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FOREWORD

The International Student Conference on Pure and Applied Mathematics
(ISCOPAM) was held in July, 2010 at the “Alexandru Ioan Cuza” Univer-
sity of Iaşi, Romania. This event was part of the anniversary of 150 years
since the foundation of the “Alexandru Ioan Cuza” University of Iaşi and
of 100 years since the foundation of the “Alexandru Myller” Mathematical
Seminar of the University of Iaşi.

The aim of ISCOPAM was to bring together graduate and undergrad-
uate student researchers in various areas of pure and applied mathematics.
The participants had the opportunity to build and strengthen lasting per-
sonal and professional relationships and to gain valuable experience in the
environment of a scientific conference.

The conference was devoted to recent advances in real and complex
analysis, functional analysis, differential equations, mechanics, stochastic
analysis, mathematical programming, differential geometry, computation
mathematics and was well attended by 38 young mathematicians from 16
universities or research institutes. During the conference, 38 talks of 20
minutes each have taken place.

This peer-review volume includes 19 articles selected from the submitted
papers. We take this opportunity to express our gratitude to all who have
chosen to publish their contributions in this volume, as well as to the referees
for their promptitude and high exigence.

Furthermore, we thank Mr. Emilian Bulgariu for his efficient help and
skilful assistance during the preparation of this volume.

Finally, we express our warmest thanks to “Alexandru Ioan Cuza” Uni-
versity of Iaşi, “Alexandru Myller” Mathematical Seminar Foundation and
S.C. Viacons Rutier S.R.L for fruitful cooperation and financial support.

Ovidiu Cârjă and Ionel-Dumitrel Ghiba

“Alexandru Ioan Cuza” University of Iaşi &
“Octav Mayer” Mathematics Institute
of the Romanian Academy, Romania
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Life and Death of Salt Fingers

M.J. Andrade1

Abstract. Described in 1956 as an oceanographic curiosity, salt-fingers
are now recognized as an important mechanism for vertical transport in
fluids that may play a key role in areas so diverse as stellar formation,
oceanography and materials engineering. Complete life cycles of salt-fingers
will be modeled and characterized using a combination of finite difference
methods and stability analysis. Some conclusions regarding how the finger
structure is originated and sustained will be drawn and briefly discussed.

Keywords: Double diffusive convection, Salt fingers, Numerical modelling,
Linear stability analysis

1. Introduction

Double-diffusive convection is a form of convection driven by density gra-
dients caused by two agents that have different rates of diffusion. Double
diffusive convection occurs when two layers of fluid with constant concen-
trations of two agents with different molecular diffusivities and contributing
to the density of a fluid in opposing ways meet at a thin interface. If the
slower diffusing agent has an unstable stratification, convection can occur
even if the overall stratification of the fluid is stable, with narrow convection
cells known as salt fingers growing from the interface into the homogenous
layers. Salt fingers cause rapid and effective vertical mixing in a stably
stratified fluid, and seem to play a significant role in an array of geophysi-
cal phenomena ranging from vertical heat/salt transport in the oceans [13],
to stellar formation [16] and also to explain some structures observed in

1Department of Mathematics, South Kensington Campus, Imperial College London,
LONDON SW7 2AZ, United Kingdom
E-mail: mja@ic.ac.uk



14 M.J. Andrade 2

metals, glasses and basalt mixes [14]. Accurate ocean modelling [15], and
hence climate modelling, will require understanding of when and where fin-
gering occurs and its consequences.

Numerical modelling of a layer of several salt fingers is extremely re-
source intensive. Observations and experiments suggest that salt finger
layers are composed of many similar sized fingers in a checkerboard tessel-
lation, with each up-finger surrounded by 4 down-fingers and that a weak
horizontal shear field may induce a 2-D finger pattern where the mixing is
not too dissimilar from the 3-D [10]. This, together with the fact that the
equations describing the structure and evolution of a periodic salt finger
field admit very symmetric solutions to a 2D salt finger, lead us to believe
that modelling 1/2 of a single 2D up-finger may be a reasonable approach
to the problem.

We used a finite difference method developed by Moore, Peckover and
Weiss [11] (for the description of the numerical method and its application
the reader is referred to the Bibliography and to the Appendix) to solve a
set of non-dimensional equations derived from the Navier-Stokes equation
with the Boussinesq approximation [1] applied and the diffusion equations
for T, the faster diffusing agent, and S, the slower diffusing agent:

1
σ
{∂ω

∂t
+ (u.∇)ω} = τ.RS(

∂S

∂x
−Rρ

∂T

∂x
) +∇2ω,

∂T

∂t
+ (u.∇)T = ∇2T,

∂S

∂t
+ (u.∇)S = τ∇2S,

u = (u, 0, w) = (−∂Ψ
∂z

, 0,
∂Ψ
∂x

),

∇2Ψ = −ω

with u denoting the velocity field, ω the second component of the vorticity
field ω=curl(u) and Ψ a stream function.

The time scale is the fastest diffusion scale, but unlike classical double
diffusion models, for the length scale we used L, the width of an x-periodic
cell and not a vertical length scale. The dimensionless parameters σ, the
Prandtl Number, and τ = KS

KT
characterize the fluid, while the forces acting

upon it are characterized by the S-Rayleigh number RS = gβ∆SL3

KSν and the
buoyancy ratio Rρ = β∆S

α∆T , where ∆T and ∆S are the changes in T and S
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between the two layers of fluid and α and β coefficients of volume expansion.
Salt fingers seem to be a prevalent phenomenon with a large variance on
the model’s parameters being, in theory, possible.

One of the major strengths of our model is that it allows us to evalu-
ate the efficiency of the fingers as a mixing agent, i.e., how fast and over
how wide a region do they mix. Our findings provide little evidence sup-
porting the case of a possible steady state, pointing instead to a dynamic
phenomenon, with clear stages during its life cycle and leading to the effec-
tive mixing of the two fluid masses over a limited vertical region in a short
period of time.

The convection seems to be sustained by the generation of vorticity at
the finger’s bulbous intrusions in the homogeneous layer, an effect of the
horizontal gradient of density caused by the imbalanced vertical transport
of T and S combined with the fast diffusion of T. A better understanding of
this process can provide valuable insight on some yet unanswered questions
about salt-fingers, namely how the cells self regulate their own height.

Some widely used theoretical models, like Stern’s depth-independent
similarity solution [12] consider that vertical velocity alone is significant,
however our findings don’t fully corroborate this assertion. Outside the
bulbous intrusions, horizontal velocity is generally very small, but not in
this region, which plays a vital role in the fingering process. In fact, the ve-
locity profiles seem to suggest a more complicated structure than previously
assumed, especially the horizontal velocity profiles.

2. Formulation of the model

Consider two agents with different molecular diffusivities contributing to
the density of a fluid in opposing ways: to preserve the notation commonly
used in the literature, we will be labeling the faster diffusing agent T and
the slower S. Two horizontal layers with constant concentrations of T and
S (Ttop and Stopin the top layer, Ttop+∆T and Stop+∆S in the bottom
layer, with both ∆T and ∆S taking negative values) are separated by a
thin interface, with the overall stratification of the fluid being stable but
the stratification of S being unstable. Since the contributions of T and S
to the density of the fluid will balance each other, we can assume that the
density variations are going to be small and only effective in the buoyancy
terms, and thus describe the behaviour of the velocity field u by means of
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the Navier-Stokes equation with the Boussinesq approximation [1] applied:

(1)
∂u
∂t

+ (u.∇)u = −∇p

ρ0
+

ρ

ρ0
g + ν∇2u,

where ν is the viscosity, t time, ∇p and g the pressure and gravitational
fields, ρ the density and ρ0 the mean density of the system. The diffusion
equations for T and S are:

∂T

∂t
+ (u.∇)T = KT∇2T,(2)

∂S

∂t
+ (u.∇)S = KS∇2S.

Fluctuations in concentration of T and S are represented by θ and Σ,
respectively, and the equation of state of the viscous fluid is:

(3) ρ = ρo{1− α(θ − θ0) + β(Σ− Σ0)},
with θ0 and Σ0 being reference values and α and β coefficients of volume
expansion defined as:

α = −1
ρ
(
∂ρ

∂T
)S0,P ,

β = −1
ρ
(
∂ρ

∂S
)T0,P ,

with P representing pressure.
From the equation of continuity, a mass conservation law, follows that

∇.u = 0, and so, when considering the problem of 2-dimensional convection,
we can assume the existence of a stream function Ψ:

u = (u(x, 0, z), 0, w(x, 0, z)) = (−∂Ψ
∂z

, 0,
∂Ψ
∂x

)

and of a vorticity field of the form:

ω = curl(u) = (0, ω(x, z), 0),

∇2Ψ = −ω.

Taking the curl of the equations (1) and (3) and considering the second
component of the resulting expression, we obtain the vorticity equation:

(4)
∂ω

∂t
+ (u∇)ω = g{β∂Σ

∂x
− α

∂θ

∂x
}+ ν∇2ω.
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Since we will be modelling an up-finger arising from an interface dis-
turbed by a x-periodic perturbation, we will proceed to the non-dimen-
sionalization of the equations by referring the spatial coordinates to L, the
wavelength of the perturbation, time to L2

KT
and Σ and θ to ∆S and ∆T:

x = Lx∗, t =
L2

KT
t∗, Σ = ∆SS∗, θ = ∆TT ∗, Ψ = KT Ψ∗, ω =

KT

L2
ω∗

dropping the *, the governing set of equations becomes:

KT

ν
((u.∇)ω +

∂ω

∂t
) = g

β∆SL3

KT ν
.
∂S

∂x
− g

α∆TL3

KT ν
.
∂T

∂x
+∇2ω,

∂T

∂t
+ (u.∇)T = ∇2T,

∂S

∂t
+ (u.∇)S =

KS

KT
∇2S.

The above equations have associated with them two dimensionless num-
bers which characterize the fluid. The first is the Prandtl number [9], which
is a ratio of the viscosity ν to the diffusivity of the faster diffusing agent

σ =
ν

KT

the second is the ratio of the diffusivities:

τ =
KS

KT
.

The external influences to the model are going to be characterized by a
further two dimensionless parameters. The first is the buoyancy ratio:

Rρ =
β∆S

α∆T

the second is a Rayleigh number [2], that can be either a T Rayleigh number
or a S Rayleigh number. Since the two are pretty much interchangeable
through Rρ and τ , and the destabilizing agent driving the motion is S, for
the purposes of our model we choose:

RS =
gβ∆SL3

KSν
.
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And thus, the full set of equations describing 2-dimensional thermohaline
convection can be written as:

1
σ
{∂ω

∂t
+ (u.∇)ω} = τ.RS(

∂S

∂x
−Rρ

∂T

∂x
) +∇2ω,(5)

∂T

∂t
+ (u.∇)T = ∇2T,

∂S

∂t
+ (u.∇)S = τ∇2S,

∇2Ψ = −ω.

Since the concentrations of S and T are constant in the homogeneous
layers, T=S=-1/2 at the top boundary and T=S=1/2 at the bottom. The
boundary conditions we are going to consider are those for a free surface
(no stress on the boundaries). Hence:

uz + wx = 0 ⇒ ∇2Ψ = −ω = 0.

3. Linear stability analysis

The problem of linear stability for thermohaline convection with linear
gradients has already been addressed by amongst others, Baines and Gill [8]
Veronis [6] and Sani [5], and that research has provided valuable informa-
tion regarding the early stages of the fingering process. Our observations
suggest that during the early stages of the finger’s life cycle, all the mo-
tion is confined to the interface with no disturbance of the upper and lower
homogenous layers and so, for the sake of its predictive and descriptive
value, we will be performing a linear stability analysis [4] for T, S and Ψ
restricted to the interface, (treated as a layer of fluid where T and S are
linear functions of z)

T = Ttop + ∆T (
−z

D
+ 1/2 + T ∗),

S = Stop + ∆S(
−z

D
+ 1/2 + S∗),

with D being the depth of the interface and assuming once again the bound-
ary conditions for a free surface. In these circumstances, the set of linearized
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non dimensional equations describing thermohaline convection is:

1
σ

∂ω

∂t
− τ.RS(

∂S

∂x
−Rρ

∂S

∂x
)−∇2ω = 0,(6)

∂T

∂t
−∇2T −A

∂Ψ
∂x

= 0,

∂S

∂t
− τ∇2S −A

∂Ψ
∂x

= 0,

∇2Ψ = −ω,

with A being the length-height aspect ratio L/D.
A Fourier representation of the variables that satisfies both the linear

equations and the boundary conditions is:

Ψ ∼ Ψ0e
pt cos(2πx) cos(πAz),

T ∼ T0e
pt sin(2πx) cos(πAz),

S ∼ S0e
pt sin(2πx) cos(πAz).

Substituting these solutions into (6), we obtain a linear system in the vari-
ables Ψ0, T0 and S0 whose associated characteristic polynomial is:

p3 + (σ + τ + 1)k2p2 + {(σ + τσ + τ)k4 + AτσRS(1−Rρ)
π2

k2
}p(7)

+ τσk6 + AτσRS(1− τRρ)π2 = 0,

where k2 = π2(4 + A2) is the wave number and p = pr + ipi is a complex
number where the real part represents the growth rate and the imaginary
part the time oscillatory character of the solution. Since (7) is a cubic with
real coefficients, its roots are either all real or consist of one real root and
two complex conjugate roots.

Overstability occurs when the pair of complex-conjugate roots crosses
the imaginary axis. Substituting p = iλ in (7), it is a necessary condition
for overstability that the real part of the cubic is 0:

Rρ(A, RS) =
σ + τ

σ + 1
+ (1 + τ)(1 +

τ

σ
)

k6

π2AτRS
.

The above equation doesn’t have a solution for Rρ ≥ 1, a necessary condi-
tion for the fluid to be stably stratified, if RS < 0 and so the occurrence of
overstability is impossible in the salt finger regime.
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Exchange of stabilities occurs when one of the roots of the characteristic
polynomial is 0, which is equivalent to having time independent solutions
for the system of linear equations:

(8) Rρ(A, RS) =
1
τ

+
π4(4 + A2)3

AτRS
,

with a maximum for A = 2
√

5
5 .

From the linear stability analysis we conclude that salt fingers can only
occur for 1 ≤ Rρ < 1

τ + π4(4+A2)3

AτRS
and that the conditions for the occurrence

of salt fingers do not depend on σ, the kinematic viscosity of the fluid.

Figure 1: Absolute value of the critical value Rc
S as a function of A for different values

of τ : 0.01 (–), 1√
10

(- -) and 0.5(-.-)

Intersecting the curves Rρ = 1 and (8), we obtain:

Rc
S(A) =

π4(4 + A2)3

(τ − 1)A
.

This corresponds to the critical value of RS , the maximum value for which
the finger regime is possible (Fig.1).

Regardless of the values of τ and A, in the region 1 ≤ Rρ < 1
τ + π4(4+A2)3

AτRS

the second order coefficient of the characteristic polynomial (7) is always
positive and the independent term always negative, which implies that the
roots of the polynomial are a positive real root and two negative real roots
or a pair of complex conjugate roots with negative real parts. From this we
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can conclude that at the onset of the instability only direct steady convec-
tive motions are possible and that internal gravity waves (corresponding to
solutions of (6) with an oscillatory character) will be damped.

4. Life cycle

Our observations suggest the existence of a life cycle with three distinct
stages: a first of stable oscillation, a second stage of growth and retraction of
the finger structure and a final stage of viscous decay. The first stage, that
may eventually be absent for low values of Rρ and RS , is characterized by all
the motion being confined to interface, and the second by the appearance
of density anomalies and convection cells growing into the homogeneous
layers.

To evaluate the overall evolution of the system we have used the function
v(rms), the quadratic mean of the velocities, a proxy for the kinetic energy
of the system. For the very early stages of the life cycle, not only is all
the motion confined to the interface but also the graph of v(rms) (Fig.2)
overlaps the graph of the quadratic means of the vertical velocities.

Figure 2: v(rms) as a function of t during the first stage of the life cycle (τ= 1√
10

,

RS=-31600, Rρ=3, A=1)

Both graphs describe an oscillatory behaviour with periodic minima
and maxima whose periods present a parameter dependence corresponding
to the Brunt-Väisälä or buoyancy frequency [3], the frequency at which a
vertically displaced parcel will oscillate within a stable stratified fluid. The
stable oscillation, predicted by the linear stability analysis and observed
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during the first stage of the life cycle, is a behaviour typically observed in
stably stratified fluids.

The second stage of the life cycle is characterized by the presence of
convection cells and density anomalies [6] that can be significant enough to
cause local inversions of the vertical density gradients. Due to its higher
diffusivity, T will diffuse into the fluid lifted through an up-finger creating
regions with a deficit of S but not of T at the top and bottom of the
convection cells. Conversely, down-fingers will have regions with a surplus
of S at their tops and bottoms. To loci of density anomalies are associated
extrema of the function ∂S

∂x (z)+∂S
∂x (−z) (the overscore denotes the horizontal

average over the quarter cell), and this property as allowed us to evaluate the
growth of the convection cells by interpolating the extrema corresponding
to their heights using a 5th degree polynomial.

Salt fingers have a well defined growth pattern during the second stage
of the life cycle: an initial period of fast linear growth (with a R2 coefficient
typically above 0.9995 for a linear least squares fitting of 15 or more pairs
of points) that lasts until the maximum of v(rms) is attained followed by
a period of slower growth and retraction of the finger structure (with a R2

coefficient typically above 0.9995 for a 4th degree polynomial least squares
fitting of 10 or more pairs of points) that culminates with the disappearance
of the density anomalies (Fig.3).

Figure 3: Normalized graphs of height (-.-) and v(rms) (—) as functions of t during the
second stage of the life cycle (τ=0.1, RS=-10000, Rρ=2, A=1)

Except for the density anomalies at the tips of the fingers, the fluid re-
mains stably stratified throughout the second stage of the life cycle. How-
ever, during the first period of rapid linear growth, the profiles of the hor-
izontally averaged velocities u(z) and w(z) have similar characteristics to
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Figure 4: Maxima of u(z) (...) and w(z) (—) as functions of t ( τ=0.1, RS=-1000,
Rρ=2, A=1)

the corresponding profiles for a fluid where only the slow diffusing destabi-
lizing agent is present: w(z) with local maxima at the tips of the convection
cells and a local minimum at 0 and u(z) with a ”flat” middle region of very
small values and sharp ”peaks” at the tips of the fingers. (Fig.5).

(a) Profiles for τ=0.1, RS=-
10000, A=1

(b) Profiles for τ=0.1, RS=-
10000, Rρ=2, A=1

Figure 5: Profiles of u(z) (...) and w(z) (—) during the linear growth period of the
second stage of the life cycle

As both the finger’s growth rate and kinetic energy of the system dimin-
ish (Figs. 3 and 4) the horizontally averaged velocity profiles will gradually
lose the previously described structure and acquire some of the character-
istics of the averaged velocity profiles of a stably stratified fluid where only
the fast diffusing stabilizing agent is present: w(z) with local maximum at
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0 and u(z) without the ”flat” middle region previously observed (Fig.7).
When the density anomalies disappear altogether at the end of the sec-

ond stage, the fluid reverts to an overall stable stratification and the system
enters its third and final stage of viscous decay (Fig.6).

Figure 6: Profiles of u(z) (...) and w(z) (—) during the third stage of the life cycle (
τ=0.1, RS=-1000, Rρ=2, A=1)

5. Origin, maintenance and disappearance of the finger
structure

Equation (4) can be rewritten as:

(9)
Dω

dt
=

∂ρ

∂x
+ ν∇2ω.

It follows from (9) that vorticity is generated by horizontal gradients of
density. During the first stage of the life cycle, with an overall stable strati-
fication of the fluid and all the motion confined to the interface, whenever a
parcel of fluid is displaced vertically the faster diffusion of T will originate a
density gradient, since the loss or gain of this agent is not counterbalanced
by a corresponding loss or gain of S. This mechanism explains why density
anomalies occur at the beginning of the second stage and convection ensues
(Fig.3).

We have already mentioned that the unbalanced vertical transport of T
and S by the fingers creates density anomalies and, consequently, horizontal
gradients of density and generation of vorticity, at its top and bottom tips.
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(a) t=0.885 (b) t=1.335

(c) t=1.785 (d) t=2.335

(e) t=2.685 (f) t=3.135

Figure 7: Profiles of u(z) (...) and w(z) (—) after the linear growth period of the second
stage of the life cycle (τ=0.1, RS=-10000, Rρ=2, A=1)

The generation of vorticity at the fingers’s tips is especially vigorous during
the initial period of rapid growth of the second stage of the life cycle, when
the convection cells penetrate the homogeneous layers (Fig. 8.a).

After the initial period of fast growth, the transport of T and S by the
fingers combined with the progression of T and S diffusive fronts will cause
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(a) t=0.435 (b) t=1.110

(c) t=1.785 (d) t=2.460

(e) t=3.135 (f) t=4.485

Figure 8: Normalized graphs of ∂ρ
∂x

(z) (—) and w(z) (...) during the second and third
stages of the life cycle (τ=0.1, RS=-10000, Rρ=2, A=1)

not only the vertical homogenization of the fluid but also to the appear-
ance of ”buffer zones” with smooth gradients of the agents between the tips
of the convection cells and the homogenous layers. This process induces
the enfeeblement of the horizontal density gradients at the tips and, conse-
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quently, a diminution of the generation of vorticity in this area. Conversely,
as the vorticity generated at the tips diminishes, the fingers won’t be able to
lift or lower fluid as efficiently, thus increasing the smoothing of the density
gradients (Fig.8). The reciprocal action of these mechanisms will eventually
lead to the retraction and posterior disappearance of the finger structure,
allowing the viscous decay of the third stage to take over (Fig. 8.f).
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Appendix

The system of partial differential equations (5) is solved in a x-periodic
quarter cell (corresponding to half a up-finger) using a finite difference
method for time-dependent two dimensional convection developed by D.R.
Moore, R.S. Peckover and N.O. Weiss. The reader can find a detailed de-
scription of the method and the algorithms in [11].

The code uses a square grid. Experiments were run for different values
of the grid spacing and compared to ensure all the relevant scales were
resolved. For the results presented in this paper, 16 mesh intervals covered
the active region 0 ≤ x ≤ 1/4. We also ensured that enough mesh intervals
were considered in the vertical direction, so that the boundary conditions
were verified throughout the computation (which for the results presented
in this paper corresponds to 1539 or 3075 mesh intervals, depending on the
choice of parameters and time interval considered).

The time step was chosen so that both the Courant-Friedrichs-Lewy
condition [7] (∆x

∆t < max(u,w)), a necessary condition for the convergence
of the method, and the DuFort- Frankel condition (∆x2

ν∆t small) were verified.
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The Mountain-Pass Theorem with Applications
to Variable Exponent Spaces

M.-M. Boureanu1

Abstract. The Mountain-Pass Theorem has a suggestive name, but this
is not the reason why this theorem is so popular: its popularity is given
by the large scale of problems studied with its help. In the present paper
we focus on the class of elliptic equations with variable exponent and we
present some problems that use the mountain-pass theorem as the main
argument of their proof.

Keywords: Mountain-pass theorem, Variable exponent spaces, Quasiliniar
elliptic problems, Existence of weak solutions

1. Introduction

When we try to show that a problem admits solutions we usually rely
on the critical point theory, that is, we associate to our problem an energy
functional whose critical points represent the solutions of the problem. That
is why the search of solutions translates into the search of critical points,
and this is where maximum, minimum or mini-max principles intervene.
Let us not forget what Euler used to say: ”I am convinced that the nature
acts everywhere following some principles of maximum or minimum.” (see
[1]).

At the roots of the modern critical point theory stands the Dirichlet
Principle, see for example [7]:

1Department of Mathematics, University of Craiova, 200585 Craiova, Romania
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Theorem 1 Let Ω ⊂ RN be an open bounded set with smooth boundary,
f ∈ C(Ω) and g ∈ C(∂Ω). We consider the boundary value problem{

−∆u = f in Ω,
u = g on ∂Ω.

If u ∈ C2(Ω)∩C1(Ω) is a solution for the above problem, then it minimizes
the functional

E(u) =
1
2

∫
Ω
|∇u|2 dx−

∫
Ω
fu dx

in the set of functions u ∈ C2(Ω) ∩ C1(Ω) that are equal to g on ∂Ω.
Reciprocal: a function u that minimizes the functional E in the previously
mentioned set is a solution to the problem.

Paraphrasing an old saying, we can remark that behind every great
result there is a great story. So, since neither the Dirichlet principle, nor
the mountain-pass theorem are exception to this rule, we will present some
historical notes in what follows. Actually we will briefly present the most
important steps in the development of the modern critical theory until the
mountain-pass theorem made its debut on the mathematical scene. For
more details or more variational methods we send the reader to [8, 12]. An
interesting fact about the Dirichlet principle is that Dirichlet was not the
first who became aware of the principle. In fact Green was the one, in
1833, and the idea was defended a few years later by Gauss (1839) and by
Thomson (1847). The principle remains in the history under the Dirichlet
name because Riemann mentioned it in his thesis under this name in 1851.
He did that because he knew that Dirichlet has given a proof to the principle.
Unfortunately, the proof was incorrect, as Weierstrass noticed in 1870, when
he pointed out the subtle difference between the minimum and infimum.
Stating correctly and justifying the Dirichlet principle became a challenge
for the mathematicians in the second half of the 19th century. Following
Arzela’s idea, the Dirichlet principle was established rigorously in certain
important cases by Hilbert in 1900, but Lebesgue and Tonelli followed with
important contributions to the critical point theory. Major contributions to
the critical point theory were also made by pioneers like Lagrange, Legendre,
Jacobi, Hamilton, Poincaré and others. An important moment was in 1905
when Poincaré treated a variational problem whose solution correspond
neither to a minimum, nor to a maximum. Twelve years later, Birkhoff
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obtained a min-max principle where critical points u are such that E(u) =
infA∈A supx∈AE(x), where A is a family of particular sets. A theory of
min-max was elaborated independently by Morse and by Ljusternik and
Schnirelman (in the late 1920s and early 1930s). Important contributions
were added by Palais, Smale and Rothe (in the 1960s). Finally, in 1973,
the mountain-pass theorem of Ambrosetti and Rabinowitz appeared and
”became famous and influenced its <<successors>> so much that it may
be considered the beginning of a postmodern era in the theory” (see [8]). A
very popular variant of this theorem is the following, due to Brézis, Coron
and Nirenberg [3].

Theorem 2 Let Φ be a C1 function on a Banach space E. Suppose that
there exists a neighborhood U of 0 in E and a constant ρ such that

Φ(u) ≥ ρ, for every u ∈ ∂U,

Φ(0) < ρ and Φ(v) < ρ, for some v 6∈ U.

Set
c = inf

P∈P
max
w∈P

Φ(w) ≥ ρ

where P denotes the class of paths joining 0 to v. Then there exists a
sequence (un)n in E such that

Φ(un)→ c and Φ
′
(un)→ 0 in E′.

This theorem will be used to establish two existence results in the frame-
work of the variable exponent Lebesgue-Sobolev spaces. But first we will
introduce these spaces and their main properties in the next section.

2. Variable exponent Lebesgue-Sobolev spaces

The variable exponent Lebesgue-Sobolev spaces are used because there
are materials with inhomogeneities that can not be modelled with suffi-
cient accuracy using classical Lebesgue and Sobolev spaces. The need for
the variable exponent spaces is confirmed by the large scale of applica-
tions to the electrorheological fluids (hydraulic valves and clutches, shock
absorbers, brakes, abrasive polishing, tactile displays, mobile device ap-
plications, robotics, space technology, US army’s projects), in the elastic
mechanics and in image restoration, see for example [6, 4, 9]. Now that we



32 M.-M. Boureanu 4

have an idea of the applicability of these spaces let us define them. In order
to do so, we need to make some notation.

We set
C+(Ω) = {p ∈ C(Ω) : min

x∈Ω
p(x) > 1}.

For any p ∈ C+(Ω) we denote

p+ = sup
x∈Ω

p(x) and p− = inf
x∈Ω

p(x).

Everywhere below we consider p ∈ C+(Ω) to be logarithmic Hölder contin-
uous, that is,

|p(x)− p(y)| ≤ −M/log(|x− y|)

for all x, y ∈ Ω with |x − y| ≤ 1/2. The variable exponent Lebesgue space
is defined by

Lp(·)(Ω) = {u : u is a measurable real–valued function such that∫
Ω
|u(x)|p(x) dx <∞}

endowed with the Luxemburg norm

|u|p(·) = inf

{
µ > 0 :

∫
Ω

∣∣∣∣u(x)
µ

∣∣∣∣p(x)

dx ≤ 1

}
.

Notice that for p constant this norm becomes the norm

|u|p =
(∫

Ω
|u|p
)1/p

,

that is, the norm of the classical Lebesgue space Lp.
The space

(
Lp(·)(Ω), | · |p(·)

)
has some important properties, see Kováčik

and Rákosńık [5]. It is a separable and reflexive Banach space. The inclusion
between spaces generalizes naturally: if 0 < |Ω| <∞ and p1, p2 are variable
exponents in C+(Ω) such that p1 ≤ p2 in Ω, then the embedding

Lp2(·)(Ω) ↪→ Lp1(·)(Ω)

is continuous. The following Hölder-type inequality∣∣∣∣∫
Ω
uv dx

∣∣∣∣ ≤ ( 1
p−

+
1
p′−

)
|u|p(·)|v|p′(·) ≤ 2|u|p(·)|v|p′(·)
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holds true for any u ∈ Lp(·)(Ω) and v ∈ Lp′(·)(Ω), where we denoted by
Lp′(·)(Ω) the conjugate space of Lp(·)(Ω), obtained by conjugating the ex-
ponent pointwise i.e. 1/p(x) + 1/p′(x) = 1.

Also, the function ρp(·) : Lp(·)(Ω)→ R,

ρp(·)(u) =
∫

Ω
|u|p(x) dx,

which is called the p(·)-modular of the Lp(·)(Ω) space, plays a key role
in handling these generalized Lebesgue spaces. We present some of its
properties: if u ∈ Lp(·)(Ω), (un) ⊂ Lp(·)(Ω) and p+ <∞, then,

|u|p(·) < 1 (= 1; > 1) ⇔ ρp(·)(u) < 1 (= 1; > 1),

|u|p(·) > 1 ⇒ |u|p
−

p(·) ≤ ρp(·)(u) ≤ |u|p
+

p(·),

|u|p(·) < 1 ⇒ |u|p
+

p(·) ≤ ρp(·)(u) ≤ |u|p
−

p(·),

|u|p(·) → 0 (→∞) ⇔ ρp(·)(u)→ 0 (→∞),

lim
n→∞

|un − u|p(·) = 0 ⇔ lim
n→∞

ρp(·)(un − u) = 0.

Let us pass now to the definition of the variable exponent Sobolev space
W 1,p(·)(Ω),

W 1,p(·)(Ω) =
{
u ∈ Lp(·)(Ω) : ∂xiu ∈ Lp(·)(Ω), i ∈ {1, 2, ...N}

}
endowed with the norm

‖u‖ = |u|p(·) + |∇u|p(·).(
W 1,p(·)(Ω), ‖ · ‖

)
is a separable and reflexive Banach space.

W
1,p(·)
0 (Ω), the variable exponent Sobolev space with zero boundary

values defined as the closure of C∞0 (Ω) with respect to the norm ‖ · ‖,
occupies an important place in the theory of variable exponent spaces (see
[11] and the references therein). Note that the norms

‖u‖1,p(·) = |∇u|p(·),
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and

‖u‖p(·) =
N∑

i=1

|∂xiu|p(·)

are equivalent to ‖ · ‖ in W
1,p(·)
0 (Ω).

W
1,p(·)
0 (Ω) is also a separable and reflexive Banach space.

Moreover, if s ∈ C+(Ω) and s(x) < p?(x) for all x ∈ Ω, where p?(x) =
Np(x)/[N − p(x)] if p(x) < N and p?(x) = ∞ if p(x) ≥ N , then the
embedding

W
1,p(·)
0 (Ω) ↪→ Ls(·)(Ω)

is compact and continuous.
Finally we can present the anisotropic variable exponent Sobolev space

W
1,
→
p (·)

0 (Ω), where
→
p : Ω→ RN is the vectorial function

→
p (·) = (p1(·), ..., pN (·)) ,

with pi ∈ C+(Ω), i ∈ {1, ..., N} being logarithmic Hölder continuous every-

where below. But first let us give some useful notation. We denote by
→
P+,

→
P− ∈ RN the vectors

→
P+ = (p+

1 , ..., p
+
N ),

→
P− = (p−1 , ..., p

−
N ).

We denote by P+
+ , P+

− , P−− ∈ R+ the following:

P+
+ = max{p+

1 , ..., p
+
N}, P+

− = max{p−1 , ..., p
−
N},

respectively
P−− = min{p−1 , ..., p

−
N}.

We define P ?
− ∈ R+ and P−,∞ ∈ R+ by

P ?
− =

N∑N
i=1 1/p−i − 1

, P−,∞ = max{P+
− , P

?
−} .

The space W 1,
→
p (·)

0 (Ω) is defined as the closure of C∞0 (Ω) under the norm

‖u‖→
p (·) =

N∑
i=1

|∂xiu|pi(·) .
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The space W 1,
→
p (·)

0 (Ω) can be considered a natural generalization of both
the variable exponent Sobolev space W 1,p(·)

0 (Ω) and the classical anisotropic

Sobolev space W 1,
→
p

0 (Ω), where
→
p is the constant vector (p1, ..., pN ). The

space W 1,
→
p

0 (Ω) endowed with the norm

‖u‖
1,
→
p

=
N∑

i=1

|∂xiu|pi

is a reflexive Banach space for any
→
p ∈ RN with pi > 1 for all i ∈ {1, ..., N}.

The above result can be easily extended to W 1,
→
p (·)

0 (Ω), see Mihăilescu et al.
[13]. Another extension was made in what concerns the embedding between

W
1,
→
p (·)

0 (Ω) and Lq(·)(Ω). Indeed, suppose Ω ⊂ RN (N ≥ 3) is a bounded
domain with smooth boundary, pi(x) < N and

∑N
i=1 1/p−i > 1 for all x ∈ Ω.

For any q ∈ C(Ω) verifying

1 < q(x) < P−,∞ for all x ∈ Ω,

the embedding

W
1,
→
p (·)

0 (Ω) ↪→ Lq(·)(Ω)

is continuous and compact.

3. The two applications

In this section we present two examples of problems for the study of
which we apply the mountain-pass theorem. The first problem will be
studied in the framework of the variable exponent spaces, while the second
one will be studied in the framework of the anisotropic variable exponent
spaces.

We start by considering the problem:

(1)


−∆p(x)u+ a(x)|u|p(x)−2u = |u|q(x)−1u, in Ω,
u 6≡ 0, in Ω,
u = 0 on ∂Ω,

where Ω ⊂ RN (N ≥ 3) is a bounded domain with smooth boundary, p, q :
Ω→ R are continuous functions with 1 < p− < p+ < q−+1 < N , q(x)+1 <
p?(x) for all x ∈ Ω and a : Ω→ R satisfies the condition:
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(A) a ∈ L∞(Ω) and there exists a0 > 0 such that a(x) ≥ a0, for any x ∈ Ω;

We denoted by ∆p(·) the variable exponent Laplace operator, that is,

(2) ∆p(x)u(x) = div
(
|∇u(x)|p(x)−2∇u(x)

)
.

Let us give now the definition of the weak solution to (1).

Definition 1 By a weak solution to problem (1) we understand a function
u ∈W 1,p(x)

0 (Ω) such that

∫
Ω

(
|∇u|p(x)−2∇u∇v + a(x)|u|p(x)−2uv

)
dx =

∫
Ω
|u|q(x)−1uvdx,

for all v ∈W 1,p(x)
0 (Ω).

Our first main result is the following.

Theorem 3 Problem (1) has a nontrivial weak solution.

Problem (1) has already been studied in the more restrictive case when
p ≥ 2, see [10]. However, due to the paper of Le [14, Theorem 4.1], the
result can be extended to the case presented here, that is, when p > 1. Our
interest is not to rewrite the proof from [10], even if it is an improved proof,
but to underline the way we rely on the mountain-pass theorem in order
to obtain the existence of the weak solution. Thus, let us associate to our
problem an adequate energetic functional. The functional corresponding to
problem (1) is defined as I : W 1,p(x)

0 (Ω)→ R,

I(u) =
∫

Ω

1
p(x)

(
|∇u|p(x) + a(x)|u|p(x)

)
dx−

∫
Ω

1
q(x) + 1

|u|q(x)+1dx.

Since the functional I ∈ C1(W 1,p(x)
0 (Ω),R) and for all u, v ∈W 1,p(x)

0 (Ω),

〈I ′(u), v〉 =
∫

Ω

(
|∇u|p(x)−2∇u∇v + a(x)|u|p(x)−2uv

)
dx−

−
∫

Ω
|u|q(x)−1uvdx,

it is obvious that the critical points of I are weak solutions to (1). We will
give a sketch of the proof, or, to be more honest, we will present the idea
of the proof. At the beginning we make sure that I has a mountain-pass
geometry. For that we need the following two auxiliary lemmas.
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Lemma 1 There exist ρ, r > 0 such that I(u) ≥ ρ > 0, for any u ∈
W

1,p(x)
0 (Ω) with ‖u‖p(·) = r.

Lemma 2 There exists e ∈W 1,p(x)
0 (Ω) with ‖e‖p(·) > r (r given by Lemma

1) such that I(e) < 0.

Then we apply Theorem 2. This way we find the existence of a sequence
(un)n in W

1,p(x)
0 (Ω) such that

I(un)→ c and I
′
(un)→ 0,

where c = inf
P∈P

max
w∈P

I(w) ≥ ρ and P denotes the class of paths joining 0 to

e. Using the embedding result presented in the previous section and other
properties of the Lebesgue-Sobolev spaces with variable exponent, one can
prove that (un)n converges strongly to a u0 ∈ W

1,p(x)
0 (Ω). Hence u0 is a

critical point to I and I(u0) = c > 0. Since I(0) = 0 it follows that u0 is a
nontrivial weak solution to (1).

Next, let us discuss the following problem.

(3)


−∆→

p (x)
u+ b(x)|u|P

+
+−2u = f(x, u) in Ω,

u ≥ 0 in Ω,
u = 0 on ∂Ω,

where Ω ⊂ RN (N ≥ 3) is a bounded domain with smooth boundary,
pi(x) < N ,

∑N
i=1 1/p−i > 1, pi(x) < N for all x ∈ Ω and

∑N
i=1 1/p−i > 1

and f : Ω × R → R is a Carathéodory function fulfilling some adequate
conditions.

We denoted by ∆→
p (·)u the anisotropic variable exponent Laplace oper-

ator

(4) ∆→
p (x)

(u) =
N∑

i=1

∂xi

(
|∂xiu|

pi(x)−2 ∂xiu
)
.

We impose the following hypotheses on functions b and f :
(b) b ∈ L∞

(
Ω
)

and there exists b0 > 0 such that b(x) ≥ b0 for all x ∈ Ω;
(f1) there exist a positive constant c and q ∈ C(Ω) with 1 < P−− < P+

+ <
q− < q+ < P ?

−, such that f satisfies the growth condition

|f(x, s)| ≤ c|s|q(x)−1,
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for all x ∈ Ω and s ∈ R;
(f2) f verifies the Ambrosetti-Rabinowitz type condition: there exists a
constant µ > P+

+ such that for every x ∈ Ω

0 < µF (x, s) ≤ sf(x, s), ∀s > 0,

where F (x, s) =
∫ s

0 f(x, t)dt.
Notice that this second problem is related to the first one. That is

because (3) can be viewed as an extension of (1), since, for p1 = . . . = pN

the operator (4) transforms into an operator with similar properties to (2).
Let us give now the definition of the weak solution to (3).

Definition 2 By a weak solution to problem (3) we understand a function

u ∈W 1,
→
p (·)

0 (Ω) such that∫
Ω

[
N∑

i=1

|∂xiu|
pi(x)−2 ∂xiu ∂xiv + b(x)|u|P

+
+−2uv − f(x, u)v

]
dx = 0

for all v ∈W 1,
→
p (·)

0 (Ω).

Our second main result is the following.

Theorem 4 Problem (3) has a nontrivial weak solution.

The energetic functional corresponding to problem (3) is defined as

J : W 1,
→
p (·)

0 (Ω)→ R,

J(u) =
∫

Ω

N∑
i=1

|∂xiu|
pi(x)

pi(x)
dx+

1
P+

+

∫
Ω
b(x)|u|P

+
+ dx−

∫
Ω
F (x, u+) dx,

where u+(x) = max{u(x), 0}.
Since the functional J ∈ C1(W 1,

→
p (·)

0 (Ω),R) and for all u, v ∈W 1,
→
p (·)

0 (Ω),

〈J ′(u), v〉 =
∫

Ω

N∑
i=1

|∂xiu|
pi(x)−2 ∂xiu ∂xiv dx

+
∫

Ω
b(x)|u|P

+
+−2uv dx−

∫
Ω
f(x, u)v dx.
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the critical points of J are the weak solutions to problem (3).
Problem (3) is a particular case of the problem studied in [16], where

a more general operator is considered instead of the anisotropic variable
exponent Laplace operator. The proof follows mainly the steps presented
in the case of problem (1). However, it is obvious that when we are dealing
with anisotropic variable exponent spaces more difficulties occur. Therefore
we refer to [16, 15] for detailed calculus in such spaces.
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[3] Brézis H., Coron J.M. and Nirenberg L., Free vibrations for a nonlinear wave equation
and a theorem of P. Rabinowitz, Commun. Pure Appl. Math., 33 (1980), 667–684.

[4] Zhikov V.V., Averaging of functionals in the calculus of variations and elasticity,
Math. USSR Izv., 29 (1987), 33–66.
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Optimal Control Problems with Infinite Time Horizon∗
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Abstract. A class of stochastic discrete optimal control problems with
finite set of states and infinite time horizon is considered. We apply the
concept of Markov decision processes and develop the linear programming
approach for solving the stochastic control problems with average and dis-
counted optimization costs criteria. Polynomial time algorithms for deter-
mining the optimal stationary strategies of the considered control problems
are proposed and grounded.

Keywords: Discrete control problems, Markov decision drocesses, Optimal
stationary strategies, Linear programming approach

1. Introduction

In this paper we study the stochastic versions of classical discrete op-
timal control problems with infinite time horizon [1,2,3,6]. The infinite
horizon decision models represent an approximation of the problems with
finite time horizon in the case of a large sequences of decisions. Very often
for a practical problem it is easier to solve the corresponding infinite horizon
problem and to use the solution of this to obtain a solution of finite horizon
problem with a large number of decisions. The Markov decision processes
and the classical control problems with infinite time horizon are related
such kind of models and are widely used for studying and solving many
practical problems with a large numbers of decisions. We consider a class
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of stochastic discrete optimal control problems with average and discounted
integral-time costs optimization criteria that combine the statements of de-
terministic optimal control problem with infinite time horizon [2,3,6] and
Markov decision processes [1,9,10]. The aim of this paper is to develop the
linear programming approach for determining the optimal stationary strate-
gies for infinite horizon stochastic discrete optimal control problems with
average and discounted optimization costs criteria. Using this approach
we propose polynomial time algorithms for determining optimal stationary
strategies in the considered control problems.

2. Problems formulations

Let be given a discrete dynamical system L with a finite set of states
X ⊂ Rn where at every time-step t = 0, 1, 2, . . . , the state of the system L
is x(t) ∈ X. At the starting moment of time t = 0 the state of dynamical
system L is x(0) = x0. Assume that the dynamics of the system L is de-
scribed by a system of difference equation

(1) x(t+ 1) = gt(x(t), u(t)), t = 0, 1, 2, . . .

where

(2) x(0) = x0

and

u(t) = (u1(t), u2(t), . . . , um(t)) ∈ Rm

represents the vector of the control parameters (see [2,3,6]). For any time
step t and an arbitrary state x(t) ∈ X the feasible set Ut(x(t)) of the vector
u(t) of control parameters is given, i.e.

