effect.

data, the dominant term is exp<—
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