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The relaxed micromorphic continuum model
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We formulate a relaxed linear elastic micromorphic continuum model with symmetric Cauchy force-stresses and curvature
contribution depending only on the micro-dislocation tensor. We prove that the new relaxed micromorphic model supports
well-posedness results. Relations with other theories are also pointed out.
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1 Introduction

In this paper we consider the relaxed micromorphic model introduced in [9]. The basic kinematical fields of this extended
continuum model are the displacement u ∈ R3 and the non-symmetric micro-distortion density tensor P ∈ R3×3. Our
new model reconciles Kröner’s rejection of antisymmetric force stresses in dislocation theory with the asymmetric dislocation
model of Eringen and Claus [3] and shows that the concept of asymmetric force stress is not strictly needed in order to describe
rotations of the microstructure in non-polar materials (see also [6]). Hence in our relaxed theory a symmetric force-stress
tensor arises despite the presence of microstructure and the curvature contribution depends solely on the micro-dislocation
tensor CurlP ∈ R3×3. However, the relaxed model is able to fully describe rotations of the microstructure and to predict
non-polar size-effects. Therefore, it gets clear that the asymmetry of the force stress tensor in a continuum theory is not
an immediate consequence of the presence of microstructure in the body, it is rather a constitutive assumption. Another
interesting feature concerns the prescription of boundary values for the micro-distortion field: only tangential traces may be
determined which are weaker than the usual strong anchoring boundary condition. In contrast with the models considered
until now, our free energy of the relaxed model is not uniformly pointwise positive definite in the control of the classical
constitutive variables. We mention that the well-posedness of the dynamic problem of the relaxed model is established in [4],
while a well-posed problem class of autonomous evolutionary equations from elasticity theory modeling solids with micro-
structure are studied in [13]. The existence results for the static geometrically nonlinear formulation are established in [7].
Some very special engineering meta-materials like phononic crystals and lattice structures may however need the introduction
of asymmetric force stress to fully describe their mechanical behavior. This fact was observed in [5], in which the presence
of the Cosserat couple modulus has been proved to be necessary for the physically plausible description of the dynamical
behavior of high-tech micro-structured materials which are known to exhibit frequency band-gaps in the dynamic regime.
The relaxed micromorphic model with positive Cosserat modulus proposed in [5] is the only generalized continuum model
which is able to predict frequency band-gaps contrarily to what is possible in the Mindlin-Eringen model or in so-called
second-gradient models.

1.1 Formulation of the relaxed micromorphic model

We consider a micromorphic continuum which occupies a bounded domain Ω and is bounded by the piecewise smooth surface
∂Ω. Let T > 0 be a given time and let Sym(3) denote the set of symmetric tensors. In this note we keep the notation and we
consider the same Sobolev spaces as in [9]. We consider the following system of partial differential equations

u,tt = Div[ C. sym(∇u− P )︸ ︷︷ ︸
the Cauchy stress σ (symmetric)

] + f , P,tt = −Curl[ Lc.CurlP︸ ︷︷ ︸
the dislocation density tensor

]

︸ ︷︷ ︸
describes the micro-moments

+C. sym(∇u− P )−H. symP︸ ︷︷ ︸
the microstress tensor s (symmetric)

+M (1)
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in Ω×[0, T ], where f is the body force, M is the body moment tensor (second order, non-symmetric), C : Sym(3)→ Sym(3),
H : Sym(3) → Sym(3), Lc : R3×3 → R3×3 are material tensors. To our system of partial differential equations we adjoin
the weaker than usual boundary conditions: u(x, t) = 0, and the tangential condition Pi(x, t) × n(x) = 0, i = 1, 2, 3, on
∂Ω× [0, T ], where × denotes the vector product, n is the unit outward normal vector at the surface ∂Ω , Pi, i = 1, 2, 3 are the
rows of P . The model is driven by nonzero initial conditions u(x, 0) = u0(x), u̇(x, 0) = u̇0(x), P (x, 0) = P0(x), Ṗ (x, 0) =

Ṗ0(x), in Ω, where u0, u̇0, P0 and Ṗ0 are prescribed functions.
Among the advantages of our relaxed model we point out that in contrast with the 7+11 parameters isotropic Mindlin and

Eringen model, we have altogether only seven parameters. Another advantage is that we do not use the strong anchoring con-
dition, P (x, t) = 0 on ∂Ω. Moreover, by suitable restriction of the model we obtain (see [9]): the linear isotropic microvoids
model in dislocation format; the microstrain model [8]; the linear isotropic asymmetric microstretch model in dislocation
format; the linear isotropic Cosserat model; the Popov-Kröner dislocation model; the symmetric earthquake structure model
of Teisseyre, the gauge theory of dislocations of Lazar and Anastassiadis.

2 Mathematical analysis

We will rewrite the initial boundary value problem (P) described in the previous section as an abstract Cauchy problem
in a Hilbert space. Let us define the space X =

{
w = (u, v, P,K) | u∈H1

0 (Ω), v ∈ L2(Ω), P ∈H0(Curl; Ω), K ∈
L2(Ω)

}
. Further, we introduce the operators A1 w = v,A2 w = Div[C. sym(∇u−P )], A3 w = K,A4 w = −Curl[Lc.CurlP ]+

C. sym(∇u − P ) − H. symP , where all the derivatives of the functions are understood in the sense of distributions. Let A
be the operator A = (A1, A2, A3, A4) with domain D(A) = {w = (u, v, P,K) ∈ X | Aw ∈ X}. With the above definitions,
the problem (P) can be transformed into the following abstract Cauchy problem in the Hilbert space X :

(PC) dw

dt
(t) = Aw(t) + F(t), w(0) = w0, where F(t) = (0, f, 0,M) and w0 = (u0, u̇0, P0, Ṗ0).

On H(Curl ; Ω) we consider the seminorm |||P |||2 := ‖ symP‖2L2(Ω) + ‖CurlP‖2L2(Ω) . We have the following result:

Theorem 2.1 [10–12] On H0(Curl ; Ω) the norms ‖ · ‖H(Curl ;Ω) and ||| · ||| are equivalent. In particular, ||| · ||| is a norm
on H0(Curl ; Ω) and there exists a positive constant c, such that c ‖P‖H(Curl ;Ω) ≤ |||P ||| , for all P ∈ H0(Curl ; Ω). �

The new coercive inequalities recently proved by Neff, Pauly and Witsch [10–12] and by Bauer, Neff, Pauly and Starke [1,2]
represent the main point in establishing the desired well-posedness results:

Theorem 2.2 (Existence, uniqueness and continuous dependence result) Assume that f,M ∈ C1([0, t1);L2(Ω)), w0 ∈
D(A) and the fourth order elasticity tensors C, Lc and H are symmetric and positive definite. Then, there exists a unique
solution w ∈ C1((0, t1);X ) ∩ C0([0, t1);D(A)) of the Cauchy problem (PC). Moreover, we have the following estimate

‖w(t)‖X ≤ ‖w0(t)‖X + C

∫ t

0

(
‖f(s)‖L2(Ω) + ‖M(s)‖L2(Ω)

)
ds, where C is a positive constant. �

The micro-distortion tensor field P ∈ H0(Curl ; Ω) ) H1
0(Ω) is not necessarily smooth, it may jump across hyperplanes.
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