(3) u(t) ∈ Ut(x(t)), t = 0, 1, 2, . . . .

We assume that in (1) the vector functions

gt(x(t), u(t)) = (g1
t (x(t), u(t)), g2

t (x(t), u(t)), . . . , gnt (x(t), u(t)))

are determined uniquely by x(t) and u(t) at every time-step t = 0, 1, 2, . . . .
So, x(t + 1) is determined uniquely by x(t) and u(t). Additionally, we as-
sume that at each moment in time t the cost
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ct(x(t), x(t+ 1)) = ct(x(t), gt(x(t), u(t)))

of the system’s passage from state x(t) to state x(t+ 1) is known.
Let

x0 = x(0), x(1), x(2), . . . , x(t), . . .

be a trajectory generated by given vectors of the control parameters

u(0), u(1), . . . , u(t), . . . .

Then for a fixed number of transitions τ of the dynamical system we can
calculate the integral-time cost which we denote F τx0

(u(t)), i.e.

(4) F τx0
(u(t)) =

τ−1∑
t=0

ct(x(t), gt(x(t), u(t))).

In [2, 3] the following discrete optimal control problem with finite time
horizon have been considered: for given τ to find the vectors of control
parameters

u(0), u(1), u(2), . . . , u(t), . . . ,

which satisfy the conditions (1)-(3) and minimize functional (4). The solu-
tion of this optimal control problem can be found using dynamic program-
ming method [2,6].

Here we will assume that τ is not fixed and it tends to infinite. It is
evident that if τ →∞ then

lim
τ→∞

τ−1∑
t=0

ct(x(t), gt(x(t), u(t)))

for a given control may not exist. Therefore in this case our investigation
will be addressed to estimation and asymptotic behavior of the objective
function for a fixed control.We can see that such approach will alow to
determining the corresponding bias equations for our main problems. We
study the behavior of integral-time cost function for discrete control prob-
lems in the case of large number of transitions τ using the concept from
[1, 2]. In our control models for a fixed control and given starting state xi0
we will consider the problem of determining the function ϕ(τ) and the
constant k such that
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(5) lim
τ→∞

1
ϕ(τ)

τ−1∑
t=0

ct(x(t), gt(x(t), u(t))) = k.

Then for a given control when τ is too large the integral-time cost can be
approximated with kϕ(τ). It is well known that for stationary processes
the function ϕ(τ) is linear and for a large τ the integral-time cost by a
trajectory can be expressed as F τxi0

(u(t)) = kτ , where k is the average
cost per transition along the trajectory determined by the control u(t).

In the following we will consider the stationary version of the control
problem. For this case of the problem the vector functions gt and the
feasible sets Ut(x(t)) do not depend on time, i.e. gt(x, u) = g(x, u) and
Ut(x) = U(x), ∀x ∈ X, t = 0, 1, 2, . . . . Moreover we will assume that the
control at every moment of time depend only on state x ∈ X and the cost of
system transition from the state x ∈ X to the state y ∈ X do not change
in time, i.e. ct(x(t), x(t+1)) = c(x, y), ∀x, y ∈ X and every t = 0, 1, 2, . . .
if x = x(t), y = x(t + 1). We can see that for the stationary case of the
control problem with infinite time horizon the integral-time cost function
F τx0

(u(t)) = kϕ(τ) is linear and we may take ϕ(τ) = τ . In this case for
the dynamical system L the value k in (5) will express the average cost
per transition along a trajectory determined by the control u(t). Therefore
the objective function which has to be minimized in considered problem is
defined as follows:

(6) Fx0(u(t)) = lim
τ→∞

1
τ

τ−1∑
t=0

c(x(t), g(x(t), u(t))).

In [1] is shown that the optimal control u∗ for the stationary case of the
problem do not depend on time and on starting state and it can be found
in the set of stationary controls.

An another class of control problems with infinite time horizon which is
widely used in many practical problems, especially for stochastic decision
problems, is related to the problems with discounting objective function of
form

(7) F̂x0(u(t)) =
∞∑
t=0

γtct(x(t), gt(x(t), u(t))).
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Here γ is the discounting coefficient that satisfy the condition 0 < γ ≤
1. The control problem with such optimization criterion we are seeking
for the control which minimize functional (7). It is well known [9] that
for the stationary case of the control problem with discounted objective
optimization criterion also exist the optimal stationary control.

The problems formulated above correspond to deterministic models in
which the decision maker in control process is able to fix the vector of control
parameters u(t) from the feasible set Ut(x(t)) in each dynamical state
x(t); the states x(t) in these problem we call controllable states.

In the following we formulate the stochastic control problems assuming
that the dynamical system in the control process may admit dynamical
states x(t) in which the corresponding vector of control parameters u(t)
is changed in the random way according to given distribution function

(8) p : Ut(x(t))→ [0, 1],
r(x(t))∑
i=1

p
(
uix(t)

)
= 1

on the corresponding dynamical feasible sets Ut(x(t)), where r(x(t)) =
|Ut(x(t))|. Therefore if each dynamical state x(t) of the system we regard
as a position (x, t) then for the stochastic version of control problems the
set of positions

XT = {(x, t) = x(t)
∣∣ x(t) ∈ X, t = 0, 1, 2, . . . }

can be divided into two subsets

XT = XTC ∪XTNC , XTC ∩XTNC = ∅

such that XTC corresponds to the set of controllable states and and
XTNC corresponds to set of uncontrollable states. This means that for
the stochastic control problems we we have the following behavior of the
dynamics of the system in the control process. If the starting state x(0)
belongs to the set of controllable states XTC then the decision maker
fix the vector of control parameters u(0) from the feasible set U0(x(0))
and we obtain the next state x(1); if the state x(0) belong to the set
XTNC then the system passes to the next state x(1) in the random way.
If at the moment of time t = 1 the state x(1) belong to the set XTC

then the decision maker fix the vector of control parameters u(1) from
U1(x(1)) and we obtain the next state x(2); if x(1) belong to the set
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of uncontrollable states XTNC then the system passes to the next state
x(2) in the random way and so on indefinitely. It is evident that for a
fixed control the average cost per transaction and the discounted integral-
time cost in this process are random variables induced by the distribution
functions on feasible sets in the uncontrollable states.

To define strictly the expected average and discounted integral-time
cost in the considered stochastic control problems for a fixed control we
can apply the concept of Markov decision processes. If the control vectors
u′(t) ∈ Ut(x(t)) in the controllable states x(t) ∈ XTC are fixed then we
can consider that the following distribution function

p : Ut(x(t))→ {0, 1} for x(t) ∈ XTC

are given, where p(u′(t)) = 1 and p(u(t)) = 0, ∀u(t) ∈ Ut(x(t)) \ {u′(t)}.
These distribution functions in the controllable states together with dis-
tribution functions (8) in the uncontrollable states determine a Marcov
process. For this Markov process with transition costs cx,y we can deter-
mine the expected average and the discounted integral-time costs which we
denote respectively by Fx0(u(t)) and F̂x0(u(t)). Furthermore, the corre-
sponding optimization problems are considered in which we are seeking for
the controls that minimize the expected average and discounted integral-
time costs, respectively. Mainly we will study the stationary versions of
the control problems and will describe efficient polynomial time algorithms
based on linear programming approach.

3. Linear programming approach for stochastic control
problems with average cost criterion

We consider the stationary version of stochastic discrete optimal control
problem with average cost criterion. We formulate this problem on networks
and describe a polynomial time algorithms for determining the optimal
control using linear programming approach.

Let a discrete dynamical system L with finite set of states X =
{x1, x2, . . . , xn} be given. At every discrete moment of time t = 0, 1, 2, . . .
the state of L is x(t) ∈ X. The dynamics of the system is described by a
directed graph of states transitions G = (X,E) where the set of vertices
X corresponds to the set of states of dynamical system and an arbitrary
directed edge e = (x, y) ∈ E expresses the possibility of the system L to
pass from the state x = x(t) to the state y = x(t + 1) at every discrete
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moment of time t. So, a directed edge e = (x, y) in G corresponds
to a stationary control of the system in the state x ∈ X which provides
transition from x = x(t) to y = x(t + 1) for every discrete moment of
time t. We assume that graph G doesn’t contain deadlock vertices, i.e.
for each x there exists at least one leaving directed edge e = (x, y) ∈ E.
In addition we assume that to each edge e = (x, y) ∈ E a quantity ce
is associated which expresses the cost (or the reward [4]) of the system L
to pass from the state x = x(t) to the state y = x(t + 1) for every
t = 0, 1, 2, . . . . The cost ce for an arbitrary edge e = (x, y) we will denote
also by cx,y. A sequence of directed edges E′ = {e0, e1, e2, . . . , et, . . . }
where et = (x(t), x(t + 1)), t = 0, 1, 2, . . . determines in G a control
of the dynamical system with fixed starting state x0 = x(0). An arbitrary
control in G generates a trajectory x0 = x(0), x(1), x(2), . . . for which
the average cost per transition can be defined in the following way

f(E′) = lim
t→∞

1
t

t−1∑
τ=0

ceτ .

In [1] is shown that this value exists and |f(E′)| ≤ max
e∈E
|ce|. Moreover in [1]

is shown that if G is strongly connected then for an arbitrary fixed starting
state x0 = x(0) there exists the optimal control E∗ = {e∗0, e∗1, e∗2, . . . } for
which

f(E∗) = min
E′

lim
t→∞

1
t

t−1∑
τ=0

ceτ

and this optimal control doesn’t depend on starting state as well it doesn’t
depend on time. Therefore the optimal control in this problem can be found
in the set of stationary strategies S. A stationary strategy in G is define
as a map:

s : x→ y ∈ X+(x) for x ∈ X,

where X+(x) = {y ∈ X
∣∣ e = (x, y) ∈ E}.

Let s be a stationary strategy. Denote by Gs = (X,Es) the subgraph
of G generated by edges of form e = (x, s(x)) for x ∈ X. Then it is easy
to observe that in Gs there exists a unique directed cycle Cs which can be
reached from x0 through the directed edges from Es. Moreover we can see
that the mean cost of this cycle is equal to the average cost per transition
of dynamical system by the trajectory generated by the stationary strategy
s. Thus if G is strongly connected directed graph then the problem of
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determining the optimal control on G is equivalent to the problem of
finding in G the cycle C∗ for which∑

e∈E(C∗)

ce

n(C∗)
= min

C

∑
e∈E(C)

ce

n(C)
,

where E(C) is the set of directed edges of the directed cycle C in G
and n(C) is the number of its edges. If the cycle C∗ is known then
the optimal control for an arbitrary given starting state x0 = x(0) in G
can be found in the following way: we fix transitions through the directed
edges of the graph in order to reach a vertex of the directed cycle C∗

and then we preserve transitions through the directed edges of this cycle.
Polynomial and strongly polynomial time algorithms for determining the
optimal average cycles in a weighted directed graph and optimal stationary
strategies for control problem on network have been proposed in [5,6].

In the following we will consider the stochastic version of the problem
formulated above. We assume that the set of states X of dynamical system
may admit states in which system L makes transitions to the next state
in the random way according to given distribution function of probabilities
on the set of possible transitions from these states. So, the set of states X
is divided into two subsets X1 and X2 (X = X1 ∪X2, X1 ∩X2 = ∅),
where X1 represents the set of states x ∈ X in which the transitions of
the system to the next state y can be controlled by decision maker at every
discrete moment of time t and X2 represents the set of states x ∈ X in
which the decision maker is not able to control the transition because the
system passes to the next state y in a random way, i.e. for each x ∈ X2

the distribution function of probabilities px,y on the the set of possible
transitions (x, y) from x to y ∈ X+(x) is given such that

(9)
∑

y∈X+(x)

px,y = 1, x ∈ X2,

where px,y expresses the probability that the system pass from the state
x to the state y at every discrete moment of time t. Note, that condition
px,y = 0 for a directed edge e = (x, y) ∈ E is equivalent with the condition
that G does not contain the edge e = (x, y).

In the same way as for the deterministic problem here we assume that
to each directed edge e = (x, y) ∈ E a cost ce (or a reward) is associated.
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Graph G with the mentioned above properties we call random network
and denote it (G,X1, X2, c, p, x0). So, this network is determined by the
directed graph G with fixed starting state x0, the subsets X1, X2, the
cost function c : E → R and the probability function p : EX2 → [0, 1]
on the subset of edges EX2 = {e = (x, y) ∈ E

∣∣ x ∈ X2, y ∈ X} where
p satisfy condition (9). A stationary strategy for our control problem on
network we define as a map:

s : x→ y ∈ X+(x) for x ∈ X1.

Let s be a stationary strategy. Then we may consider that in every state
x ∈ X1 the transition (x, s(x)) is made with the probability px,s(x) = 1
if the strategy s is applied. Thus for an arbitrary state x ∈ X1 we have
the following transition probabilities px,y from x to y ∈ X+(x):

px,y =

{
1, if y = s(x);

0, if y 6= s(x).

So, if a stationary strategy s is fixed then we obtain a Markov process
induced by the transition graph Gs = (X,Es) with px,y > 0 and cor-
responding costs ce on edges e ∈ E. For this Markov process we can
determine the average cost per transition for an arbitrary fixed starting
state xi ∈ X in such way as it is defined in previous section. So, for
this process we can define the vector of average costs M s which corre-
sponds to the strategy s. The vector M s can be calculated using formula
M s = Qsµs, where Qs is the limit matrix in the Markov process gen-
erated by the stationary strategy s and µs is the vector of immediate
costs in this process, i.e. µsi =

∑
y∈X

pxi,ycxi,y. The component M s
i of this

vector represent the average cost per transition in our problem when the
system start transition in the state xi when the strategy s is applied, i.e.
fxi(s) = M s

i . In particular we have defined fx0(s). The control problem on
network (G,X1, X2, c, p, x0) consists of finding the stationary control s∗

for which
fx0(s∗) = min

s
fx0(s).

We consider our stochastic control problem on the network (G,X1, X2, c, p, x0)
with X1 6= ∅, X2 6= ∅ and assume that G is strongly connected directed
graph [7,8]. Additionally we assume that in G for an arbitrary station-
ary strategy s ∈ S the subgraph Gs = (X,Es) generated by edges
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e = (x, s(x)), x ∈ X is strongly connected. We call a network with such
condition perfect network. Let s be an arbitrary strategy (s ∈ S). Taking
into account that for every fixed x ∈ X1 we have a unique y = s(x) ∈ X+(x)
we can identify the map s with the set of boolean values sx,y for x ∈ X1

and y ∈ X+(x), where

sx,y =

{
1, if y = s(x);

0, if y 6= s(x).

For the optimal stationary strategy s∗ we denote the corresponding boolean
values by s∗x,y.

Assume that the network (G,X1, X2, c, p, x0) is perfect. Then the
following lemma holds.

Lemma 1 A stationary strategy s∗ is optimal if and only if it corresponds
to an optimal solution q∗, s∗ of the following mixed integer bilinear pro-
gramming problem:
Minimize

(10) ψ(s, q) =
∑
x∈X1

∑
y∈X+(x)

cx,ysx,yqx +
∑
z∈X2

µzqz

subject to

(11)



∑
x∈X1

sx,yqx +
∑
z∈X2

pz,yqz = qy, ∀y ∈ X;∑
x∈X1

qx +
∑
z∈X2

qz = 1;∑
y∈X+(x)

sx,y = 1, ∀x ∈ X1;

sx,y ∈ {0, 1}, ∀x ∈ X1, y ∈ X; qx ≥ 0, ∀x ∈ X,

where µz =
∑

y∈X+(z)

pz,ycz,y, ∀z ∈ X2.

Based on lemma above we can prove the following result.

Theorem 1 Let α∗x,y (x ∈ X1, y ∈ X), q∗x (x ∈ X) be a basic optimal
solution of the following linear programming problem:
Minimize

(12) ψ(α, q) =
∑
x∈X1

∑
y∈X+(x)

cx,yαx,y +
∑
z∈X2

µzqz
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subject to

(13)



∑
x∈X−1 (y)

αx,y +
∑
z∈X2

pz,yqz = qy, ∀y ∈ X;

∑
x∈X1

qx +
∑
z∈X2

qz = 1;

∑
y∈X+(x)

αx,y = qx, ∀x ∈ X1;

αx,y ≥ 0, ∀x ∈ X1, y ∈ X; qx ≥ 0, ∀x ∈ X.

Then the optimal stationary strategy s∗ on perfect network can be found
as follows:

s∗x,y =

{
1, if α∗x,y > 0;

0, if α∗x,y = 0,

where x ∈ X1, y ∈ X+(x). Moreover, for every starting state x ∈ X the
optimal average cost per transition is equal to ψ(α∗, q∗), i.e.

fx(s∗) =
∑
x∈X1

∑
y∈X+(x)

cx,yα
∗
x,y +

∑
z∈X2

µzq
∗
z

for every x ∈ X.

Based on this theorem we can deduce an algorithm for solving the prob-
lem on perfect networks. Additionally we have shown that the general case
of the problem can be reduced to the problem on perfect network.

4. Linear programming approach for stochastic control
problem with discounted cost criterion

The linear programming approach for discounted stochastic control problem
on network (G,X,E, p, c, x0) with given discounted factor γ we ground
using the same logical scheme as in previous section. An arbitrary station-
ary strategy s in G we identify with the set of boolean variables sx,y
for x ∈ X1 and y ∈ X+(x), where

(14) sx,y =

{
1, if y = s(x);

0, if y 6= s(x).



52 M. Capcelea 12

Lemma 2 A stationary strategy s∗ is optimal if and only if it corresponds
to an optimal solution σ∗, s∗ of the following mixed integer bilinear pro-
gramming problem:
Maximize

(15) ϕx0(σ, s) = σx0

subject to

(16)



σx − γ
∑

y∈X+(x)

sx,y σy ≤
∑

y∈X+(x)

cx,y sx,y , ∀x ∈ X1;

σx − γ
∑

y∈X+(x)

px,y σy ≤ µx, ∀x ∈ X2;

∑
y∈X+(x)

sx,y = 1, ∀x ∈ X1;

sx,y ∈ {0, 1}, ∀x ∈ X1, y ∈ X,

where
µx =

∑
y∈X+(x)

cx,ypx,y, ∀x ∈ X2.

Based on Lemma 2 we have proved the following result.

Theorem 2 Let α∗x,y (x ∈ X1, y ∈ X), β∗x (x ∈ X) be a basic optimal
solution of the following linear programming problem:
Minimize

(17) φxi0 (α, β) =
∑
x∈X1

∑
y∈X(x)

cx,y αx,y +
∑
x∈X2

µxβx

subject to

(18)



βy − γ
∑

x∈X−1 (y)

αx,y − γ
∑

x∈X−2 (y)

px,y βx ≥ 1, y = x0;

βy − γ
∑

x∈X−1 (y)

αx,y − γ
∑

x∈X−2 (y)

px,y βx ≥ 0, ∀y ∈ X \ {x0};

∑
y∈X−(x)

αx,y = βx, ∀x ∈ X1;

βx ≥ 0, ∀x ∈ X; αx,y ≥ 0, ∀x ∈ X1, y ∈ X+(x),
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where

µx =
∑

y∈X+(x)

cx,y px,y, ∀x ∈ X2.

If in G = (X,E) a vertex x ∈ X is attainable from x0 then β∗x >
0, ∀x ∈ X1 and

α∗x,y
β∗x
∈ {0, 1}, ∀x ∈ X1, y ∈ X+(x).

The optimal stationary strategy s∗ of the discounted stochastic control prob-
lem on network can be found by fixing

s∗x,y =
α∗x,y
β∗x

,

for x ∈ X1 and every y ∈ X+(x) if β∗x 6= 0; otherwise we put s∗x,y = 0.

Thus, the discounted stochastic control problem can be solving using the
linear programming model (17), (18).
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A Filippov-Type Theorem for Nonlinear
Differential Inclusions
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Abstract. We establish a Filippov-type theorem for a nonlinear differen-
tial inclusion

x′(t) ∈ Ax(t) + F (t, x(t)), x(0) = x0,

where X is a separable Banach space, A : D(A) ⊆ X  X is an m-
dissipative operator that generates a nonlinear semigroup of operators and
F : [0, T ] × X  X is a nonempty and closed valued multi-function. We
assume that the multi-function is of Lipschitz type. Our research represents
an extension of similar result for a semilinear differential inclusion (see [3]).

Keywords: Nonlinear differential inclusions, A priori estimates

1. Introduction and preliminary results

Let X be a separable Banach space, let A : D(A) ⊆ X  X be an
m−dissipative operator that generates a nonlinear semigroup of operators,
{S(t) : D(A) → D(A), t ≥ 0}, and F : [0, T ] × X  X a nonempty and
closed valued multi-function.

In this paper, we focus on fully nonlinear differential inclusion

(1)
{
x′(t) ∈ Ax(t) + F (t, x(t))
x(0) = x0

and we give a Filippov-type result which plays an important role in viability
problem (see [5]).

The remaining part of this section is focused on a review of those con-
cepts and results which are required in the subsequent section.

1Faculty of Mathematics, “Al.I.Cuza” University, Bd. Carol no. 11, 700506-Iaşi,
Romania
E-mail: irina capraru@yahoo.com
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Definition 1 The function x : [0, T ] → D(A) is a C0-solution to the
above problem if x(0) = x0 and there exists f ∈ L1(0, T ;X) with f(t) ∈
F (t, x(t)) for a.e. t ∈ [0, T ], and such that x is a C0-solution on [0, T ] to
the equation x′(t) ∈ Ax(t) + f(t) in the sense of Bénilan [1] (see also [2] ).

We will call (x, f) ∈ C([0, T ];X) × L1(0, T ;X) a trajectory -selection
pair of (1) if f(t) ∈ F (t, x(t)) for a.e. t ∈ [0, T ] and x is a C0 − solution
of (2), where

(2)
{
x′(t) ∈ Ax(t) + f(t)
x(0) = x0.

Definition 2 We say that the operator A : D(A) ⊆ X  X is dissipative
if

(x1 − x2, y1 − y2)− = lim
h↑0

‖(x1 − x2) + h(y1 − y2)‖2 − ‖x1 − x2‖2

2h
≤ 0

for each xi ∈ D(A) and yi ∈ Axi, i = 1, 2.

Definition 3 We say that the operator A : D(A) ⊆ X  X is m-
dissipative if it is dissipative and for each λ > 0, or equivalently for some
λ > 0, R(I − λA) = X.

Definition 4 A set-valued map Φ : X  2X is called L−Lipschitz on
K ⊂ X if for all x ∈ K,Φ(x) 6= ∅, and

Φ(x) ⊂ Φ(y) + L‖x− y‖B,

for all x, y ∈ K, where B denotes the closed unit ball in X.

Definition 5 We say that an m-dissipative operator A : D(A) ⊆ X  X
is of complete continuous type if for each fixed (t0, ξ) ∈ R×D(A), the graph
of C0-solution operator f 7→ x(·, t0, ξ, f) is weakly × strongly sequentially
closed in L1(t0, T ;X)× C([t0, T ];X).

Definition 6 A set-valued map F : [0, T ]×D(A) X is called integrably
bounded if there exists k ∈ L1(0, T ) such that for a.e. t ∈ [0, T ], F (t, x) ⊂
k(t)B, for all x ∈ D(A).
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Theorem 1 (see [2], p. 116) Let X be a Banach space and let A : D(A) ⊆
X  X be m-dissipative. Then, for each x0 ∈ D(A) and f ∈ L1(0, T ;X),
there exists a unique C0-solution x : [0, T ]→ D(A) of (2).

We denote by x(·, 0, x0, f) : [0, T ]→ D(A) the unique C0-solution of (2)
satisfying x(0, 0, x0, f) = x0.

Lemma 1 (see [4], p. 18) If A : D(A) ⊆ X  X is m-dissipative, ξ, η ∈
D(A) and f, g ∈ L1(0, T ;X), then ũ = x(·, 0, ξ, f) and ṽ = x(·, 0, η, g)
satisfy

‖ũ(t)− ṽ(t)‖ ≤ ‖ξ − η‖+
∫ t

0
‖f(s)− g(s)‖ds,

for each t ∈ [0, T ].

2. Main result

Let

S[0,T ](x0) =
{
x|x is C0 − solution of differential inclusion

x′(t) ∈ Ax(t) + F (t, x(t)), x(0) = x0

i.e.

(3) there exists f ∈ L1(0, T ;X) with f(t) ∈ F (t, x(t)) a.e. in [0, T ]

(4) x(t) = x(t, 0, x0, f), for all t ∈ [0, T ]
}
.

Let y(·) be a C0-solution of the problem{
y′(t) = Ay(t) + g(t)
y(0) = y0.

and g ∈ L1(0, T ;X). We estimate the distance from y to the set S[0,T ](x0),
under the following assumptions on F :

(H1) for every x ∈ X, the set-valued map F (·, x) is measurable;
(H2) there exists β > 0, k ∈ L1(0, T ) such that for almost all t ∈ [0, T ]

the map F (t, ·) is k(t)-Lipschitzian on y(t) + βB;
(H3) the function t→ dist(g(t), F (t, y(t))) belongs to L1(0, T ).
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Theorem 2 Let δ ≥ 0. Assume that (H1)− (H3) hold true and set

γ(t) = dist(g(t), F (t, y(t))),

m(t) = exp(
∫ t

0
k(s)ds) and

η(t) = m(t)(δ +
∫ t

0
γ(s)ds).

If η(T ) < β, then for all x0 ∈ D(A) with ‖y0 − x0‖ ≤ δ and all ε > 0,
there exist x ∈ S[0,T ](x0) and f ∈ L1(0, T ;X) satisfying (3) and (4) such
that
‖x(t)− y(t)‖ ≤ η(t) + εtm(t), for all t ∈ [0, T ] and
‖f(t)− g(t)‖ ≤ k(t)[η(t) + εtm(t)] + γ(t) + ε, for a.e. t ∈ [0, T ].

Remark 1 We need the following lemmas:

Lemma 2 (see [3], p. 105) Let U : [0, T ]  X be a measurable multi-
function with closed nonempty values and g : [0, T ] → X, k : [0, T ] → R+

be measurable functions. Assume that

W (t) := U(t) ∩ (g(t) + k(t)B) 6= ∅ a.e. in [0, T ].

Then there exists a measurable function u : [0, T ] → X such that u(t) ∈
W (t) almost everywhere.

Lemma 3 (see [3], p. 105) Let F and y be as in Theorem 2 and x ∈
C([0, T ];X) be such that ‖x−y‖C([0,T ];X) ≤ β. Then the map t 7→ F (t, x(t))
is measurable.

Proof.
Let ε > 0 be so small that η(T ) + εTm(T ) ≤ β.
Set χ(t) = δ +

∫ t
0 γ(s)ds+ εt.

We construct sequences xn ∈ C([0, T ];X) and fn ∈ L1(0, T ;X), n =
0, 1, ..., such that

(5) xn(t) = x(t, 0, x0, fn), for all t ∈ [0, T ];

(6) ‖x1(t)− y(t)‖ ≤ χ(t), for all t ∈ [0, T ];
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(7) f0 = g, ‖f1(t)− g(t)‖ ≤ γ(t) + ε, for a.e. t ∈ [0, T ];

(8) fn(t) ∈ F (t, xn−1(t)), for n ≥ 1 and t ∈ [0, T ];

(9) ‖fn+1(t)− fn(t)‖ ≤ k(t)‖xn(t)− xn−1(t)‖, for n ≥ 1 a.e. in [0, T ].

Based on Lemma 1, we obtain

‖xn+1(t)− xn(t)‖ = ‖x(t, 0, x0, fn+1)− x(t, 0, x0, fn)‖

≤
∫ t

0
‖fn+1(t1)− fn(t1)‖dt1

≤
∫ t

0
k(t1) · ‖xn(t1)− xn−1(t1)‖dt1

≤
∫ t

0
k(t1)

∫ t1

0
‖fn(t2)− fn(t1)‖dt2dt1

≤
∫ t

0
k(t1)

∫ t1

0
k(t2) · ‖xn−1(t2)− xn−2(t2)‖dt2dt1

≤
∫ t

0
k(t1)

∫ t1

0
k(t2)...

∫ tn−1

0
k(tn)‖x1(tn)− x0(tn)‖dtn...dt1.

Then we obtain
‖xn+1(t) − xn(t)‖ ≤ χ(t) · (1/n!)[

∫ t
0 k(s)ds]n since f0 = g. Thus (xn)n

is a Cauchy sequence in the Banach space C([0, T ];X). Hence, by (9), the
sequence (fn(t))n is Cauchy. Since the sequence (xn) is Cauchy, we define
x ∈ C([0, T ];X) as the limit of xn. From (6) and last inequality, we get

(10) ‖xn(t)− y(t)‖ ≤ ‖x1(t)− y(t)‖+ ‖x2(t)− x1(t)‖+ ‖x3(t)− x2(t)‖

+‖x4(t)− x3(t)‖+ ...+ ‖xn(t)− xn−1(t)‖

≤ χ(t){1 +
∫ t

0
k(s)ds+ (1/2!)(

∫ t

0
k(s)ds)2 + ...}

≤ χ(t) exp{
∫ t

0
k(s)ds} = m(t)χ(t) = m(t)[δ +

∫ t

0
γ(s)ds+ εt]

= m(t)[δ +
∫ t

0
γ(s)ds] + εtm(t) = η(t) + εtm(t),

for all t ∈ [0, T ]. By the choice of ε, we obtain
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(11) ‖xn − y‖C([0,T ];X) ≤ β, for all n ≥ 0.

Furthermore, from (7), (9) and (10) it follows that

(12) ‖fn(t)− g(t)‖ ≤ ‖f1(t)− g(t)‖+ ‖f2(t)− f1(t)‖+ ‖f3(t)− f2(t)‖

+...+ ‖fn(t)− fn−1(t)‖ ≤ γ(t) + ε+ k(t)[‖x1(t)− x0(t)‖

+‖x2(t)− x1(t)‖+ ...+ ‖xn−1(t)− xn−2(t)‖]

≤ k(t)[η(t) + εtm(t)] + γ(t) + ε,

a.e. in [0,T].
By the last inequality, the sequence (fn)n is integrably bounded and

we have already proved that (fn(t))n is Cauchy, for almost all t ∈ [0, T ].
Thus, according to Dominated Convergence Theorem, we may define f ∈
L1(0, T ;X) by

f(t) = lim
n→∞

fn(t).

From the assumption (H2) it follows that for almost every t ∈ [0, T ] the
set

Q(t) = {(x, v)|v ∈ F (t, x); ‖x− y(t)‖ ≤ β}

is closed.
From (8) and (11) for all n ≥ 1 and t ∈ [0, T ], we get that

(xn−1(t), fn(t)) ∈ Q(t).

Taking the limit in last relation, we obtain that

f(t) ∈ F (t, x(t))

a.e. in [0, T ].
Taking the limit in (5), it follows that x(t) = x(t, 0, x0, f), for all t ∈

[0, T ].
Taking the limit in (10), we obtain ‖x(t)−y(t)‖ ≤ η(t)+εtm(t), for all t ∈

[0, T ].
Taking the limit in (12), we get ‖f(t) − g(t)‖ ≤ k(t)[η(t) + εtm(t)] +

γ(t) + ε, for a.e. t ∈ [0, T ].
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In order to construct xn and fn as above, we proceed by induction.

1st step
From Lemma 3, the set-valued map t 7→ F (t, y(t)) is measurable and

has closed images. Moreover, according to the definition of γ(t)

U1(t) = F (t, y(t)) ∩ {g(t) + (γ(t) + ε)B} 6= ∅, for all t ∈ [0, T ].

Thus, by Lemma 2 applied with k(t) = γ(t)+ε, there exists f1(t) ∈ U1(t)
a.e. in [0, T ] such that ‖f1(t)−g(t)‖ ≤ γ(t)+ε, for a.e. t ∈ [0, T ]. We define
x1(t) = x(t, 0, x0, f1). It is obvious that ‖x1(t) − y(t)‖ ≤ η(t) + εtm(t) ≤
β, for all t ∈ [0, T ].

2nd step
We suppose that we have already constructed xn ∈ C([0, T ];X) and

fn ∈ L1(0, T ;X), n = 0, 1, ..., N verifying (5)–(9). We define the set-valued
map t 7→ UN+1(t), t ∈ [0, T ], by

UN+1(t) = F (t, xN (t)) ∩ {fN (t) + k(t)‖xN (t)− xN−1(t)‖B}.

According to Lemma 3, from ‖xN − y‖C([0,T ];X) ≤ β we get that t 7→
F (t, xN (t)) is measurable. In addition, t → k(t)‖xN (t) − xN−1(t)‖ is a
measurable function. By (H2) we deduce that UN+1 6= ∅. According to
Lemma 2, we obtain that there exists fN+1(t) ∈ F (t, xN (t)) verifying
‖fN+1(t)− fN (t)‖ ≤ k(t)‖xN (t)− xN−1(t)‖ a.e. in [0, T ]. We define xN+1

according to (5), taking n = N + 1.
Thus, {fN+1}, {xN+1} satisfy (5)–(9).
The proof is complete.
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62 I. Căpraru 8
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Models for Dynamical Systems
of the Unemployment Rate

L.-C. Holdon1

Abstract. In this paper, we refine existing models in the literature to
capture the dynamic of the changes observed in a country’s economy with
respect to the unemployment rate. First, we present the basic economical
model in the form of an ode system. From an economical point of view the
concept of marginal revenue product is wisely used because it can be easily
translated into mathematical language.

Keywords: Hopf theorem for bi-dimensional dynamical system, Bifurca-
tion theory, Equilibrium points

1. Introduction and preliminary notions in the study of
economics processes

According to the works of Kuznetsov [3], [7] and Shone [5] regarding the
unemployment rate, in this paper we will study the following economical
model:

System 1 {
ė = (1− e)h(q, e)− se,
q̇ = (r + s)q − π(q, e).

where the profit to the firm of hiring an additional worker is related to q
and the employment rate e, e.i, π(q, e), and will be different for different
models of the labour market. This profit arises from the difference in the

1Department of Mathematics, University of Craiova, 200585 Craiova, Romania
E-mail: holdon liviu@yahoo.com
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marginal revenue product per worker, MRPL, less the wage paid, w. If we
denote the MRPL by x(e), then π(q, e) = x(e) − w. However, the future
profit stream per worker to the firm is

rq = x(e)− w − s(q − kv) + q̇,

where rq represents the opportunity interest in having a filled vacancy and
kv is the capital value of a vacant job, i.e., the present value of employment
to the firm is the profit from hiring the worker less the loss from some-
one becoming unemployed plus any capital gain. Since in equilibrium no
vacancies exists, then kv = 0 and so

rq = π(q, e)− sq + q̇

or
q̇ = (r + s)q − π(q, e).

To summariese, we have two differential equations in e and q like in system
1.

The paper is organized as follows.

• In the first section we present all mathematical details and economical
conditions for the economical model of the unemployment rate for
macro economy which studies how a national economy changes and
how it increases.

• In the second section we present the principal theoretical result Hopf
Theorem for Bidimensional Dynamical Systems.

• In the third section we study a model for System 1 for two differ-
ent settings for function m(·, ·). We study the local Stability of the
resulting Dynamical Systems 5 and 6 with a complete mathematical
solution for them.

• This article is important for economy just in the case when x ∈ (0, 1),
in this sense in the last section we present examples.

• In the last section we present application for concrete economies.

In order to introduce the dynamics of unemployment (and employment) we
consider in this section a very extreme model in which we assume that at
the ruling wage there is full employment in the sense that the number of
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households seeking employment. The working population, N, is assumed
fixed and the number of jobs available is constant. At any instant of time a
fraction s of individuals become unemployed and search over firms to find a
suitable job. Let f denote the probability of finding a job, i.e., the fraction
finding a job. At any moment of time, if u is the fraction of the participating
labour force unemployed, then

s(1− u)N = individuals entering the unemployment pool,

fuN = individuals exiting the unemployment pool.

The change in the unemployment pool, uN, is therefore given by the differ-
ential equation

d(uN)
dt

= s(1− u)N − fuN, 0 < s < 1, 0 < f < 1.

Since N is constant then
(∗) u̇ =

du

dt
= s(1− u)− fu

or
u̇ = s− (s + f)u.

Equilibrium requires that du
dt = 0 or

s− (s + f)u∗ = 0,

i.e.,

u∗ =
s

s + f
=

s/f

1 + (s/f)
,

where
∂u∗

∂s
=

f

(s + f)2
> 0,

∂u∗

∂s
=

−s

(s + f)2
< 0.

In other words, the equilibrium unemployment rate-the natural rate in
this model-rises as more individuals enter the unemployment pool to ac-
tively search for a job; and falls when the job-finding rate becomes greater.
But this simple model says more than this about the equilibrium (natural)
level of unemployment. It says that the level of u∗ occurs because individ-
uals need to seek alternative unemployment and that the search for a new
jobs takes time.
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The time path is readily found by solving the differential equation
(∗). If u(0) = u0, then

u(t) = u∗ + (u0 − u∗)e−(s+f)t, u∗ =
s

s + f
.

Since both s and f are positive then this solution implies that unemploy-
ment tends to its equilibrium value over time.

In this model concentration is on the level of unemployment. Of
course, if N is fixed then employment, E, is simply

E = (1− u)N

or
e = E/N = (1− u),

where e is the employment rate. In order to lay the foundation for other
dynamic theories it is worth noting that at any moment of time there will
be an unemployment rate of u = U/N, and a vacancy rate of v = V/N.
Since N is constant throughout we can concentrate on the rates u, v and e.

At any moment of time there will be an unemployment rate u and a
vacancy rate v, where those individuals who are unemployed are attempting
to match themselves with the available vacancies. Since we have assumed
that the number of jobs is matched by the number seeking employment, then
u = v, the problem is one of matching the unemployment to the vacancies.
Accordingly the literature refers to the matching rate or exchange technology
[2]. In other words, the unemployment and the jobs that employers are
seeking to fill are inputs into the meeting process. Let this be denoted
m(u, v).

Given m(u, v), then for such a meeting to take place must either be
some unemployment or some vacancies. More formally m(0, v) = m(u, 0) =
0. Furthermore, the marginal contribution of each input is positive, i.e.,
∂m/∂u > 0 and ∂m/∂v > 0. Following Diamond [1] it is further assumed
that the average return to each input is diminishing, i.e., m/u and m/v
diminishes with u and v, respectively. Finally, and purely for mathematical
convenience, we assume that m(u, v) is homogeneous of degree k, so that

m(u, v) = ukm(1, v/u).

Using this analysis we can write the change in employment as the
total match Nm(u, v) minus those losing a job s(1− u)N, i.e.

∂E

∂t
=

∂(eN)
∂t

= Nm(u, v)− s(1− u)N
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or
∂e

∂t
= ė = m(u, v)− se.

Although the time path of employment, e(t), must mirror the time path
of the unemployment rate, u(t), since e = 1 − u, the present formulation
directs attention to the matching rate m(u, v).

In general [2], the equilibrium hiring frequency m(u, v)/u will be a
function of the present value of employment per worker to the firm, q, and
the employment rate, e. This can be established by noting that

(∗∗)
m(u, v)

u
=

ukm(1, v/u)
u

= uk−1m(1, v/u) = (1− e)k−1m(1, v/u) = h(q, e).

The hiring function h(q, e) is a function of q since the value of v/u in
(∗∗) is that determined in equilibrium. In equilibrium, return on filling a
vacancy (mq/v) is equal to the cost of filling vacancy, c, i.e.,

[
m(u, v)

v
]q = c,

which gives

(1− e)k−1q =
cv/u

m(1, v/u)
,

which means that the hiring frequency is related to both q and e. Further-
more, we can establish from this last result that hq > 0 and he < 0 if k > 1
and he > 0 if k < 1. Hence

m(u, v)
u

= h(q, e), hq > 0,

System 2 {
he < 0 if k > 1,
he > 0 if k < 1,

m(u, v) = uh(q, e) = (1− e)h(q, e),

which in turn leads to the following equilibrium adjustment equation

ė = (1− e)h(q, e)− se.
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The profit to the firm of hiring an additional worker is related to q
and the employment rate e, e.i, π(q, e), and will be different for different
models of the labor market. The profit arises from the difference in the
marginal revenue product per worker, MRPL, less the wage paid, w. If we
denote the MRPL by x(e), then π(q, e) = x(e) − w. However, the future
profit stream per worker to the firm is

rq = x(e)− w − s(q − kv) + q̇,

where rq represents the opportunity interest in having a filled vacancy and
kv is the capital value of a vacant job, i.e., the present value of employment
to the firm is the profit from hiring the worker less the loss from some-
one becoming unemployed plus any capital gain. Since in equilibrium no
vacancies exists, then kv = 0 and so

rq = π(q, e)− sq + q̇,

q̇ = (r + s)q − π(q, e).

To summarize, we have two differential equations in e and q i.e.,

System 3 {
ė = (1− e)h(q, e)− se,
q̇ = (r + s)q − π(q, e).

Whether a unique equilibrium exists rests very much on the degree of ho-
mogeneity of the match function i.e., the value of k in m(u, v) = ukm(1, v

u)
and the productivity per worker x(e).

2. Hopf theorem for bidimensional dynamical system

Theorem 1 (see [3]) Suppose a two-dimensional system

(1)
dx

dt
= f(x, α), x ∈ R2, α ∈ R1,

with smooth f, has for all sufficiently small |α| the equilibrium x = 0 with
eigenvalues

λ1,2(α) = µ(α) + iω(α),

where µ(0) = 0, ω(0) = ω0 > 0.
Let the following conditions be satisfied:
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(B.1) l1(0) 6= 0, where l1 is the first Lyapunov coefficient;

(B.2) µ
′
(0) 6= 0.

Then, there are invertible coordinate and parameter changes and a time
reparameterization transforming 1 into

d

dτ

(
y1

y2

)
=

(
β −1
1 −β

) (
y1

y2

)
± (y1

2 + y2
2)

(
y1

y2

)
+ O(||y||4).

We can drop the O(||y||4) terms and finally arrive at the following general
result.

Theorem 2 ([3] Topological normal form for the Hopf bifurcation)
Any generic two-dimensional, one-parameter system

ẋ = f(x, α),

having at α = 0 the equilibrium x = 0 with eigenvalues

λ1,2(α) = ±iω0, ω0 > 0,

is locally topologically equivalent near the origin to one of the following
normal forms:

d

dτ

(
ẏ1

ẏ2

)
=

(
β −1
1 −β

)(
y1

y2

)
± (y1

2 + y2
2)

(
y1

y2

)
.

Consider the following system of two differential equations depending
on one parameter:

System 4
{

ẋ1 = αx1 − x2 + s · x1(x1
2 + x2

2),
ẋ2 = x1 + αx2 + s · x2(x1

2 + x2
2).

This system has three equilibriums x1 = x2 = 0 for all α with the
Jacobian matrix

A =
(

α −1
1 α

)
,

having eigenvalues λ1,2 = α± i.
For s = −1 the system 4 always has an equilibrium point at the origin.

This equilibrium is a stable focus for α < 0 and an unstable focus for α > 0.
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Figure 1: Supercritical Hopf bifurcation for α = 0.

Figure 2: Subcritical Hopf bifurcation for α = 0.

At the critical parameter value α = 0 the equilibrium is nonlinearly stable
and topologically equivalent to the focus. Some times it is called a weakly
attracting focus. This equilibrium is surrounded for α > 0 by an isolated
closed orbit (limit cycle) that is unique and stable. The cycle is a circle of
radius ρ0(α) =

√
α. All orbits starting outside or inside the cycle except for

the origin tend to the cycle as t → +∞. This is an Supercritical Andronov-
Hopf bifurcation, with represented in the Figure 1.

For s = 1 in system 4 we have a Subcritical Hopf Bifurcation presented
in the Figure 2. The system undergoes the Andronov-Hopf bifurcation at
α = 0. Contrary to system 4 for s = −1, there is an unstable limit cycle in
4, which disappears when α crosses zero from negative to positive values.
The equilibrium at the origin has the same stability for α 6= 0 as in system
4 for s = −1. It is stable for α < 0 and unstable for α > 0. Its stability
at the critical parameter value is opposite to that in 4. It is (nonlinearly)
unstable at α = 0.
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Remark 1 We have seen that there are two types of Andronov-Hopf bifur-
cation. The bifurcation in system 4 for s = −1 is often called supercritical
because the cycle exists for positive value of parameter α (“after” the bifur-
cation).

The bifurcation in system 4 for s = 1 is called subcritical since the
cycle is present “before” the bifurcation. It is clear that this terminology
is somehow misleading since “after” and “before” depend on the chosen
direction of parameter variation.

3. Two examples of dynamical systems for the dynamic of the
unemployment rate with the phase diagram and their

economic application

In this article we analyze the dynamics and stability for two systems
modeling the Unemployment Rate.

We consider two expressions of function m in system 3, namely we
have {

m1(u, v) = uv(u + v),
m2(u, v) = uv,

which satisfy its conditions like in the first section of this paper where k = 3
for m1 and k = 2 for m2. For

m1(u, v) = uv(u + v) = u2 v

u
(u + v) = u3 v

u
(1 +

v

u
),

because we know u = 1− e and denote

q :=
v

u
−→ m1(u, v) := u3q(1 + q).

Namely {
e := x ∈ (0, 1),
q := y ∈ R.

Those are the conditions for our dynamical system for having economical
meaning. Thus we obtain the following systems of o.d.e:

System 5
{

ẋ = (1− x)3 · y · (1 + y)− s · x := f1(x, y),
ẏ = (r + s) · y − x · y := f2(x, y).
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System 6
{

ẋ = (1− x)2 · y − s · x := g1(x, y),
ẏ = (r + s) · y − x · y := g2(x, y).

where (r, s) are parameters, with s ∈ (0, 1) and r ∈ R, and (x, y) have
economical meaning.

4. The study of the System 5

For the system 5 we have three equilibrium points:

E0 = (0, 0), E1 = (r + s,−1
2
− 1

2
·
√

1 +
4s(r + s)

(1− r − s)3
)

and

E2 = (r + s,−1
2

+
1
2
·
√

1 +
4s(r + s)

(1− r − s)3
),

and if
r + s = 0 and y = −1 ⇒ E1 = E2.

The Jacobian matrix associated to the system 5 is

J :=
( −3(1− x)2y(1 + y)− s (1− x)3(1 + 2y)

−y −x + (r + s)

)
,

where E = (x, y) is an equilibrium point. Since s ∈ (0, 1), we have:

Proposition 1 The equilibrium point E0 is

(i) an unstable saddle point for r + s > 0,

(ii) an attractive stable node for r + s < 0,

(iii) a nonlinearly equilibrium by type saddle-node for r + s = 0.

The Characteristic Equation associated to point E0 is

λ2 − rλ + (−s)(r + s) = 0,

with
∆λ = (r + 2s)2 ⇒ λ1 = r + s and λ2 = −s,
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Figure 3: The Dynamics evolution for system 5 when r = 0.

because 0 < s < 1 ⇒ λ2 < 0 for all s.
A very interesting case is to study the dynamics for system 5 when r = 0

like in the Figure 3.
For the equilibrium E1 we obtain the following:

TrJ1 = −3
s(r + s)
1− r − s

− s

and

DetJ1 =
1
2
(1− r − s)3

√
1 +

4s(r + s)
(1− r − s)3

(1 +

√
1 +

4s(r + s)
(1− r − s)3

),

with its characteristic equation

λ2 − (−3
s(r + s)
1− r − s

− s)λ

+(
1
2
(1− r − s)3

√
1 +

4s(r + s)
(1− r − s)3

(1 +

√
1 +

4s(r + s)
(1− r − s)3

)) = 0.

Denoting

β :=

√
1 +

4s(r + s)
(1− r − s)3

⇒ DetJ1 =
1
2
(1− r − s)3 · β · (1 + β).
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Figure 4: Parameter portrait for the system 5 for the equilibrium point E1

Proposition 2 The equilibrium point E1 is:

(i) For zone I is a stable attractive node when λ1,2 ∈ R−, and stable
attractive focus when λ1,2 /∈ R, with Reλ1,2 < 0.

(ii) For the zone II is a nonlinearly point of Hopf type.

(iii) For the zone III is an unstable repulsive node when λ1,2 ∈ R+, and
an unstable repulsive focus when λ1,2 /∈ R, with Reλ1,2 > 0.

(iv) For the zone IV is a nonlinearly equilibrium by type saddle-node.

(v) For the zone V is an unstable saddle.

Lemma 1 If r+s+ 1
2 = 0 and DetJ1 > 0, corresponds to the zone II. Then

the equilibrium point E1 is a nonlinearly equilibrium point of Hopf type, and
the Hopf bifurcation is subcritical.

Proof. We must to verify the two conditions from Theorem 1. First we
must to calculate l1(r + s + 1

2 = 0), which is the first Lyapunov coefficient
when r + s+ 1

2 = 0. For obtaining l1(r + s+ 1
2 = 0), we will use the formula

from [6],

l1(x, y)|
(r+s+1

2=0)
:= 1

16 [f1
xxx + f1

xyy + f2
xxy + f2

yyy] + 1
ω0

1
16 [f1

xy(f
1
xx + f1

yy)

−f2
xy(f

2
xx + f2

yy)− f1
xxf2

xx + f1
yyf

2
yy],
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Figure 5: r + s + 1
2

= 0

where {
(1− x)3 · y · (1 + y)− s · x := f1(x, y),
(r + s) · y − x · y := f2(x, y)

and f1
xxx := ∂3f1(x,y)

∂x3 , because r + s + 1
2 = 0 ⇒ β =

√
1− 24

33 s ⇒

ω0 =
1
22

√
33 · β · (1 + β).

We know 



x = r + s ⇒ 1− x = 3
2 ,

y(1 + y) = s(r+s)
(1−r−s)3

= −22

33 s,

1 + 2y = −β = −
√

1− 24

33 s.

So

l1(r + s +
1
2

= 0) :=
s

2 · 32
− 33

25
+
√

3
22

√
β

1 + β
(
34

24
− s) > 0 , for 0 < s < 1.

And the second condition from Theorem 1, since r+s+ 1
2 = 0 and s ∈ (0, 1):

∂(r + s + 1/2)
∂s

= r +
1
2
6= 0;

∂(r + s + 1/2)
∂r

= s +
1
2
6= 0.

And the proof is complete.
For the equilibrium E2 we obtain the following:

TrJ2 = −3
s(r + s)
1− r − s

− s
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Figure 6: Parameter portrait for the system 5 for the equilibrium point E2

and

DetJ2 = −1
2
(1− r − s)3(

√
1 +

4s(r + s)
(1− r − s)3

)(1−
√

1 +
4s(r + s)

(1− r − s)3
),

with its characteristic equation

λ2 − (−3
s(r + s)
1− r − s

− s)λ

+(−1
2
(1− r − s)3

√
1 +

4s(r + s)
(1− r − s)3

(1−
√

1 +
4s(r + s)

(1− r − s)3
)) = 0.

Proposition 3 The equilibrium point E2 is:

(i) For the zone I is an unstable saddle.

(ii) For the zone II it has the eigenvalues

λ1,2 = ±
√

1
2
(
3
2
)3(

√
1− 24

33
s)(1−

√
1− 24

33
s) ∈ R.

and it is an unstable saddle.

(iii) For the zone III is an unstable saddle.

(iv) For the zone IV is a nonlinearly equilibrium by type saddle-node.
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Figure 7: Parameter portrait for the system 6 for the equilibrium point E2,1

(v) For the zone V is is an unstable repulsive node when λ1,2 ∈ R+, and
an unstable repulsive focus when λ1,2 /∈ R, with Reλ1,2 > 0.

5. The study of the System 6

For the system 6 we have two equilibrium points:

E2,0 = (0, 0), and E2,1 = (r + s,
s(r + s)

(1− r − s)2
).

The study of equilibrium point E2,0 is similarly with the study of equi-
librium point E0 from system 5.

For the equilibrium E2,1 we obtain the following:

TrJ2,1 = −2
s(r + s)

(1− r − s)
− s

and
DetJ2,1 = s(r + s),

with its characteristic equation

λ2 + (2
s(r + s)

(1− r − s)
+ s)λ + s(r + s) = 0.

Proposition 4 The equilibrium point E2,1 is:
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Figure 8: Application for the Romanian economy.

(i) For the zone I is an unstable saddle.

(ii) For the zone II is a stable attractive node.

(iii) For the zone III is a stable attractive node when λ1,2 ∈ R−, and stable
attractive focus when λ1,2 /∈ R, with Reλ1,2 < 0.

(iv) For the zone IV it has the eigenvalues λ1,2 = ±√s and it is an unstable
saddle.

(v) For the zone V is an unstable repulsive node when λ1,2 ∈ R+, and an
unstable repulsive focus when λ1,2 /∈ R, with Reλ1,2 > 0.

6. Application in a concrete economy

According to the site [10], we have the next Initial Dates for the Roma-
nian economy:

• in decembre 2009 x = 0.020270; y = −0.05272 with the parameters
r + s = 0.020270 where r = −0.1015; s = 0.1025.

• in january 2010 x = 0.0435; y = 0.013 with the parameters r + s =
0.035 where r = −0.1015; s = 0.145

• in february 2010 x = 0.1780; y = −0.233 with the parameters r + s =
0.0822 where r = 0.0822; s = 0.0958.

Remark 2 For decembre 2009 we have two equilibrium point:

(i) a stable attractive focus in (x = 0; y = −1) with its eigenvalues λ1,2 =
−0.0514039± i · 0.99683.
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Figure 9: Time dependence for the Romanian economy.

(ii) a stable attractive node in (x = 0.00115529; y = 0.000118761) with its
eigenvalues λ1 = −0.00132119;λ2 = −0.10169.

Remark 3 For january 2010 we have three equilibrium point:

(i) a stable attractive focus in (x = 0.3535; y = 1.41937) with its eigen-
values λ1,2 = −0.60048± i · 0.586597.

(ii) an unstable saddle in (x = 0; y = 0) with its eigenvalues λ1 = 0.3535; λ2 =
−0.455.

(iii) a stable attractive node in (x = 0.3535; y = 0.419372) with its eigen-
values λ1 = −0.210399;λ2 = −0.990562.

Remark 4 For february 2010 we have three equilibrium point :

(i) a stable attractive focus in (x = 0.178; y = −1.02981) with its eigen-
values λ1,2 = −0.0790106± i · 0.774108.

(ii) an unstable saddle in (x = 0; y = 0) with its eigenvalues λ1 = 0.178; λ2 =
−0.0958.
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(iii) a stable attractive node in (x = 0.178; y = 0.0298134) with its eigen-
values λ1 = −0.0790108± i · 0.10632.
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Introduction to jNormaliz 1.0

V. Almendra1 and B. Ichim 2

Abstract. We present the version 1.0 of jNormaliz, a graphical interface for
Normaliz version 2.5. Normaliz is a program for the computation of Hilbert
bases of rational cones and the normalizations of affine monoids. It may also
be used for solving diophantine linear systems of inequalities, equations and
congruences.

Keywords: Computer algebra, Graphical user interface

1. Introduction

Let C be a finitely generated pointed rational cone in Rd, i.e. the set
of linear combinations

∑n
i=1 aivi of finitely many integral vectors vi with

nonnegative real coefficients ai such that x,−x ∈ C is only possible for
x = 0. The set of lattice points C ∩ Zd is an affine monoid with unique
finite minimal system of generators, called its Hilbert basis. For the theory
of affine monoids we refer the reader to [3].

jNormaliz [5] is a graphical interface for Normaliz compatible with ver-
sion 2.5. The program Normaliz [6] is mainly a tool for computing Hilbert
bases. It may also be used for solving diophantine linear systems of in-
equalities, equations and congruences. Several related computations are
also integrated. Using Normaliz, one may compute the following:

(1) the Hilbert basis and the support hyperplanes of a rational cone. The
cone may be given by:

1Institute of Mathematics ”Simion Stoilow”, C.P. 1-764, 010702 Bucharest, Romania
E-mail: vinicius.almendra@gmail.com

2Institute of Mathematics ”Simion Stoilow”, C.P. 1-764, 010702 Bucharest, Romania
E-mail: bogdan.ichim@imar.ro
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(i) a system of generators;
(ii) a linear system of inequalities, equations and congruences;
(iii) the binomial equations of the (monoid) generators.

(2) the lattice points and the support hyperplanes of an integral polytope;
(3) the generators of the integral closure of the Rees algebra of a monomial

ideal I ⊆ K[X1, . . . , Xn] and the generators of the integral closure of
I.

If the associated monoid is homogeneous in a certain sense (see [2], [7]
for details), then one may also compute the h-vector and Hilbert polynomial
of the monoid.

The graphical interface jNormaliz offers a text editor for the input files,
visualization of the output files and facilities to run or stop Normaliz without
having to deal with the command-line details. The software also allows
keeping track of how computation evolves, through a console where the
verbose output of Normaliz is displayed, a timer and a memory gauge. The
interface is written in Java. That allowed us to combine the good portability
(on different operating systems) of the graphical elements provided by Java
with the computational advantages of the C++ implementation of Normaliz.

For the algorithms implemented by Normaliz see [1] (starting with ver-
sion 1.0), [4] (introduced in version 2.0) and [8] (some of the recent additions
in version 2.5). A brief description of Normaliz (version 2.5) is contained in
[7].

2. Overview of the graphical interface

jNormaliz was designed to be quite intuitive and easy to use. Anyway,
we present here the details.

The interface jNormaliz is divided into four main areas: the menu bar,
the toolbar, the tabbed panel and the status line. Follows a brief description
of each element.

The menu bar contains the following submenus.
(i) The File menu presents to the user the next options.

(a) Open. Opens an existing input file. If the user tries to open a
file without the extension .in (that is a input file for Normaliz),
jNormaliz will refuse it and will display an error message.

(b) New. Creates a new input file and loads it in jNormaliz. Asso-
ciated with this option there is a New file dialog which allows
the user to specify the name of the new file, the dimensions of
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Figure 1: jNormaliz

the input matrix and the mode (see also Normaliz manual for
information on the available modes). The generated input file
will contain a matrix in the specified dimensions filled up with
zeros.

(c) Close. Closes the currently opened input file, interrupting on-
going calculations.

(d) Save. Saves the input file. Notice that this option will only
be available if the input file has been modified. Also remark
that when a file suffers any modification in the editor, jNormaliz
appends a ∗ to its name in the title bar.

(e) Save as. Allows saving the currently opened input file under
another name.

(f) Print. Prints the contents of the currently selected tab in the
tabbed panel (input file, output file or console).

(g) Exit. Exits the application, offering the option of interrupting
ongoing calculations.

(ii) The Edit menu contains standard functions for editing text files.
(a) Undo. Undoes the most recent editing operation in the input

file.
(b) Cut. Cuts the selected text from the input file.
(c) Copy. Copies the selected text into the clipboard. It is active

on input files, output files and on the console.
(d) Paste. Pastes the text from the clipboard into the input file.

(iii) The Normaliz menu has just two commands used for starting (Run)
and interrupting (Stop) computations with Normaliz. The same com-
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mands are also available in the toolbar.
(iv) The Help menu gives the user fast access to the documentation dis-

tributed together with Normaliz.
(a) Help. Opens this file.
(b) Open Normaliz manual. Opens the PDF file containing the full

user documentation of Normaliz.
(c) Open Normaliz website. Opens the Normaliz homepage in the

default web browser.
(d) Mathematical background. Opens a dialog containing a short

description and a link some of the articles describing the algo-
rithms used by Normaliz.

(e) About. Displays a box containing information about jNormaliz.
The toolbar gives the user fast access to the most used commands.

(i) Run button. Starts computations on the currently opened input file.
After a successful execution, the content of the output file is updated
with the results.

(ii) Stop button. Interrupts computations.
(iii) Computational mode box. Allows choosing which computations

will be performed the next time Normaliz will run. For details, see
Normaliz manual (available from the Help menu).

(iv) Precision box. Allows choosing the arithmetic precision to be used
while running Normaliz (64 bits or infinite precision). For details on
arithmetic limitations, see Normaliz manual (available from the Help
menu).

The tabbed panel presents the user the following four tabs.
(i) Input tab. It shows the currently open input file. Notice that this

tab is only shown when there is an open input file.
(ii) Output tab. Contains the output file (if available). Remark that

below the text box there is a warning if there is a mismatch between
currently open input file and the output file (for example if the input
file was modified).

(iii) Console tab. This tab shows the console output of Normaliz, together
with some extra information (the command line commands, the date
and time of each Normaliz call). With this tab is is possible to track
Normaliz execution, as it is updated in real-time. The user can also
select and copy the contents of the console to some other application.

(iv) Options tab. This tab groups some options regarding Normaliz and
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jNormaliz.
(a) Output options. This controls which output files are generated

by Normaliz. Notice that only the .out file is displayed by jNor-
maliz. For more details about this options consult Normaliz man-
ual.

(b) Run tests for arithmetic overflow. When checked, Normaliz will
try to detect arithmetic errors (see Normaliz manual).

(c) Control the number of parallel threads. When checked, the user
controls the maximum number of parallel threads generated by
Normaliz. When not, Normaliz will generate the maximum num-
ber (depending on the particular system where it is running).
The maximum number of parallel threads allowed can be set in
the box below.

(d) Font size. Changes the font size used to show and print the
input file, the output file and the console.

Remark that below the text box in the tabbed panel there is a link
for the folder where the input and output files are. Clicking this link opens
the folder in the systems default file manager.

The status line displays three useful pieces of information.
(i) Elapsed time of the current or last Normaliz execution.

(ii) A gauge displaying how much physical memory is currently avail-
able, and also the total physical memory available.

(iii) An icon indicating that there is a currently running computation.

3. Copyright

jNormaliz is free software licensed under the GNU General Public Li-
cense, version 3. It should always be distributed together with the corre-
sponding version of Normaliz. Please refer to Normaliz and jNormaliz in the
following manner in any publication or related work for which it has been
used:

V. Almendra and B. Ichim: jNormaliz. A graphical interface for Normaliz. Available at
http://www.math.uos.de/normaliz.

W. Bruns, B. Ichim and C. Söger: Normaliz. Algorithms for rational cones and affine
monoids. Available from http://www.math.uos.de/normaliz.
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The Couette Flow of a Visco–Elastic Fluid
Between Heated Cylinders

A. Iriza1

Abstract. The present paper is concerned with the study of the Couette
flow for a visco - elastic fluid between two heated cylinders. In a first part
of the paper, we write the non-dimensional flow equations depending on the
parameter α = Wa << 1. We prove the existence and uniqueness of the
solution for the non-linear bilocal problem and we obtain a solution written
as an asymptotic development with respect to Wa. On another hand, we
linearize the flow equation in respect to the parameter Wa and we add the
corresponding boundary conditions, which will allow us to determine an
analitic solution for the flow problem. We compare graphically the numer-
ical solution for the non-linear problem, the asymptotic solution and the
solution of the linearized problem respectively, for different values of the
Wa parameter. We also analyze the heat transfer problem and we obtain
a solution continuously dependent on Ma2 (Mach number) as well as Pr
(Prandtl number) parameters.

Keywords: Viscoelastic fluid, Bilocal problem, Heat transfer

1. Introduction

In this paper we study the Couette flow between two heated cylinders for
a visco-elastic third grade fluid. The flow of non-newtonian fluids has been
studied intensely recently. Fetecău (2004) offers analytical solutions for the
flows of second grade fluids in pipe-like domains, and also investigates the
exact solutions for unsteady linear flows of Maxwell and second grade flu-
ids between parallel plates (2005). The flow of a third grade fluid between

1Faculty of Mathematics and Informatics, University of Bucharest, Bucharest,
Academiei Street, no. 14, Romania
E-mail: ghanima alia@yahoo.com
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parallel plates (with heat transfer) was also studied by Ţigoiu (1991), prov-
ing that von Káráman type solutions are not admissible for a general third
grade fluid.

For a visco-elastic third grade fluid, the Cauchy stress tensor T is given
by:

(1) T(x, t) = −p(x, t)I + µA1 + α1(A2 −A2
1) + β1A3

+β2(A1A2 + A2A1) + β3(trA2
1)A1,

with the constitutive restrictions: µ > 0, α1 > 0, β1 < 0, 2(β2 + β3) +
β1 ≤ 0 (see [3], [5]). Here, T(x, t) represents Cauchy’s stress tensor,
µ, α1, β1, β2, β3 are constant constitutive coefficients with known sig-
nificances, Ai(x, t) (i = 1, 2, 3) are the Rivlin - Ericksen tensors, p(x, t) is
the hydrostatic pressure and I is the identity tensor (see [3], [5]).

Through straightforward calculus, using the velocity field for the Cou-
ette flow between two cylinders and the form for a visco-elastic third grade
fluid, we determine the non-dimensional flow equations the Couette flow
between two heated cylinders for a visco-elastic third grade fluid (written
in the cylindric coordinates system (r, θ, z)) dependent on the parameter

Wa =
β2 + β3

µ
Ω2

0 (Waissemberg number) and considered to be independent

to the thermic problem:

(2) ω′′(r) = −ω
′(r)[1 + 10Wa r2(ω′(r))2]
r[1 + 6Wa r2(ω′(r))2]

,

to which we add the boundary adherence conditions:

(3) ω(
R1

R2
) =

Ω1

Ω2
> 0

(4) ω(1) = 1,

where ω(·) ∈ C([R1
R2
, 1],R) is the flow function (acoording to the velocity

field), R1 is the radius of the inner cylinder, R2 - the radius of the outer
cylinder, and Ω1, respectively Ω2 represent the rotation speeds for each of
the two cylinders.
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2. The flow problem

In this part of the paper, we study the existence and uniqueness of a
solution for the flow problem. In order to do this, we include the following
notation:

(5) F(r, ω′) = −ω
′(r)[1 + 10Wa r2(ω′(r))2]
r[1 + 6Wa r2(ω′(r))2]

,

which provides an equivalent form for the initial bilocal problem (2)-(4):

(6) ω′′(r) = F(r, ω′),

for all r ∈ (R1
R2
, 1) with R1 and R2 > 0 and the boundary conditions (3)-(4).

The function F ∈ C∞
r,ω′

is non-linear.

Definition 1 We define ω(·) ∈ C([
R1

R2
, 1],R) a solution for the problem

given by equation (6) with the boundary values (3)-(4), if there exists v(·) ∈
C1([

R1

R2
, 1],R), with the property that v(r) = F(r, ω′;Wa), so that ω′′(r) =

v(r) a.e ([
R1

R2
, 1]) and ω(·) satisfying the boundary conditions (3)-(4).

Let ω a solution for our problem. Then:

(7) ω(r) =
r − R1

R2

1− R1
R2

+
1− r

1− R1
R2

Ω1

Ω2
−

∫ 1

R1
R2

G(r, s)F(s, ω′(s);Wa)ds,

where G(r,s) is the Green function given as follows (see [6]):

(8) G(r, s)



(s− R1
R2

)(1− r)
1− R1

R2

, s ≤ r

(r − R1
R2

)(1− s)
1− R1

R2

, s ≥ r.

After some calculi, we prove that the Green function defined above
satisfies the following inequality:

(9) max
r∈[

R1
R2

,1]

∫ 1

R1
R2

G(r, s)ds < 1,
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as well as the fact that the function F(r, x) ( given by (5)) satisfies the
inequality:

(10) ||F(r, x)−F(r, y)|| ≤ ||x− y||.

Taking into account the previous hypotheses, we can prove the existence
and uniqueness of the solution for the flow problem using the following
theorem (see [6]).

Theorem 1 (Existence and uniqueness) Let F ∈ C([R1
R2
, 1]×R,R) so that

the following statement holds:

∃L > 0 so that ||F(r, x)−F(r, y)|| ≤ L||x− y||, ∀r ∈ [
R1

R2
, 1],

∀x, y ∈ C1([
R1

R2
, 1],R).

If (max
r∈R1

R2

∫ 1

R1
R2

|G(r, s)|ds)L < 1, then the bilocal problem (6) with the bound-

ary values (3)-(4) has a unique solution C2([R1
R2
, 1],R).

We continue by searching for asymptotic solutions of the given bilocal
problem in Wa = α << 1. By replacing the expression for ω(r) as a power
series with regard to α in (2), we obtain the equation bellow:

(11)
∞∑

n=0

αnω′′n(r) = −
[
∑∞

n=0 α
nω′n(r)][1 + 10α r2(

∑∞
n=0 α

nω′n(r))2]
r[1 + 6α r2(

∑∞
n=0 α

nω′n(r))2]
.

Identifying the coefficients of the succesive powers of α, we obtain a set
of differential equations for the terms ωk in (11):

(12) rω′′0 + ω′0 = 0

(13) rω′′1 + ω′1 + 6r3ω′′0(ω′0)2 + 10r2(ω′0)3 = 0

(14) rω′′2 + ω′2 + 6r3[ω′′1(ω′0)2 + 2ω′′0ω
′
0ω
′
1] + 30r2(ω′0)2ω′1 = 0

(15)
rω′′3 + ω′3 + 6r3[ω′′2(ω′0)2 + 2ω′′1ω

′
0ω
′
1 + ω′′0(ω′1)2 + 2ω′′0ω

′
0ω
′
2]

+30r2[ω′0(ω′1)2 + ω′2(ω′0)2] = 0,
. . . . . . . . . . . . . . . . . . . . . . . . . . .
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It is easy to see that the general nth order approximation can be written
as:

(16) rω′′n + ω′n +H(r, ω0, . . . , ωn−1, ω
′
0, . . . , ω

′
n−1, ω

′′
0 , . . . , ω

′′
n−1) = 0,

where H is a polynomial function in all the variables.
By solving these equations, we obtain the aproximate solution of the

third rank as follows:

(17) ω0(r) =
U

L
ln(r) + 1

(18) ω1(r) = 2
U3

L3
[−(ln(r))2 + ln(r)L]

(19) ω2(r) = 22U
5

L5
[2(ln(r))3 + 3(ln(r))2 − 2 ln(r)L2 − 3 ln(r)L]

ω3(r) = 23U
7

L7
[−5(ln(r))4 − 16(ln(r))3 − 18(ln(r))2 + 3(ln(r))2L2

(20) +15(ln(r))2L+ 4(ln(r))3L− 2 ln(r)L3 + ln(r)L2 − 18 ln(r)L],

where we have used the notation U =
Ω1

Ω2
− 1 and L = ln(

R1

R2
).

On another hand, for α = Wa << 1, we can neglect in our initial bilocal
problem all terms having the order equal to or greater than α2. This leads
to a bilocal problem which is linear with regard to Wa

(21)



ω′′(r) +
ω′(r)
r

+ 4αr(ω′(r))3 = 0,

ω(
R1

R2
) =

Ω1

Ω2
,

ω(1) = 1.

With the function change ω′(r) = y(r), we obtain a Bernoulli type
differential equation,

(22) y′(r) +
1
r
y(r) + 4αr(y(r))3 = 0.
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We note two different cases of the flow, leading to two different analytic
solutions. If the rotation speed of the inner cylinder is smaller than that of
the exterior one, the flow function ω′(r) > 0, and we obtain the solution:

(23)
ω(r) =

1
4α

√√√√8α ln(r) +
[2α(1− Ω1

Ω2
)2 − ln(R1

R2
)]2

(1− Ω1
Ω2

)2

+
2α(1− Ω1

Ω2
)(1 + Ω1

Ω2
) + ln(R1

R2
)

4α(1− Ω1
Ω2

)
.

If the rotation speed of the inner cylinder is greater than the rotation
speed of the exterior cylinder, meaning ω′(r) < 0, we obtain the correspond-
ing solution:

(24)
ω(r) = − 1

4α

√√√√8α ln(r) +
[ln(R1

R2
)− 2α(1− Ω1

Ω2
)2]2

(1− Ω1
Ω2

)2

−
2α(1− Ω1

Ω2
)(1 + Ω1

Ω2
) + ln(R1

R2
)

4α(1− Ω1
Ω2

)
.

We will compare the graphics for the numerical solution of the initial
non-linear problem to the graphics for the asymptotic solution of the non-
linearized bilocal problem, as well as for the analytical solution of the lin-
earized bilocal problem for different values of the Wa parameter (see the
Figures 1–4). The numerical solution of the initial non-linear problem was
obtained using a shooting type method. We note that both asymptotic
solution and the solution of the linearized bilocal problem give a very good
approximation for the numerical solution of the non-linear bilocal problem.

3. The Couette flow between two heated cylinders

In the study of the Couette flow between two heated cylinders, we con-
sider the constitutive coefficients independent to the temperature. This
means that we take into consideration temperature variations for which the
coefficients µ, α1, β2, β3 remain constant. As a result, the flow equations are
the same as the ones presented in Section 2. In order to obtain the non-
dimensional heat equation, we use the first principle of thermodynamics:

(25) Jρε̇ =
1
2
T ·A1 − divq,
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Figure 1: For Wa = 1
10

and Ω1
Ω2

= 0.5 we note the good aproximation of the nu-
merical solution of the initial non-linear problem with the asymptotic solution of the
non-linearized bilocal problem and the analitic solution of the linearized bilocal problem.

Figure 2: For Wa = 1
600

we note that the asymptotic solution of the non-linearized
bilocal problem and the analitic solution of the linearized bilocal problem are closer
together than to the numerical solution.

(26) q = −k∇Θ and ε = cvΘ,

where q is the heat flux, k is the thermal conductivity coefficient, Θ -
temperature, ε - the internal specific energy, J - universal constant giving
the interconvertibility of the work and heat (see [1], [2], [4]). We also make
the hypothesis that the temperature is independent to the θ coordinate,
which gives us the non-dimensional heat equation

(27) Θ′′ = −(γ − 1)Ma2Pr r2(ω′)2 − β̄(γ − 1)Ma2Pr r4(ω′)4,

where Ma =
Ω0L0√
γRΘ0

and Pr =
Jcpµ

k
are the Mach number and the Prandtl
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Figure 3: For Wa = 1
60

and Ω1
Ω2

= 1.5 the observations still stand, the analitic solution
and the asymptotic solution offer a very good aproximation of the numerical solution.

Figure 4: In this case, Wa = 1
100

. We note that for smaller values of Wa, the analitic
solution gives a better apropximation of the numerical solution of the initial non-linear
problem.

number respectively, and the non-dimensional coefficient β̄ =
2(β2 + β3)Ω2

0

µ
.

This equation is a non-linear second order differential equation. Using the
analytic solution for the flow function ω(r) previously determined and solv-
ing the equation, we can obtain a solution for the heat transfer problem.

For any of the two boundary value problems (
Ω1

Ω2
< 1 and

Ω1

Ω2
> 1) we

obtain the same solution for the temperature field Θ:

Θ = −(γ − 1)Ma2Pr e
−a1
8α

1
8α

[rI(
a1

8α
+ ln(r))− e

−a1
8α I(

a1

4α
+ 2 ln(r))]

−β̄(γ − 1)Ma2Pr
1

64α2
[e
−a1
8α [rI(

a1

8α
+ ln(r))− e

−a1
8α I(

a1

4α
+ 2 ln(r))]
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(28) −e
−a1
4α I(2 ln(r) +

a1

4α
)] + a2r + a3,

with a2, a3 ∈ R constants which can be determined from the boundary
conditions:

Θ(
R1

R2
) = Θ1 and Θ(1) = Θ2 and the constant a1 ∈ R is given by

a1 =
[2α(1− Ω1

Ω2
)2 − ln(

R1

R2
)]2

(1− Ω1

Ω2
)2

.

The function I(r) =
∫
et

t
dt, was obtained as follows:

(29)
∫

1
8α ln(r) + a1

dr =
1

8α

∫
e
x−a1

8α

x
dx =

e−
a1
8α

8α

∫
et

t
dt ≡ e−

a1
8α

8α
I(r).
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Polynomial Algorithms for Determining the Matrix of
Limiting State Probabilities and Differential Matrices

in Discrete Markov Processes

A. Lazari1

Abstract. The problem of determining the matrix of limiting state proba-
bilities and differential matrices in discrete Markov processes is considered.
New polynomial time algorithms for determining the considered matrices in
Markov chains are proposed and grounded. In these algorithms we find the
limit and differential matrices efficiently when the characteristic values of
the matrix of probability transition are known; the running time of the al-
gorithms is O(n4), where n is the number of the states of dynamical system
in the Markov process.

Keywords: Discrete Markov process, Transient matrix, The matrix of lim-
iting states probabilities, Differential matrix, Stationary recurrent process

1. Introduction and problem formulation

Consider a stochastic discrete system L with finite set of states

X = {x1, x2, . . . , xn}.

Assume that the dynamics of the system is modelled by a Markov process
with given stochastic matrix of probabilities transactions P = (pij)i,j=1,n

where
n∑
j=1

pi,j = 1, i = 1, n; 0 ≤ pi,j ≤ 1, i, j = 1, n.

1Moldova State University, 60 Mateevici str., Chişinău, Moldova
E-mail: lazarialexandru@mail.md
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The probability Pxi0
(x, t) of system’s passage from the state xi0 to an arbi-

trary state x ∈ X by using t transactions is defined and calculated on the
basis of the following recursive formula [1]

(1) Pxi0
(x, τ + 1) =

∑
y∈X

Pxi0
(y, τ)py,x, τ = 0, t− 1,

where Pxi0
(xi0 , 0) = 1 and Pxi0

(x, 0) = 0, ∀x ∈ X \ {xi0}. These proba-

bilities is called state-time probabilities of system L. Formula (1) can be
represented in the matrix form as follow

(2) π(τ + 1) = π(τ)P, τ = 0, t− 1.

Here π(τ) = (π1(τ), π2(τ), . . . , πn(τ)) is the vector, where an arbitrary com-
ponent i expresses the probability of the system L to reach the state xi
from xi0 at the moment of time τ , i.e. πi(τ) = Pxi0

(xi, τ). At the starting
moment of time τ = 0 the vector π(τ) is given and its components are
defined as follows: πi0(0) = 1 and πi(0) = 0 for arbitrary i 6= i0. It is easy
to observe that if for given starting vector π(0) we apply formula (2) for
τ = 0, 1, 2, . . . , t− 1 then we obtain

π(t) = π(0)P t,

where P t = P × P × · · · × P . So, an arbitrary element p(t)
xi,xj of this matrix

(P (t) = P t) expresses the probability of system L to reach the state xj
from xi by using t units of times. It easy to see that for given starting
representation of the vector π(0) the following properties holds

n∑
i=1

πi(τ) = 1, τ = 0, 1, 2, . . . .

Asymptotic behavior of the matrix P (t) is studied in [1]. Based on this
asymptotic behavior analysis in [5] is proposed an approach for determining
the stationary component (the limiting probability matrix) of the transient
matrix. Here we shall use this approach and will show how to determine
the differential matrices. We shall use formula (6) and (7) from [5]. On the
bases of these formula we can conclude that an arbitrary element pi,j(t) of
the matrix P (t) can be determined as follows

pi,j(t) =
∑

y∈C\D

m(y)−1∑
k=0

tk

yt
βi,j,k(y), ∀t > deg(Bi,j(z)), i, j = 1, n,



3 Polynomial Algorithms for Determining the Matrix of Limiting State ... 99

where D = {z ∈ C | |I − zP | 6= 0}, βijk(y) ∈ C, ∀y ∈ C\D, k = 0,m(y)− 1,
m(y) − is the order of the root y of the polynomial ∆(z) = |I − zP | and
Bij(z) is a polynomial of degree less or equal to n− 1, i, j = 1, n.

If we denote βk(y) = (βijk(y))i,j=1,n, ∀y ∈ C\D, k = 0,m(y)− 1, then
we obtain formula in the matrix form

(3) P (t) =
∑

y∈C\D

m(y)−1∑
k=0

tk

yt
βk(y), ∀t ≥ n.

In [5] have been proved that C\D consists of the set of inverses of the nonzero
proper values of the matrix P , where the order of each element is the same
as the order of the corresponding proper value. Therefore the relation (3)
represent the expression which gives the components of the matrix P (t) with
the respect to proper values of the matrix P . Based on this fact we show
how to calculate the matrices βk(y). Note that the stationary component
for the transient matrix P t can be found using algorithms from [5].

2. Algorithm for determining the differential matrices

To describe algorithms for determining the differential matrices we need
some auxiliary results concerning with the properties of the linear recurrent
equations from [4].

2.1. Some auxiliary results

Consider an arbitrary set K on which the operations of summation and
multiplication are defined. On this set we consider the following relation

(4) an =
m−1∑
k=0

qkan−1−k, ∀n ≥ m,

where ak are given elements from K. A sequence a = {an}∞n=0 is called the
linear m-recurrence on K if there exists the vector q = (qk)m−1

k=0 ∈ K
m such

that holds (4). Here q is called the generating vector and I
[a]
m = (an)m−1

n=0

is called the initial value of the sequence a. The sequence a is called the
linear recurrence on K if ∃m ∈ N∗ such that the sequence a is a linear
m − recurrence on K. If qm−1 6= 0 then the sequence a is called non-
degenerated; otherwise it is called degenerated.
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We denote by:
Rol[K][m] – the set of non-degenerate linear m-recurrences on K;
Rol[K] – the set of the non-degenerate recurrences on K;
G[K][m](a) – the set of the generating vectors of length m

of the sequence a ∈ Rol[K][m];
G[K](a) – the set of the generating vectors of the sequence a ∈ Rol[K].

In the following we will consider K a subfield of the field of complex
numbers C and a = {an}∞n=0 ⊆ C.

The function G[a] : C→ C, G[a](z) =
∞∑
n=0

anz
n, is called the generating

function of the sequence a = (an)∞n=0 ⊆ C and the function G
[a]
t : C → C,

G
[a]
t (z) =

t−1∑
n=0

anz
n is called the partial generating function of order t of the

sequence a = (an)∞n=0 ⊆ C.
Let a ∈ Rol[K][m], q ∈ G[K][m](a). For this sequence we will con-

sider the characteristic polynomial H [q]
m (z) = 1 − zG[q]

m (z) and the charac-
teristic equation H

[q]
m (z) = 0. For an arbitrary α ∈ K∗ the polynomial

H
[q]
m,α(z) = αH

[q]
m (z) we also call characteristic polynomial of the sequence

a. We introduce the following notation:

H[K][m](a) – the set of characteristic polynomials of degree m
of the sequence a ∈ Rol[K];

H[K](a) – the set of characteristic polynomials of sequence a ∈ Rol[K].

In the case when we will operate with arbitrary recurrence (not obliga-
tory non-degenerate) for the corresponding set we shall use the similar no-
tation and will specify with the mark ”∗”, i.e. we will denote respectively:
Rol∗[K][m], Rol∗[K], G∗[K][m](a), G∗[K](a), H∗[K][m](a), H∗[K](a)).

We shall use the following well known properties:

1) Let a ∈ Rol[K][m], q ∈ G[K][m](a), H [q]
m,α(z) =

p−1∏
k=0

(z − zk)sk ,

zi 6= zj , ∀i 6= j. Then an = I
[a]
m · ((B[a])T )−1 · (β[a]

n )T , ∀n ∈ N, where

β
[a]
i =

(
τij

zik

)
k=0,p−1, j=0,sk−1

,

τij =
{
ij , if i2 + j2 6= 0
1, if i = j = 0

, i ∈ N, B[a] = (β[a]
i )m−1

i=0 ;

2) If a is a matrix sequence, a ∈ Rol[Mn(K)][m] and q ∈ G[Mn(K)][m](a),
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then
a ∈ Rol∗[K][mn] and |I − zG[q]

m (z)| ∈ H∗[K][mn](a).

2.2. The main results and algorithm

Consider the matrix sequence a = (P (t))∞t=0. Then it easy to observe
that the recurrent relation at = Pat−1, ∀t ≥ 1 holds.

So, a ∈ Rol[Mn(R)][1] with generating vector q = (P ) ∈ G[Mn(R)][1](a).
Therefore according the mentioned above property 2 we have a ∈ Rol∗[R][n]
and ∆(z) ∈ H∗[R][n](a).

Let r = deg∆(z) and consider the subsequence a = (P (t))∞t=n−r of
the sequence a. We have a ∈ Rol[R][r] and ∆(z) ∈ H[R][r](a). For the
corresponding elements this relation can be expressed as follows:
aij ∈ Rol[R][r], ∆(z) ∈ H[R][r](aij), i, j = 1, n.

According property 1) mentioned above we obtain:

(5)
pij(t) = aij(t) = aij(t− n+ r)

= I
[aij ]
r (BT )−1(βt−n+r)T , i, j = 1, n, ∀t ≥ n− r,

where

(6) βt =

(
tk

yt

)
y∈C\D,
k=0,m(y)−1

, ∀t ≥ 0, B = (βj)j=0,r−1, 00 ≡ 1.

Now it is evident how to determine the initial values of subsequences aij ,
ı, j = 1, n:

(7) I
[aij ]
r = (aij(t))r−1

t=0 = (aij(t))n−1
t=n−r = (pij(t))n−1

t=n−r, i, j = 1, n.

If we denote

(8) I
[aij ]
r (BT )−1 = (γijs(y))

y∈C\D, s=0,m(y)−1
, i, j = 1, n,

then formula (5) become the following form:

pi,j(t) =
∑

y∈C\D

m(y)−1∑
s=0

(t− n+ r)s

yt−n+r
γijs(y)
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=
∑

y∈C\D

m(y)−1∑
s=0

s∑
k=0

Cks (r − n)s−kyn−rγijs(y)
tk

yt

(9) =
∑

y∈C\D

m(y)−1∑
k=0

tk

yt

m(y)−1∑
s=k

Cks (r − n)s−kyn−rγijs(y)

=
∑

y∈C\D

m(y)−1∑
k=0

tk

yt
βijk(y), i, j = 1, n, ∀ t ≥ n− r,

where

(10)
βijk(y) = yn−r

m(y)−1∑
s=k

Cks (r − n)s−kγijs(y),

∀ y ∈ C\D, k = 0,m(y)− 1, i, j = 1, n.

Rewriting relations (9) in the matrix form we obtain the representation (3)
of the matrices βk(y) (y ∈ C\D, k = 0,m(y)− 1) which can be determined
according formula (10). This means that we have grounded the following
algorithm for the decomposition of the transient matrix:

Algorithm 1. Decomposition of the transient matrix

Input Data: The matrix of transition probability P .
Output Data: The matrices βk(y) (y ∈ C\D, k = 0,m(y)− 1).

1. Calculate the coefficients of the characteristic polynomial ∆(z) of the
matrix P using algorithm from [5] (the algorithm from [5] is based on Lev-
errier’s method ([3]); the computational complexity of this algorithm is
O(n4);

2. Solve the equation ∆(z) = 0 and find all roots of these equations in C
and determine C\D;

3. Determine the order of each root m(y) of the characteristic polynomial.
The order of each root can be found using Horner’s scheme, i.e. the order of
the root by the number of successive factorization of the polynomial ∆(z)
by (z − y), ∀y ∈ C\D;

4. Calculate the matrix B using formula (6);
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5. Determine the matrix (BT )−1. This matrix can be found using (O(n3))
elementary operations;

6. Calculate the values Cks , s = 0, max
y∈C\D

m(y)− 1, k = 0, s, according to

Pascal triangle rule : C0
s = Css = 1, Cks = Ck−1

s−1 + Cks−1 (k = 1, s− 1);

7. Find recursively (r − n)s, s = 0, max
y∈C\D

m(y)− 1;

8. For every i, j = 1, n do the following steps:

a. Find the initial value I [aij ]
r according to formula (7);

b. Calculate the values γijs(y), y ∈ C\D, s = 0,m(y)− 1, according to
formula (8);

c. For arbitrary y ∈ C\D, k = 0,m(y)− 1, determine the coefficients
βijk(y) of the matrix βk(y) using formula (10) and the the values calculated
at the steps 6.− 7.

2.3. Computational aspects of the algorithm

The proposed algorithm can be used efficiently for determining the dif-
ferential matrices in the case when the characteristic vales of the matrix P
are known. Therefore the computational complexity of the algorithm de-
pends on computational complexity of determining the characteristic values
of the matrix P . If the set of characteristic values of the matrix P are known
then it is easy to observe that the algorithm determines the differential ma-
trices in time O(n4). This estimation of the running time of the algorithm
is obtained if we estimate in the worst case the number of elementary op-
erations of the steps 3)-8) of the algorithm.

Note that the matrix β0(1) corresponds to limit probability matrix Q of
the Markov chains and therefore this matrix can be calculated using O(n4)
elementary operations.

So based on results described above we may conclude that the matrix
P (t) can be represented as follows

P (t) =
∑

y∈C\D

m(y)−1∑
k=0

βk(y)
tk

yt
, ∀t ≥ n− r.
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For t = 0, n− r − 1 this formula can be expressed in the form

(11) P (t) = L(t) +
∑

y∈C\D

m(y)−1∑
k=0

βk(y)
tk

yt
,

where L(t) is a matrix that depends only on t.
If the matrices βk(y), ∀y ∈ C\D, k = 0,m(y)− 1, are known then

we can determine the matrices L(t) from (11), taking into account that
P (t) = P t, ∀t ≥ 0.

In [1, 2] is noted that the matrices L(t), t = 0, n− r − 1, and matrices
βk(y), for each y ∈ (C\D)\{1}, k = 0,m(y)− 1, are differential matrices,
i.e. the sum of elements across to each row is equal to zero. The unique non-
differential component matrix in representation (11) is the matrix β0(1); the
remainder matrices βk(1), k = 1,m(1)− 1, are null (see ([5]).

3. Algorithm for determining the limit and differential
matrices in Markov chains

We shall use the ideas from previous section for a simultaneous calcula-
tion of the limit and differential matrices in Markov chains. We propose a
modification of algorithms from [5] and previous section that allows to de-
termine the limit and differential matrices. In a similar way as in section 1
we assume that all characteristic values of the matrix P are known and show
how to determine all components of the transient matrix represented in the
form (3). The details concerned with the specification and argumentation
of the modified algorithm are described in the next two subsections.

3.1. Some auxiliary results concerning with representation of
z-transform

We shall use the same method from Subsection 2.3 from [5] for deter-
mining the matrix F (z) = (I − zP )−1 described in subsection 2.3 from [5]
but here we will not divide F (z) by (z− 1)m(1)−1. In a such way we obtain

(12) F (z) =
1

∆(z)

n−1∑
k=0

R(k)zk,

where the matrix-coefficients R(k), k = 0, n− 1, are determined recursively
according to formula

(13) R(0) = β0I; R(k) = βkI + PR(k−1), k = 1, n− 1;



9 Polynomial Algorithms for Determining the Matrix of Limiting State ... 105

and the values βk, k = 0, n, represent the coefficients of the polynomial
∆(z) calculated according to Algorithm 1.1 from [5].

Based on formula (5) from [5] we can observe that the elements of the
matrix F (z) can be expressed in the following form

(14) Fij(z) = Bij(z) +
∑

y∈C\D

m(y)∑
k=1

αi,j,k(y)
(z − y)k

, i, j = 1, n.

So, in general form the relation (14) can be written in the following form

(15) Fij(z) = Bij(z) +
Qij(z)
∆(z)

, i, j = 1, n,

where Qij(z) ∈ C[z] and deg(Qij(z)) < deg(∆(z)) = r, i, j = 1, n.
If we express the equality (12) for each element and after that substitute

in (15) then we obtain formula

n−1∑
k=0

R
(k)
ij z

k = Bij(z)∆(z) +Qij(z), i, j = 1, n.

So, Bij(z) =
n−1−r∑
k=0

bijkz
k and Qij(z) =

r−1∑
k=0

qijkz
k represent the quotient

and the rest, respectively, after the division of the polynomial
n−1∑
k=0

R
(k)
ij z

k by

∆(z). Therefore the polynomials Bij(z) and Qij(z) can be found using the
procedure described bellow.

Calculation procedure for Determining
the polynomials Bij(z) and Qij(z), i, j = 1, n:

• For i, j = 1, n do:

(i) qijk = R
(k)
ij , k = 0, n− 1;

• For k = n− 1, n− 2, . . . , r do:

(i) bi,j,k−r =
qijk

βr
;

(ii) qi,j,k−t = qi,j,k−t − bi,j,k−rβr−t, t = 0, r.
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3.2. Expansion of z-transform with respect to nonzero
characteristic values

Let µ ∈ C\D, m(µ) = m (µ−1 be a nonzero characteristic value of
the matrix P and assume that the order of this characteristic value is m).
According to formula (14)− (15), for the separated root µ we have

(16)
Qij(z)
∆(z)

=
m∑
k=1

αi,j,k(µ)
(z − µ)k

+
∑

y∈(C\D)\{µ}

m(y)∑
k=1

αi,j,k(y)
(z − y)k

, i, j = 1, n.

Let ∆(z) = (z − µ)mD(z), D(z) =
r−m∑
k=0

dkz
k and denote deg(D(z)) = M .

The relation (16) can be written as follows

Qij(z)
∆(z)

=
Gij(z)

(z − µ)m
+
Eij(z)
D(z)

, i, j = 1, n,

where Eij(z) =
M−1∑
k=0

eijkz
k, Gij(z) =

m−1∑
k=0

gijkz
k ∈ C[z], i, j = 1, n. Making

elementary transformation we obtain

Qij(z) = Gij(z)D(z) + Eij(z)(z − µ)m, i, j = 1, n.

By expansion the function (z − µ)m =
m∑
k=0

Ckm(−µ)m−kzk and then intro-

ducing the notation ξ(k) = Ckm(−µ)−k, k = 0,m we have

(z − µ)m =
m∑
k=0

Ckm(−µ)m−kzk = (ξ(m))−1
m∑
k=0

ξ(k)zk.

Now for our relation we make the following transformations:

r−1∑
t=0

qijtz
t =

m−1∑
k=0

gijkz
k
M∑
s=0

dsz
s + (ξ(m))−1

M−1∑
s=0

eijsz
s
m∑
k=0

ξ(k)zk

=
m−1∑
k=0

M∑
s=0

gijkdsz
k+s + (ξ(m))−1

m∑
k=0

M−1∑
s=0

ξ(k)eijszk+s
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=
r−1∑
t=0

zt


∑

k + s = t
0 ≤ k ≤ m− 1

0 ≤ s ≤ M

gijkds + (ξ(m))−1
∑

k + s = t
0 ≤ k ≤ m

0 ≤ s ≤ M − 1

ξ(k)eijs

 .
Equated the corresponding coefficients we obtain

qijt =
∑

0 ≤ k ≤ m− 1
0 ≤ t− k ≤ M

dt−kgijk + (ξ(m))−1
∑

0 ≤ s ≤ t
t−m ≤ s ≤ M − 1

ξ(t− s)eijs

=
m−1∑
k=0

dt−kI{0≤x≤M}(t− k)gijk + (ξ(m))−1
t∑

s=0

ξ(t− s)I{t−m≤x≤M−1}(s)eijs,

where IA(x) is index of the set A: IA(x) = 1, ∀x ∈ A and IA(x) = 0, ∀x /∈ A.
For t ≤M − 1 formula above can be written in the following form

qijt =
m−1∑
k=0

dt−kI{x≤t}(k)gijk + (ξ(m))−1
t∑

s=0

ξ(t− s)I{x≥t−m}(s)eijs

=
m−1∑
k=0

dt−kI{x≤t}(k)gijk+(ξ(m))−1eijt+(ξ(m))−1
t−1∑
s=0

ξ(t−s)I{x≥t−m}(s)eijs

eijt = ξ(m)

[
qijt −

m−1∑
k=0

dt−kI{x≤t}(k)gijk −(ξ(m))−1
t−1∑
s=0

ξ(t− s)I{x≥t−m}(s)eijs

]
So, finally we will obtain the following expression

eijt = wijt +
m−1∑
k=0

xtkgijk, t = 0,M − 1, i, j = 1, n.

In the following we will determine the coefficients wijt and xtk from the
expression above. We have

wijt +
m−1∑
k=0

xtkgijk = eijt = ξ(m)qijt −
m−1∑
k=0

ξ(m)dt−kI{x≤t}(k)gijk−

−
t−1∑
s=0

ξ(t− s)I{x≥t−m}(s)

[
wijs +

m−1∑
k=0

xskgijk

]
=
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=

[
ξ(m)qijt −

t−1∑
s=0

ξ(t− s)I{x≥t−m}(s)wijs

]
+

+
m−1∑
k=0

gijk

[
−ξ(m)dt−kI{x≤t}(k)−

t−1∑
s=0

ξ(t− s)I{x≥t−m}(s)xsk

]
.

So we have obtained

(17)
xtk = −ξ(m)dt−kI{x≤t}(k)−

t−1∑
s=max{0, t−m}

ξ(t− s)xsk, k = 0,m− 1,

wijt = ξ(m)qijt −
t−1∑

s=max{0, t−m}
ξ(t− s)wijs, t = 0,M − 1, i, j = 1, n.

For t ≥M we have the transformations

qijt =
m−1∑
k=0

dt−kI{0≤x≤M}(t− k)gijk + (ξ(m))−1
M−1∑
s=0

ξ(t− s)I{x≥t−m}(s)

×

[
wijs +

m−1∑
k=0

xskgijk

]
= (ξ(m))−1

M−1∑
s=0

ξ(t− s)I{x≥t−m}(s)wijs+

+
m−1∑
k=0

gijk

[
dt−kI{0≤x≤M}(t− k) + (ξ(m))−1

M−1∑
s=0

ξ(t− s)I{x≥t−m}(s)xsk

]

(18) ⇔
m−1∑
k=0

rtkgijk = sijt, t = M, r − 1, i, j = 1, n,

where

(19)
rtk = dt−kI{0≤x≤M}(t− k) + (ξ(m))−1

M−1∑
s=max{0, t−m}

ξ(t− s)xsk,

sijt = qijt − (ξ(m))−1
M−1∑

s=max{0, t−m}
ξ(t− s)wijs, k = 0,m− 1.

Now let us determine the values αijk(µ), k = 1,m, i, j = 1, n. According
to formula (16) we have

Gij(z)
(z − µ)m

=
m∑
k=1

αi,j,k(µ)
(z − µ)k

=
1

(z − µ)m

m∑
k=1

αi,j,k(µ)(z − µ)m−k
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⇔
m−1∑
s=0

gijsz
s =

m∑
k=1

αi,j,k(µ)(z − µ)m−k =
m−1∑
k=0

αi,j,m−k(µ)(z − µ)k

=
m−1∑
k=0

αi,j,m−k(µ)
k∑
s=0

Csk(−µ)k−szs =
m−1∑
s=0

zs
m−1∑
k=s

αi,j,m−k(µ)Csk(−µ)k−s

⇔ gijs =
m−1∑
k=s

Csk(−µ)k−sαi,j,m−k(µ), s = 0,m− 1, i, j = 1, n.

If we substitute the expression of gijs in (18) then we obtain

sijt =
m−1∑
k=0

rtk

m−1∑
s=k

Cks (−µ)s−kαi,j,m−s(µ)

=
m−1∑
s=0

αi,j,m−s(µ)
s∑

k=0

Cks (−µ)s−krtk =
m∑
s=1

αijs(µ)
m−s∑
k=0

Ckm−s(−µ)m−s−krtk

=
m∑
s=1

r∗tsαijs(µ), t = M, r − 1, i, j = 1, n,

where

(20) r∗ts =
m−s∑
k=0

Ckm−s(−µ)m−s−krtk, t = M, r − 1, s = 1,m.

The solution of the system is

(21) αij(µ) = (R∗)−1Sij , i, j = 1, n,

where αij(µ) = ((αijs(µ))s=1,m)T , Sij = ((sijt)t=M,r−1)T and
R∗ = (r∗ts)t=M,r−1, s=1,m.

3.3. The main conclusion and description of the algorithm

In Section 2.1 from [5] have been introduced the numerical complex
functions

νk(z) = (1− z)−k, ∀k ≥ 1.
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In [5] have been shown that these functions satisfy the recurrent relation

νk+1(z) =
dνk(z)
kdz

, ∀k ≥ 1.

In addition have been shown that

νk(z) =
∞∑
t=0

Tk−1(t)zt, ∀k ≥ 1,

where the coefficient Tk−1(t) is a polynomial of degree less of equal to k−1.
Moreover, the calculation formula for the elements βijk(y) of the corre-
sponding matrices have been obtained.

Wij(y, t) =
m(y)−1∑
k=0

(−y)−k−1αi,j,k+1(y)Tk(t), ∀y ∈ C\D, i, j = 1, n.

Let Tk(t) =
k∑
s=0

u
(k)
s ts, ∀k ≥ 0. Then we obtain

νk+1(z) =
d

kdz

∞∑
t=0

Tk−1(t)zt =
1
k

∞∑
t=1

tTk−1(t)zt−1 =
1
k

∞∑
t=0

(t+1)Tk−1(t+1)zt

⇔ Tk(t) =
1
k
(t+ 1)Tk−1(t+ 1) =

1
k
(t+ 1)

k−1∑
s=0

u(k−1)
s (t+ 1)s

=
1
k

k−1∑
s=0

u(k−1)
s (t+ 1)s+1 =

1
k

k−1∑
s=0

u(k−1)
s

s+1∑
l=0

C ls+1t
l

=
1
k

k−1∑
s=0

u(k−1)
s

(
1 +

s+1∑
l=1

C ls+1t
l

)
=

1
k

k−1∑
s=0

u(k−1)
s +

1
k

k∑
l=1

tl
k−1∑
s=l−1

u(k−1)
s C ls+1

(22)

⇔ u
(0)
0 = 1, u(k)

0 =
1
k

k−1∑
s=0

u(k−1)
s ,

u
(k)
l =

1
k

k−1∑
s=l−1

C ls+1u
(k−1)
s , ∀k ≥ 1, l = 1, k.
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In a such way we obtain a formula for calculation the elements of the ma-
trices in the representation

(23)
βijk(y) =

m(y)∑
s=k+1

(−y)−sαijs(y)u(s−1)
k ,

y ∈ C\D, k = 0,m(y)− 1, i, j = 1, n.

Based on result described above we can use the following algorithm for
determining the limit and differential matrices in Markov chain

Algorithm 2. Determining the Limit and Differential Matrices

Input Data: The matrix of probability transition P .
Output Data: The matrices βk(y) (y ∈ C\D, k = 0,m(y)− 1).
1-3. Do steps 1− 3 of Algorithm 1;
4. Calculate the matrices R(k), k = 0, n− 1, according to formula (13);
5. Find the values qijk, k = 0, r − 1, i, j = 1, n, using the calculation
procedure described in subsection 3.1;
6. Calculate Cks , s = 1, max

y∈C\D
m(y), k = 0, s, using Pascal’s triangle rule;

7. Determine u(k)
l , k = 0, max

y∈C\D
m(y)− 1, l = 0, k, using formula (22);

8. For every µ ∈ C\D do points a)-g):
a. Determine the values ξ(k) = Ckm(−µ)−k, k = 0,m (m = m(µ));
b. Determine the coefficients dk, k = 0, r −m, using Horner’s scheme;
c. Calculate the values xtk, t = 0,M − 1, k = 0,m− 1, according to

formula (17);
d. Calculate the values rtk, t = M, r − 1, k = 0,m− 1, using (19);
e. Determine the elements of the matrix R∗ according to relation (20);
f. Find the matrix (R∗)−1 using known numerical algorithms;
g. For i, j = 1, n do points g1)− g4) :

g1. Calculate the values wijt, t = 0,M − 1, according to (17);
g2. Calculate the values sijt, t = M, r − 1, using formula (19);
g3. Determine the vector αij(µ) according to relation (21);
g4. Calculate the elements βijk(µ) of the matrix βk(µ),,

k = 0,m(µ)− 1, according to formula (23);
For this algorithm we may give the same comments as for the previous

algorithm. If the characteristic values of the matrix P are known then the
algorithm finds the limit and differential matrices using O(n4) elementary
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operations. However this algorithm can be used also if is known only a
subset of characteristic values of the matrix P ; in this case the set C \ D
will consists of the inverses of known nonzero characteristic values and the
algorithm will find the corresponding matrices which correspond to known
characteristic values. The computational complexity of the algorithm in the
case when the characteristic values are unknown depend on the complexity
of determining of the characteristic values.
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Abstract. This paper investigates in details the equilibrium concepts of
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1. Pareto-Nash equilibrium

Consider the noncooperative strategic form game:

Γ = 〈N, {Xp}p∈N, {f i
p(x)}mp

i=1, p ∈ N〉,

where

• N = {1, 2, ..., n} is the set of players;

• Xp ∈ Rkp is a set of strategies of player p ∈ N;

• kp < +∞, p ∈ N;

• and {f i
p(x)}mp

i=1 are pth player cost functions defined on the Cartesian
product X = ×p∈NXp.

Each player has to solve solitary the multicriteria optimization problem.
1Moldova State University, 60 Mateevici str., Chişinău, Moldova

E-mail: victoria.lozan@gmail.com
2Moldova State University, 60 Mateevici str., Chişinău, Moldova
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Definition 1 Strategy x
′
p is ”better” than x∗p, if

{f i
p(x

′
p, x−p)}mp

i=1 ≥ {f i
p(x∗p, x−p)}mp

i=1, ∀x−p ∈ X−p,

and exist at least one index j ∈ {1, ...,mp} and a x−p ∈ X−p for which
f j

p (x
′
p, x−p) > f j

p (x∗p, x−p); this relationship is denoted x
′
p � x∗p.

Player problem. The player p selects from his set of strategies the
strategy x∗p ∈ Xp, p ∈ N, for which all of his cost functions {f i

p(xp, x
∗
−p)}mp

i=1

reach maximum possible values.

Definition 2 Strategy x∗p is named effective (optimal in the Pareto sens),
if do not exist other strategy xp ∈ Xp so that xp � x∗p.

Let us denote the set of effective strategies (solutions) of the player p by
ef Xp. Any two effective strategies are equivalent or incomparable.

Theorem 1 If the sets Xp ∈ Rkp, p = 1, n, are compact and the cost
functions are continuous (f i

p(x) ∈ C(Xp), i = 1,mp, p = 1, n), then the
sets ef Xp, p = 1, n, are non empty (ef X 6= ∅).

The proof follows from the well known results (see e.g. [2, 5, 3]).

Definition 3 Every element x∗ = (x∗1, x
∗
2, ..., x

∗
n) ∈ ef X = ×p∈Nef Xp is

named effective or Pareto outcome (situation).

The solution of multi-criteria problem may be found by applying the
synthesis function, which may be interpreted as unique cost function of the
player:

Fp(x) =
∑

i=1,mp
λif

i
p(xp, x−p) −→ max, xp ∈ Xp, λi ≥ 0,

∑
i=1,mp

λi = 1,
p = 1, n.

Theorem 2 If x∗p is the solution of mono-criterion problem
Fp(x) =

∑
i=1,mp

λif
i
p(xp, x−p) −→ max, xp ∈ Xp with λi > 0, i = 1,mp,∑

i=1,mp
λi = 1, then x∗p is the effective point, for x−p given.

Theorem proof follows from the sufficient Pareto condition with linear
synthesis function [2, 3].

Consider the convex game Γ for which the sets of strategies are convex
and the cost functions are concave in relation to respective player strategies,
when the strategies of the other players are fixed.

As a corollary of the precedent two theorems follows
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Theorem 3 If the sets Xp, p = 1, n, of the convex game Γ are compact and
the functions {f i

p(x)}mp

i=1 are continuous on X = ×p∈NXp, then the convex
game Γ has the Pareto-Nash equilibrium.

The proof follows from the well known result

Definition 4 The point x∗ = (x∗1, x
∗
2, ..., x

∗
n) ∈ X is a Pareto-Nash equilib-

rium if for any player p the following relations

Fp(xp, x
∗
−p) ≤ Fp(x∗p, x

∗
−p) ≡ Fp(x∗), ∀xp ∈ Xp,

are verified. This definition may formulated in other equivalent form: x∗ is
the Pareto-Nash equilibrium, if and only if

F (x∗) =
(maxx1∈X1 F1(x1, x

∗
−1),maxx2∈X2 F2(x2, x

∗
−2), ...,maxxn∈Xn Fn(xn, x

∗
−n)),

where (xp, x
∗
−p) ≡ (x∗1, x

∗
2, ..., x

∗
p−1, xp, x

∗
p+1, ..., x

∗
n), p = 1, n.

So, the Pareto-Nash equilibrium requires from each player to choose its
own strategy as the best response to the strategies chosen by other players.

Let us denote the graph of the mapping Argmaxxp∈XpFp(xp, x−p) :
X-p −→ Xp by

Grp = {(xp, x−p) ∈ X : x−p ∈ X-p, xp = argmaxyp∈XpFp(yp, x−p)}.

In such notation, by [5, 3], the set of Pareto-Nash equilibria PNE =⋂
p=1,nGrp, where X−p = ×i∈N\{p}Xi, x−p = (x1, x2, ..., xp−1, xp+1, ..., xn).

As an illustration of previous notion and method of PNE set determi-
nation, let us consider the following example.

Example 1 Consider two players discrete game. Each player has two
strategies and two cost functions. The players have to maximize the values
of both cost functions. The values of the cost functions are associated with
the matrix elements:

A =
(

4, 3 7, 7
6, 6 8, 4

)
, B =

(
5,−1 2, 4
4, 3 6, 2

)
.

First of all the sets of effective strategies ef X and ef Y are determined.
Elements of ef X and ef Y are included in angle brackets.
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A =
(

4, 3 〈7, 7〉
6, 6 〈8, 4〉

)
, B =

(
5,−1 〈2, 4〉
〈4, 3〉 〈6, 2〉

)
.

PNE = ef X
⋂

ef Y = {(1, 2), (2, 2)} with the costs {((7, 7), (2, 4)), ((8, 4),
(6, 2))}.

Theorem 4 (see [5, 3, 6]) If the sets Xp, p = 1, n, in the convex game Γ
are compact and the functions Fp(x) are continuous on X = ×p∈NXp, then
the convex game Γ has the Pareto-Nash equilibrium.

The proof follows from Theorems 1–3, also.

Example 2 Consider the diadic two-criteria game with mixed strategies.
The sets of strategies are:

X = {(x1, x2) : x1 + x2 = 1, x1 ≥ 0, x2 ≥ 0},

Y = {(y1, y2) : y1 + y2 = 1, y1 ≥ 0, y2 ≥ 0},

and cost functions are bilinear (for fixed strategy of opponent are linear):

f1
1 (x,y) = xTAy, f2

1 (x,y) = xTBy, f1
2 (x,y) = xTCy, f2

2 (x,y) = xTDy,

where x,y ∈ R2, A,B,C,D ∈ R2×2. For each player consider the synthesis
function:

Fp(x) =
∑

i=1,mp
λif

i
p(x) −→ max, p = 1, 2.

Because each player has only two cost functions, consider substitutions:
λ1 = λ > 0, and λ2 = 1 − λ > 0, λ1 + λ2 = 1, λ ∈ [0, 1], µ1 = µ > 0 and
µ2 = 1− µ > 0, µ1 + µ2 = 1, µ ∈ [0, 1], and, by its applying:

F1(x,y) = λf1
1 (x,y) + (1− λ)f2

1 (x,y) = λxTAy + (1− λ)xTBy,

F2(x,y) = µf1
2 (x,y) + (1− µ)f2

2 (x,y) = µxTCy + (1− µ)xTDy.

Given the specific sets of strategies by obvious transformations:

x1 = x, x2 = 1− x, 1 ≥ x ≥ 0,

y1 = y, y2 = 1− y, 1 ≥ y ≥ 0,

the secondary equivalent game is obtained: x, y ∈ [0, 1], λ, µ ∈ [0, 1],
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F1(x, y) = (α(λ)y + β(λ))x+ α0(λ)y + β0(λ),

F2(x, y) = (γ(µ)x+ δ(µ))y + γ0(µ)x+ δ0(µ),

where:

α(λ) = (a11− a12− a21 + a22− b11 + b12 + b21− b22)λ+ b11− b12− b21 + b22,
β(λ) = (a12 − a22 − b12 + b22)λ+ b12 − b22,

α0(λ) = (a21 − a22 − b21 + b22)λ+ b21 − b22, β0(λ) = (a22 − b22)λ+ b22,
γ(µ) = (c11− c12− c21 + c22−d11 +d12 +d21−d22)µ+d11−d12−d21 +d22,

δ(µ) = (c21 − c22 − d21 + d22)µ+ d21 − d22,
γ0(µ) = (c12 − c22 − d12 + d22)µ+ d12 − d22, δ0(µ) = (c22 − d22)µ+ d22.

The graphs of best response applications are:

(1) Gr1 =


1, α(λ)y + β(λ) > 0,
0, α(λ)y + β(λ) < 0,

(0, 1), α(λ)y + β(λ) = 0.

(2) Gr2 =


1, γ(µ)x+ δ(µ) > 0,
0, γ(µ)x+ δ(µ) < 0,

(0, 1), γ(µ)x+ δ(µ) = 0.

By constructing the graphs, the set of Pareto-Nash equilibria is deter-
mined as its intersection. Let us illustrate this on concrete data.

Consider the following matrices:

A =
(

4, 3 7, 7
6, 6 8, 4

)
, B =

(
5,−1 2, 4
4, 3 6, 2

)
.

The synthesis functions are: F1(x, y) = λf1
1 (x̄, ȳ) + (1 − λ)f2

1 (x̄, ȳ) =
[(5λ − 6)y − 4λ + 3]x + (4λ + 10)y + 4λ + 4, F2(x, y) = µf1

2 (x̄, ȳ) + (1 −
µ)f2

2 (x̄, ȳ) = [(11µ− 6)x− 3µ+ 1]y + (2µ+ 6)x+ 4µ+ 2.
Let us construct the best response application graphs. By varying λ

and µ on [0, 1], we make evident the values obtained by x and y as λ and µ
functions:

y ∈ [0, 1
2 ] and λ ∈ [0, 3

4 ], x ∈ [0, 1
6 ]
⋃

[25 , 1] and µ ∈ [0, 1
3 ]
⋃

[58 , 1].
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In accordance with this values, the graph (1) and (2) have the following
concrete forms:

(3) Gr1 =


1, y ∈ [0, 1

2 ],
0, y ∈ [0, 1],

(0, 1), y ∈ [0, 1
2 ].

(4) Gr2 =


1, x ∈ [0, 1

6 ]
⋃

[25 , 1],
0, x ∈ [0, 1],

(0, 1), x ∈ [0, 1
6 ]
⋃

[25 , 1].

PNE = Gr1
⋂

Gr2 = [16 ,
2
5 ]× 0

⋃
[0, 1

6 ]× [0, 1
2 ]
⋃

[25 , 1]× [0, 1
2 ].

On the Theorems 1–4 basis, a method of constructing the Pareto-Nash
equilibria set was make evident.

2. Pareto-Stackelberg equilibrium

Consider the noncooperative strategic form game:

Γ = 〈N, {Xp}p∈N, {f i
p(x)}mp

i=1, p ∈ N〉,

where

• N = {1, 2, ..., n} is the set of players;

• Xp ∈ Rkp is a set of strategies of player p ∈ N;

• kp < +∞, p ∈ N;

• {f i
p(x)}mp

i=1 are pth player cost functions defined on the Cartesian prod-
uct X = ×p∈NXp.

fp(x) - the vector-cost function of the player p,

fp(x) = (f1
p (x), f2

p (x), ..., fmp
p (x)).

Elements x = (x1, x2, ..., xn) ∈ X are named outcomes of the game.
Each player has to solve solitary the multicriteria optimization problem,

namely he must select the effective strategies from his set of strategies.
Suppose that the players make their moves hierarchically:
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• first player chooses his strategy x1 ∈ X1 and communicates it to the
second player,

• the second player chooses his strategy x2 ∈ X2 and communicates
x1, x2 to third player,

• and so on

• at the last the nth player selects his strategy xn ∈ Xn after observing
the moves x1, ..., xn−1 of the preceding players.

On the resulting outcome x = (x1, x2, ..., xn) every player computes the
value of his cost function. When player p ∈ N moves, players 1, 2, ..., p− 1
are leaders or predecessors of player p and players p+ 1, ..., n are followers
or successors of the player p. Players have all the information about the
predecessors choices and doesn’t have information about the choices of the
successors, but the pth player (p < n) has all the information about the all
strategy sets and the cost functions of the players p, p + 1, ..., n. Without
loss of generality suppose that the all players maximize the values of their
cost functions.

By backward induction, every player n, n − 1, ..., 2 computes his best
move mapping and the first player computes the set of his best moves:
Bn(x1, ..., xn−1) = Argmaxyn∈Xnfn(x1, ..., xn−1, yn),
Bn−1(x1, ..., xn−2)
= Argmaxyn−1,yn:(x1,...,xn−2,yn−1,yn)∈Grn

fn−1(x1, ..., xn−2, yn−1, yn),
...
B2(x1)
= Argmaxy2,...,yn:(x1,y2,...,yn)∈Gr3

f2(x1, y2, ..., yn),
X̂ = Argmax(y1,y2,...,yn)∈Gr2

f1(y1, y2, ..., yn),
where
Grn = {x ∈ X : x1 ∈ X1, ..., xn−1 ∈ Xn-1, xn ∈ Bn(x1, ..., xn−1)},
Grn-1

= {x ∈ Grn : x1 ∈ X1, ..., xn−2 ∈ Xn-2, (xn−1, xn) ∈ Bn−1(x1, ..., xn−2)},
...
Gr2 = {x ∈ Gr3 : x1 ∈ X1, (x2, ..., xn) ∈ B2(x1)}.

Evidently, Gr2 ⊆ Gr3 ⊆ ... ⊆ Grn.

Remark 1 By Bp, p = 2, n note the sets of effective responses of the play-
ers.
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Definition 5 Any outcome x̂ ∈ X̂ of the game is called Pareto-Stackelberg
equilibrium.

Theorem 5 (see [5]) For every finite hierarchical game the set X̂ of the
Pareto-Stackelberg equilibrium is non empty.

Example 3 It is considered the diadic bicriterial game with the cost ma-
trices:

A =
(

4, 3 7, 7
6, 6 8, 4

)
, B =

(
5,−1 2, 4
4, 3 6, 2

)
.

The first player moves the first and the second player moves the last.
First of all we must determine the graph Gr2 for second player. The

graph’s elements are emphasized by angle brackets.

B =
(

5,−1 〈2, 4〉
〈4, 3〉 〈6, 2〉

)
.

First player determine the graph Gr1 (the set of Pareto-Stachelberg
equilibria) in base the graph Gr2. The effective elements, respectively, are
marked in double - angle brackets.

A =
(

4, 3 〈〈7, 7〉〉
6, 6 〈〈8, 4〉〉

)
.

The game consists of two Pareto-Stackelberg equilibria (1, 2) and (2, 2)
with the players’cost functions values ((7, 7), (2, 4)) and ((8, 4), (6, 2)), re-
spectively. We remark that, the solution (1, 2) and (2, 2) are and Pareto-
Nash equilibria.

Theorem 6 (see [5]) If every strategy set Xp ∈ Rkp, p = 1, n is compact
and and every cost function f i

p(x1, ..., xp, ..., xn), i = 1,mp, p = 1, n is
continuous by (xp, ..., xn) on Xp×...×Xn for every fixed x1 ∈ X1, ..., xp−1 ∈
Xp-1, then the set of Pareto-Stackelberg equilibria X̂ is non empty.

The proof follows from the well known Calculus’ Weierstrass theorem.

Theorem 7 (see [5]) If every strategy set Xp ∈ Rkp, p = 1, n is convex and
every cost function f i

p(x1, ..., xp, ..., xn), i = 1,mp, p = 1, n is strict convex
by (xp, ..., xn) on Xp × ... × Xn for every fixed x1 ∈ X1, ..., xp−1 ∈ Xp-1,
then the game has a unique Pareto-Stackelberg equilibrium.
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The proof follows from the properties of the strict convex functions.

3. Pareto-Nash-Stackelberg equilibrium

Consider the noncooperative strategic form game:

Γ = 〈Nl, {Xl
p}l∈S,p∈Nl

, {f l
pi

(x)}mp

i=1, l ∈ S, p ∈ Nl〉,

where

• S = {1, 2, ..., s} is the set of levels;

• Nl = {1, 2, ..., nl} is the set of players of the stage (level) l ∈ S;

• Xl
p ⊆ Rklp is the set of strategies of the player p ∈ Nl from the stage

l ∈ S;

• s < +∞, nl < +∞, l ∈ S;

• {f l
pi

(x)}mp

i=1 are lth stage pth player cost functions defined on the Carte-
sian product

X = ×p∈Nl,l∈SXl
p, flp(x) - is the vector-cost function of the player p,

flp(x) = (flp1
(x), flp2

(x), ..., flpmp
(x)).

Elements x = (x1
1, x

1
2, ..., x

1
n1
, x2

1, x
2
2, ..., x

2
n2
, ..., xs

1, x
s
2, ..., x

s
ns

) ∈ X are
named outcomes of the game. Each player has to solve solitary the mul-
ticriteria optimization problem, namely will select of its set of strategies -
the effective strategies. The sets of effective strategies we note by efXl

p,
l = 1, s, p = 1, n

Suppose that the players make their moves hierarchically:

• at the first stage all the players 1, 2, ..., n1 selects their strategies x1
1 ∈

X1
1, x

1
2 ∈ X1

2, ..., x
1
n1
∈ X1

n1
simultaneously and communicate it to the

a second stage players 1, 2, ..., n2,

• the second stage players 1, 2, ..., n2 select simultaneously their strate-
gies x2

1 ∈ X2
1, x

2
2 ∈ X2

2, ..., x
2
n2
∈ X2

n2
and communicate the result to

the third stage players 1, 2, ..., n3,

• and so on
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• the sth stage players 1, 2, ..., ns select simultaneously their effective
strategies xs

1 ∈ Xs
1, x

s
2 ∈ Xs

2, ..., x
s
ns
∈ Xs

ns
at the last.

On the resulting outcome x = (x1
1, x

1
2, ..., x

1
n1
, x2

1, x
2
2, ..., x

2
n2
, ..., xs

1, x
s
2, ..., x

s
ns

)
every player computes the value of his cost function.

Suppose that the lth stage pth player has all the information about the
all strategy sets and the cost functions of players of stages l, l + 1, ..., s.
Without loss of generality suppose that the all players maximize the values
of their cost functions.

It’s reasonable to calculate the values applications of effective type by
induction in reverse order in the same way as of the Pareto-Stackelberg
equilibrium.

By stage backward induction, players 1, 2, ..., nl, l = s, s− 1, ..., 2, 1, se-
lect their equilibrium strategies:
Bs

p(x1, ..., xs−1, xs
−p)

= Argmaxys
p∈Xs

p
fs

p (x1, ..., xs−1, ys
p ‖ xs

−p), p ∈ Ns, PNSEs =
⋂

p∈Ns
Grs

p,
Bs-1

p (x1, ..., xs−2, xs−1
−p )

=Argmaxys−1
p ,ys:(x1,...,xs−2,ys−1

p ‖xs−1
−p ,ys)∈PNSEsfs−1

p (x1, ..., xs−2, ys−1
p ‖xs−1

−p , y
s),

p ∈ Ns-1, PNSEs-1 =
⋂

p∈Ns-1
Grs−1

p ,
Bs-2

p (x1, ..., xs−3, xs−2
−p )

= Argmaxys−2
p ,ys−1,ys:(x1,...,xs−3,ys−2

p ‖ xs−2
−p ,ys−1,ys)∈PNSEs-1

fs−2
p (x1, ..., xs−3, ys−2

p ‖ xs−2
−p , y

s−1, ys),
p ∈ Ns-2, PNSEs-2 =

⋂
p∈Ns-2

Grs−2
p ,

...
B1

p(x1
−p) = Argmaxy1

p,y2,...,ys:(y1
p‖x1
−p,y2,...,ys)∈PNSE2f1

p (y1
p ‖ x1

−p, y
2, ..., ys),

p ∈ N1, PNSE1 =
⋂

p∈N1
Gr1p,

where
Grs

p = {x ∈ X : xl ∈ Xl, l = 1, s− 1, xs
−p ∈ Xs

-p, x
s
p ∈ Bs

p(x1, ..., xs−1, xs
−p)},

p ∈ Ns,
Grs-1

p = {x ∈ PNSEs : xl ∈ Xl, l = 1, s− 2, xs−1
−p ∈ Xs-1

-p ,

xs−1
p ∈ Bs-1

p (x1, ..., xs−2, xs−1
−p )}, p ∈ Ns-1,

...
Gr1

p = {x ∈ PNSE2 : x1
−p ∈ X1

-p, x
1
p ∈ B1

p(x1
−p)}, p ∈ N1.

Evidently, PNSE1 ⊆ PNSE2 ⊆ ... ⊆ PNSEs.

Remark 2 By Bl
p, p ∈ Nl, l = 1, s note the sets of effective responses of

the players.
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Definition 6 Every element of the PNSE1 is called multistage Pareto-
Nash-Stackelberg equilibrium.

If s = 1 and nl > 1, then every Pareto-Nash-Stackelberg equilibrium is
the Pareto-Nash equilibrium. If s > 1 and n1 = n2 = ... = ns = 1, then
every Pareto-Nash-Stackelberg equilibrium is the Pareto-Stackelberg equi-
librium. Thus, the Pareto-Nash-Stackelberg equilibrium notion generalizes
the Pareto-Stackelberg and Pareto-Nash equilibria notions.

Example 4 Consider a four-player 2× 2× 2× 2 two-stage bicriterial game
with the cost matrices:

a11∗∗ =
(

5, 6 3, 4
1, 3 7, 2

)
, a12∗∗ =

(
3, 4 2, 5
−1, 3 4, 2

)
, a21∗∗ =

(
5, 1 3, 2
3, 3 1, 4

)
,

a22∗∗ =
(

2, 4 5, 1
3, 6 7, 5

)
,

b11∗∗ =
(

3, 6 4, 1
5,−2 6, 5

)
, b12∗∗ =

(
5, 3 3, 4
2, 4 5, 6

)
, b21∗∗ =

(
6, 4 5, 2
4, 4 2, 3

)
,

b22∗∗ =
(

4, 3 7, 7
6, 6 8, 4

)
,

c11∗∗ =
(

3, 2 2, 3
1, 3 1, 2

)
, c12∗∗ =

(
7, 8 3, 3
5, 1 3, 9

)
, c21∗∗ =

(
5, 6 8, 4
6, 5 4, 9

)
,

c22∗∗ =
(

5,−1 2, 3
4, 3 5, 2

)
,

d11∗∗ =
(

1, 3 2, 5
3,−2 4, 4

)
, d12∗∗ =

(
6, 4 3,−1
2, 5 7, 4

)
,

d21∗∗ =
(

4, 5 −1, 7
3, 2 5, 6

)
, d22∗∗ =

(
−1, 3 2, 6
7, 1 4, 5

)
In reverse stage induction, the third and the fourth players move at the

second stage, the first and the second players move at the first stage.
Elements of Gr23, Gr24 are marked in matrix with one line.
Evidently, PNSE2 consists of five elements: (1, 1, 1, 2), (2, 1, 1, 2),

(2, 1, 2, 2), (2, 2, 2, 1) and (2, 2, 2, 2).
At the first stage, first and second player must play having the matrix

game with matrices:
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a∗∗11 =
(
• •
• •

)
, a∗∗12 =

(
3, 4 •
3, 2 •

)
,

a∗∗21 =

(
• •
• 3, 6

)
, a∗∗22 =

(
• •

1, 4 7, 5

)
,

b∗∗11 =
(
• •
• •

)
, b∗∗12 =

(
4, 1 •
5, 2 •

)
, b∗∗21 =

(
• •
• 6, 6

)
,

b∗∗22 =

(
• •

2, 3 8, 4

)
.

Elements of Gr11, Gr12 are marked in matrix with two lines.
PNSE1 contains two elements (2, 2, 2, 1) and (2, 2, 2, 2), which are Pareto-

Nash-Stackelberg equilibria of the game, with the costs ((3, 6), (6, 6), (4, 3), (7, 1))
and ((7, 5), (8, 4), (5, 2), (4, 5)), respectively.

4. Concluding remarks

The paper studies and define different types of instant and hierarchic
games, their mixture with Pareto optimization and the conditions for the
solutions existence. Well known solution notions are generalized. A method
for the set of equilibria construction as intersection of the graphs of best re-
sponse mappings [5, 4, 3, 6] is improved. Illustration examples are provided.
A further development of the method, with implication of the computer sci-
ence technologies, will be welcomed.
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1. Preliminaries

We define the generalized Jensen functional and investigate here its es-
timates in the context of Steffensen-Popoviciu measures. The most exhaus-
tive study of Jensen’s functional has been accomplished by Abramovich and
Dragomir.

For the convenience of the reader we recall some basic facts:

Proposition 1 (Jensen-Steffensen inequality) We consider x1, x2, ..., xn ∈
I, x1 ≥ x2 ≥ ... ≥ xn and the real numbers w1, w2, ..., wn such that the
partial sums Wk =

∑k
i=1wi, k ∈ {1, 2, ..., n} , verify the relations:

(JS) 0 ≤Wk ≤Wn, for all k ∈ {1, 2, ..., n− 1} ,

Wn > 0.
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Then every convex function f defined on I verifies the inequality:

f

(
1
Wn

n∑
i=1

wixi

)
≤ 1
Wn

n∑
i=1

wif (xi) .

If f is strictly convex then the inequality is strict unless x1 = x2 = ... = xn.
(See Niculescu and Persson [2, Theorem 1.5.6] for details.)

Definition 1 We consider a real valued function f defined on an interval
I, x1, x2, ..., xn ∈ I and p1, p2, ..., pn ∈ R. The Jensen functional is defined
by

J (f,p,x) =
n∑

i=1

pif (xi)− f

(
n∑

i=1

pixi

)
.

See also [1].

Proposition 2 (see [3]) We consider x1 ≥ x2 ≥ ... ≥ xn in I, p1, p2, ..., pn and
r1, r2, ..., rn real numbers such that

0 ≤ Pj ≤ 1, for all j ∈ {1, 2, ..n− 1} , Pn = 1,
0 < Rj < 1, for all j ∈ {1, 2, ..n− 1} , Rn = 1,

where Pj =
∑j

i=1 pi and Rj =
∑j

i=1 ri, j = 1, ..., n. We denote

m = min
j=1..n−1

{
Pj

Rj
;

1− Pj

1−Rj

}
, M = max

j=1..n−1

{
Pj

Rj
;

1− Pj

1−Rj

}
,

and

J (f,p,x) =
n∑

i=1

pif (xi)− f

(
n∑

i=1

pixi

)
.

If f is convex on I, then there holds the relation:

mJ (f, r,x) ≤ J (f,p,x) ≤MJ (f, r,x) .

Definition 2 A Steffensen-Popoviciu measure on [a, b] is any signed Borel
measure µ such that

µ ([a, b]) > 0 and
∫ b

a
f+ (x) dµ (x) ≥ 0

for all convex functions f on [a, b].
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For µ a Steffensen-Popoviciu measure on [a, b] , h : [a, b] → [c, d] a
continuous function and f : [c, d]→ R a convex function we have

f

(
1

µ ([a, b])

∫ b

a
h (x) dµ (x)

)
≤ 1
µ ([a, b])

∫ b

a
f (h (x)) dµ (x) .

See Niculescu and Persson [2, Chapter 4] for more results concerning
the Steffensen-Popoviciu measures.

In what follows we say that (a1, a2, ..., ak) is lexicographically less than
(b1, b2, ..., bn) and we write

(a1, a2, ..., ak) <l (b1, b2, ..., bn)

if and only if there is 1 ≤ m ≤ min {k, n} such that am < bm and for all
i < m we have ai = bi.

The purpose of the present paper is to develop a coherent theory for
Jensen’s functional in a more general approach, from wich the reader can
easily derive some of the results already proven by other authors.

2. Discrete case

For our purpose we consider the real numbers pij , i = 1, ..., k and j =
1, ..., ni, such that

0 ≤ Pm1m2...mk
:=

m1,m2...mk∑
j1,j2,...jk=1

p1j1 ...pkjk
≤ 1,

for all 1 ≤ mi ≤ ni, i = 1, ..., k and

Pn1n2...nk
=

n1,n2...nk∑
j1,j2,...jk=1

p1j1 ...pkjk
= 1.

We denote pi = (pi1, pi2, ..., pini) .We also consider q = (q1, q2, ..., qk) , qi > 0
with

∑k
i=1 qi = 1.

Let xi = (xi1, xi2, ..., xini) ∈ Ini for all i = 1, ..., k with xi1 ≥ xi2 ≥ ... ≥
xini in I, for all i = 1, ..., k, such that

(1)
k∑

i=1

qixiai ≥
k∑

i=1

qixibi

for all
(a1, a2, ..., ak) <l (b1, b2, ..., bk) .
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Definition 3 We define the generalised Jensen functional by

Jk (f,p1, ...,pk,q,x1, ...,xk)

=
n1,n2...nk∑

j1,j2,...jk=1

p1j1 ...pkjk
f

(
k∑

i=1

qixiji

)
− f

 k∑
i=1

qi

ni∑
j=1

pijxij

 .

Obviously for the particular case k = 1 this definition reduces to Defi-
nition 1.

Following an idea from the paper of Abramovich and Dragomir [3, The-
orem 4], we state analogues results for the generalized Jensen functional.
We are now in position to establish bounds for Jk:

Theorem 1 With the above assumptions, we consider the real numbers rij,
i = 1, ..., k and j = 1, ..., ni such that

0 ≤ Rm1m2...mk
=

m1,m2...mk∑
j1,j2,...jk=1

r1j1 ...rkjk
≤ 1,

for all 1 ≤ mi ≤ ni, i = 1, ..., k and

Rn1n2...nk
=

n1,n2...nk∑
j1,j2,...jk=1

r1j1 ...rkjk
= 1

and we denote ri = (ri1, ri2, ..., rini) for all i = 1, .., k. Then if f is convex,
we have

mJk (f, r1, ..., rk,q,x1, ...,xk)
≤ Jk (f,p1, ...,pk,q,x1, ...,xk) ≤MJk (f, r1, ..., rk,q,x1, ...,xk) ,

where

m = min
1≤m1≤n1

...
1≤mk≤nk

{
Pm1m2...mk

Rm1m2...mk

,
1− Pm1m2...mk

1−Rm1m2...mk

}
,

M = max
1≤m1≤n1

...
1≤mk≤nk

{
Pm1m2...mk

Rm1m2...mk

,
1− Pm1m2...mk

1−Rm1m2...mk

}
.
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We prove only the first inequality (the second one has a similar ap-
proach).

We have

m ≥ 0,
Pm1m2...mk

−mRm1m2...mk
≥ 0,

(1− Pm1m2...mk
)−m (1−Rm1m2...mk

) ≥ 0,

for all 1 ≤ mi ≤ ni, i = 1, .., k. We have

(1− Pm1m2...mk
)−m (1−Rm1m2...mk

)
= 1−m− (Pm1m2...mk

−mRm1m2...mk
) ≥ 0.

Then, obviously,

1−m ≥ Pm1m2...mk
−mRm1m2...mk

≥ 0.

We have

0 ≤ 1−m = Pn1n2...nk
−mRn1n2...nk

=
n1,n2...nk∑

j1,j2,...jk=1

(p1j1 ...pkjk
−mr1j1 ...rkjk

) .

We intend to prove that

n1,n2...nk∑
j1,j2,...jk=1

(p1j1 ...pkjk
−mr1j1 ...rkjk

) f

(
k∑

i=1

qixiji

)
+mf

 k∑
i=1

qi

ni∑
j=1

rijxij


≥ f

 k∑
i=1

qi

ni∑
j=1

pijxij

 .

There is a positive integer l, 1 ≤ l ≤ k, and there are (j1, j2, ...jl) with
1 ≤ ji ≤ ni, i = 1, ..., l such that

l−1∑
i=1

qixiji + qkxkjl
+

k∑
i=l+1

qixini >

k∑
i=1

qi

ni∑
j=1

rijxij

≥
l−1∑
i=1

qixiji + qkxkjl+1 +
k∑

i=l+1

qixi1.
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We consider the (n1n2...nk + 1)-tuple y defined by

ys1,s2,...sk
: =

k∑
i=1

qixisi , for 1 ≤ si ≤ ni, i = 1, ..., k,

yj1,j2,...jl,nl+1+1 : =
k∑

i=1

qi

ni∑
j=1

rijxij ,

and a (n1n2...nk + 1)-tuple of weights w defined as follows

ws1,s2,...sk
: = p1s1 ...pksk

−mr1s1 ...rksk
, for 1 ≤ si ≤ ni, i = 1, ..., k

wj1,j2,...jl,nl+1+1 : = m.

Notice that we have

yj1,j2,...jl,nl+1,...nk
>

k∑
i=1

qi

ni∑
j=1

rijxij = yj1,j2,...jl,nl+1+1 ≥ yj1,j2,...jl+1,1,...1

and

(j1, j2, ...jl, nl+1, ..., nk) <l (j1, j2, ...jl, nl+1 + 1) <l (j1, j2, ..., jl + 1, 1, ..., 1) .

Since if we consider the indices lexicographical ordered we may say that the
sequence y is monotonically decreasing, that is

(a1, a2, ..., ak) <l (b1, b2, ..., bn)⇐⇒ ya1,a2,...ak
≥ yb1,b2,...bn

we apply the Jensen-Steffensen inequality for it. It is clear that the weights
w are satisfying the Jensen-Steffensen conditions (JS) considering the same
order of their indices and a simple computation leads us to the claimed
result:

n1,n2...nk∑
j1,j2,...jk=1

(p1j1 ...pkjk
−mr1j1 ...rkjk

) f

(
k∑

i=1

qixiji

)
+mf

 k∑
i=1

qi

ni∑
j=1

rijxij


=

n1,n2...nk∑
j1,j2,...jk=1

(
ws1s2...sk

f (ys1s2...sk
) + wj1j2...jl,nl+1+1f

(
yj1j2...jl,nl+1+1

))

≥ f

 n1,n2...nk∑
j1,j2,...jk=1

ws1,s2,...sk
ys1,s2,...sk

+ wj1,j2,...jl,nl+1+1yj1,j2,...jl,nl+1+1
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= f

 n1,n2...nk∑
j1,j2,...jk=1

(p1j1 ...pkjk
−mr1j1 ...rkjk

)
k∑

i=1

qixiji +m

k∑
i=1

qi

ni∑
j=1

rijxij


= f

 k∑
i=1

qi

ni∑
j=1

pijxij

 .

This completes the proof of the right side inequality.

3. Continuous case

We consider pi : [a, b]→ R, i = 1, ..., k such that pi (x) dx are absolutely
continuous measures and
(SP)

0 <
∫

[a,b]k

k∏
i=1

pi (xi) dxi, 0 ≤
∫

[a,t]k

k∏
i=1

pi (xi) dxi ≤
∫

[a,b]k

k∏
i=1

pi (xi) dxi

for all t ∈ [a, b] . Then
∏k

i=1 (pi (xi) dxi) is a Steffensen-Popoviciu measure
and f verifies

(2) f

(∫
[a,b]k h (x)

∏k
i=1 pi (xi) dxi∫

[a,b]k pi (x) dx

)
≤

∫
[a,b]k f (h (x))

∏k
i=1 pi (xi) dxi∫

[a,b]k
∏k

i=1 pi (xi) dxi

,

where x = (x1, ..., xn) and h is continuous.

Definition 4 We define the generalised Jensen functional by

Jk (f, p1, ..., pk,q) : =
∫

[a,b]k
f

(
k∑

i=1

qixi

)
k∏

i=1

pi (xi) dxi

−f

(
k∑

i=1

qi

∫ b

a
xpi (x) dx

)
.

Theorem 2 Let
∏k

i=1 pi (xi) dxi and
∏k

i=1 ri (xi) dxi be absolutely contin-
uous Steffensen-Popoviciu measures that verify the conditions



132 F.C. Mitroi 8

∫
[a,b]k

k∏
i=1

pi (xi) dxi = 1,

0 ≤
∫

[a,t]k

k∏
i=1

pi (xi) dxi ≤
∫

[a,b]k

k∏
i=1

pi (xi) dxi,

∫
[a,b]k

k∏
i=1

(ri (xi) dxi) = 1,

0 <

∫
[a,t]k

k∏
i=1

ri (xi) dxi ≤
∫

[a,b]k

k∏
i=1

ri (xi) dxi,

for all t ∈ (a, b) , i = 1, ...n. We consider q = (q1, q2, ..., qk) such that
qi > 0,

∑k
i=1 qi = 1 (1 ≤ k).We denote

m = inf
t∈(a,b)

{∫
[a,t]k

∏k
i=1 pi (xi) dxi∫

[a,t]k
∏k

i=1 ri (xi) dxi

,

∫
[t,b]k

∏k
i=1 pi (xi) dxi∫

[t,b]k
∏k

i=1 ri (xi) dxi

}
,

M = sup
t∈(a,b)

{∫
[a,t]k

∏k
i=1 pi (xi) dxi∫

[a,t]k
∏k

i=1 ri (xi) dxi

,

∫
[t,b]k

∏k
i=1 pi (xi) dxi∫

[t,b]k
∏k

i=1 ri (xi) dxi

}
.

If f is convex then we have

mJk (f, r1, ..., rk,q) ≤ Jk (f, p1, ..., pk,q) ≤MJk (f, r1, ..., rk,q) .

We will prove the second inequality.
If M ≤ 1 then

k∏
i=1

(ri (xi)− pi (xi)) ≥
k∏

i=1

(Mri (xi)− pi (xi)) ≥ 0,

s 6= t and ∫
[a,b]k

k∏
i=1

(ri (xi)− pi (xi)) dxi = 0.

This implies∫
[t,s]k

k∏
i=1

(pi (xi) dxi) =
∫

[t,s]k

k∏
i=1

ri (xi) dxi,
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s 6= t, that is pi = ri, for all i = 1, ..., k and

Jk (f, p1, ..., pk,q) = Jk (f, r1, ..., rk,q) .

It remains to consider the case when M > 1. The following identity is
useful in our computation:∫

[a,b]k

k∑
i=1

qixi

k∏
i=1

pi (xi) dxi =
k∑

i=1

qi

∫ b

a
xpi (x) dx.

We define the measures

k∏
i=1

µi (xi) dxi := M
k∏

i=1

ri (xi) dxi −
k∏

i=1

pi (xi) dxi.

Hence, we find that∫
[s,t]k

k∏
i=1

µi (xi) dxi = M

∫
[s,t]k

k∏
i=1

ri (xi) dxi −
∫

[s,t]k

k∏
i=1

pi (xi) dxi ≥ 0.

It is obvious that∫
[a,b]k

k∏
i=1

µi (xi) dxi = M − 1 > 0,

∫
[a,s]k

k∏
i=1

µi (xi) dxi = M

∫
[a,s]k

k∏
i=1

ri (xi) dxi −
∫

[a,s]k

k∏
i=1

pi (xi) dxi ≥ 0,

0 ≤
∫

[a,b]k

k∏
i=1

µi (xi) dxi −
∫

[a,s]k

k∏
i=1

µi (xi) dxi.

This means
∏k

i=1 µi (xi) dxi is a Steffensen-Popoviciu measure. Since f is
convex we have∫

[a,b]k

k∏
i=1

µi (xi) dxi · f

(∫
[a,b]k

∑k
i=1 qixi

∏k
i=1 µi (xi) dxi∫

[a,b]k
∏k

i=1 µi (xi) dxi

)

≤
∫

[a,b]k
f

(
k∑

i=1

qixi

)
k∏

i=1

qi (xi) dxi.
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We must prove that∫
[a,b]k

f

(
k∑

i=1

qixi

)
k∏

i=1

ri (xi) dxi −
1
M

∫
[a,b]k

f

(
k∑

i=1

qixi

)
k∏

i=1

pi (xi) dxi

+
1
M
f

(
k∑

i=1

qi

∫ b

a
xpi (x) dx

)
≥ f

(
k∑

i=1

qi

∫ b

a
xri (x) dx

)
.

Indeed, using (2), we get

1
M

∫
[a,b]k

f

(
k∑

i=1

qixi

)
k∏

i=1

(µi (xi) dxi) +
1
M
f

(
k∑

i=1

qi

∫ b

a
xpi (x) dx

)

≥ M − 1
M

f

(
1

M − 1

∫
[a,b]k

k∑
i=1

qixi

k∏
i=1

(µi (xi) dxi)

)

+
1
M
f

(
k∑

i=1

qi

∫ b

a
xpi (x) dx

)

≥ f

(
1
M

∫
[a,b]k

k∑
i=1

qixi

k∏
i=1

(µi (xi) dxi) +
1
M

k∑
i=1

qi

∫ b

a
xpi (x) dx

)

= f

(
k∑

i=1

qi

(∫ b

a
x (ri (x)− pi (x)) dx+

1
M

∫ b

a
xpi (x) dx

))

= f

(
k∑

i=1

qi

∫ b

a
xri (x) dx

)
.

The proof of the first inequality goes likewise and has been omitted.
The theorem simplifies for some particular cases. Let us give the result

for p1 = ... = pk = p and x1 = ... = xk = x.

Corollary 1 Let p (x) dx and r (x) dx be absolutely continuous Steffensen-
Popoviciu measures that verify the conditions∫ b

a
p (x) dx = 1, 0 ≤

∫ t

a
p (x) dx ≤

∫ b

a
p (x) dx,∫ b

a
r (x) dx = 1, 0 <

∫ t

a
r (x) dx <

∫ b

a
r (x) dx,
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for all t ∈ . We consider q = (q1, q2, ..., qk) such that qi > 0,
∑k

i=1 qi = 1
(1 ≤ k).We denote

m = inf
t∈(a,b)


(∫ t

a p (x) dx∫ t
a r (x) dx

)k

,

(∫ b
t p (x) dx∫ b
t r (x) dx

)k
 ,

M = sup
t∈(a,b)


(∫ t

a p (x) dx∫ t
a r (x) dx

)k

,

(∫ b
t p (x) dx∫ b
t r (x) dx

)k


and

Jk (f, p,q) =
∫

[a,b]k
f

(
k∑

i=1

qixi

)
k∏

i=1

p (xi) dxi − f
(∫ b

a
xp (x) dx

)
.

If f is convex then we have

mJk (f, r,q) ≤ Jk (f, p,q) ≤MJk (f, r,q) .

Example 1 A particularly interesting case is pointed out by assuming, for
simplicity, that ri (x) dx = dx/ (b− a) , i = 1, ..., k, when we get

m = (b− a)k inf
t∈(a,b)

{∫
[a,t]k

∏k
i=1 pi (xi) dxi

(t− a)k
,

∫
[t,b]k

∏k
i=1 pi (xi) dxi

(b− t)k

}
,

M = (b− a)k sup
t∈(a,b)

{∫
[a,t]k

∏k
i=1 pi (xi) dxi

(t− a)k
,

∫
[t,b]k

∏k
i=1 pi (xi) dxi

(b− t)k

}
and

Jk (f, dx/ (b− a) ,q) =
1

(b− a)k

∫
[a,b]k

f

(
k∑

i=1

qixi

)
k∏

i=1

dxi − f
(
a+ b

2

)
.

With these notations we have

mJk (f, dx/ (b− a) ,q) ≤ Jk (f, p,q) ≤MJk (f, dx/ (b− a) ,q) .

For the particular case k = 1 we get from the previous corollary that

J (f, p) =
∫ b

a
f (x) p (x) dx− f

(∫ b

a
xp (x) dx

)
and we may state the following consequence:
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Corollary 2 Let p (x) dx and r (x) dx be absolutely continuous Steffensen-
Popoviciu measures that verify the conditions∫ b

a
p (x) dx = 1, 0 ≤

∫ t

a
p (x) dx ≤

∫ b

a
p (x) dx,∫ b

a
r (x) dx = 1, 0 <

∫ t

a
r (x) dx <

∫ b

a
r (x) dx,

for all t ∈ (a, b) . We denote

m = inf
t∈(a,b)

{∫ t
a p (x) dx∫ t
a r (x) dx

,

∫ b
t p (x) dx∫ b
t r (x) dx

}
,

M = sup
t∈(a,b)

{∫ t
a p (x) dx∫ t
a r (x) dx

,

∫ b
t p (x) dx∫ b
t r (x) dx

}
.

If f is convex then we have

mJ (f, r) ≤ J (f, p) ≤MJ (f, r) .
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On Finite Difference Schemes for Curvature Motions

M. Mondelli1 and A. Ciomaga 2

Abstract. In the present paper we give a thorough analysis of two finite
difference schemes for the Mean Curvature Motion and its affine variant,
the Affine Morphological Scale Space, schemes introduced in the Image
Processing framework. This analysis brings in a series of parameters that
allow us to compute an accurate discrete evolution of curvature motions.
The choice of these parameters is based on intrinsic geometric properties
of the evolution equations for linear, radial and elliptical functions. In
the last part we present several examples, underlining the main advantages
of the algorithms (the removal of pixelization effects and JPEG artifacts)
as well as their major drawbacks (absence of contrast invariance and grid
dependence). A detailed explanatory report, the ANSI C implementations
and an on-line demo can be found at http://www.ipol.im/.

Keywords: Finite difference schemes, Curvature motions

1. Introduction to curvature motions and scale spaces

Alvarez et al. [9] characterized axiomatically all image multiscale theo-
ries introduced by Witkin [1] and showed that all causal, local, isometric and
contrast invariant scale spaces are given by curvature evolution equations
of the type

(1) ut = g(curv(u), t)|Du|,
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where u ∈ C2, g is a real valued function nondecreasing with respect to
curv(u) that satisfies the boundary condition g(0, t) = 0 and curv(u) de-
notes the scalar curvature, defined as

(2) curv(u) =
1
|Du|3

D2u(Du⊥, Du⊥) =
uxxu

2
y − 2uxyuxuy + uyyu

2
x

(u2
x + u2

y)3/2
.

The simplest equation in this class is the Mean Curvature Motion (MCM)

(3) ut = curv(u)|Du|,

for which existence and uniqueness results were provided independently by
Evans and Spruck [6] and Chen, Giga and Goto[5] in the setting of viscosity
solutions theory. This equation is connected to the curve shortening of
Jordan curves

(CS)
∂x
∂t

= κ(x).

studied by Gage, Hamilton [2] and Grayson [3] in the framework of differ-
ential geometry. In this classical setup, a smooth, embedded curve evolves
into a family of one parameter Jordan curves, by moving each point in the
direction of the normal with a speed equal to the curvature at that point.
The number of inflection points and curvature extrema is finite and de-
creasing with time. The curve shrinks asymptotically to a circle, showing
no singularity or self-crossing.

The Affine Morphological Scale Space (AMSS)

(4) ut = curv(u)1/3|Du|,

introduced by Alvarez et al. in [9], is the only equation which satisfies the
affine invariance property, in the sense that it commutes with all planar
affine maps with determinant 1. It is therefore preferable to the scalar
curvature motion and is definitely the most invariant image smoothing al-
gorithm. The geometric equivalent equation

(AS)
∂x
∂t

=
(
|κ|1/3ν

)
(x)

was introduced by Sapiro and Tannenbaum [10]. Together with Angenent,
they gave existence and uniqueness proofs and showed a result similar to
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Grayson’s theorem [14]: a shape first becomes convex and then evolves
toward an ellipse before collapsing.

Explicit finite difference schemes for a general class of parabolic equa-
tions were given by Crandall and Lions [13]. Their schemes are monotone
and consistent, so the general convergence result established by Barles and
Souganidis [7] applies. Elegant numerical approximation schemes were given
by Merriman, Bence, and Osher [8], for which the subsequent convergence
proof was provided by Barles and Georgelin [12]. A convergent scheme
based on median values of circular neighborhoods was also proposed by
Oberman [16]. Semi-implicit methods were introduced by Smereka [15].

This paper discusses two image processing algorithms based on finite
difference schemes for the mean curvature motion and the affine morpholog-
ical scale space, introduced by Alvarez and Morel [11]. The implementation
takes advantage of the diffusive interpretation of the equations, namely that
the scalar curvature can be expressed as the second derivative of u in the
direction ξ orthogonal to the gradient

ut = uξξ.

In particular uξξ is evaluated by a quasi-linear scheme based on a 3×3 sten-
cil. The special case of zero gradient is handled carefully. The novelty we
bring in this paper consists of a rigorous analysis of the parameters and ac-
cordingly of the coefficients corresponding to the 3×3 stencil. This analysis
is the backbone for a reliable discrete evolution of curvature motions.

We give in Sections 2 and 3 a detailed description of the numerical
schemes, where we discuss the optimal choice of parameters. In Section 4 we
give several representative examples, that can reduct JPEG and pixelization
artifacts on raw image data. The pros and cons of our schemes are examined
in Section 5, where we also lay the foundations for future research. The
algorithms run on-line and can be tested on any image at http://www.
ipol.im/pub/algo/cm_fds_mcm_amss/.

2. A finite difference scheme for the mean curvature motion

We first focus on the Finite Difference Scheme (FDS) simulating the
mean curvature motion (3). To this end, we consider the discrete samples
of a continuous image u on a grid, namely ui,j = u(i∆x, j∆y). The pixel
width ∆x is set to 1.
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Description of the algorithm. The numerical scheme takes advantage
of the diffusive interpretation of the equation: if Du 6= 0, the scalar cur-
vature can be expressed as the second derivative of u in the direction ξ
orthogonal to the gradient, i.e. ut = uξξ. As suggested by Alvarez and
Morel [11] the derivative is evaluated on a 3× 3 stencil, as a linear combi-
nation of the corresponding values

(uξξ)i,j =
1

∆x2
(−4λ0ui,j + λ1(ui+1,j + ui−1,j) + λ2(ui,j+1 + ui,j−1) +

λ3(ui+1,j+1 + ui−1,j−1) + λ4(ui+1,j−1 + ui−1,j+1))

and thus the iterative sequence is defined by

(5) un+1
i,j = uni,j + ∆t · (unξξ)i,j .

Instead, if |Du| = 0, MCM is not well defined. Moreover when the gradi-
ent is small, its direction becomes substantially random, as it is driven by
rounding and approximation errors, inevitable when dealing with a discrete
scheme. Thus, when |Du| < Tg, we diffuse by half Laplacian, which is the
expectation of uξξ for a uniformly distributed ξ,

(6) un+1
i,j = uni,j +

1
2

∆t · (∆un)i,j ,

with
(∆u)i,j = ui+1,j + ui−1,j + ui,j+1 + ui,j−1 − 4ui,j .

For numerical simulations, the threshold Tg = 4.
A second order Taylor development of the generic pixel’s first neigh-

bors shows that in order to ensure consistency the coefficients of the linear
combination must satisfy

(7)


λ1(θ) = 2λ0(θ)− cos2 θ
λ2(θ) = 2λ0(θ)− sin2 θ
λ3(θ) = −λ0(θ) + 0.5 · (1− sin θ cos θ)
λ4(θ) = −λ0(θ) + 0.5 · (1 + sin θ cos θ)

where θ is the direction between the gradient and the x positive semi-axis.
Notice that sin θ and cos θ can be calculated from ux and uy, which in turn
will be computed numerically as

(8) (ux)i,j =
2(ui+1,j − ui−1,j) + ui+1,j+1 − ui−1,j+1 + ui+1,j−1 − ui−1,j−1

8∆x
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(9) (uy)i,j =
2(ui,j+1 − ui,j−1) + ui+1,j+1 − ui+1,j−1 + ui−1,j+1 − ui−1,j−1

8∆x
.

A scheme is L∞ stable if

min
i,j

u0
i,j ≤ uni,j ≤ max

i,j
u0
i,j

for all n ≥ 0. For the FDS above this condition is satisfied if all λi ≥ 0 .
Unfortunately this is never true since{

λ1(θ) ≥ 0⇒ λ0(θ) ≥ cos2 θ
2

λ4(θ) ≥ 0⇒ λ0(θ) ≤ 1−sin θ cos θ
2

while cos2 θ
2 > 1−sin θ cos θ

2 , ∀θ ∈
(
0, π4

)
. Therefore λ0(θ) must be chosen

between boundary functions such that λ1(θ) and λ4(θ) become only slightly
negative. The best choice is suggested by the following proposition.

Proposition 1 (Optimal choice of λ0)

(10) λ0(θ) = 0.5− cos2 θ sin2 θ

is the trigonometric polynomial with least degree lying between boundary
functions and satisfying the following geometric properties:

1. invariance by rotations of π/2, ensured if λ0 (θ + π/2) = λ0(θ);

2. symmetry with respect to i + j and i − j, ensured if λ0 (π/2− θ) =
λ0(θ);

3. purely one-dimensional diffusion when θ = 0, ensured if λ0(0) = 1/2;

4. purely one-dimensional diffusion when θ = π/4, ensured if λ0 (π/4) =
1/4;

5. smoothness at 0 and π/4, i.e. λ′0(0) = λ′0 (π/4) = 0, (since λ0(θ) is
defined in the interval [0, π/4] and extended by periodicity elsewhere).

Sketch of the proof.

First of all, we check that λ0(θ) satisfies all the conditions listed above.
We then notice how the first two requirements imply that λ0(θ) must be a
polynomial in cos θ sin θ containing only the even degrees. This means that

λ0(θ) = a+ b cos2 θ sin2 θ



142 M. Mondelli and A. Ciomaga 6

and we do not need to add higher degree terms, as one solution of the
problem is given by eq. (10). Using λ0

(
π
4

)
= 1

4 and λ0(0) = 1
2 , we obtain a

system of 2 equations in 2 unknowns that admits only our desired solution.
The arithmetic mean of these two trigonometric polynomials

(11) λ0(θ) =
cos2 θ + 1− sin θ cos θ

4
could be also a valid candidate. However, it lacks invariance by rotations of
π/2, has no symmetry with respect to the axes and the extended function
is not smooth in 0 and π

4 .

Choice of the parameters and experimental results. We point out
that also in the discrete case one needs to define the boundary values to ex-
tend the function to the whole space. Accordingly, one deals with Dirichlet
or Von Neumann problems.

Consider an orthogonal system with the origin in the upper-left corner
of the image, on the vertex of the pixel and let the x-axis (y-axis) run along
the first row (column). Then the boundary values can be defined by

• mirror behavior: symmetrization with respect to x = 0 and y = 0;
• semi-mirror behavior: symmetrization with respect to x = 1

2 , y = 1
2 ;

• periodic behavior: concatenations of the original image;
• 0-behavior: pixels outside the range are set to 0.

We adopt the mirror behavior because it preserves the continuity of the
image and avoids sharp changes at the edges. However, level lines meeting
the frame of the image bend more and more as the smoothing scale increases.
In particular, the boundary values make the image evolve as if it were the
central block of a 9 times bigger image made up by 3 × 3 overturnings of
the original one.

A careful analysis is required with respect to the stability of the numeri-
cal scheme. As we have seen, it is practically impossible to have L∞ stability,
but it is however possible to avoid fast blow-ups by taking ∆t ≤ 0.1. In par-
ticular, we must restore pixel values to the original range [0, 255]. This can
be done setting to 0 all the values below 0 and to 255 all the values above
255 (saturation) or applying an affine transformation T (renormalization)
of the type

(12) T (x) =
255 · (x−min)
max−min

.
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The choice that allows us to remain attached to the original equation as
much as possible is to saturate the pixel values at the end of the iterative
part. Indeed renormalization is nothing but the application of a contrast
change (i.e. a nondecreasing continuous surjective function g : R → R) to
all the pixels, while saturation modifies only the wrong ones, which are sup-
posed to be in small number. Secondly, we prefer performing the operation
at the end of the iterations to emphasize the fact that the problem is not al-
gorithmic, but a matter of visualization. Notice that if the smoothing scale
is sufficiently high, in most cases the global maximum (minimum) after the
initial increase (decrease) tends to return smaller than 255 (bigger than 0),
such that no renormalization or saturation is required.

Furthermore, the different implementations of the algorithm are tested
in order to satisfy geometric invariance properties with respect to linear
and radial functions.

First of all, we considered a linear image u(i, j) = a · i + b · j with a,
b such that 0 ≤ u(i, j) ≤ 255 and we evaluated the difference between the
original and its MCM evolutions. The fewer the changes we can notice, the
better the algorithm is.

Experimental results show that the choice of Tg and the treatment of
instabilities do not modify the evolved images. If ∆t = 0.5, 84.7% of pixels
does not change after the application of the algorithm at a normalized scale
R = 5, while for ∆t = 0.1 or ∆t = 0.05 more than 98.7% of pixels remain
still. These last two images are absolutely identical, so it would be a waste
of time to run the algorithm with ∆t = 0.05. When the smoothing scale
increases, the mirroring effect prevails, making the straight level lines bend
(see Fig. 1).

Similarly, we want to check if a radial image, i.e.

u(i, j) = α ·
√(

i− nrow
2

)2
+
(
j − ncol

2

)2
,

where α is a constant of normalization that ensures 0 ≤ u(i, j) ≤ 255,
remains radial after the application of MCM. For each level line we evaluated
the difference between the maximum and minimum distance from the center
of the image, discarding the ones too close to the edges to minimize the
mirroring effect. Theoretically, the difference should be zero, but this is
not the case even for the original image. In fact the isolevel sets are not
closed lines, but closed circular crowns of finite thickness, since there is
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R = 0 R = 5 R = 10 R = 20

R = 30 R = 40 R = 50 R = 60

R = 70 R = 80 R = 90 R = 100

Figure 1: Evolution of straight level lines tilted at 45 degrees (a = b) under the mean
curvature motion with ∆t = 0.1.

an inevitable quantization operation when the image is written. As in the
previous test, different choices of Tg and different treatments of the pixels
out of the range [0, 255] yield identical results. The best choice for time step
is ∆t = 0.1, because ∆t = 0.05 doubles the CPU time and with ∆t = 0.5
we have a significantly more irregular behavior. When the smoothing scale
increases the difference between the maximum and minimum distance also
tends to grow, but not that much with respect to the initial value. We can
notice considerable deformations of level lines only when they are collapsing
or if they meet the boundaries of the image (see Fig. 2).

Our last consideration regards the relationship between the number of
iterations and a geometrically meaningful scale. In fact, if we apply the
discrete algorithm niter times, the scale achieved is niter · ∆t, which gives
us no information on the amount of evolution performed. However in the
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R = 0 R = 5 R = 10 R = 20

R = 30 R = 40 R = 50 R = 60

R = 70 R = 80 R = 90 R = 100

Figure 2: Evolution of radial level lines under the mean curvature motion with ∆t = 0.1.

particular case of a circle, eq. (3) has a simple analytical solution, since
the curvature is the inverse of the radius and |Du| = 1. So the number of
iterations needed to shrink to a point a circle of radius ≤ R is

(13) niter =
R2

2∆t
.

In order to check this equation, we created a number of digital images that
represent circles of various radii r, setting all the pixels whose distance from
an assigned center is ≤ r to 0 and the others to 255. Then we applied the
algorithm counting the actual number of iterations needed to make these
circles vanish after a threshold with λ = 127.5. This condition is satisfied
when the gray value of the center (which is the global minimum) exceeds
127.5. The results plotted in Fig. 3 show that numerical values stay close
to theoretical ones for normalized scales in the range [2, 50]. Then the
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experimental data start increasing faster and faster with respect to the
theoretical curve.

Figure 3: Normalized scales vs. numbers of iterations: theoretical curve (in red) and
experimental data (in blue) with ∆t = 0.1.

3. A finite difference scheme for the affine morphological
scale space

Also the scheme for the numerical simulation of AMSS (4) is based on
the convolution with a variable kernel.

Description of the algorithm. Since |Du|3curv(u) = |Du|2uξξ, if |Du| 6=
0 it is enough to multiply the discretization of uξξ previously presented by
|Du|2, thus defining the iterative sequence

(14) un+1
i,j = uni,j + ∆t · (|Dun|2(unξξ))

1/3
i,j ,

with

(15)
(|Du|2uξξ)i,j =

1
∆x2

(−4η0 · ui,j + η1 · (ui+1,j + ui−1,j)

+η2 · (ui,j+1 + ui,j−1) + η3 · (ui−1,j−1 + ui+1,j+1)
+η4 · (ui−1,j+1 + ui+1,j−1)).

In order to ensure consistency, the system (7) can be rewritten with respect
to ηi = |Du|2 · λi as follows:

(16)


η1(θ) = 2η0(θ)− u2

x

η2(θ) = 2η0(θ)− u2
y

η3(θ) = −η0(θ) + 0.5(u2
x + u2

y − ux · uy)
η4(θ) = −η0(θ) + 0.5(u2

x + u2
y + ux · uy)
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On the other hand, stability is more difficult to ensure, principally because
of the third root present in equation (14). One would be tempted to choose
for λ0(θ) the same value as for MCM, but the arithmetic mean of boundary
functions has the great advantage of being of degree 2. This fact becomes
important when we deal with the case |Du| = 0, because differently from
MCM, AMSS is well defined even when the gradient is zero. Numerically,
we can see that ηi(θ) are well defined and no division by 0 is performed if
and only if the degree of λ0(θ), thought as a trigonometric polynomial in θ,
is less than 2.

Choice of the parameters and experimental results. As suggested
by Alvarez and Morel [11], we could set

(17) η0(θ) = |Du|2λ0(θ) =
2u2

x + u2
y − ux · uy
4

.

Nevertheless, in this case global extrema blow up for any value of the time
step, making the scheme definitely unstable. A better choice for η0(θ) is
obtained by multiplying with |Du|2 the optimal value of λ0(θ) found in
Proposition 1.

Corollary 1 (Choice of η0) If

(18) η0(θ) = 0.5 · (u2
x + u2

y)−
u2
x · u2

y

u2
x + u2

y

,

then experimentally the algorithm is stable for ∆t ≤ 0.1.

Notice that λ0(θ) is a trigonometric polynomial of degree 4 and thus
we have to manage separately the case of zero gradient to avoid a division
by 0. Since lim(ux,uy)→(0,0)

u2
x·u2

y

u2
x+u2

y
= 0, one can introduce an extremely

low arithmetic threshold, say Tg = 10−6, and if Du < Tg to simply take
η0(θ) = 0.5 · (u2

x + u2
y). However, with this choice isolated maxima and

minima stay still, while small sets should collapse under curvature motion.
Thus, when the gradient is low, it is better to replace AMSS with the heat
equation, as done for MCM.

We decide to set Tg to 1, except for the very first iteration, when Tg =
4. In fact a FDS deals with floats, while for visualization we are obliged
to convert them to integer values, causing rounding errors. Nevertheless
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such approximation errors propagate only for the first iterations and then
vanish, because the whole iterative part is performed with a 4-bytes (float)
precision. Our decision has been supported by experimental tests showing
that the way we pass from the initially higher value of 4 to the successive
smaller of 1 doesn’t modify final results. Indeed, the maximum rounding
error in the computation of the single pixel gray value amounts to 0.5, which
implies that in the worst case the error in the FDSs used to calculate ux
and uy is 3/8. Setting ε = 3/8, we obtain√

(ux + ε)2 + (uy + ε)2 '
√
u2
x + u2

y + ε2+ux·ε+uy ·ε√
u2

x+u2
y

=
√
u2
x + u2

y + δ,

where we have applied the first order Taylor development of f(x) =
√
x and

δ stands for the rounding error that propagates on the discrete gradient.
An upper bound for δ can be found from

(19)
|δ| ≤ ε2√

u2
x+u2

y

+ ε
|ux|+|uy |√
u2

x+u2
y

≤ ε2√
u2

x+u2
y

+ ε
√

2 = 9

64
√
u2

x+u2
y

+ 3
√

2
8 .

If we are content with |δ| < 3
20 |Du| = 0.15 · |Du|, which means to consider

reliable only a discrete gradient with a propagated rounding error ≤ 15%
of the real value, we have

|Du| > 5
2

√
2 + 15

16·|Du| ⇔ |Du|
2 − 5√

2
|Du| − 15

16 > 0⇔ |Du| > 3.7833.

As for MCM, we analyzed the implementation parameters of the FDS
for AMSS on linear and radial images. Different values of Tg and differ-
ent treatments of pixels out of the range [0, 255] produce identical output
images. The optimal trade-off between CPU time and performances is ob-
tained when ∆t = 0.1, which is actually the choice of the definitive on-line
version. As regards the linear check, AMSS seems to be definitely more lin-
ear than MCM. This is probably due not only to a certain degree of affine
invariance achieved by the scheme, but also to the remarkable difference
between the experimental number of iterations needed to shrink to a point
a circle of radius R and the theoretical value predicted by formula (20).
Similarly to MCM, the radial check shows that circles distort before shrink-
ing and that level lines near to the borders of the image modify their form
when R increases because of mirroring effect. The AMSS implementation
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R = 0 R = 5 R = 10 R = 20

R = 30 R = 40 R = 50 R = 60

R = 70 R = 80 R = 90 R = 100

Figure 4: Evolution of elliptical level lines with r = 2 under AMSS with ∆t = 0.1.

is slower in making the level lines disappear, but more regular in the radial
behavior.

An ulterior possible check is performed on elliptical functions of nrow
and ncol, i.e.

u(i, j) = β

√(
i− nrow

2

)2
+

(
j − ncol

2

)2
r2

where β is a constant of normalization such that 0 ≤ u(i, j) ≤ 255. Theo-
retically we expect that the evolved level lines are still ellipses of constant
axial ratio r. In practice, this is not true and isolevel sets will not be el-
lipses but elliptical crowns because of quantization. For each level line (not
too close to the boundaries of the image to reduce the mirroring effect)
we found the 4 intersections with the horizontal and vertical lines passing
from the center of the image, in order to evaluate the major and minor
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Figure 5: Normalized scales vs. numbers of iterations: theoretical curve (in red) and
experimental data (in blue) with ∆t = 0.1.

axes of the (pseudo) ellipse. Then we computed the axial ratio r, the two
focuses and the minimum and maximum sum of the distances between a
generic point of the level line and the focuses. The difference between these
two last values is to be minimized. Different thresholds for the gradient
and different choices for normalization/saturation produce the same output
images. The best choice for time step is ∆t = 0.05, but the improvement
in performances with respect to the case ∆t = 0.1 is so small that makes
us prefer the latter. As R increases, the axial ratio decreases slowly but
almost monotonically, passing from the initial theoretical value of 2 to 1.67
just before level lines disappear. The error on the sum of the distances with
respect to the focuses remains quite close to the initial value of 4, increasing
considerably only when level lines are about to vanish.

The number of iterations needed to achieve a normalized scale R is

(20) niter =
3

4∆t
·R4/3.

The graphs represented in Fig. 5 show that the approximation is reasonable
until a normalized scale of about 35. However these results are worse than
the ones obtained for MCM: for R ∈ [10, 34] there is a percent error always
higher than 5%, while for MCM, if R ∈ [14, 46], then the percent error does
not exceed 1%.

4. Examples

We begin with simple geometrical figures that emphasize the behavior of
curvature motions. We then analyze the visual results on everyday pictures.
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As show below, MCM and AMSS can improve the quality of the image and
perform better than isotropic smoothing.

Geometrical figures. In Fig. 6 we display two concatenated triangles on
black and white backgrounds. When applying MCM, the straight parts of
the boundary practically remain still, while the right angles bend, tending
to become arcs of circles. The two triangles seem to melt and mix with the
background, creating new gray levels that were not present in the original
image. Moreover we can notice that the contour of the white rectangle is
too narrow to be processed correctly by a FDS and, therefore, tends to
disappear.

R = 0 R = 2 R = 4

R = 6 R = 8 R = 10

Figure 6: Evolution of rectangles and triangles under MCM.

A contrast invariant operator cannot create new intermediate gray levels
and accordingly no spurious information is present in the output image.
This is not the case of our FDSs, as shown in the previous example and in
the checkerboard image of Fig. 7.

Curves with thin boundary break and eventually collapse. For example,
Fig. 8 represents the black narrow contour of an ellipse that breaks off after
few iterations. Generally speaking, making weighted means with the values
of the first neighbors is a good idea when those values are continuously
varying, but turns out to be highly problematic if we handle narrow stripes.

The only way to manage with contours of small thickness is to apply our
algorithms to a chosen continuous function whose level lines are the actual
curves we want to evolve and then to consider the level lines of output
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R = 0 R = 6 R = 12 R = 24

Figure 7: Evolution of a chess-board under AMSS.

R = 0 R = 10 R = 20 R = 30

Figure 8: Disappearance of the narrow contour of an ellipse under AMSS.

images. This procedure has been used to obtain Fig. 9, that shows the
evolution of a non-convex level curve.

R = 0 R = 20 R = 30 R = 35 R = 40 R = 45

Figure 9: Evolution of a non convex level line under MCM.

Gallery of applications. These algorithms could be considered as a pre-
processing step, to further perform numerical analysis and feature extrac-
tion. Nevertheless it also possible to use FDSs to improve the quality of the
images, freed from their aliasing, JPEG and noise artifacts. In the following
examples we compare the curvature motions with the isotropic smoothing
provided by the heat equation. Since MCM and AMSS represent only half
diffusion, the corresponding number of iterations must be about two times
bigger than the number of iterations used for the heat equation.
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In Fig. 10 we display a road sign, its mean curvature evolution at n = 45
iterations and its isotropic smoothing at n = 22 iterations. As can be seen,
MCM improves the quality of the image, because pixelization and staircase
effects are eliminated (see for example the corners of the P and the sketch
representing the bike).

Zoomed image (3×) MCM evolution, niter = 45 Heat equation, niter = 22

Figure 10: Signs.

The well known JPEG coding is a lossy method of image compression
that yields artifacts, such as Gibbs’s oscillations, staircase noise or checker
boarding. In Fig. 11 we show JPEG artifacts on a text image, to which we
apply AMSS and the heat equation. As can be seen, AMSS can be used to
reduce these unwanted effects and actually produces a visual improvement,
that can be better noticed with a zoom.

Registration numbers need often preprocessing before applying recog-
nition algorithms and MCM smoothing might be one of the methods. We
display an example in Fig. 12. Remark that single letters do not mix up
even if their borders seem to melt. Apart from the usual background blur,
the application of the heat equation yields quite good visual results as well.

The usage of fingerprints for identification is more and more common
nowadays. The application of MCM to the bad quality image in Fig. 13
allows us to restore the original smoothness of fingerprint ridges. However
fingerprint discrimination based on locations of peaks of curvature becomes
practically impossible.

Textural images such as the leafy branches displayed in Fig. 14 are
difficult to analyze through smoothing. The best results are obtained ap-
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Zoomed image (2×) AMSS evolution, niter = 19 Heat equation, niter = 10

Figure 11: JPEG artifacts in text.

Zoomed image (6×) MCM evolution, niter = 80 Heat equation, niter = 40

Figure 12: Number plates.

plying the heat equation, because in all the cases diffusion prevails and the
blurring effect is considerable. If we consider MCM evolution, the evolved
image is closer to an impressionist painting than to a real photo.

Zoomed image (3×) AMSS evolution, niter = 48 Heat equation, niter = 24

Figure 13: Fingerprints.
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Zoomed image (4×) MCM evolution, niter = 45 Heat equation, niter = 22

Figure 14: Leafy Branches.

5. Conclusions

The not excessive complexity of our Finite Difference Schemes makes
them an easy to implement and fast to run alternative for the operations
of preprocessing common to almost all kinds of further numerical image
analysis. On the other hand, our algorithms lack some of the structural
properties that characterize curvature motions, namely:

• monotonicity - FDSs always lead to slightly oscillatory solutions;

• contrast invariance- FDSs create new gray levels and blur edges;

• Euclidean or affine invariance - FDSs are grid dependent.

The first two problems could be overcome by level set methods and stack
filters [4]. This means to apply the previous FDSs not directly to the input
image, but to the characteristic functions of its level sets and eventually to
reconstruct the output image by superposition principle. However, stack
filters are much slower than the original algorithm. In addition, they are
still pixel-based and thus by evolving sets sampled on a fixed grid boundaries
either jump by a positive integer number of pixels or do not move at all.

A continuous, grid independent evolution of a digital image by curva-
ture motion, that can jump over the hurdles listed above, is described by
Ciomaga, Monasse and Morel [17]. The Level Lines Shortening (LLS ) al-
gorithm extracts a sufficient number of level lines from the input image u0,
applies to each of them the geometric curvature motions and uses these
evolved level lines to reconstruct the output evolved image.
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1,3H1 - Helicoidal Surface and its Parallel Surfaces
at a Certain Distance in 3 - Dimensional

Minkowski Space R3
1

A.-M. Patriciu1,2

Abstract. Let S be an orientable surface obtained by rotating a curve

from the plane ξ1ξ3 (where ξ1 = (1, 0, 0), ξ3 = (0, 0, 1)) around the timelike

axis ξ1 and simultaneously translating it along that axis, which we will call
1,3H1 - helicoidal surface, and let δ be a constant positive real number. The

surface S̃ is parallel to S at distance δ if for each point P ∈ S we have

P̃ (u, v) = P (u, v) + δ · n(u, v), where n is the unit normal vector field on

S. In this paper we find several properties of a 1,3H1 - helicoidal surface in

Minkowski space R3
1 generated by linear functions and of its parallel surfaces

at a certain distance.

Keywords: Minkowski space, Parallel surface, Helicoidal surface.

1. Preliminaries

Let R3 be a 3 - dimensional real vector space and x = (x1, x2, x3),
y = (y1, y2, y3) two vectors.

Definition 1 The 3 - dimensional Minkowski space is the pair
(
R3, 〈·, ·〉1

)
,

denoted by R3
1, where the pseudo - inner product 〈·, ·〉1 of vectors x and y is

given by

(1) 〈x, y〉1 = xtηy,
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11, 700165 Iaşi, Romania;
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with η =

 −1 0 0
0 1 0
0 0 1

 .

Definition 2 The Lorentzian cross product of spacelike or timelike vectors
x and y is the vector

(2) x ∧ y =

∣∣∣∣∣∣
−ξ1 ξ2 ξ3
x1 x2 x3

y1 y2 y3

∣∣∣∣∣∣ ,
where {ξ1 = (1, 0, 0), ξ2 = (0, 1, 0), ξ3 = (0, 0, 1)} is an orthonormal base of
R3

1.

From [3], the rotation around the timelike axis ξ1 is determined by the
following rotational matrix

R =

 1 0 0
0 cos v − sin v
0 sin v cos v

 ,

where v is the angle of rotation.
It is easy to verify that R is a Lorentz transformation that preserves

the corresponding axis, i.e., R satisfies the following conditions: Rξ1 = ξ1,
RηRt = η and detR = 1.

Let α(u) = (u, 0, a(u)) be a curve in the plane ξ1ξ3 and let β(v) =
(b(v), 0, 0) be an arbitrary vector. Rotating this curve around ξ1 and simul-
taneously translating it, we obtain the equation:

(3) X(u, v) = (u+ b(v),−a(u) sin v, a(u) cos v),

(with a(u)a′(u) 6= 0), which we will call 1,3H1 - helicoidal surface.
In terms of a local parametrization P (u, v) = X(u, v) of surface S,

from [2], the coefficients {E,F,G} of the first and {L,M,N} of the second
fundamental form of surface S, are given by:

(4) E = 〈Xu, Xu〉1 , F = 〈Xu, Xv〉1 , G = 〈Xv, Xv〉1 ,

(5) L = −〈nu, Xu〉1 ,M = −〈nu, Xv〉1 = −〈nv, Xu〉1 , N = −〈nv, Xv〉1

where n is the unit normal vector field on S.
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We quote from [1] the general formulas of Gaussian and mean curvature
of a surface S in the 3 - dimensional Minkowski space R3

1 in terms of the
coefficients of first and second fundamental forms of surface S. If ε =
〈n, n〉1, then, the Gaussian curvature of surface S has the formula:

(6) K = ε
LN −M2

EG− F 2

where ε = +1 if S is timelike and ε = −1 if S is spacelike.
The mean curvature is given by:

(7) H =
1
2
EN − 2FM +GL

EG− F 2
.

Definition 3 Let S be an orientable surface and let n be the unit normal
vector field on S. The surface S̃ is parallel to S at distance δ if the points
P̃ (u, v) ∈ S̃ are defined by

(8) P̃ (u, v) = P (u, v) + δ · n(u, v)

where δ is a constant positive real number.

In [4] we have proved that

Remark 1 ñ = n, where n and ñ are the unit normal vector field on S,
respectively S̃.

We recall from [4] the next two theorems which give us Gaussian and
mean curvature of parallel surface S̃ in terms of the corresponding curva-
tures from surface S:

Theorem 1 Let S be a spacelike orientable surface from Minkowski space
R3

1, with Gaussian curvature K and mean curvature H and let δ be a con-
stant positive real number such that 1−2δH−δ2K 6= 0. Then, the curvatures
K̃ and H̃ of the surface S̃ parallel to S at distance δ are given by:

(9) K̃ =
K

1− 2δH − δ2K
and H̃ =

H + δK

1− 2δH − δ2K
.
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Theorem 2 Let S be a timelike orientable surface from Minkowski space
R3

1, with Gaussian curvature K and mean curvature H and let δ be a con-
stant positive real number such that 1−2δH+δ2K 6= 0. Then, the curvatures
K̃ and H̃ of the surface S̃ parallel to S at distance δ are given by:

(10) K̃ =
K

1− 2δH + δ2K
and H̃ =

H − δK
1− 2δH + δ2K

2. Main results

Let S be a 1,3H1 - helicoidal surface given by (3), where a(u) and b(v)
are linear functions:

(∗) a(u) = Au+B, A 6= 0 and b(v) = Cv +D, C 6= 0.

For this kind of surface, we have:

Xu = (1,−A sin v,A cos v),

Xv = (C,−(Au+B) cos v,−(Au+B) sin v),

so

(11)


E = A2 − 1
F = −C,
G = (Au+B)2 − C2.

and

Xu ∧Xv

= (−A(Au+B), (Au+B) sin v +AC cos v,AC sin v − (Au+B) cos v) .

In the following, we will take only the case:

(∗∗) A = ±1.

In this case,
‖Xu ∧Xv‖ = C
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and the unit normal vector field on surface S is given by n = (nx, ny, nz)
with 

nx = −A(Au+B)
C

ny =
(Au+B) sin v +AC cos v

C

nz =
AC sin v − (Au+B) cos v

C
.

From this point, every time we refer to a 1,3H1 - helicoidal surface S we
understand a helicoidal surface given by (3) and conditions (∗) and (∗∗).

We have

〈n, n〉1 = −(Au+B)2

C2
+

(Au+B)2

C2
+
C2

C2
= 1 > 0

so, every 1,3H1 - helicoidal surface is timelike.
Successively, we have:

nu = (nx
u, n

y
u, n

z
u), nv = (nx

v , n
y
v, n

z
v)

with 

nx
u = − 1

C

ny
u =

A sin v
C

nz
u = −A cos v

C
nx

v = 0

ny
v =

(Au+B) cos v −AC sin v
C

nz
v =

AC cos v + (Au+B) sin v
C

and the coefficients of the second fundamental form of S are:

(12)


L = 0
M = −1

N =
(Au+B)2

C

The Gaussian curvature is:

K =
1
C2
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and the mean curvature is:
H =

1
C
.

Theorem 3 Any 1,3H1 - helicoidal surface with A = ±1 is umbilical and
sinclastic.

Proof. Obviously, H2 = K and K > 0.
In the following, we will study the parallel surface to S at distance δ,

which has the equations:

X̃(u, v) = (x̃(u, v), ỹ(u, v), z̃(u, v))

and 
x̃(u, v) = u+ Cv +D − δA(Au+B)

C
ỹ(u, v) = (δ − 1)(Au+B) sin v + δA cos v
z̃(u, v) = −(Au+B) cos v(δ − 1) + δA sin v.

We get

(13)


Ẽ = 0

F̃ = −C + 2δ +
δ2

C
,

G̃ = −C2 + (δ − 1)2(Au+B)2 + δ2

and using a Matlab routine, the components of X̃u × X̃v are:

C̃1 = −A(Au+B)(δ − 1)2,

C̃2 = (Au+B)(δ − 1) sin v − δA cos v + (Au+B)
δ(δ − 1)

C
sin v

+
δ2A

C
cos v −AC(δ − 1) cos v,

C̃3 = (δ − 1)(Au+B) cos v − δA sin v − (Au+B)
δ(δ − 1)

C
cos v +

+
δ2A

C
sin v −AC(δ − 1) sin v

from where, for the unit normal vector field on X̃ we have that 〈ñ, ñ〉1 = 1,
as we expected.
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In the following, for simplicity, we will take some numeric values for
coefficients: A = 1, B = 1, C = 3, D = 2. In this case, the surface S1 will
have the equations:

(14) X1(u, v) = (u+ 3v + 2,−(u+ 1) sin v, (u+ 1) cos v)

We have:

X1u = (1,− sin v, cos v), X1v = (3,−(u+ 1) cos v,−(u+ 1) sin v),

X1u ×X1v = (−(u+ 1), (u+ 1) sin v + 3 cos v, 3 sin v − (u+ 1) cos v) ,

‖X1u ×X1v‖ =
√
−(u+ 1)2 + (u+ 1)2 + 9 = 3

and so, the unit normal vector field of surface S1 is:

(15) n1 =
(
−u+ 1

3
,
(u+ 1) sin v + 3 cos v

3
,
3 sin v − (u+ 1) cos v

3

)
.

The coefficients of the first fundamental form of this surface are:

(16) E1 = 0, F1 = −3, G1 = −9 + (u+ 1)2

Using the formulas (5) for the coefficients of the second fundamental
form, we have successively:

n1u =
(
−1

3
,
sin v

3
,−cos v

3

)
,

n1v =
(

0,
(u+ 1) cos v − 3 sin v

3
,
3 cos v + (u+ 1) sin v

3

)
,

(17) L1 = 0,M1 = −1, N1 =
(u+ 1)2

3
.

From 〈n1, n1〉1 = 1 > 0, we get that n1 is spacelike, which lead to the
fact that S1 is timelike, so, we will use the formulas

K =
LN −M2

EG− F 2
and H =

1
2
EN − 2FM +GL

EG− F 2

to compute the Gaussian and the mean curvature of surface S1 and we get:

(18) K1 =
1
9

and H1 =
1
3
.
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The parallel surface S̃1 to S1 at distance δ 6= 3 will have the parametric
equations:

(19)



x̃1(u, v) = u+ 3v + 2− δ

3
(u+ 1)

ỹ1(u, v) = −(u+ 1) sin v + δ

[
cos v +

1
3

(u+ 1) sin v
]

z̃1(u, v) = (u+ 1) cos v + δ

[
sin v − 1

3
(u+ 1) cos v

]
.

Similarly, we have:

X̃1u =
(

1− δ

3
,− sin v +

δ

3
sin v, cos v − δ

3
cos v

)
,

X̃1v =
(

3,
1
3

(δ − 3)(u+ 1) cos v − δ sin v,
1
3

(δ − 3)(u+ 1) sin v + δ cos v
)
,

(20) Ẽ1 = 0, F̃1 = −(δ − 3)2

3
, G̃1 = −9 + (u+ 1)2

(δ − 3)2

9
+ δ2.

The components of X̃1u × X̃1v are:
C̃1 = −(δ − 3)2

9
(u+ 1),

C̃2 =
(δ − 3)2

3
cos v +

(δ − 3)2

9
(u+ 1) sin v,

C̃3 = −(u+ 1)
(δ − 3)2

9
cos v +

(δ − 3)2

3
sin v

the length of X̃1u × X̃1v is:∥∥∥X̃1u × X̃1v

∥∥∥ =
(δ − 3)2

3

and so, the unit normal vector field on S̃1 is

(21) ñ1 =
(
−1

3
(u+ 1), cos v +

1
3

(u+ 1) sin v, sin v − 1
3

(u+ 1) cos v
)
.

Remark 2 Comparing (15) and (21) we see that, from computations, ñ1 =
n1 as it was shown theoretically in [4].
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Further,

ñ1u =
(
−1

3
,
1
3

sin v,−1
3

cos v
)
,

ñ1v =
(

0,− sin v +
1
3

(u+ 1) cos v, cos v +
1
3

(u+ 1) sin v
)
,

(22) L̃1 = 0, M̃1 =
δ − 3

3
, Ñ1 =

1
9

(u+ 1)2(3− δ)− δ.

Using the formulas of Gaussian and mean curvature, for surface S̃1, we
get:

(23) K̃1 =
1

(δ − 3)2
and H̃1 = − 1

δ − 3
.

In the following we will verify the expressions obtained for S̃1 using the
formulas (10) from Theorem 2:

K̃1 =
K1

1− 2δH1 + δ2K1
=

1
9

1− 2δ
1
3

+ δ2
1
9

=
1

(δ − 3)2
,

H̃1 =
H1 − δK1

1− 2δH1 + δ2K1
=

1
3
− δ1

9

1− 2
1
3
δ +

1
9
δ2

=
1

3− δ
,

and so, using these formulas we have obtained the same values as from
direct computation.

Remark 3 We see that H2
1 = K1, so S1 is umbilical and H̃2

1 = K̃1, so S̃1

is also umbilical.

Remark 4 Since K̃1 > 0, ∀δ 6= 3, it follows that the parallel surface S̃1 at
any distance δ 6= 3 is sinclastic.

Theorem 4 The surface S1 and its parallel surface S̃1 at distance δ =
2H1

K1
are locally isometric.
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Proof. For

δ =
2H1

K1
= 6,

using the formula of the Gaussian curvature K̃1 from (10), we have:

K̃1 =
1

(δ − 3)2
=

1
9

= K1,

so, S1 and S̃1 are locally isometric.
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Convergence Properties in Banach Spaces

E. Păltănea1 and C. Ivaşcu2

Abstract. The paper presents some convergence properties of the se-
quences in real Banach spaces. Our purpose is to extend some recent re-
sults regarding the ”transfer of convergence” between real sequences. These
properties are consequences of the contraction mapping principle.

Keywords: Convergent sequence, Cauchy sequence, Banach space, Con-
traction mapping principle

1. Introduction

Let (X, ‖ · ‖) be a real Banach space. Some details on Banach spaces
can be found, for example, in the books [3] and [5]. A function ϕ : X → X
is called a contraction mapping, with the contraction constant C ∈ (0, 1),
if:

(1) ‖ϕ(x)− ϕ(y)‖ ≤ C‖x− y‖, ∀x, y ∈ X.

The contraction constant of ϕ is often chosen as the smallest constant C ∈
[0, 1) satisfying (1). We easily obtain the following property.

Proposition 1 If ϕ is a contraction mapping on X with the contraction
constant C ∈ (0, 1), then, for all λ ∈

(
− 1

C ,
1
C

)
, the function λϕ : X → X

is also a contraction mapping on X.
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The contraction mapping principle (also called the Banach fixed point
theorem) is a fundamental result characterizing the contraction mappings
defined on complete metric spaces. The version for Banach spaces of this
principle is formulated below.

Theorem 1 Let (X, ‖ · ‖) be a Banach space on R and let ϕ : X → X a
contraction mapping. Then ϕ has a unique fixed point x ∈ X. Furthermore,
if y ∈ X is arbitrarily chosen, then the sequence (xn)n∈N, defined by

x0 = y

xn+1 = ϕ(xn), n ∈ N,

converges to x.

The key of the proof is the fact that a sequence defined as in the theorem
is a Cauchy sequence. Now, let us recall an elementary consequence of the
Banach fixed point theorem: a perturbation of the identity function idX of a
Banach space X with a contraction mapping ϕ is continuous and invertible
with continuous inverse (bicontinuous function). More precisely, we have
the following theorem.

Theorem 2 Let ϕ : X → X a contraction mapping on the real Banach
space X. Then, the function f : X → X given by f = idX + ϕ is bicontin-
uous.

Proof. For an arbitrarily chosen y ∈ X, the function x → y − ϕ(x) is a
contraction mapping on X. Then, from Theorem 1, the equation x+ϕ(x) =
y has an unique solution x = x(y) ∈ X, for all y ∈ X. Therefore, f is
invertible. Let C ∈ (0, 1) be a contraction constant of ϕ. Assume y1, y2 ∈ X
and denote x1 = f−1(y1), x2 = f−1(y2). We have

‖y1 − y2‖ = ‖(x1 − x2) + (ϕ(x1)− ϕ(x2))‖
≥ ‖x1 − x2‖ − ‖ϕ(x1)− ϕ(x2)‖ ≥ (1− C)‖x1 − x2‖,

or ∥∥f−1(y1)− f−1(y2)
∥∥ ≤ 1

1− C
‖y1 − y2‖.

It follows that the inverse function f−1 is a Lipschitz mapping, so it is
continuous.

Remark that Theorem 2 has the following important extension in Hilbert
spaces (see [2]).
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Theorem 3 (Zarantonello’s theorem) Let X be a real Hilbert space and let
ϕ : X → X be a monotone Lipschitz mapping, i.e.:

< ϕ(x)− ϕ(y), x− y >≥ 0, ∀ x, y ∈ X,

and
‖ϕ(x)− ϕ(y)‖ ≤ C‖x− y‖, ∀x, y ∈ X,

for some constant C > 0. Then f = idX + ϕ is a bicontinuous function.

A comprehensive treatment of this topic can be found, for example, in the
monographs [1] and [2].

Let X = R. The following property on ”the transfer of convergence”
between real sequences has been recently proved in [4].

Proposition 2 Let s : N → N be a sequence of positive integers with the
property that s(n) ≥ n, ∀ n ∈ N, and let ϕ : R → R be a contraction
mapping on R. Assume the invertible function f : R→ R, given by f(x) =
x − ϕ(x), x ∈ R. For an arbitrary sequence (xn)n∈N, let us define the
sequence (yn)n∈N, yn = xn − ϕ(xs(n)), n ∈ N.

If (xn)n∈N is a bounded sequence and (yn)n∈N is a convergent sequence,
with limn→∞ yn = a, then (xn)n≥0 is convergent, with limn→∞ xn = f−1(a).

In above statement, the assumption that the sequence (xn)n∈N is bounded
is not superfluous. Thus, an edifying counterexample can be found in [4].

In this paper we propose two extensions of Proposition 2, under the
general case of Banach spaces. Also, we formulate a continuous version of
this sentence. Finally, an illustrative application is given.

2. Main results

We shall formulate the first extension of Proposition 2.

Theorem 4 Let (X, ‖ · ‖) be a real Banach space and let ϕ be a contrac-
tion mapping on X, with the contraction constant C ∈ (0, 1). Assume two
constants a, b ∈ R, such that

|a| < 1
C

and |b| < 1
C
− |a|.
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Let s : N → N be a natural sequence with the following property: s(n) ≥
n, ∀n ∈ N. For a given bounded sequence (xn)n∈N of the Banach space X,
let us consider the sequence (yn)n∈N defined by

(2) yn = xn + aϕ(xn) + bϕ(xs(n)), n ∈ N.

If (yn)n∈N is convergent then (xn)n∈N is convergent. Moreover, the function
f : X → X, defined by f(x) = x + (a + b)ϕ(x), ∀x ∈ X, is invertible and
we have

(3) lim
n→∞

xn = f−1
(

lim
n→∞

yn

)
,

where f−1 : X → X denotes the inverse of f .

Proof. We show that (xn)n∈N is a Cauchy sequence. For p, q ∈ N, we obtain:

‖xp − xq‖ ≤ ‖yp − yq‖+ C
(
|a|‖xp − xq‖+ |b|‖xs(p) − xs(q)‖

)
.

Let us denote α = 1
1−C|a| and β = C|b|

1−C|a| . Note that, from our assumption,
α > 0 and β ∈ (0, 1). Therefore, we have:

(4) ‖xp − xq‖ ≤ α‖yp − yq‖+ β‖xs(p) − xs(q)‖.

Now, by induction, we get:

(5) ‖xp−xq‖ ≤ α
n−1∑
k=0

βk‖ysk(p)−ysk(q)‖+βn‖xsn(p)−xsn(q)‖, ∀ n ∈ N\{0},

where s0 = idN and sn = s ◦ · · · ◦ s︸ ︷︷ ︸
n−times

, for n ≥ 1. Also, by induction, we find

(6) sn ≥ idN, ∀n ∈ N.

Since (xn)n∈N is assumed to be a bounded sequence, there is a positive
constant M such that ‖xn‖ ≤M, ∀n ∈ N. Suppose ε > 0. From Cauchy’s
criterion for convergence, there exists N1(ε) ∈ N such that

‖yp − yq‖ <
ε(1− β)

2α
, ∀ p, q ≥ N1(ε).

From (6) we also obtain:

(7) ‖ysk(p) − ysk(q)‖ <
ε(1− β)

2α
, ∀ p, q ≥ N1(ε), ∀ k ∈ N.
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Then, there exists N2(ε) ∈ N such that

βn <
ε

4M
, ∀n ≥ N2(ε)).

Assume p, q, n ∈ N, with p, q ≥ N1(ε) and n ≥ N2(ε). From the relations
(5) and (7) we obtain

‖xp − xq‖ ≤ α
n−1∑
k=0

βk ε(1− β)
2α

+ 2Mβn <
ε

2
+
ε

2
= ε.

Therefore, (xn)n∈N is a Cauchy sequence in a Banach space. So (xn)n∈N is
convergent.

Let us denote u = limn→∞ xn, v = limn→∞ yn and λ = a + b. From
the assumption, we have |λ| ≤ |a| + |b| < 1

C . Then, Proposition 1 and
Theorem 2 ensure the bicontinuity of the function f . As follows, f(u) = v
and u = f−1(v).

Remark that, for a = 0, b = −1 and X = R, we obtain Proposition
2. Suppose |a| < 1

C and b = 0. Then yn = f(xn) or xn = f−1(yn), for
all n ∈ N. Then the convergence of the sequence (xn)n∈N can be deduced
directly from the continuity of the function f−1.

We formulate a second extension of Proposition 2 in Banach spaces.

Theorem 5 Let (X, ‖ · ‖) be a real Banach space and let ϕ : X → X be
a contraction mapping. Assume s : N → N a sequence of natural numbers
such that s(n) ≥ n,∀n ∈ N. For a given bounded sequence (xn)n∈N of X
and for λ ∈ (0, 1], let us define the sequence (yn)n∈N by

(8) yn = xn − (1− λ)xs(n) − λϕ(xs(n)), n ∈ N.

If (yn)n∈N is convergent then (xn)n∈N is convergent. Moreover, the function
f : X → X, defined by f(x) = λ(x − ϕ(x)), ∀x ∈ X, is invertible and we
have

(9) lim
n→∞

xn = f−1
(

lim
n→∞

yn

)
,

where f−1 : X → X denotes the inverse of f .

Proof. Let C ∈ (0, 1) the contraction constant of ϕ. Denote α = 1− λ(1−
C) ∈ (0, 1). We easily obtain

‖xp − xq‖ ≤ ‖yp − yq‖+ α
∥∥xs(p) − xs(q)

∥∥ , ∀ p, q ∈ N.
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By induction, we get:
(10)

‖xp−xq‖ ≤ αk
∥∥xsk(p) − xsk(q)

∥∥+
k−1∑
i=0

αi
∥∥ysi(p) − ysi(q)

∥∥ , ∀ p, q, k ∈ N, k ≥ 1.

The conclusion is obtained by using similar arguments to those of the proof
of Theorem 4.

Remark that, for λ = 1, we directly obtain a reformulation of Propo-
sition 2 in Banach spaces. Further, we propose a ”continuous” version of
Proposition 2.

Theorem 6 Let ϕ : R → R be a real contraction, with the contraction
constant C ∈ (0, 1). Suppose (a, b) ⊂ R, where −∞ ≤ a < b ≤ ∞, and
a function s : (a, b) → (a, b), satisfying s(t) ≥ t,∀ t ∈ (a, b). For a given
bounded real function x : (a, b)→ R, let us consider the function y : (a, b)→
R, defined by

y = x+ ϕ ◦ x ◦ s.

If y has a finite (left) limit at b, then x has also a finite (left) limit at b.
Moreover, the function f : R→ R, f(t) = t+ϕ(t), ∀ t ∈ R, is bicontinuous
and we have lim

t→b−
x(t) = f−1( lim

t→b−
y(t)).

Proof. We use the same technique as in the proof of Proposition 2 in [4].
Thus, let us denote s0 = id(a,b) and sn = s ◦ · · · ◦ s︸ ︷︷ ︸

n−times

, for n ∈ N\{0}. Clearly,

we have sn ≥ id(a,b), ∀n ∈ N. From the inequalities t ≤ sn(t) < b, ∀ t ∈
(a, b), ∀n ∈ N, we find lim

t→b−
sn(t) = b, n ∈ N. We obtain by induction the

following relation

(11) |x(t′)−x(t′′)| ≤
k−1∑
i=0

Ci|y(si(t′)−y(si(t′′))|+Ck|x(sk(t′))−x(sk(t′′))|,

for all t′, t′′ ∈ (a, b) and k ∈ N\{0}. Suppose ε > 0. Since y has a finite limit
at b, there exists d(ε) ∈ (a, b) such that |y(t′) − y(t′′)| < ε(1−C)

2 , ∀ t′, t′′ ∈
(d(ε), b). We easily observe that this property can be extended as follows:

∣∣y(si(t′))− y(si(t′′))
∣∣ < ε(1− C)

2
, ∀ t′, t′′ ∈ (d(ε), b), ∀ i ∈ N.
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We can find k ∈ N \ {0} such that Ck < ε
4M , where M > 0 such that

|x(t)| ≤M, ∀ t ∈ (a, b). Therefore, from (11) we obtain

|x(t′)− x(t′′)| < ε, ∀ t′, t′′ ∈ (d(ε), b).

From the Cauchy-Bolzano criterion, it follows that x has a finite (left) limit
at b. From the continuity of ϕ, the limit lim

t→b−
s(t) = b and Theorem 2, we

get lim
t→b−

x(t) = f−1( lim
t→b−

y(t)).

Let us present an elementary example.

Example 1 Let (xn)n≥0 be a bounded real sequence If the sequence

yn = xn +
1

2(1 + x2
n)
− 1

4(1 + x2
n+1)

, n ∈ N,

is convergent, then (xn)n≥0 is convergent.

For the proof, it suffices to apply Theorem 4 for X = R, the real contraction
mapping ϕ(x) = 1

2(1+x2)
, x ∈ R (having the contraction constant C =

1
2), a = 1, b = −1

2 and s(n) = n+ 1, ∀n ∈ N.
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1. Introduction

Classical Voronovskaja’s theorem says that the Bernstein operators Bn,
n ∈ N have the property

(1) lim
n→∞

n(Bn(f, x)− f(x)) =
1
2
x(1− x)f ′′(x), x ∈ [0, 1],

if f admits a second derivative at the point x and the limit is uniform with
respect to x ∈ [0, 1] if f ∈ C2[0, 1]. Similar properties hold for many other
sequences of “good” approximation operators.
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A natural question which arises here is to give estimate of the degree
of approximation in the above limit. Like in most quantitative problems in
approximation, the moduli of continuity also play a crucial role here.

Quantitative Voronoskaja type theorems were established recently. We
mention the results obtained by Gonska [6], for several classes of operators
in terms of the second order modulus, by Gonska, Piţul and Raşa [5], for
general positive linear operators in terms of the least concave majorant
of the modulus of continuity, by G. Tachev [7], for Bernstein operators in
terms of Ditzian-Totik modulus and Gonska and Tachev [8], for Bernstein
operators in terms of K-functionals. All these results are obtained using
the equivalence of suitable K-functionals with certain moduli of continuity.
This implies a restriction to compact intervals.

In opposition to the above results, in this paper we obtain quantitative
versions for Voronovskaja’s theorem, on an arbitrary interval, i.e. on a not
necessarily compact interval, using the first and the second order moduli
of continuity. We give special attention to the constants which appear in
these estimates. These results can be easily applied to particular operators,
if we know their moments. The last section contains such applications.

2. General results

We use the following notations. Denote by Πk the space of polynomials
of degree at most k. Denote by ej , j = 0, 1, . . ., the monomial functions
ej(t) = tj , t ∈ R. If I is an interval, denote by F(I) the linear space of real
functions defined on I. Denote by C(I) the space of continuous functions
on I, by UC(I) the space of uniformly continous functions and by Cj(I)
the subspace of j-times continuously differentiable functions.

Let V ⊂ F(I) be a linear subspace such that Π2 ⊂ V . Denote by
W ⊂ C(I) the subspace of functions which have a second antiderative in
V . We prove the following representation formula.

Lemma 1 Let L : V → F(I) be a positive linear operator which preserves
linear functions. Let x ∈ I. Suppose that L((e1− xe0)2, x) > 0. Then there
exists a positive linear operator UL : W → F(I), which preserves constant
functions, such that, for all f ∈ V ∩ C2(I) we have:

(2)
L(f, x)− f(x)− 1

2
f ′′(x)L((e1 − xe0)2, x)

=
1
2
L((e1 − xe0)2, x)[UL(f ′′, x)− f ′′(x)].
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Consequently, if (e1 − xe0)j+2 ∈ V , j ∈ N, x ∈ I, then (e1 − xe0)j ∈ W ,
and

(3) UL((e1 − xe0)j , x) = 2
L((e1 − xe0)j+2, x)

(j + 1)(j + 2)L((e1 − xe0)2, x)
.

Proof. Let f ∈ V ∩ C2(I). For x, t ∈ I we have

f(t) = f(x) + f ′(x)(t− x) +
∫ t

x
(t− u)f ′′(u)du.

For a fixed x ∈ I, the map t 7→
∫ t
x(t − u)f ′′(u)du is in V . It follows that

f ′′ ∈W . Consider the operators Qx : W → V , x ∈ I, given by

Qx(g, t) =
∫ t

x
(t− u)g(u)du, t ∈ I.

Now define the operator UL : W → C(I):

UL(g, x) = 2
L(Qx(g, ·), x)

L((e1 − xe0)2, x)
, g ∈W, x ∈ I.

Applying the operator L, which preserves linear functions we obtain
relation (2). Relation (3) is immediate.

We can obtain quantitative versions of Voronoskaja’s theorem for an
operator L, by applying general estimates for positive linear operators to
the operator UL.

In what follows, we consider a positive linear operator L : V → F(I)
V ⊂ F(I), which preserves linear functions. Suppose the additional condi-
tions:

(4) Π4 ∈ V, L((e1 − xe0)j , x) > 0, ∀x ∈
◦
I, j = 2, 4.

Also we denote, for j = 0, 1, . . . and x ∈ I

(5) mj(x) = L((e1 − xe0)j , x).

We associate, to any positive linear operator as above, the operator
UL : W → F(I), given in Lemma 1, where W ⊂ C(I) is the subspace
consisting in functions having a second antiderative in V . Clearly Π2 ⊂W .
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We use the following usual moduli of continuity, for f ∈ F(I) and h ≥ 0:

(6) ω1(f, h) = sup{|f(v)− f(u)|, u, v ∈ I, |v − u| ≤ h},

(7) ω2(f, h) = sup{|f(u− δ)− 2f(u) + f(u+ δ)|, u± δ ∈ I, 0 < δ ≤ h}.

We admit in these definitions that ω1(f, h) and ω2(f, h) could be infinite.
If we restrict ourselves to the functions f ∈ UC(I), then these moduli are
finite.

We start with quantitative Voronoskaja theorems expressed in terms of
the first modulus of continuity.

Theorem 1 Let L : V → F(I) be a positive linear operator which preserves
linear functions, satisfying also (4). For all f ∈ V ∩C2(I), h > 0 and x ∈ I,
we have

|L(f, x)− f(x)− 1
2
f ′′(x)m2(x)|(8)

≤
(

1
2
m2(x) +

1
2
√

6
h−1

√
m2(x)m4(x)

)
ω(f ′′, h).

Proof. If U : V1 → F(I) is a positive linear operator acting on a linear
subspace V1 ⊂ F(I), such that Π2 ⊂ V1, then for any g ∈ V1, x ∈ I and
h > 0, the following estimate of Shisha and Mond [1],

|U(g, x)− g(x)| ≤ |g(x)||U(e0, x)− 1|

+
(
U(e0, x) + h−1

√
U((e1 − xe0)2, x)U(e0, x)

)
ω1(g, h),

hods true. We apply this estimate for U = UL and g = f ′′. Then we apply
Lemma 1.

Theorem 2 Let L : V → F(I) be a positive linear operator which preserves
linear functions, satisfying also (4). For all f ∈ V ∩C2(I), h > 0 and x ∈ I,
we have

(9) |L(f, x)− f(x)− 1
2
f ′′(x)m2(x)| ≤

(
1
2
m2(x) +

1
12
h−2m4(x)

)
ω(f ′′, h)

and, in the particular case when x ∈
◦
I, we have

(10) |L(f, x)− f(x)− 1
2
f ′′(x)m2(x)| ≤ 7

12
m2(x)ω

(
f ′′,

√
m4(x)
m2(x)

)
.
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Proof. From the estimate of Mond [2] we obtain that, if U : V1 → F(I) is
a positive linear operator acting on a linear subspace V1 ⊂ F(I), such that
Π2 ⊂ V1, then for any g ∈ V1, x ∈ I and h > 0, we have

|U(g, x)− g(x)| ≤ |g(x)||U(e0, x)− 1|
+
(
U(e0, x) + h−2U((e1 − xe0)2, x)

)
ω1(g, h).(11)

We use Lemma 1 and apply the above inequality for U = UL, g = f ′′. The
particular case, for h =

√
m4(x)
m2(x) , is immediate.

Remark 1 Note that in the particular case h =
√

m4(x)
m2(x) , Theorem 2 gives

a better result than Theorem 1. However, in other situations the result in
(8) could be better then the one given in (9).

Now we pass to estimates with combinations of first and second order
moduli.

Theorem 3 Let L : V → F(I) be a positive linear operator which preserves
linear functions, satisfying also (4). Let f ∈ V ∩C2(I), x ∈ I. If 0 < h < 1

2
lenght(I) we have

(12)
|L(f, x)− f(x)− 1

2f
′′(x)m2(x)| ≤ 1

6
h−1|m3(x)|ω1(f ′′, h)

+
(

1
2
m2(x) +

1
24

h−2m4(x)
)
ω2(f ′′, h).

In the particular case when x ∈
◦
I and

√
m4(x)
m2(x) <

1
2 lenght(I) we have

(13)

|L(f, x)− f(x)− 1
2f
′′(x)m2(x)|

≤ 1
6
|m3(x)|

√
m2(x)
m4(x)

ω1

(
f ′′,

√
m4(x)
m2(x)

)

+
13
24
m2(x)ω2

(
f ′′,

√
m4(x)
m2(x)

)
.

Proof. We cite a general estimate with optimal constants, obtained by the
first author in [3] as follows. If U : V1 → F(I) is a positive linear operator
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acting on a linear subspace V1 ⊂ C(I), such that Π2 ⊂ V1, then for any
g ∈ V1, x ∈ I and 0 < h < 1

2 lenght(I), we have

(14)
|U(g, x)− g(x)|≤ |g(x)||U(e0, x)−1|+h−1|U(e1 − xe0)|ω1(g, h)
+
(
U(e0, x) + 1

2h
−2U((e1 − xe0)2, x)

)
ω2(g, h).

We apply this inequality again, for U = UL, g = f ′′ and we use Lemma 1.
The particular case, for h =

√
m4(x)
m2(x) , is immediate.

Finally, we consider estimates using the first modulus of both the func-
tion and its derivative. The modulus of derivative can be also considered a
second order type modulus, since it is invariant to addition of linear func-
tions.

Theorem 4 Let L : V → F(I) be a positive linear operator which preserves
linear functions, satisfying also (4). Let f ∈ V ∩ C3(I), x ∈ I, r ≥ 1 and
0 < h < 1

2 lenght(I). We have

(15)
|L(f, x)− f(x)− 1

2
f ′′(x)m2(x)| ≤ 1

6
h−1|m3(x)|ω1(f ′′, h)

+
(

h

4 + 8r
m2(x) +

r

24
h−1m4(x)

)
ω1(f ′′′, h).

In the particular case when x ∈
◦
I and

√
m4(x)
m2(x) <

1
2 lenght(I) we have

(16)

|L(f, x)−f(x)− 1
2
f ′′(x)m2(x)|

≤ 1
6
|m3(x)|

√
m2(x)
m4(x)

ω1

(
f ′′,

√
m4(x)
m2(x)

)

+
1
8

√
m2(x)m4(x)ω1

(
f ′′′,

√
m4(x)
m2(x)

)
.

Proof. From [4] we have the following estimate with optimal constants: if
U : V1 → F(I) is a positive linear integral operator acting on an linear
subspace V1 of C(I), such that Π2 ⊂ V1, then for any function g ∈ C1(I),
any x ∈ I, 0 < h ≤lenght(I) and r ≥ 1, we have

(17)

|U(g, x)− g(x)| ≤ |g(x)||U(e0, x)− 1|
+|U(e1 − ee0, x)|h−1ω1(g, h)

+
(

h

2r + 4
U(e0, x) +

r

2
h−1U((e1 − xe0)2, x)

)
ω1(g′, h).
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We apply this estimate, by taking into account Lemma 1, for U = UL,
g = f ′′. In the particular case when h =

√
m4(x)
m2(x) , we choose r = 1, for which

the expression 1
4

(
1

r+2 + r
6

)
attains its minimum on the interval [0,∞).

Remark 2 Similar results can be obtained for other second order moduli,
by using the estimates given in [4].

3. Applications

In this section we obtain quantitative versions of Voronovskaja’s the-
orem for two classical sequences of approximation operators, one of them
corresponding to a compact interval and the other to a noncompact inter-
val. We limit ourselves only to applications of relations (10), (13) and (16).
We consider f ∈ C2 (I) and when it is necessary (in the third relation) that
f ∈ C3 (I).

1. Bernstein operators

Let I = [0, 1]. The Bernstein operators Bn : F ([0, 1]) → C (I) are
defined, for each n ∈ N, by

Bn (f, x) =
n∑

k=0

(
n

k

)
xk (1− x)n−k f

(
k

n

)
.

Denote Ψ(x) = x(1− x). By directly computing their moments, we obtain:

m2(x) =
Ψ(x)
n

,(18)

m3(x) =
Ψ(x)Ψ′(x)

n2
,(19)

m4(x) =
Ψ(x)
n2

(
3Ψ(x) +

1
n

(1− 6Ψ(x))
)
.(20)

Denote also

(21) ∆B
n (f, x) = n(Bn(f, x)− f(x))− 1

2
Ψ(x)f ′′(x).
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We have Bn(f, 0) = f(0) and Bn(f, 1) = f(1), hence ∆B
n (f, 0) = 0 and

∆B
n (f, 1) = 0.

Let now a point x ∈ (0, 1). The condition
√

m4(x)
m2(x) < 1

2 length (I)
becomes, for n ≥ 3,

x (1− x) <
1
4 −

1
n2

3
(

1
n −

2
n2

) ,
and we notice that the right member tends to infinity. Thus, there exists
nx ∈ N, such that for n ≥ nx the above relation is satisfied. For n ≥ nx we
obtain from (10), (13) and (16):

(22) |∆B
n (f, x)| ≤ 7

12
Ψ(x)ω1

(
f ′′,

√
3Ψ(x)
n

+
1− 6Ψ(x))

n2

)
,

|∆B
n (f, x)| ≤ Ψ(x)|Ψ′(x)|

6
√
n
√

3Ψ(x) + 1
n(1− 6Ψ(x))

ω1

(
f ′′,

√
3Ψ(x)
n

+
1− 6Ψ(x))

n2

)

(23) +
13
24

Ψ(x)ω2

(
f ′′,

√
3Ψ(x)
n

+
1− 6Ψ(x))

n2

)
,

|∆B
n (f, x)| ≤ Ψ(x)|Ψ′(x)|

6
√
n
√

3Ψ(x) + 1
n(1− 6Ψ(x))

ω1

(
f ′′,

√
3Ψ(x)
n

+
1− 6Ψ(x))

n2

)

(24) +
1
8

Ψ(x)
√

3Ψ(x) + 1
n(1− 6Ψ(x))

√
n

ω1

(
f ′′′,

√
3Ψ(x)
n

+
1− 6Ψ(x))

n2

)
.

2. Szász-Mirakjan operators

Let I = [0,∞). The Szász-Mirakjan operators are given by

(25) Sn(f, x) =
∞∑

k=0

f

(
k

n

)
e−nx (nx)k

k!
,
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where f ∈ F([0,∞)) is such that Sn(|f |) < ∞, x ∈ [0,∞), n ∈ N. These
operators preserve linear functions. If we put L = Sn we have:

m2(x) =
x

n
,

m3(x) =
x

n2
,

m4(x) =
x

n2

(
3x+

1
n

)
.

We notice that m3(x) ≥ 0,∀x ∈ [0,∞). Denote

(26) ∆S
n(f, x) = n(Sn(f, x)− f(x))− 1

2
xf ′′(x).

We have ∆S
n(f, 0) = 0, since Sn(f, 0) = 0. For x > 0, from relations (10),

(13) and (16) we obtain the following estimates:

(27) |∆S
n(f, x)| ≤ 7

12
xω1

(
f ′′,

√
3x
n

+
1
n2

)
,

(28) |∆S
n(f, x)| ≤ x

6
√

3nx+ 1
ω1

(
f ′′,

√
3x
n

+
1
n2

)

+
13
24
xω2

(
f ′′,

√
3x
n

+
1
n2

)
,

(29) |∆S
n(f, x)| ≤ x

6
√

3nx+ 1
ω1

(
f ′′,

√
3x
n

+
1
n2

)

+
x
√

3x+ 1
n

8
√
n

ω1

(
f ′′′,

√
3x
n

+
1
n2

)
.
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Abstract. Using certain viability results, we establish Filippov type es-
timates for fully nonlinear differential inclusions under the Lipschitz type
assumption on the set-valued map.

Keywords: Nonlinear differential inclusions, Filippov estimates, Viability

1. Introduction and preliminary results

Let X be a Banach space, A : D(A) ⊆ X  X be an m-dissipative op-
erator, K a nonempty subset in D(A), ξ ∈ K and F : K  X a nonempty,
closed, bounded and convex valued multi-function.

In this paper, we consider the Cauchy problem for the nonlinear per-
turbed differential inclusion

(1)
{
u′(t) ∈ Au(t) + F (u(t))
u(0) = ξ.

and we are interested in establishing Filippov type estimates for the above
inclusion, by means of appropriate viability results.

The remaining part of this section is devoted to a review of those aspects
of certain concepts and results which are required in the subsequent section.

Let A : D(A) ⊆ X  X be an m-dissipative operator, ξ ∈ D(A),
f ∈ L1(0, T ;X) and let us consider the differential inclusion

(2)
{
u′(t) ∈ Au(t) + f(t)
u(0) = ξ.

1Faculty of Mathematics, “Al.I.Cuza” University, Bd. Carol no.11, 700506, Iasi, Ro-
mania
E-mail: victor.postolache@uaic.ro
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Definition 1 A C0-solution to the problem (2) is a function u in C([0, T ];X)
satisfying: for each 0 < c < T and ε > 0 there exist

(i) 0 = t0 < t1 < · · · < c ≤ tn < T, tk − tk−1 ≤ ε for k = 1, 2, ..., n;

(ii) f1, ..., fn ∈ X with
n∑

k=1

∫ tk

tk−1

‖f(t)− fk‖dt ≤ ε;

(iii) v0, ..., vn ∈ X satisfying :

vk − vk−1

tk − tk−1
∈ Avk + fk for k = 1, 2, ..., n and such that

‖u(t)− vk‖ ≤ ε for t ∈ [tk−1, tk), k = 1, 2, ..., n.

Theorem 1 (see [1], p. 116) Let X be a Banach space and let A : D(A) ⊆
X  X be m-dissipative. Then, for each ξ ∈ D(A) and f ∈ L1(0, T ;X),
there exists a unique C0-solution u : [0, T ]→ D(A), to (2), which satisfies
u(0) = ξ.

We denote by u(·, 0, ξ, f) : [0, T ]→ D(A) the unique C0-solution to (2)
satisfying u(0, 0, ξ, f) = ξ.

Theorem 2 (see [3], p. 18) If A : D(A) ⊆ X  X is m-dissipative,
ξ, η ∈ D(A) and f, g ∈ L1(0, T ;X), then ũ = u(·, 0, ξ, f) and ṽ = u(·, 0, η, g)
satisfy

(3) ‖ũ(t)− ṽ(t)‖ ≤ ‖ξ − η‖+
∫ t

0
‖f(s)− g(s)‖ds,

for each t ∈ [0, T ].

Definition 2 The function u : [0, T ] 7→ K is a C0 − solution to (1) if
u(0) = ξ and there exists f ∈ L1(0, T ;X) with f(t) ∈ F (u(t)) a.e. t ∈ [0, T ],
and such that u is a C0-solution on [0, T ] to the equation u′(t) ∈ Au(t)+f(t).

Definition 3 The subset K ⊂ D(A) is C0− viable with respect to A+F if
for each ξ ∈ K there exist T 0 > 0 and a C0-solution u : [0, T 0] 7→ K to (1).

Let E ⊆ X be nonempty and bounded. We denote by

E = {f ∈ L1
loc(R+;X)| f(s) ∈ E a.e. s ∈ R+}.
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Definition 4 (from [3]) Let K a subset in X and ξ ∈ K. The set E ⊆ X
is A− quasi-tangent to the set K at the point ξ ∈ K if we have

lim inf
h↓0

1
h

dist(SE(h)ξ;K) = 0,

where
SE(h)ξ = {u(h, 0, ξ, f)| f ∈ E}.

We denote by QT SA
K(ξ) the class of all A-quasi-tangent sets to K at

ξ ∈ K.

Remark 1 Let K ⊆ X, ξ ∈ K and E ⊆ X. Then E ∈ QT SA
K(ξ) if and

only if there exist three sequences, (hn)n in R+ with hn ↓ 0, (pn)n in X with
limn pn = 0 and (fn)n in E, such that

u(hn, 0, ξ, fn) + hnpn ∈ K,

for n = 1, 2, ....

Definition 5 We say that F is upper hemicontinuous at x0 ∈ K if, for
every p ∈ X∗, the function x→ supy∈F (x)〈p, y〉 is upper semicontinuous at
x0.

Definition 6 The multi-function F : X  X is L − Lipschitzian, if there
exists L > 0, such that

F (x) ⊂ F (y) + L‖x− y‖B(0, 1), ∀x, y ∈ X.

The following viability theorem is the main tool in this paper.

Theorem 3 (adapted from [3], p. 232) Let X be a Banach space whose
dual is uniformly convex, A : D(A) ⊆ X  X an m-dissipative operator
which generates a compact semigroup, {S(t) : D(A) 7→ D(A)| t ≥ 0},
let K be a nonempty, locally closed subset in D(A) and F : K  X a
nonempty, closed, bounded and convex valued multi-function, which is upper
hemicontinuous and locally bounded. Then a sufficient condition in order
that K be C0-viable with respect to A + F is that, for each ξ ∈ K, F (ξ) ∈
QT SA

K(ξ).

Let X be a separable Banach space.
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Lemma 1 (see [2], p. 105) Let U : [0, T ]  X be a measurable multi-
function with closed nonempty values and g : [0, T ] 7→ X, k : [0, T ] 7→ R+

be measurable single-valued maps. Assume that

W (t) := U(t) ∩ (g(t) + k(t)B(0, 1)) 6= ∅ a.e. in [0, T ].

Then there exists a measurable function u : [0, T ] 7→ X such that u(t) ∈
W (t) almost everywhere.

2. Main result

Now we are ready to present the main result of this paper.

Theorem 4 Let X be a separable Banach space whose dual is uniformly
convex, A : D(A) ⊆ X  X an m-dissipative operator which generates
a compact semigroup, {S(t) : D(A) 7→ D(A)| t ≥ 0}, F : D(A)  X
a nonempty, closed, bounded and convex valued multi-function, which is
L-Lipschitzian. Let x0, x0 ∈ D(A), T > 0, y0 : [0, T ] → D(A) a fixed C0-
solution to the inclusion u′(t) ∈ Au(t) + F (u(t)) with the initial state x0.
Then, there exists a C0-solution y : [0, T ] → D(A) to the same inclusion
with the initial state x0, such that

‖y(t)− y0(t)‖ ≤ ‖x0 − x0‖eLt, ∀t ∈ [0, T ].

Proof. Let us consider the problem

t′(s) = 1
y′(s) ∈ Ay(s) + F (y(s))
z′(s) = L‖y − y0(t)‖
t(0) = t0
y(0) = y0

z(0) = z0.

We define the following set in the space R×X × R

K = {(t, y, z) ∈ [0, T )×D(A)× R+| ‖y − y0(t)‖ ≤ z},

the operator A = (0, A, 0) and the multi-function F : K R×X × R,

F(t, y, z) = (1, F (y), L‖y − y0(t)‖).
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1. We will prove that the set K is C0-viable with respect to A+F . For
this purpose, we take the point (t0, y0, z0) ∈ K, i. e., ‖y0 − y0(t0)‖ ≤ z0 .

2. Let us prove that the tangency condition is satisfied, i.e.,

(1, F (y0), L‖y0 − y0(t0)‖) ∈ QT SAK(t0, y0, z0)

We should prove that there exist the sequences (hn)n, (pn)n, (p′n)n, (p′′n)n,
(fn)n, such that hn ↓ 0 , pn, p

′′
n → 0 in R, p′n → 0 in X, (fn)n ⊂ F (y0) and

(
t0+hn(1+pn),y(hn(1+pn),0,y0, fn)+hnp

′
n,z0 + hnL‖y0−y0(t0)‖+hnp

′′
n

)
∈K.

We can choose (pn)n = (0)n. We will prove that there exist the sequences
(hn)n, (pn)n, (p′n)n, (p′′n)n, (fn)n, like above, such that

‖y(hn, 0, y0, fn)+hnp
′
n−y0(t0+hn, 0, x0, g)‖ ≤ z0+hnL‖y0−y0(t0)‖+hnp

′′
n,

which is equivalent with

‖y(hn, 0, y0, fn)+hnp
′
n−y0(hn, 0, y0(t0), g̃)‖ ≤ z0 +hnL‖y0−y0(t0)‖+hnp

′′
n,

where g̃(s) = g(s+ t0) ∈ F (y0(s+ t0)) a.e. s ∈ [0, T − t0].
3. In accordance with definition of a C0-solution, ∃g ∈ L1(0, T ;X),

with g(t) ∈ F (y0(t)) a.e. t ∈ [0, T ], such that y0 is a C0-solution to the
problem {

y′0(t) ∈ Ay0(t) + g(t)
y0(0) = x0.

Taking into account that the multi-function F is L-Lipschitzian, we have

F (y0(t+ t0)) ⊂ F (y0) + L‖y0(t+ t0)− y0‖B(0, 1), ∀t ≥ 0.

Then, applying Lemma 1 for g, we obtain that there exist two measurable
functions f , w ∈ L1(0, T ;X), such that f(t) ∈ F (y0), w(t) ∈ L‖y0(t+ t0)−
y0‖B(0, 1) and g̃(t) = f(t)+w(t) a.e. t ∈ [0, T − t0]. We put (fn)n = (f)n.



190 V. Postolache 6

4. Next, we use the inequality (3) to obtain

‖y0 − y0(t0)‖+
∫ hn

0
‖f(s)− g̃(s)‖ds+ hn‖p′n‖

≤ ‖y0 − y0(t0)‖+ L

∫ hn

0
‖y0(s+ t0)− y0‖ds+ hn‖p′n‖

= ‖y0 − y0(t0)‖+ Lhn‖y0(t0)− y0‖

+hn

(
L

[
1
hn

∫ hn

0
‖y0(s+ t0)− y0‖ds− ‖y0(t0)− y0‖

])
+ hn‖p′n‖

≤ z0 + Lhn‖y0(t0)− y0‖

+hn

(
L

[
1
hn

∫ hn

0
‖y0(s+ t0)− y0‖ds− ‖y0(t0)− y0‖

])
+ hn‖p′n‖.

We put

(p′n)n = (0)n and (p′′n)n =
(

1
hn

∫ hn

0
‖y0(s+ t0)− y0‖ds− ‖y0(t0)− y0‖

)
n

.

Taking into account that the solution y0(t), defined on [0, T ], is from
the space C([0, T ], X), choosing (hn)n to be sufficiently small, we have

lim
hn↓0

(
1
hn

∫ hn

0
‖y0(s+ t0)− y0‖ds

)
= ‖y0(t0)− y0‖.

Hence, p′′n → 0 in R.
5. We mention that under the hypotheses on F and A, the multi-

function F is a nonempty, closed, bounded and convex valued multi-function,
which is upper hemicontinuous and locally bounded, and the operator A is
an m-dissipative operator which generates a compact semigroup.

It is obvious that the subset K of R × D(A) × R is nonempty ((0, x0,
‖x0 − x0‖) ∈ K) and locally closed.

Therefore, taking into account that the tangency condition is satisfied
(see 2), we can apply Theorem 3 and conclude that there exist 0 < T̃ < T
and a C0-solution (t̂, ŷ, ẑ) to the above problem, such that

(t̂, ŷ(t̂), ẑ(t̂)) ∈ K, ∀t̂ ∈ [0, T̃ ].

Equivalently,

‖ŷ(t)− y0(t)‖ ≤ ẑ(t), ∀t ∈ [0, T̃ ].
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That is, taking into account the form of the solution ẑ(t),

‖ŷ(t)− y0(t)‖ ≤ ‖x0 − x0‖+ L

∫ t

0
‖ŷ(s)− y0(s)‖ds, ∀t ∈ [0, T̃ ].

Which implies, if we use Gronwall’s Lemma,

‖ŷ(t)− y0(t)‖ ≤ ‖x0 − x0‖eLt, ∀t ∈ [0, T̃ ].

The fact that the set K is C0-viable with respect to A + F assures
the existence of a noncontinuable C0-solution (t, y, z) : [0, a) → K, where
0 < a ≤ T (see Theorem 11.7.1 from [3]) and

(4) ‖y(t)− y0(t)‖ ≤ ‖x0 − x0‖eLt, ∀t ∈ [0, a).

In the following we prove that a = T .
Let us assume, by contradiction, that a < T .
We define the function y1 : [0, T − a]→ D(A)

y1(t) ≡ y0(t+ a), ∀t ∈ [0, T − a],

which, obviously, is a C0-solution to the problem{
y′1(t) ∈ Ay1(t) + F (y1(t))
y1(0) = y0(a).

Let us prove that ∃ limt↑a y(t) ∈ D(A).
From definition of a C0-solution, ∃ϕ ∈ L1([0, a), X), with ϕ(t) ∈

F (y(t)) a.e. t ∈ [0, a), such that y : [0, a)→ D(A) is a C0-solution to the
problem {

y′(t) ∈ Ay(t) + ϕ(t)
y(0) = x0.

The estimation (4) implies that y is bounded on [0, a).
F , being L-Lipschitzian, maps bounded subsets from D(A) to bounded

subsets from X. Therefore, ϕ is bounded on [0, a), which implies the exis-
tence of limt↑a y(t) ∈ D(A). Let us put

y(a) ≡ lim
t↑a

y(t).

Using the fact that y ∈ C([0, a), D(A)) and y0 ∈ C([0, T ], D(A)), from
(4) we have

‖y(a)− y0(a)‖ ≤ ‖x0 − x0‖eLa.
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Applying the similar procedure like above for y1, we state that there exist
0 < b < T − a and a C0-solution y2 : [0, b]→ D(A) to the problem{

y′2(t) ∈ Ay2(t) + F (y2(t))
y2(0) = y(a),

such that

‖y2(t)− y1(t)‖ ≤ ‖y0(a)− y(a)‖eLt, ∀t ∈ [0, b].

Let us define the function y3 : [0, a+ b]→ D(A)

y3(t) ≡
{
y(t), ∀t ∈ [0, a],
y2(t− a), ∀t ∈ [a, a+ b],

which, obviously, is a C0-solution to the problem{
y′3(t) ∈ Ay3(t) + F (y3(t))
y3(0) = x0.

Let us mention that

‖y3(t)− y0(t)‖ = ‖y(t)− y0(t)‖ ≤ ‖x0 − x0‖eLt, ∀t ∈ [0, a].

Moreover, for all t ∈ [a, a+ b] we have

‖y3(t)− y0(t)‖ = ‖y2(t− a)− y1(t− a)‖ ≤ ‖y0(a)− y(a)‖eL(t−a)

≤ ‖x0 − x0‖eLaeL(t−a) = ‖x0 − x0‖eLt.

Hence,

‖y3(t)− y0(t)‖ ≤ ‖x0 − x0‖eLt, ∀t ∈ [0, a+ b],

which contradicts the statement that (t, y, z) : [0, a)→ K is a noncontinu-
able C0-solution.

The contradiction is eliminated, if a = T .
Similarly, we prove that ∃ limt↑T y(t) ∈ D(A) and, if we put y(T ) ≡

limt↑T y(t), (4) implies

‖y(T )− y0(T )‖ ≤ ‖x0 − x0‖eLT .

The proof is complete.
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Mesh Morphing Techniques in CFD

M.M. Profir1

Abstract. In this paper we provide a detailed description of the work in
progress of our research project concerning the mesh morphing techniques
and their application in Computational Fluid Dynamics (CFD). The mor-
phing is the process of gradually changing a source shape into a target
shape. The approach is to be realized by mean of a specific implementation
code. We establish the flowchart of the project and show the importance of
having a conscious control over its different parts. We make an overview of
the physically-based deformable models, as well as a survey on the recent
advances in mesh morphing. We also illustrate the technical skills we need
to learn in order to achieve the activities of the project. Another part of
the work consists in a comprehensive analysis of the implementation meth-
ods in the updated version of the Star-ccm+ code followed by application of
the methods in CFD numerical simulations. All the work flow should merge
into obtaining a good control over the mesh morphing techniques compatibly
with the Mechanics of Continuum Media and their use in applied research.

Keywords: Mesh morphing, CFD, Topological deformations

1. Introduction

The mesh morphing techniques are a set of geometric transformations,
generally continuous, preserving topological constraints. Recently, they
have become popular due to their application for medical imaging, scientific
visualization, geography and also for the special effects in movies and video
games. Our interdisciplinary research project has them as starting point
and combines fields like continuum mechanics, numerical computation, dif-
ferential geometry, topology and computer graphics.
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Since the Computational Fluid Dynamics provide a large field for the
applications, our attempt is to realize a dual approach to the mesh morph-
ing, in the sense of a coordinated approach to mesh morphing via point-wise
applications for the CFD, rather than an approach to the CFD with point-
wise application of mesh morphing.

In order to reach this goal, first of all we need to acquire (and sometimes
just fix) good theoretical requirements principally in the field of CFD and
Topology. In this sense, we make an overview of the physically-based de-
formable models following [5] and a survey on the recent advances in mesh
morphing following [3]. At the same time we need to learn some specific
technical skills (implementation code, programming language, working with
a cluster). Once we have these bases, we proceed with an analysis of the
implementation methods in the updated and in continuous evolution (at the
moment 5.06) version of the STAR-CCM+ code. The intention is then to
apply the implemented methods in numerical simulations and to use them
in applied industrial research.

2. Theoretical requirements

The constrained minimization problems proper to the CFD applications
that we deal with are of the following type:

• Considering the local deformation of a surface, it’s possible to ana-
lyze the effects from the topological point of view, such that to avoid
the degeneracy of the various entity such as face warping, negative
volumes, intersection of faces.

• The constraints may consist in possible obstacles like maintaining a
contact or constraint of preserved volume.

Remark 1 Even if we work with continuous transformations, the
control and recognition of the topological constraints is useful also for
the study of the transformations which permit topological discontinu-
ities (apparition and propagation of fractures, coalescence).

• A pressure wave in a liquid environment can determine irregularities at
the boundary and this fact can lead to explosive phenomena: there are
methods that we can use to analyze the impact and the propagation
of the wave.
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• Diffuse interfaces obtained in certain CFD applications instead of a
sharp free surface can lead to damaging numerical effects: our goal is
to try to obtain an interface without thickness or at least a very sharp
one.

Our CFD framework is principally based on the Navier-Stokes equations
describing the motion of fluids:

(1) ∇ · u = 0

(2) ut = −(u · ∇)u+∇ · (ν∇u)−∇p+ f

In particular, the equations (1), (2) represent the conservation of mass and
momentum for an incompressible homogeneous and isothermal fluid. The
vector field ut is the time derivative of the fluid velocity. p indicates the
scalar reduced pressure field, and ν is the kinematic viscosity. The vector
field f represents the body force per unit mass (usually just gravity).

As clearly highlighted in [5], when describing an object that we wish to
physically simulate, there are two general points of view that we can take.
The main distinction is given by the way one discretizes an object in order
to work with it numerically and how one defines the boundary of the object
itself.

The Lagrangian point of view describes an object as a set of moving
points (material coordinates) that travel around and change position over
time; these points carry their material properties with them as they move.
Lagrangian techniques define an object as a connected mesh of points or
simply a cloud of points.

The Eulerian point of view, on the other hand, looks at a stationary
set of points and calculates how the material properties stored at those sta-
tionary grid points change over time. One of the drawbacks of the Eulerian
perspective is that the boundary of the object is no longer explicitly defined.
Fluids are often defined in an Eulerian framework.

In a coarse overview, the physically-based deformable models are defined
using:

• Lagrangian Mesh Based Methods

– Continuum Mechanics Based Methods (finite elements/ differ-
ences/ volumes)
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– Mass-Spring Systems

• Lagrangian Mesh Free Methods

– Smoothed Particle Hydrodynamics (SPH)

• Eulerian and Semi-Lagrangian Methods

– Fluids and Gases

– Melting Objects

• Arbitrary Lagrangian Eulerian (ALE)

The Finite Element/Volume Methods are one of the most popular meth-
ods in Computational Sciences to solve Partial Differential Equations (PDE)
on irregular grids. In order to use the methods for the simulation of de-
formable objects, the object is viewed as a continuous connected volume
which is discretized using an irregular mesh. Continuum mechanics, then,
provides the PDE to be solved. They are used to turn a PDE into a set
of algebraic equations which are then solved numerically. To this end, the
domain is discretized into a finite number of disjoint elements (i.e. a mesh).

When using the ALE technique in engineering simulations, the com-
putational mesh inside the domains can move arbitrarily to optimize the
shapes of elements, while the mesh on the boundaries and interfaces of the
domains can move along with materials to precisely track the boundaries
and interfaces of a multi-material system.

Mass-spring models start with a discrete object model. More accurate
physical models treat deformable objects as a continuum: solid bodies with
mass and energies distributed throughout. In [4] volumes and surfaces are
modeled using tetrahedral and triangular meshes and mass-points. De-
formable modeling techniques are extended adding efficient ways for main-
taining of volume, distances and surface area. For the representation of the
objects deformation, deformation energies are defined, derived from soft
constrains that are to be maintained in the model. Explicitly, given some
constraint of the form

C(x) = 0

that is to be maintained in the model, an associated potential energy is
defined

(3) E(x) =
ks

2
CT (x)C(x).
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Energies are minimized at the model’s rest state and are used to enforce
the preservation of mesh distances, angles, areas, volumes:

(4) fi = −∂E
∂xi

.

In the following we give the framework and the terminology of the mesh
morphing. In literature (see [1]), a mesh is described in the following way:

Definition 1 A mesh is a pair M = (K,V), where

• K is a simplicial complex which represents the connectivity of vertices,
edges and faces as {0,1,2}-simplices;

• V = (v1, ..., vn) describes the geometric positions of the vertices in R3.

1. In the topological realization K −→ |K| ⊂ Rn the vertices are identi-
fied with the canonical basis of Rn and each simplex s ∈ K is repre-
sented as the convex hull of the points {ei} ∈ Rn, i ∈ s.

Remark 2 Thus, each 0-simplex is a point, each 1-simplex is a line
segment, and each 2-simplex is a triangle in Rn .

2. The geometric realization is a linear map that associates the basis
vectors with the vertex positions:

φV : |K| −→ φV (|K|) ⊂ R3,

ei ∈ Rn −→ φV (ei) = vi ∈ V

Remark 3 If φV bijective ⇒ φV embedding:

∀p ∈M,∃!b s.t. p = φV (b),

where b is a barycentric coordinate.

3. The classical setting of mesh morphing consists in the following:

• two meshes M0 = (K0, V0),M1 = (K1, V1) are given;
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• the goal is to generate a family of meshes

(5) M(t) = (K,V (t)), t ∈ [0, 1]

such that the shape represented by the new connectivity together
with the geometries V (0), V (1) coincides with the original shape:

(6) φV (0)(|K|) = φV0(|K0|)

(7) φV (1)(|K|) = φV1(|K1|)

• usually the paths V (t) are required to be smooth;
• in generating the family of meshes (5) there are typically three

steps:

I. Correspondence of shapes
The goal is to find a correspondence between the meshes, i.e. to compute

coordinates W0,W1 that lie on the other mesh:

(8) W0 ∈ φV1(|K1|), W1 ∈ φV0(|K0|).

Each coordinate in W0,W1 is represented as a barycentric coordinate with
respect to a simplex in the other mesh. Given the two meshes M0 and M1,
the result of this procedure is a set of barycentric coordinates B0 so that
the geometry W0 = φV1(B0) of the barycentric coordinates on M1 is an
embedding φW0 of M0 on the surface of M1, and vice versa. The idea is
that this mapping of vertices from one mesh to the other accomplishes the
main part of a bijective mapping between the surfaces of M0 and M1. After
this step only the edges and faces have to be adjusted accordingly.

The process is typically done by finding a common parameter domain
D for the surfaces. By mapping each surface bijectively to that parameter
domain, the mapping between the shapes is established.

II. Mesh representation
Given the embeddings W0,W1 of the meshes M0 = (K0, V0),M1 =

(K1, V1) on a common domain D, the aim is to generate a new consis-
tent mesh connectivity K together with two geometric positions V (0), V (1)
for each vertex so that shapes of the original meshes are reproduced, i.e.
(6) (7) are satisfied.

The typical morphing approach to this problem is to generate a superset
(supergraph) of the simplicial complexes K0 and K1, i.e. one that contains
the simplices of both plus additional vertices if edges cross.
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Remark 4 An alternative way is the remeshing as used in multiresolution
techniques.

III. Vertex paths
After the computation of K and of the two mesh geometries represented

by vertex coordinates V (0) and V (1), the last step is to compute vertex
coordinates for the blended shapes, i.e. to generate the paths V (t), t ∈ (0, 1)
for the vertices. Usually, this process is done by linear interpolation:

(9) V (t) = (1− t)V (0) + tV (1)

but also through non-uniform interpolation (see [2]).

Remark 5 During the process constraints could help, because in many ap-
plications shape should not self intersect or collapse and paths are expected
to be smooth.

3. Required technical skills

As we have already mentioned, the approach to the mesh morphing
techniques is to be realized by mean of Star-ccm+, a specific CFD code,
provided by CD-adapco [6]. Consequently, a part of the project activity is
dedicated to the study, the learning and the evaluation of the implementa-
tion methods included in.

It is a modern software development technology endowed with complete
computational continuum mechanics algorithms and pleasant design. It
provides a strong coupling between the user interface and the simulation
concepts in a unique environment and also a easy interaction between the
user, the computer systems and the simulation.

In obtaining a good solution, three ingredients are at the user’s disposal:

• robust and accurate numerical algorithms (Advanced cell-based dis-
cretization techniques, Arbitrary polyhedra, Coupled or segregated
flow and energy solution, Algebraic multi-grid linear equation solver,
Convergence criteria);

• a comprehensive suite of physical models ( Space, time and motion,
Materials, Flow and energy, Turbulence and transition, Radiation,
Combustion, Multi-phase flow, Solid stress);
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• flexible mesh manipulation (transform- scale, translate and rotate,
split and combine boundaries and regions, create, delete and fuse
interfaces, convert a three-dimensional mesh to two-dimensional).

The main concepts novel to the Star-ccm+ code are:

• Multi-physics, continuum-based modeling.

Remark 6 Models define fluid or solid continua, and the various re-
gions of the solution domain are assigned to these continua.

• Separation of geometry, physics and mesh.

Remark 7 In the settings of the simulation, the mesh is used to de-
fine the topology of the problem. When setting up a simulation we typ-
ically interact with the region and boundary modeling entities, rather
than directly upon the mesh elements. Decoupling the modeling and
physics from the mesh in this manner has the following advantages:

1. the focus is placed on the geometry, rather than the specifics of
the mesh;

2. lessens the need to track and record individual mesh elements,
which can be problematic with large and dynamic meshes;

3. easier transferral of simulation properties and solutions from one
mesh to another, in order to solve on a finer mesh or to study
mesh independence of a solution.

• Generalized interfaces: topological constructs that allow communica-
tion between different regions in the solution domain.

Remark 8 The interfaces are independent of the mesh, so that the
underlying mesh may be either conformal or non-conformal.

Unlike the previous versions, in the current version of Star-ccm+ a
feature-based parametric solid modeler is included, named 3D-CAD and
allowing geometry to be built from scratch.

To start building geometry the first step is to create a new 3D-CAD
model. In general the process of building a solid model in 3D-CAD will
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begin with the creation of a sketch. This sketch can be converted to a body
by extruding or revolving, which will form the first solid body in the model.
Material can be added to or removed from this body by creating additional
sketches and performing extrusions, revolutions and cuts. When the model
is complete it can be used to create geometry parts, which can then be used
as usually in a simulation.

The created geometry may be modified at any time by reactivating 3D-
CAD and making changes to the solid model. For the changes made to
the model geometry to take effect in the simulation, the geometry part
created from the 3D-CAD model must be updated, and the volume mesh
regenerated.

To obtain a solution for the modified geometry, the simulation can be re-
run. The solution from the original geometry will automatically be mapped
onto the new mesh, with the condition that no topological changes occur
any more.

3D-CAD models can be also be altered from outside through the use
of design parameters. These allow you to solve for a particular geometry,
change the size of one or more components, and re-run the case quickly. If
a solution has already been computed it will be mapped across to the new
geometry, thereby decreasing the overall run time.

Example 1 (see Figures 1 and 2) Following a tutorial, we create a sim-
plified cyclone separator with the purpose to analyze the effect on the flow
patterns of placing the outlet pipe at two different levels within the cyclone
chamber. The position of the outlet pipe in the cyclone is modified using
as design parameter the Pipe Depth. Increasing the value of the design pa-
rameter, it lengthens the distance from the top of the cyclone to the face on
which the outlet pipe was created.

Being based on a Client-Server Architecture, the code works with a light
java client that runs on the user’s desktop machine, connected to the server
that runs on the same or another machine (e.g. a cluster). This fact offers
a number of benefits: using just a laptop, we can view results, start/stop a
calculation, or make set-up changes to a case with millions of cells, running
on a large cluster.

As concerning the utility of knowing a programming language, we in-
dividuated as useful the Java language. This because we can take much
advantage of the object model contained within the STAR-CCM+ Java
client. It is fully available to the user through the use of Java macros.
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Figure 1: Initial cyclone Figure 2: Modified cyclone

One of the ways in which this facility can be used to extend the power
of the code is to repeat a set of operations several times and so avoid a
lengthy procedure.

Example 2 In the simulation of an incompressible flow through a venturi
flow meter, we create a macro to generate multiple line probes at equally
spaced intervals along the axis of the venturi tube throughout the solution
domain. This enable us to extract profiles of axial velocity in order to ob-
serve recovery of the flow profile.

Figure 3: Line probes in flow-meter

Automation can also be used to avoid the time-consuming process of
running multiple simulations for the same case, in which a single variable
or a set of variables is altered in each on. The parameters can vary from
changing boundary conditions to mesh settings, to material properties, and
can be read from an external file.
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Example 3 We simulate a train in a cross-wind and calculate the drag co-
efficient on the train for different angles of attack; we also export hardcopies
of scenes and plots.

Figure 4: Train in a cross-wind

4. Implemented mesh morphing techniques

In Star-ccm+ we have the possibility to deform the computational mesh
in response to various causes. Typically, we use two broad categories for
defining motion in Star-ccm+:

- methods that involve actual displacement of mesh vertices in real time,
in conjunction with a transient analysis;

- methods whereby an unsteady motion problem is converted to a steady-
state problem by imposing a moving frame of reference on a static mesh;
rigid rotation and/or translation can be simulated in this way.

The Morphing Motion Model included in the first category gives the
possibility to define motion on boundary surfaces. The Morphing motion
modifies vertices within an existing mesh to accommodate displacements
that occur at designated control points. These control points, and their
displacements, can either be specified using vertices on existing boundaries
and interfaces, or can be specified directly in space using a table. Control
points lying on boundaries and interfaces can take their displacements from
sources like user-specified motion, 6-DOF body motion and stress-related
deformation.

We show here the morphing of a cylinder in response to conditions that
we specify on the wall. After creating a local cylindrical coordinate system
in which to define the radial velocity, we impose motion on the outer wall
of a cylinder applying a grid velocity to cause contraction of the cylinder
and a a boundary displacement to cause expansion.
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Example 4 The field function providing a grid velocity vector for the Mor-
pher motion is

(10) vr =

{
−1

8xz, xz < 2
−1

8(4− 1
8xz), xz ≥ 2

where vr is the radial velocity and xz is the z (or axial) coordinate of the
face centroid.

Example 5 The field function that provides a displacement vector:

(11) f(xz) =

{
0.00625xz, xz < 2
0.00625(4− xz) xz ≥ 2

Figure 5: Contraction Figure 6: Expansion

Remark 9 We also must specify conditions to control morphing of the
mesh: vertices on the inlet and outlet boundary move in the plane of the
boundary surface itself, and not orthogonal to it.

Another kind of problems we deal with studying the mesh morphing
techniques are the fluid-structure interaction (FSI) problems.

In the following application we consider a water flow in a slender pipe
under a 350 g load. The geometry consists of a simple half-pipe model,
where the flow enters through a velocity inlet and exits through a pressure
outlet. The inner wall of the pipe acts as a solid boundary to the fluid flow
but is dynamically coupled to the fluid domain only at the middle section
of the overall geometry. Both ends of this section are fixed and its outer
surface is stress-free. The rest of the pipe is treated as a rigid boundary.
In a first time, the case is run under a body load of 350 g applied to the



13 Mesh Morphing Techniques in CFD 207

pipe to obtain a deformed steady-state solution. In the second part of the
simulation the body load is removed and the pipe is allowed to vibrate in
real time.

Models from the first category are also most appropriate for this ex-
ample. The fluid mesh representing the inner region of the pipe must be
allowed to be deformed under the external load on the pipe (morphing).
The solid mesh representing the pipe on the other hand must be allowed to
be displaced in real time (solid displacement).

The warp feature provided by the software permits to display the pipe
deformation:

Figure 7: Warped solid stress displacement magnitude

Remark 10 Unlike the fluid equations, the solid stress is solved in a La-
grangian framework. The mesh follows the material points. This means that
the mass in a particular cell will remain unchanged as it deforms because it
physically represents the same material.

5. Future work in applied research

At the Brasimone ENEA Research Center was designed and built-up
the NACIE heavy liquid metal loop [7] with the aim to set up a support
facility able to qualify and characterize components, systems and procedures
relevant for HLM (Heavy Liquid Metal) nuclear technologies. In particular,
the NACIE facility aims to address the phenomena related to the mixed
convection influenced by thermal and void buoyancy, strongly related with
the safety evaluation of innovative nuclear system.

In the experimental tests that have been performed by the NACIE loop,
different type of prototypical pins with high thermal performance (heat
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flux up to 1MW/m2) have been tested, aiming to be adopted as fuel pin
simulator in large scale experiment.

The bundle consists of two high thermal performance electrical pins and
two dummy pins to support the bundle itself. The total installed power is
about 45 kW, even if during the tests only one pin will be active. The aim
of the tests planned using the high flux bundle is to characterize the pins,
in term of performance of the active length as well as cold length, reliability
and thermal fatigue.

Starting from the results already obtained and reported in [7], we should
reproduce the incidental situation that has verified during the tests, assum-
ing that the two active pins deform until touching each other. We have
to simulate and analyze the behavior and the functioning of the two pins
without the spacer grid around them. We should be able to contribute at
choosing the more suitable technical solution for the pins to adopt in the
NACIE bundle.
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Existence And Uniqueness of Blow-up Solutions
to a Singular Weighted Quasi-Linear Equations

I. Rovenţa1

Abstract. In this paper we study the boundary blow-up problem ∆pu(x) =
g(x)f(u(x)), where Ω is a smooth bounded domain of RN and u = ∞ on
∂Ω. Here ∆pu = div(|∇u|p−2∇u), p > 1 is the p-Laplacian operator and
g(x) is a nonnegative weight function which can be singular on ∂Ω. We
found a class of functions for which the boundary blow-up problem admits
a positive solution.

Keywords: Boundary blow-up solution, p-Laplacian

1. Introduction

The aim of this paper is to prove the existence and uniqueness of positive
solutions for the problem

(1)
{

∆pu(x) = g(x)f(u(x)), in Ω
u =∞, on ∂Ω ,

where Ω is a smooth bounded domain of RN , ∆pu = div(|∇u|p−2∇u) is
the well-known p-Laplacian operator with p > 1 and g(x) is a continuous
nonnegative weight function which can be singular on ∂Ω. On the boundary
we suppose that u(x) → ∞ when d(x) → 0+, where d(x) is understood as
the distance function d(x, ∂Ω).
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Craiova, Romania
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Our approach combines classical results in this fields with some new
results based on the boundary behavior. In this paper we obtain a class
of functions which assures the existence and uniqueness of solutions for the
problem (1). Bandle and Marcus [8] in the particular case p = 2 obtain a
similar type of functions, which confirm our extension.

First, Bieberbach in [1], considered in the case p = 2 the problem

(2) ∆u = g(x)f(u), x ∈ Ω and u(x)→∞ as dist(x, ∂Ω)→ 0.

He shows that (2) admits a unique solution if Ω is a smooth planar
domain, f is the exponential function and g is constant 1. Rademacher
[2] extended the results to the three-dimensional domains, Keller [3] and
Osserman [4] gave a necessary and sufficient conditions to solve the problem
(2) in the n-dimensional case if the domain satisfy inner and outer sphere
conditions.

Bandle and Marcus [8] found the boundary asymptotic of solutions for
(2) when g is continuous, positive and f satisfies f(mt) ≤ m1+εf(t) for all
0 < m < 1 and all t ≥ t0/m, for a suitable ε > 0 and t0 > 0. Ĉırstea
and Rădulescu in [14] prove the uniqueness and asymptotic behavior of
solutions for problem (2) when f is regularly varying and g ∈ C0,α(Ω) is a
non-negative function which is allowed to vanish on the boundary. See also
[13], [17].

Recently, if f satisfy the generalized Keller-Osserman condition in [21]
was studied the asymptotic boundary behavior of solutions for the problem

∆p(x)u = g(x)f(u), x ∈ Ω and u(x)→∞ as dist(x, ∂Ω)→ 0,

where Ω ⊆ Rn is a bounded domain with C2 boundary. In additional
conditions the uniqueness of solutions is also discussed.

When the right-hand side term of (1) of the form g(x)f(u) has the prop-
erty that g(x) is bounded, the existence of positive solutions was studied
in [18], [16], [15]. When g(x) is not bounded, the problem is open except
some particular cases if p = 2. Our paper is devoted to this open problem,
to find sufficient conditions which solves the general case p > 1.

Also, an interesting approach in the case p = 2 should be found in [14]
and [19]. As an alternative, we mention some papers which use fixed point
theorems to prove the existence of positive solutions: see [10], [23].

In this paper we extend some particular results from [22]. More exactly,
we derive a class of functions f keeping fixed the hypothesis that the weight
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g may be singular. The most delicate problem remains the proof of the
existence of positive blow-up solutions.

The extension is not straightforward and the principal purpose is to find
sufficient conditions for the function f to guarantee the existence of positive
blow-up solutions. We truncate the weight an we derive the corresponding
truncated boundary value problems which have an easier treatment.

We obtain an interesting lower and upper bounds for the positive blow-
up solutions which will be use to infer the uniqueness of positive blow-up
solutions. In order to simplify the notations, in the rest of the paper we use
the same constant even if may be different and is changing the value.

2. Main results

We say that a nonnegative non-decreasing function f satisfy the condi-
tion of type (C) if there exists ε > 0 such that

f(mt) ≥ mqf(t) for every t ≥ 0 and each m ∈ (1, 1 + ε), q > p− 1.

Remark 1 a) The function f(u) = uq is of the type C, for each real number
q > p− 1.

b)The function f(t) = tqeqt is another example of a (C)-type function.
c) Each function of the type (C) have the property that f(0) = 0.
d) The condition of type (C) can be rewrite in the following equivalent

form
- f(mt) ≤ mqf(t) for every t ≥ 0 and each m ∈ (1, 1− ε), q > p− 1.

The main result of the paper is the following:

Theorem 1 Let g : Ω→ R be a continuous nonnegative function. Suppose
g > 0 in a neighborhood of ∂Ω and there exists L ∈ C(Ω), γ ∈ Cµ(Ω),
0 ≤ µ ≤ 1, L(x) > 0 and γ < p on ∂Ω such that

lim
x→x0

d(x)γ(x)g(x) = L(x0),

for every x0 ∈ ∂Ω. If f is a function of the type (C) then problem (1)
admits a unique weak solution u ∈W 1,p

loc ∩ C
1,η
loc , for some η ∈ (0, 1).

Remark 2 a) The particular case f(u) = uq, where q > p − 1 was solved
recently by J. G. Melián in [22].

b) The condition γ < p on ∂Ω will be essential for the existence.
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In order to prove Theorem 1 we need some additional results. Recall in
the following statement a recent result from [22].

Theorem 2 Let h ∈ L∞loc be such that |h| ≤ C0d
−γ for some C0 > 0 and

γ ∈ (1, p). Then the problem

(3)
{
−∆pu = h, in Ω
u = 0, on ∂Ω ,

has a unique weak solution u ∈ W 1,p
loc (Ω) ∩ C1,q

loc (Ω) ∩ C(Ω), for some η ∈
(0, 1).

Moreover, there exists a positive constant C not depending on f such
that

(4) |u| ≤ CC
1
p−1

0 d
p−γ
p−1 , inΩ.

Proof. We prove first that we can construct a supersolution with an appro-
priate growth near ∂Ω. For this aim, we consider the unique solution φ of
the problem

(5)
{

∆pφ = 1, in Ω
φ = 0, on ∂Ω ,

which is well known to exist and to verify φ ∈ W 1,p
0 ∩ C1,η(Ω), for some

η ∈ (0, 1).
Moreover, thanks to Hopf ′s maximum principle (see [7]), we have that

(6) C1d ≤ φ ≤ C2d, in Ω,

for some positive constants C1, C2. We claim that u = φα, where α = p−γ
p−1 , is

a supersolution to −∆pu = Cd−γ for a suitable constant C, which vanishes
on ∂Ω. Indeed an easy calculus shows that

−∆pu = αp−1φ−γ((γ − 1)|∇φ|p + φ).

We observe that |∇φ|p + φ > 0 in Ω, since φ > 0 in Ω and ∇φ 6= 0 on
∂Ω by Hopf’s principle. Since γ > 1, and taking into account (6), we obtain
that −∆pu ≥ Cd−γ for some positive constant C.
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We consider the family of domains Ωk = {x ∈ Ω : d(x) > 1/k}. Since
h ∈ L∞(Ωk) for all k, the problem

(7)
{

∆pu = h, in Ωk

u = 0, on ∂Ωk ,

has a unique solution uk ∈W 1,p
0 (Ωk) ∩ C1,η(Ωk), for some η ∈ (0, 1).

Moreover, since

−∆puk = h ≤ C0d
−γ ≤ −∆p((C0/C)

1
p−1u), inΩk,

while u > 0 on ∂Ωk, the comparison principle (see [6]) implies uk ≤
(C0/C)

1
p−1u in Ωk.

Since the comparison from bellow can be similarly made, we arrive at

(8) |uk| ≤ (C0/C)
1
p−1φ

p−γ
p−1 ≤ (C0/C)

1
p−1d

p−γ
p−1 ,

for a positive constant C that does not depend on k and h. Thus we obtain
uniform local bounds for uk, and thanks to the interior C1,η estimates for
the p-Laplacian (see [5], [11]), we obtain that the sequence uk is precompact
in C1, and hence it is standard to obtain that uk → u in C1

loc(Ω) as k →∞.
Passing to the limit in the weak formulation of (7) we obtain that u is

a solution to −∆pu = f , in Ω, and thanks to (8) it also verifies (4). Thus u
is a weak solution to (3), and the comparison principle implies that is the
only one. This concludes the proof.

Remark 3 a) The supersolution u belongs to W 1,p
loc (Ω), but u ∈ W 1,p(Ω)

only when γ < 2− 1/p. A similar conclusion can be made for the solution
u to (1).

b) When 0 < γ ≤ 1, Theorem 2 can be applied, since |h| ≤ C0d
−γ implies

|h| ≤ C0d
−θ for every θ > γ. However, we observe that the estimates (4)

for the solution is not optimal in this case. It is indeed possible to prove
that |u| ≤ Cd, at least if 0 < γ < 1.

c) When h verifies lim infx→x0d(x)γh(x) > 0 for some x0 ∈ ∂Ω and
γ ≥ p, bounded solutions to −∆pu = h do not exist.
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3. The existence of positive blow-up solutions

Proof of Theorem 1. First, we consider the problem

(9)
{

∆pu = g(x)f(u), in Ωk

u = n, on ∂Ωk ,

for a positive integer n ∈ N. Since g may be singular on ∂Ω we truncate
the problem using a smooth function ϕ ∈ [0, 1] such that ϕ = 0 in [0, 1] and
ϕ = 1 in [2,∞). Let k ∈ N and gk(x) = ϕ(kd(x))g(x).

Since g is nonnegative the sequence gk is increasing in k and gk(x) ≤
g(x) ≤ Cd(x)−γ(x). Since Ω is bounded we have also gk(x) ≤ g(x) ≤
Cd(x)−γ(x), for a positive constant C, and so gk ∈ L∞(Ω).

Next, we consider the truncated problem

(10)
{

∆pu = gk(x)f(u), in Ω
u = n, on ∂Ω .

It is easy to see that u = 0 is a subsolution and u is a supersolution.
Also, by comparison principle the solution is unique and we denote it by
uk,n.

Our aim is to pass to the limit as k →∞ and in order to do this will be
essential the fact that γ(x) < p.

If we define uk,n = vk,n + n then vk,n is the solution of the problem

(11)
{

∆pv = gk(x)f(v + n), in Ω
v = 0, on ∂Ω .

Observe that the following inequality in the right hand term gk(x)f(v+
n) ≤ Cd(x)−γ(x)f(n). Let γ0 = max∂Ω γ < p and let φ the unique solution
of the problem

(12)
{

∆pφ = d−γ0 , in Ω
φ = 0, on ∂Ω ,

which exist thanks to Theorem 2 and is positive by the maximum principle.
By comparison principle we have that |vk,n| ≤ Cf(n)φ(x). So, we just

obtain a local bound for the sequence vk,n. Similar with the proof of The-
orem 2 we obtain that the sequence vk,n is precompact in C1, so vk,n → vn
in C1

loc(Ω) as k →∞. The function vn verifies |vn| ≤ Cf(n)φ(x), and thus
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vn = 0 on ∂Ω. Passing to the limit in (11) we obtain that vn is a solution
to

(13)
{

∆pv = g(x)f(v + n), in Ω
v = 0, on ∂Ω ,

so un = vn + n is a solution of (9). The uniqueness of un is also obtained
directly by comparison principle. Also from uniqueness we infer that the
sequence un is increasing.

We are interested in the following to obtain local uniform bounds for
the solutions un. Since g > 0 in a neighborhood of ∂Ω, we can choose δ > 0
such that g > 0 in Ωδ = {x ∈ Ω : d(x) < δ}. We choose ε ≤ δ and a point
x0 ∈ Ωδ with d(x0) = ε/2. Since g(x) ≤ g0 > 0 in B(x0, ε/4) we have

∆pun ≥ g0f(un), inB(x0, ε/4).

By comparison principle we obtain un ≤ U , where U is the unique
solution to ∆pU = g0f(U) in B(x0, ε/4) and U |∂B(x0,ε/4). This shows that
un is uniformly bounded in B(x0, ε/8). A compactness argument shows
that un is uniformly bounded on the set {x ∈ Ω : d(x) = ε/2}. Because
∆pun ≥ gof(un) ≥ 0 we infer from comparison principle

u(x) ≤ sup
d=ε/2

u, x ∈ Ω \ Ωε/2.

Since ε is arbitrarily small we have obtained uniform interior local bounds
for the solutions un. Now, passing to a subsequence un → u in C1

loc(Ω), for
some u, which becomes a weak solution to ∆pu = g(x)f(u) in Ω.

Since u is increasing it follows that u = supn un, and then the whole
sequence un converges to u. Finally, u = +∞ on ∂Ω, thanks to the mono-
tonicity of the sequence and u is the solution of (1). This concludes the
proof.

4. Lower and upper bounds of the positive blow-up solution

Lemma 1 Let u be a positive solution to (1). There exists a neighborhood
U of ∂Ω and positive constants C1, C2 such that

(14) C1d(x)−α(x) ≤ u(x) ≤ C2d(x)−α(x), x ∈ U ,

where α(x) = p−γ(x)
q−p+1 .
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Proof. Let x0 ∈ ∂Ω, and for x ∈ Ω define the function v(y) = d(x)α(x)u(x+
d(x)y), where y ∈ B1(0).

Using that g(x + d(x)y) ≥ Cd(x + d(x)y)−γ(x) ≥ Cd(x)−γ(x) we will
obtain the following inequality

∆pv ≥ d(x)α(x)(p−1)+p−γ(x+d(x)y)f(u(x+ d(x)y))

Since f is a (C) type function we have f(v) ≤ d(x)qα(x)f(u) and also
recalling that |γ(x+ d(x)y)− γ(x)| ≤ Cd(x)µ we have

∆pv ≥ Cd(x)d(x)µf(v).

Because limd(x)→0 d(x)d(x)µ = 1 we have that ∆pv ≥ Cf(v) in B1(0) for
d(x) small enough. With comparison principle it follows that v ≤ U , where
U is the unique solution of the problem ∆pU = Cf(U) in B1(0) and u =∞
in ∂B1(0).

If we take y = 0 we obtain

u(x)d(x)α(x) = v(0) ≤ U(0),

and hence
u(x) ≤ U(0)d(x)−α(x),

which is the upper inequality in (14).
We next prove the lower inequality. Let x0 ∈ ∂Ω be fixed. For a

point x ∈ Ω close to x0, denote by x its projection onto ∂Ω. We denote
cx = x+ d(x)ν(x), where ν(x) is the outer unit normal to ∂Ω at x.

Notice that cx /∈ Ω if x is close enough to x0. Now consider the annulus
with center in cx, inner radius d(x) and outer radius 3d(x), namely Ax =
{y ∈ RN : d(x) < |y − cx| < 3d(x)}.

We define
w(y) = d(x)α(x)u(cx + d(x)y)

where y ∈ Qx = {y ∈ A : cx+ d(x)y ∈ Ω} and A = {y ∈ RN : 1 < |y| < 3}
is the normalized annulus.

Then w verifies

w = d(x)α(x)(p−1)+p−γ(cx+d(x)y)g(cx + d(x)y)f(u)

in Qx, and it is shown as before that this implies the existence of a positive
constant C such that ∆pw ≤ Cf(w) in Qx.
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On the other hand, it can be proved that the problem ∆pz = f(z) in
A, with z = +∞ on |y| = 1, and z = 0 on |y| = 3, admits a unique positive
weak solution z, which is indeed radially symmetric, and by comparison
w ≥ z in Qx, since w > 0 on |y| = 3. For a similar approach concerning
radially symmetric solutions to boundary value problems we refer to [12],
[9], [20].

This gives w(−2ν(x)) ≥ z(−2ν(x)), and since z is a radial function, we
obtain u(x) ≥ z(2)d(x)−α(x), which is the lower inequality in (4.1). The
inequality is shown to be valid in a whole neighborhood of Ω by means of
a standard compactness argument. This concludes the proof of the lemma.

5. Proof of uniqueness in Theorem 1

As usual for the uniqueness we need to prove that limx→x0 d(x)α(x)u(x)
exists and is finite, depending of f , for each x0 ∈ Ω. This fact will be easy,
taking into account the estimates from (1) and using the same techniques
as in [22]. For this, we escape this step and we consider in the following
that limx→x0 d(x)α(x)u(x) exists and is finite.

Let u, v be positive weak solutions to (1). According to estimates from
Lemma (1) and with the previously considerations, we have limx→x0

u(x)
v(x) =

1 for every x0 ∈ ∂Ω.
By compactness, this limit holds uniformly, and thus for every ε > 0

there exists δ > 0 such that

(15) (1− ε)v(x) ≤ u(x) ≤ (1 + ε)v(x),

if d(x) < δ. Denote by Ωδ = {x ∈ Ω : d(x) > δ}, and consider the problem
∆pw = g(x)f(w) in Ωδ and w = u on ∂Ωδ which has a unique solution
thanks to the comparison principle, since g(x) is bounded and nonnegative.
This solution is of course w = u.

On the other hand, from (C)-type condition if we take m = 1 + ε we
have f((1 + ε)v) ≥ (1 + ε)p−1f(v). If we replace v by v

1+ε and ε by ε
1−ε we

have f((1− ε)v) ≤ (1− ε)p−1f(v).
Hence, the functions (1 − ε)v and (1 + ε)v are respectively sub- and

supersolution. Hence (15) holds also in Ωδ, that is

(1− ε)v(x) ≤ u(x) ≤ (1 + ε)v(x), inΩ.

Letting ε→ 0, we arrive at u = v, and this proves uniqueness.
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An Eigenvalue Problem for Anisotropic Quasilinear
Elliptic Equations with Variable Exponents

D. Stancu-Dumitru1

Abstract. We study an anisotropic eigenvalue problem involving variable
exponent growth conditions on a bounded domain Ω ⊂ RN . We prove
the existence of a continuous family of eigenvalues lying in a neighborhood
at the right of the origin using as main tool the Mountain Pass Theorem
of A. Ambrosetti and P. H. Rabinowitz. Our results are motivated from
the point of view of applications by some recent advances in the theory of
electrorheological fluids, image processing and theory of elasticity. On the
other hand, our results extends to the anisotropic case some results obtained
recently in the isotropic case.

Keywords: Anisotropic equation, Variable exponent, Continuous family
of eigenvalues

1. Introduction

Equations involving variable exponent growth conditions have been ex-
tensively studied in the last decade. We just remember the recent advances
in [33, 21, 24, 16, 23, 26, 28, 27, 30, 37, 34, 31, 32]. The large number of
papers studying problems involving variable exponent growth conditions is
motivated by the fact that this type of equations can serve as models in the
theory of electrorhological fluids [11, 14, 20, 19, 16], image processing [25]
or the theory of elasticity [8].

Typical models of elliptic equations with variable exponent growth con-
ditions appeal to the so called p(x)-Laplace operator, that is

∆p(x)u := div(|∇u|p(x)−2∇u) ,

1Department of Mathematics, University of Craiova, 200585 Craiova, Romania
E-mail address: denisa.stancu@yahoo.com
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where p(x) is a function satisfying p(x) > 1 for each x. Recently, Mihăilescu-
Pucci-Rădulescu extended in [29] the study involving the p(x)-Laplace op-
erator to the case of anisotropic equations with variable exponent growth
conditions, where the differential operator considered has the form

(1)
N∑
i=1

∂xi(|∂xiu|pi(x)−2∂xiu) ,

with pi(x) functions satisfying infx pi(x) > 1 for each i ∈ {1, ..., N}. Un-
doubtedly, in the particular case when pi(x) = p(x) for each i ∈ {1, ..., N}
the above differential operator becomes

∑N
i=1 ∂xi(|∂xiu|p(x)−2∂xiu) and has

similar properties with the p(x)-Laplace operator. On the other hand, the
anisotropic equations with variable exponent growth conditions enable the
study of equations with more complicated nonlinearities since the differen-
tial operator (1) allows a distinct behavior for partial derivatives in various
directions.

Motivated by the above discussion, the goal of this paper is to investigate
a problem of the type

(2)

 −
N∑
i=1

∂xi(|∂xiu|pi(x)−2∂xiu) = λ · f(x, u), for x ∈ Ω,

u = 0, for x ∈ ∂Ω,

where Ω ⊂ RN (N ≥ 3) is a bounded domain with smooth boundary, λ is
a positive number, pi are continuous functions on Ω such that 2 ≤ pi(x) < N
for any x ∈ Ω and i ∈ {1, ..., N}.

2. Preliminary results on variable exponent spaces

Assume Ω ⊂ RN is an open domain.
Set

C+(Ω) = {h; h ∈ C(Ω), h(x) > 1 for all x ∈ Ω}.
For any p ∈ C+(Ω) we define

p+ = sup
x∈Ω

p(x) and p− = inf
x∈Ω

p(x) .

For each p ∈ C+(Ω), we recall the definition of the variable exponent
Lebesgue space

Lp(·)(Ω) =
{
u; u is a measurable real-valued function such that
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Ω
|u(x)|p(x) dx <∞

}
.

This space becomes a Banach space [9, Theorem 2.5] with respect to the
Luxemburg norm, that is

|u|p(·) = inf

{
µ > 0;

∫
Ω

∣∣∣∣u(x)
µ

∣∣∣∣p(x)

dx ≤ 1

}
.

Moreover, Lp(·)(Ω) is a reflexive space [9, Corollary 2.7] provided that 1 <
p− ≤ p+ <∞. Furthermore, on such kind of spaces a Hölder type inequality
is valid [9, Theorem 2.1]. More exactly, denoting by Lq(·)(Ω) the conjugate
space of Lp(·)(Ω), where 1

p(x) + 1
q(x) = 1 for any x ∈ Ω, for each u ∈ Lp(·)(Ω)

and each v ∈ Lq(·)(Ω) the Hölder type inequality reads as follows

(3)
∣∣∣∣∫

Ω
uv dx

∣∣∣∣ ≤ ( 1
p−

+
1
q−

)
|u|p(·)|v|q(·) .

An immediate consequence of Hölder’s inequality is connected with some
inclusions between various Lebesgue spaces involving variable exponent
growth [9, Theorem 2.8]: if 0 < |Ω| < ∞ and p1, p2 are variable expo-
nents, so that p1(x) ≤ p2(x) almost everywhere in Ω, then there exists the
continuous embedding Lp2(·)(Ω) ↪→ Lp1(·)(Ω), whose norm does not exceed
|Ω|+ 1.

An important role in manipulating the generalized Lebesgue-Sobolev
spaces is played by the modular of the Lp(·)(Ω) space, which is the mapping
ρp(·) : Lp(·)(Ω)→ R defined by

ρp(·)(u) =
∫

Ω
|u|p(x) dx ,

provided that p+ < ∞. Spaces with p+ = ∞ have been studied by Ed-
munds, Lang and Nekvinda [13].

We point out some relations which can be established between the Lux-
emburg norm and the modular. If (un), u ∈ Lp(·)(Ω) and p+ <∞ then the
following relations hold true

(4) |u|p(·) > 1 ⇒ |u|p
−

p(·) ≤ ρp(·)(u) ≤ |u|p
+

p(·)

(5) |u|p(·) < 1 ⇒ |u|p
+

p(·) ≤ ρp(·)(u) ≤ |u|p
−

p(·)
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(6) |un − u|p(·) → 0 ⇔ ρp(·)(un − u)→ 0 .

Next, we define the variable exponent Sobolev space W
1,p(·)
0 (Ω) as the

closure of C∞0 (Ω) under the norm

‖u‖ = |∇u|p(·) .

The space (W 1,p(·)
0 (Ω), ‖ · ‖) is a separable and reflexive Banach space, pro-

vided that 1 < p− ≤ p+ <∞. We recall that if Ω is a bounded, open domain
in RN , q ∈ C+(Ω) and q(x) < p?(x) for all x ∈ Ω then the embedding

W
1,p(·)
0 (Ω) ↪→ Lq(·)(Ω)

is compact and continuous, where p?(x) = Np(x)
N−p(x) if p(x) < N or p?(x) =

+∞ if p(x) ≥ N . We refer to [7, 13, 10, 15, 17, 18, 9] for further properties
of variable exponent Lebesgue-Sobolev spaces.

Finally, we recall the definition and properties of the anisotropic variable
exponent Sobolev spaces as they were introduced in [29]. With that end in
view, we assume in the sequel that Ω is a bounded open domain in RN and
we denote by −→p (·) : Ω→ RN the vectorial function −→p (·) = (p1(·), ..., pN (·)).
We define W 1,−→p (·)

0 (Ω), the anisotropic variable exponent Sobolev space, as
the closure of C∞0 (Ω) with respect to the norm

‖u‖−→p (·) =
N∑
i=1

|∂xiu|pi(·) .

In the case when pi(·) ∈ C+(Ω) are constant functions for any i ∈ {1, ..., N}
the resulting anisotropic Sobolev space is denoted by W 1,−→p

0 (Ω), where −→p
is the constant vector (p1, ..., pN ). The theory of this type of spaces was
developed in [22, 1, 5, 6, 3, 2]. It was argued in [29] that W 1,−→p (·)

0 (Ω) is a
reflexive Banach space.

On the other hand, in order to facilitate the manipulation of the space
W

1,−→p (·)
0 (Ω) we introduced

−→
P +,

−→
P − in RN as

−→
P + = (p+

1 , ..., p
+
N ),

−→
P − = (p−1 , ..., p

−
N ),

and P+
+ , P

+
− , P

−
− ∈ R+ as

P+
+ = max{p+

1 , ..., p
+
N}, P+

− = max{p−1 , ..., p
−
N}, P−− = min{p−1 , ..., p

−
N}.
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Throughout this paper we assume that

(7)
N∑
i=1

1
p−i

> 1

and define P ?− ∈ R+ and P−,∞ ∈ R+ by

P ?− =
N

N∑
i=1

1
p−i
− 1

, P−,∞ = max{P+
− , P

?
−}.

We recall a result regarding the compact embedding between W 1,−→p (·)
0 (Ω)

and variable exponent Lebesgue spaces (see, [29, Theorem 1]):

Theorem 1 Assume that Ω ⊂ RN (N ≥ 3) is a bounded domain with
smooth boundary. Assume relation (7) is fulfilled. For any q ∈ C(Ω) veri-
fying

(8) 1 < q(x) < P−,∞ for all x ∈ Ω,

the embedding
W

1,−→p (·)
0 (Ω) ↪→ Lq(·)(Ω)

is continuous and compact.

Another interesting result, that will be useful in our paper is given by
[36, Proposition 1]. More exactly, in [36], it is proved the fact that if
p : Ω→ [2, N) is a continuous function satisfying condition

(A) there exists j ∈ {1, ..., N} such that p(x) = p(x1, ..., xj−1, xj+1, ..., xN )
(that is p is independent of xj) and pj(x) = p(x) for all x ∈ Ω
then

inf
u∈C∞0 (Ω)\{0}

∫
Ω
|∂xju|p(x) dx∫
Ω
|u|p(x) dx

> 0.

This result implies the fact that if condition (A) is satisfied then:

(9) λ1 = inf
u∈C∞0 (Ω)\{0}

∫
Ω

1
p(x)

|∂xju|p(x) dx∫
Ω

1
p(x)

|u|p(x) dx

> 0.
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3. The main result

In this paper we study problem (2) in the particular case f = f(x, t) :
Ω× R→ R is given by the relation

f(x, t) :=
{
|t|p(x)−2t, if |t| < 1
|t|r(x)−2t, if |t| ≥ 1 ,

with p : Ω → [2, N) continuous function satisfying condition (A) and r :
Ω→ (1,∞) a continuous function satisfying

(B) P+
+ < r− ≤ r+ < P−,∞.

We seek solutions for problem (2) belonging to the space W 1,−→p (·)
0 (Ω) in

the sense given below.

Definition 1 We say that u ∈ W 1,−→p (·)
0 (Ω) is a weak solution for problem

(2) if ∫
Ω

{
N∑
i=1

(
|∂xiu|pi(x)−2∂xiu ∂xiv

)
− λf(x, u) · v

}
dx = 0,

for all v ∈ W
1,−→p (·)
0 (Ω). Moreover, we say that λ ∈ R is an eigenvalue of

problem (2) if the weak solution u defined above is not trivial.

The main result of this paper is given by the following theorem.

Theorem 2 Assume condition (A) and (B) are satisfied. Then any λ ∈
(0, λ1) is an eigenvalue of problem (2) with λ1 given by (9).

Particularly, the result of Theorem 2 extends to the case of anisotropic
variable exponent case the main result in [34].

4. Proof of Theorem 2

We start by introducing the energy functional corresponding to problem
(2), that is J : W 1,−→p (·)

0 (Ω)→ R,

(10) J(u) =
N∑
i=1

∫
Ω

|∂xiu|pi(x)

pi(x)
dx− λ

∫
Ω
F (x, u) dx,
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where F (x, u) =
∫ u

0 f(x, s) ds.

Standard arguments assure that J ∈ C1(W 1,−→p (·)
0 (Ω),R) and its Fréchet

derivative is given by

(11) 〈J ′(u), v〉 =
N∑
i=1

∫
Ω
|∂xiu|pi(x)−2∂xiu ∂xiv dx− λ

∫
Ω
f(x, u) v dx,

for all u, v ∈W 1,−→p (·)
0 (Ω).

Thus, the weak solutions of problem (2) are exactly the critical points
of J. Our idea is to apply a mountain-pass argument in order to obtain a
nontrivial weak solution for problem (2), and thus, to show that λ ∈ (0, λ1)
is an eigenvalue of (2).

In order to prove Theorem 2 we first point out certain properties which
are satisfied by function f : Ω× R→ R.

(f1) There exists a constant c > 0 such that

|f(x, t)| ≤ c(1 + |t|r(x)−1), ∀ x ∈ Ω, t ∈ R ;

(f2) There exist θ > P+
+ and t0 > 0 such that

0 < θ · F (x, t) ≤ f(x, t) · t, ∀ x ∈ Ω, t ∈ R with |t| ≥ t0 ,

where F (x, t) =
∫ t

0 f(x, s) ds;
(f3) For any λ ∈ (0, λ1) the following relation holds true

λf(x, t)
|t|p(x)−2t

= λ < λ1 ,

for any t ∈ R satisfying |t| ≤ 1 and any x ∈ Ω.
Remark Conditions (f1)-(f3) are useful to show that functional J is well
defined and of class C1 on W

1,−→p (·)
0 (Ω).

The following lemma will be essential in proving our main result and it
shows that the functional J possesses a mountain-pass geometry.

Lemma 1

1. There exist a, µ > 0 such that

J(u) ≥ a > 0, ∀ u ∈W 1,−→p (·)
0 (Ω) with ‖u‖−→p (·) = µ.
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2. There exists e ∈W 1,−→p (·)
0 (Ω) with ‖e‖−→p (·) > µ (where µ is given above)

such that J(e) < 0.

Proof.
1. Since f satisfies (f3) and for any λ ∈ (0, λ1) there exists ε > 0 such

that λ ≤ λ1 − ε we have

λf(x, t)
|t|p(x)−2t

= λ ≤ λ1 − ε

for all x ∈ Ω and all t ∈ R with |t| ≤ 1. We deduce that

(12) λF (x, t) ≤ 1
p(x)

(λ1 − ε)|t|p(x)

for all x ∈ Ω and all t ∈ R with |t| ≤ 1.
By condition (B) we have 1 < r− ≤ r+ < P−,∞ and, consequently, The-

orem 1 assures that W 1,−→p (·)
0 (Ω) is continuously and compactly embedded

in Lr
−

(Ω) and Lr
+

(Ω).
The fact that W 1,−→p (·)

0 (Ω) is continuously and compactly embedded in
Lr
−

(Ω) assures that there exists a positive constant C1 such that

(13) |u|r− ≤ C1 · ‖u‖−→p (·), ∀ u ∈W
1,−→p (·)
0 (Ω).

Similarly, W 1,−→p (·)
0 (Ω) is continuously and compactly embedded in Lr

+
(Ω)

and this guarantees that there exists a positive constant C2 such that

(14) |u|r+ ≤ C2 · ‖u‖−→p (·), ∀ u ∈W
1,−→p (·)
0 (Ω).

Using condition (f1) and relations (12), (9), (13), (14) we have

J(u) ≥
N∑
i=1

∫
Ω

|∂xiu|pi(x)

pi(x)
dx− (λ1 − ε)

∫
{x∈Ω; |u(x)|≤1}

|u(x)|p(x)

p(x)
dx

−K
∫

{x∈Ω; |u(x)|≥1}

|u(x)|r(x) dx

≥ 1
P+

+

N∑
i=1

∫
Ω
|∂xiu|pi(x)dx− (λ1 − ε)

∫
Ω

|u(x)|p(x)

p(x)
dx−K

∫
Ω
|u(x)|r(x) dx

≥ 1
P+

+

N∑
i=1

∫
Ω
|∂xiu|pi(x)dx− λ1 − ε

λ1

∫
Ω

|∂xju(x)|p(x)

p(x)
dx



9 An Eigenvalue Problem for Anisotropic Quasilinear Elliptic Equations ... 229

−K
∫

Ω

(
|u(x)|r− + |u(x)|r+

)
dx

≥ 1
P+

+

N∑
i=1, i 6=j

∫
Ω
|∂xiu|pi(x)dx+

(
1− λ1 − ε

λ1

)∫
Ω

|∂xju(x)|pj(x)

pj(x)
dx

−K1 ‖u‖r
+

−→p (·) −K2 ‖u‖r
−
−→p (·)

≥ 1
P+

+

N∑
i=1, i 6=j

∫
Ω
|∂xiu|pi(x)dx+

1
P+

+

· ε
λ1

∫
Ω
|∂xju|pj(x) dx

−K1 ‖u‖r
+

−→p (·) −K2 ‖u‖r
−
−→p (·)

≥ 1
P+

+

· ε
λ1

N∑
i=1

∫
Ω
|∂xiu|pi(x)dx−K1 ‖u‖r

+

−→p (·) −K2 ‖u‖r
−
−→p (·),

where K, K1, K2 are positive constants.
By relation (5), for all u ∈W 1,−→p (·)

0 (Ω) with ‖u‖−→p (·) < 1, we obtain

(15)

‖u‖P
+
+
−→p (·)

NP+
+−1

= N


N∑
i=1
|∂xiu|pi(·)

N


P+

+

≤
N∑
i=1

|∂xiu|
P+

+

pi(·)

≤
N∑
i=1

|∂xiu|
p+i
pi(·) ≤

N∑
i=1

∫
Ω
|∂xiu|pi(x) dx .

Provided ‖u‖−→p (·) < 1, by above equation we have

(16) J(u) ≥ ε

λ1P
+
+N

P+
+−1
‖u‖P

+
+
−→p (·) −K1 ‖u‖r

+

−→p (·) −K2 ‖u‖r
−
−→p (·)

where K1, K2 are positive constants.
Since r+ ≥ r− > P+

+ the above inequalities prove the first part of the
lemma.

2. By condition (f2) we deduce that

F (x, t) ≥ C|t|θ, ∀ x ∈ Ω, t ∈ R with |t| ≥ t0,

where C is a positive constant.
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Let ϕ ∈ W
1,−→p (·)
0 (Ω) be fixed, such that |{x ∈ Ω; ϕ(x) ≥ t0}| > 0.

Denote M = sup{|F (x, t)|; x ∈ Ω, |t| ≤ t0} and let t > 1. We have

J(t · ϕ) =
N∑
i=1

∫
Ω

tpi(x)

pi(x)
|∂xiϕ|pi(x) dx− λ

∫
Ω
F (x, t · ϕ) dx

≤ tP
+
+

P−−

N∑
i=1

∫
Ω
|∂xiϕ|pi(x) dx− λ · C ·

∫
{x∈Ω; ϕ(x)≥t0}

tθ · |ϕ|θ dx+ λ ·M · |Ω|.

Taking into account that θ > P+
+ and passing to the limit as t→∞ we

obtain that limt→∞ J(t · ϕ) = −∞. We conclude that Lemma 1 holds true.

Proof of Theorem 2. We set

Γ = {γ ∈ C([0, 1],W 1,−→p (·)
0 (Ω)); γ(0) = 0, γ(1) = e},

where e ∈W 1,−→p (·)
0 (Ω) is given by Lemma 1, and

ζ = inf
γ∈Γ

max
t∈[0,1]

J(γ(t)).

According to the second part of Lemma 1 we know that ‖e‖−→p (·) > µ so
every path γ ∈ Γ intersects the sphere ‖x‖−→p (·) = µ. Then Lemma 1 implies

ζ ≥ inf
‖u‖−→p (·)=µ

J(u) ≥ a,

with the constant a > 0 given in Lemma 1, thus ζ > 0.
The mountain-pass theorem (see, e.g. [4] or [12]) implies the existence

of a sequence {un} ⊂W 1,−→p (·)
0 (Ω) such that

(17) J(un)→ ζ and J
′
(un)→ 0 in

(
W

1,−→p (·)
0 (Ω)

)?
,

where
(
W

1,−→p (·)
0 (Ω)

)?
is the dual space of W 1,−→p (·)

0 (Ω).

First, we show that {un} is bounded in W
1,−→p (·)
0 (Ω). Assume by con-

tradiction the contrary. Then, passing eventually to a subsequence, still
denoted by {un}, we may assume that ‖un‖−→p (·) →∞ as n→∞. Thus we
may consider that ‖un‖−→p (·) > 1 for any integer n.
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For each n and i ∈ {1, ..., N} we define

ξn,i =
{
P+

+ , if |∂xiun|pi(·) < 1,
P−− , if |∂xiun|pi(·) > 1.

Some elementary computations show that for all u ∈W 1,−→p (·)
0 (Ω) we have

(18)
‖u‖P

−
−
−→p (·)

NP−−−1
= N

(∑N
i=1 |∂xiu|pi(·)

N

)P−−
≤

N∑
i=1

|∂xiu|
P−−
pi(·).

Relations (17), (18) and the above considerations imply that for n large
enough it holds

1 + ζ + ‖un‖−→p (·) ≥ J(un)− 1
θ
〈J ′(un), un〉

≥

(
1
P+

+

− 1
θ

)
N∑
i=1

∫
Ω
|∂xiun|pi(x) dx

+λ
∫
{x∈Ω; un(x)≥t0}

[
1
θ
f(x, un)un − F (x, un)

]
dx−M1 · |Ω|

≥

(
1
P+

+

− 1
θ

)
N∑
i=1

|∂xiun|
ξn,i

pi(·)

+λ
∫

{x∈Ω; un(x)≥t0}

[
1
θ
f(x, un)un − F (x, un)

]
dx−M1 · |Ω|

≥

(
1
P+

+

− 1
θ

) N∑
i=1

|∂xiun|
P−−
pi(·) −

∑
{i; ξn,i=P

+
+ }

(
|∂xiun|

P−−
pi(·) − |∂xiun|

P+
+

pi(·)

)
+ λ

∫
{x∈Ω; un(x)≥t0}

[
1
θ
f(x, un)un − F (x, un)

]
dx−M1 · |Ω|

≥

(
1
P+

+

− 1
θ

)
1

NP−−−1
‖un‖

P−−
−→p (·) −N

(
1
P+

+

− 1
θ

)

+λ
∫

{x∈Ω; un(x)≥t0}

[
1
θ
f(x, un)un − F (x, un)

]
dx−M1 · |Ω|,
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where M1 = λ1 sup{
∣∣1
θf(x, t)t− F (x, t)

∣∣ ; x ∈ Ω, |t| ≤ t0}.
Taking into account that condition (f2) holds true, dividing the above

inequality by ‖un‖
P−−
−→p (·) and passing to the limit as n → ∞ we obtain a

contradiction. It follows that {un} is bounded in W
1,−→p (·)
0 (Ω).

Since {un} is bounded in the reflexive Banach space W
1,−→p (·)
0 (Ω) we

deduce that there exists a subsequence, again denoted by {un}, and u0 ∈
W

1,−→p (·)
0 (Ω) such that {un} converges weakly to u0 in W 1,−→p (·)

0 (Ω). We prove
that {un} converges strongly to u0 in W

1,−→p (·)
0 (Ω).

To do that, first we point out that condition (f1) implies

(19) |f(x, un)(un − u0)| ≤ c(|un − u0|+ |un|r(x)−1|un − u0|), ∀ x ∈ Ω, n.

Since 1 < r(x) < P−,∞ for all x ∈ Ω we deduce that W 1,−→p (·)
0 (Ω) is compactly

embedded in Lr(·)(Ω) thus {un} converges strongly to u0 in Lr(·)(Ω) and
L1(Ω). That fact combined with inequality (19) and Hölder’s inequality
yield

(20) lim
n→∞

∫
Ω
f(x, un)(un − u0) dx = 0.

On the other hand, by relation (17) we get

(21) lim
n→∞

〈J ′(un), un − u0〉 = 0.

Relations (20), (21) and the fact that {un} is bounded in W 1,−→p (·)
0 (Ω) imply

that

(22) lim
n→∞

N∑
i=1

∫
Ω
|∂xiun|pi(x)−2 ∂xiun(∂xiun − ∂xiu0) dx = 0 .

Relation (22) and the fact that {un} converges weakly to u0 in W
1,−→p (·)
0 (Ω)

imply
(23)

lim
n→∞

N∑
i=1

∫
Ω

(
|∂xiun|pi(x)−2 ∂xiun−|∂xiu0|pi(x)−2∂xiu0

)
(∂xiun−∂xiu0)dx=0.

Next, we recall that the following elementary inequality

(24)
(
|η|t−2η − |%|t−2%

)
(η − %) ≥ 2−t|η − %|t, for all η, % ∈ R ,
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is valid for all t ≥ 2.
Applying the above inequality in relation (23) we get

lim
n→∞

N∑
i=1

∫
Ω
|∂xiun − ∂xiu0|pi(x) dx = 0 ,

and, consequently, {un} converges strongly to u0 in W
1,−→p (·)
0 (Ω).

We find J(u0) = ζ > 0 and J
′
(u0) = 0 and thus u0 is a nontrivial weak

solution for problem (2). The proof of Theorem 2 is complete.
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Inverse Problems for Second Order Differential
Equations with Constant Delay

V. Vladičić1

Abstract. In this paper we consider the Sturm-Lioville problem with delay
and initial and boundary conditions:

(1) −y′′(x) + q(x)y(x− τ) = λy(x); τ ∈ (0, π),

(2) y(x− τ) = y(0)ϕ(x− τ);x ∈ [0, τ ];ϕ(0) = 1,

(3) y′(0)− hy(0) = 0;h ∈ C,

(4) y′(π) +Hy(π) = 0;H ∈ C,

we prove that if we know the two series of eigenvalues of differential opera-
tors generated by differential equation (1) and initial and boundary condi-
tions (2),(3),(4) with different boundary condition (3) then we can determine
τ, h2 − h1, H,

∫ π
τ
q(t)dt.

Keywords: Eigenvalue, Inverse problems, Differential equations

1. Introduction

Lemma 1 Equation (1) with (2) is equivalent to integral equation

(5) y(x) = y(0)[cos zx+
h

z
sin zx+

1
z

∫ x

0
q(t) sin z(x− t)y(t− τ)]

where λ = z2.
1Department of Mathematics and Informatics, University East Sarajevo, Alekse

Šantica 1, East Sarajevo, 71123, Bosnia and Herzegovina
E-mail: vladimirfoca1982@yahoo.com
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Proof. Since (5) is integral equation Voltaire‘s type, can be solved with
methods approximations.

Let it k0 integer who satisfies k0τ < π ≤ (k0 + 1)τ then solution is:

(6)

y(x) = y(0)[cos zx+
h

z
sin zx+

1
z

∫ τ

0
q1(t0) sin z(x− t0)dt0

+
1
z

∫ x

τ
q(t0) sin z(x− t0) cos z(t0 − τ)dt0

+
h

z2

∫ x

τ
sin z(x− t0) sin z(t0 − τ)dt0

+
k0∑
k=2

1
zk

∫
Dk

Qk(Tk) sin z(x− t0)S(c)
k (z)dTk

+
k0∑
k=2

h

zk+1

∫
Dk

Qk(Tk) sin z(x− t0)S(s)
k (z)dTk

+
k0+1∑
k=2

1
zk

∫
D

(1)
k

Qk(Tk) sin z(x− t0S(1)
k (z)ϕ(tk−1 − τ)dTk],

where

D
(1)
k = {(t0, t1, ...tk−1) : (k − 1)τ ≤ t0 ≤ x, (k − 2)τ ≤ t1 ≤ t0 − τ, ...,

0 ≤ tk−1 ≤ tk−2−τ}

Dk={(t0, t1, ..., tk−1) : kτ ≤ t0 ≤ x, (k−1)τ ≤ t1 ≤ t0−τ, ...,

τ ≤ tk−1 ≤ tk−2−τ}

Qk(Tk) =
k−1∏
i=0

q(ti)

q1(t) = q(t)ϕ(t− τ)

dTk = (dt0, dt1, ..., dtk−1)

S
(1)
k (z) =

k−1∏
i=0

sin z(ti − τ − ti+1)

S
(c)
k (z) =

k−2∏
i=0

sin z(ti − τ − ti+1) cos z(tk−1 − τ)
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S
(s)
k (z) =

k−2∏
i=0

sin z(ti − τ − ti+1) sin z(tk−1 − τ); k ∈ {2, ..., k0 + 1}

From (6) we have

y′(x) = y(0){−z sin zx+ h cos zx+
∫ τ

0
q1(t0) cos z(x− t0)dt0

+
∫ x

τ
q(t0) cos z(x− t0) cos z(t0 − τ)dt0

+
h

z

∫ x

τ
q(t0) cos z(x− t0) sin z(t0 − τ)dto

+
k0∑
k=2

1
zk+1

∫
Dk

Qk(Tk) cos z(x− t0)S(c)
k (z)dTk

+
k0+1∑
k=2

1
zk−1

∫
D

(1)
k

Qk(Tk)ϕ(tk−1 − τ) cos z(x− t0)S(1)
k (z)dTk}.

From problem (1)-(4) we have y(0) 6= 0 and if we put x = π in y′(x)+Hy(x)
and using (4) we get

F (z) = (−z +
hH

z
)sinπz + (h+H)cosπz +

∫ τ

0
q1(t0) cos z(π − t0)dt0

+
H

z

∫ π

0
q1(t0) sin z(π − t0)dt0 +

∫ π

τ
q(t0) cos z(π − t0) cos z(t0 − τ)dt0

+
H

z

∫ π

τ
q(t0) sin z(π − t0) cos z(t0 − τ)dt0 +

h

z

∫ π

τ
q(t0) cos z(π − t0) sin z

×(t0 − τ)dt0 +
hH

z2

∫ π

τ
q(t0) sin z(π − t0) sin z(t0 − τ)dt0

+
k0∑
k=2

1
zk−1

∫
Dπk

Qk(Tk) cos z(π − t0)S(c)
k (z)dTk

+
k0∑
k=2

H

zk

∫
Dπk

Qk(Tk) sin z(π − t0)S(c)
k (z)dTk

+
k0∑
k=2

h

zk

∫
Dπk

Qk(Tk) cos z(π − t0)S(s)
k (z)dTk

+
k0∑
k=2

hH

zk+1

∫
Dπk

Qk(Tk) sin z(π − t0)S(s)
k (z)dTk
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+
k0+1∑
k=2

H

zk

∫
D

(1)π
k

Qk(Tk)ϕ(tk−1 − τ) sin z(π − t0)S(1)
k (z)dTk

+
k0+1∑
k=2

1
zk−1

∫
D

(1)π
k

Qk(Tk)ϕ(tk−1 − τ) cos z(π − t0)S(1)
k (z)dTk.

The function F is the characteristic function of differential operators gen-
erated by the problem (1)–(4). Squares zero of this function at the same
time they are eigenvalues of the operator. From the previously presented,
it follows that F is the entire function.

Lemma 2 If q ∈ L1[0, π] and ϕ ∈ L1[−τ, 0] then

F (zn) = 0⇒ zn = ±[n+ C1(n)
n + o( 1

n)]; (n→∞)

where C1(n) = H+h
π + 1

2π (
∫ π
τ q(t)dt) cosnπ.

Lemma 3 If q ∈ AC[0, π] and ϕ ∈ AC[−τ, 0] then

F (zn) = 0⇒ zn = ±[n+ C1(n)
n + C2(n)

n2 + o( 1
n)]; (n→∞)

where

C1(n) =
H + h

π
+

1
2π

(
∫ π

τ
q(t)dt) cosnπ

C2(n) = −[
q(τ)
π

+
q(τ) + q(π)

4π
+
H

2π

∫ π

τ
q(t)dt] sinnπ

In the proof of Lemma 2 we use: If zn = ±[n+ C1(n)
n + o( 1

n)]; (n→∞)
then

1. sinπzn = (−1)n(C1(n)π
n + o( 1

n)); (n→∞)

2. cosπzn = (−1)n + o( 1
n); (n→∞)

3. cos(π − t)zn = (−1)n cosnt+ o( 1
n); (n→∞)

4. sin(π − t)zn = (−1)n+1 sinnt+ o( 1
n); (n→∞)

In the proof of Lemma 3 we use: If zn = ±[n+C1(n)
n +C2(n)

n2 +o( 1
n)]; (n→∞)

then

1. sinπzn = (−1)n(C1(n)π
n + C2(n)π

n + o( 1
n2 ))
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2. cosπzn = (−1)n + (1− C2
1 (n)π2

2n2 + o( 1
n))

3. cos(π − t)zn = (−1)n cosnt+ (1− C2
1 (n)(π−t)2

2n2 + o( 1
n2 ))

4. sin(π − t)zn = (−1)n+1 sinnt+ (−1)nC1(n)(π−t)
n cosnt+ o( 1

n2 )

together with

F (zn) = (−1)nC1(n)π+ (−1)n(h+H) +
(−1)n cosnπ

2

∫ π

τ
q(t)dt

+
1
n

[(−1)n+1 q(τ) + q(π)
4

+ (−1)n+1q(τ) + (−1)n+1C2(n)π

+
(−1)n+1

2

∫ π

τ
q(t)dt+ o(

1
n

)

and F (zn) = 0. Thus, the proofs of Lemma 2 and Lemma 3 are complete.
Since we have λn = z2

n we get

λn(τ) = n2 +
2
π

(h+H) +
cosnτ
π

∫ π

τ
q(t)dt+O(

1
n

); (n→∞)

if q ∈ L1[0, π], ϕ ∈ L1[−τ, 0]

and

λn = n2 +
2
π

(h+H) +
cosnτ
π

∫ π

τ
q(t)dt− sinnπ

n

q(τ) + q(π)
2π

+

2q(τ)
π

+
H

π

∫ π

τ
q(t)dt) +O(

1
n2

); (n→∞)

if q ∈ AC[0, π], ϕ ∈ AC[−τ, 0].

2. Main results

Functions q and ϕ and numbers h,H and τ we call the parameters of
the problem (1)-(4).
Numbers a, b, c, d and τ given in the asymptotic form

λn = n2 + a+ b cosnτ − c+ db

n
sinnτ + o(

1
n2

)(n→∞) or
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a =
2
π

(h+H), b =
1
π

∫ π

τ
q(t)dt, c

c =
5q(τ) + q(π)2

2π
, d = H

we will call spectral characteristic of problem (1)-(4). Under the inverse
problem we mean the construction of the problem type (1) - (4) on the
basis of its spectral characteristics.
Now we show how we do it. Let as give series of eigenvalues , we can easily
find that in the form of a series of

(7) λn = n2 + a+ b cosnπ +O(
sinnτ
n

), (n→∞)

Consider the series:

µn =
λn−2 − (n− 2)2 − λn+2 + (n+ 2)2

λn−1 − (n− 1)2 − λn+1 + (n+ 1)2

Using (7) we have

µn = 2 cos τ +O( sinnτ
n ), (n→∞)

or

τ = arccos(
1
2

lim
n→∞

µn)

Because τ ∈ (0, π) we need condition limn→∞ µn ∈ (−2, 2).

Theorem 1 If we have series of eigenvalues λn which satisfy

lim
n→∞

λn−2 − (n− 2)2 − λn+2 + (n+ 2)2

λn−1 − (n− 1)2 − λn+1 + (n+ 1)2
∈ (−2, 2)

then delay is uniquely ordered, and τ = arccos(1
2 limn→∞ µn).

Now if we observe two problems (1)–(4) with different h let we say h1, h2

and let it λ1
n series of eigenvalues of first problem and λ2

n series of eigenvalues
of second problem, then, if we use

λin = n2 + a+ bi cosnπ +O( sinnτ
n ), (n→∞) for i ∈ 1, 2,

we have
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Theorem 2 If we have two problems (1)-(4) with different h let‘s say h1, h2

and let it λ1
n series of eigenvalues of first problem and λ2

n series of eigen-
values of second problem then

h2 − h1 =
π

2
lim
n→∞

(λ2
n − λ1

n)∫ π

τ
q(t)dt = π lim

n→∞

1
(a1 − a2) cosnτ

[a1(λ2
n − n2)− a2(λ1

n − n2)].

It is clear that the characteristic function of the problem (1)– (4) the whole
function of half the level of growth and we can present in the form

F (z) = A
∞∏
n=1

(1− z2

λn
)

Let F1 is the characteristic function of the first problem in Theorem 2 and
F2 characteristic function of the second problem. Because∫ π

τ
q(t) cos z(π − t) sin z(t− τ)dt = −sin z(π − τ)

2

∫ π

τ
q(t)dt+O(

1
z

);

(z ∈ R, z →∞)

we get

F2(z)− F1(z) =
(h2 − h1)H

z
sinπz + (h2 − h1)cosπz

+
(h2 − h1)H

z
(− sin z(π − τ))

∫ π

τ
q(t)dt+O(

1
z

);

(z ∈ R, z →∞)

If we put z = 2m+ 1
2 then

H = lim
m→∞

{(2m+
1
2

)
F2(2m+ 1

2)− F1(2m+ 1
2)

h2 − h1

+
1
2

(2m+
1
2

) cos(2m+
1
2

)
∫ π

τ
q(t)dt}

And finally from the above considerations and Theorem 1 and Theorem 2
we have proof of the main results this paper

Theorem 3 If we have two problems (1)-(4) with different h let‘s say
h1, h2 and let it λ1

n series of eigenvalues of first problem and λ2
n series

of eigenvalues of second problem then we can uniquely determine τ, h2−h1,
H,

∫ π
τ q(t)dt.
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Vladičić V., 237


	ISCOPAM-Carja-Ghiba.pdf
	primele-pagini
	ldsf
	mmb_iasi
	Maria_Capcelea_Conferinta_Iasi_12_07_10_corectat
	iscopammodif
	article for unemployment rate's
	Introduction to jNormaliz 1.0 nov2010
	AmaliaIRIZA(full paper)
	NEWAlexandruLAZARI (1)
	articol Victoria LOZAN
	CorinaMitroiSCOPAM
	Finite_Difference_Schemes_ISCOPAM
	AMPatriciu (1)
	Carina_IVASCU2 (1)
	Paltanea_Minea-Quantitative Voronovskaja type theorems
	postolache (1)
	Profir_ISCOPAM
	Ionel_Roventa_SCOPAM_2010
	denisaStancu-Dumitru_paper
	Vladimir
	index

	index.pdf



