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Classical theory of nonlinear 3D
elasticity



Setting of nonlinear elasticity

We consider the deformation of an elastic body:
e O C R3, Q bounded domain, the reference configuration,
e ©:Q — R3 the deformation mapping,

e (x) the new position of the material point x € Q,

©(x) = x + u(x), u displacement, Vu displacement gradient,

F= Vi € GL"(3) the deformation gradient.
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Our focus is on three-dimensional bodies with a shell-like

shape

Figure 1: Kinematics of the 3D-Cosserat model.



The aim is to reduce the 3D problem to a 2D problem defined

on the midsurface
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Figure 2: Kinematics of the 2D Cosserat shell model.



Setting of nonlinear 3D elasticity

Given a function W : GL*(3) — [0, 00) (energy density), the
corresponding energy | corresponding to a deformation ¢ is

1) = | W(Dp(x)) dx.

How does an energy look like?

A suitable energy function has to respond to four main requirements:

e to have a good fitting to the experimental results and to be clear
what its relation with the reality,

e to have a geometrical meaning, i.e., to be clear how it measures the
deformations inside the body,

e to have a form as simple as possible in order to be used in practice
and

e to satisfy some minimal requirements such that the existence of the
solution is assured.



Setting of nonlinear elasticity

() = / W(Dg(x)) dx

How does an energy look like?

Since the energy has to illustrate the deformations effects, it has to be
function of a measure of deformation.

How do we measure the deformation?



The usual tensor used in classical nonlinear elasticity to measure the
deformation is the right stretch tensor

U=VFTF
coming from the polar decomposition of

F=RU=polar(F)VFTF.



There are two direct choices which generalise the classical linear elasticity

e the geometrically nonlinear isotropic Biot-model
A
Waiot(F) = p|U—13) + 5 [tx(U = 13))%,
e the geometrically nonlinear isotropic Saint-Venant—Kirchhoff energy
Wavic(F) = 21U — 152 + 2[ex(U — 13)P
sve(F) = |l 3l + g ltx( 3)]%,

Both energies are not rank-one convex (elliptic), which means that we do
not have existence results for the nonlinear equilibrium problem.



One could argue that, even if the 3D problem is not well

posed, its dimensional reduction may still lead to a well-posed
2D model

Figure 3: Kinematics of the 3D model.



This is not entirely wrong, because the reduced model may

indeed be well posed even when the original 3D problem is
not

Oy \
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Figure 4: Kinematics of the 2D shell model. 10



e The chances of obtaining a well-posed shell model increase if we
start from a well-posed 3D model.
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The chances of obtaining a well-posed shell model increase if we
start from a well-posed 3D model.

There is no body without thickness. It could be thin but not 2D.

The reduced model should preserve as many 3D effects as possible.

Ideally, the shell model should remain very close to the original 3D
model, in a suitable sense.
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(rotation of the top
section relative to
the bottom section)
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BEFORE TORSION AFTER TORSION
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L z
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After torsion, each cross-section
rotates about the bar axis (2) by

y an angle that increases linearly
from 0 at the bottom to  at the top.

T - applied torque

L ~length of the bar

¢ - angle of twist
(rotation of the top
section refative to
the bottom section)
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If we attach directors to each point of the midsurface, then

we may retain more three-dimensional effects

BEFORE TORSION (reference configuration) AFTER TORSION (uniform thickness)

0=0/2
(mid-length)

6=0
(bottom end)

17



To choose, or not to choose, a 3D energy?

That is the question!

e The 3D problem is well-posed.

e The 3D energy should allow a dimensional reduction that retains as
many three-dimensional effects as possible.

18



One solution

e Use local directors (so the Cosserat theory).

e Use a 3D energy in the Cosserat theory for which the 3D model is
well-posed.
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The parental 3D Cosserat model

The deformation of the body occupying the domain Q¢ is described by a
map ¢ (called deformation) and by a microrotation Ry,

0 1 Qe CR® 5 R3, Re : Qe ¢ R? = 50(3).

The deformation and the microrotation is solution of the following
geometrically nonlinear minimization problem posed on 2:

/(9957 F57P§7 af) = / [WmP(Uﬁ) + W011rv(a€)] dV(E),

Qe
where
Fe :=Dgpe € R33 (the deformation gradient),
Ug : :F,ET Fe € R3*3 (the non-symmetric Biot-type stretch tensor),

—T —
ag :=R; Curlg R¢ € R3*3 (the second order dislocation density tensor)

20



A nonlinear parental 3D Cosserat model

The quadratic energies are

Winp (U) : = 1 [dev sym(TU — 13)| + 3 [tx(sym(Ts — 13))P

+ pic ||skew(Ug — 13)||?  (physically linear),

Weurv (o) :=p LS (bl |[dev sym oz5||2 + by ||skewoz5H2 + b3 [tr(ag)]z) .
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It is important that this 3D parental model is well posed
(P. Neff, M. Birsan, F. Osterbrink, Journal of Elasticity, 2015).

22



Why another new shell theory?



Objective: A new shell theory motivated by good results for a

similar plate theory

Figure 5: Kinematics of the 3D-Cosserat model.

23



Objective: A new shell theory motivated by good results for a

similar plate theory

Figure credite to O. Sander, P. Neff, M. Birsan, Computational
Mechanics, 2016.

Figure 6: Simulation results of the shearing tests. The color visualizes the
elevation of the wrinkles.

Figure 7: Experimental results of the shearing tests on plastic films or a

cellophane-like sheets. 24



Objective: A theory up to order O(h®). Aplications to self-

assembly 'micro-origami’

Among the interesting potential applications of this formulation, we
mention the design control of three-dimensional objects (like coils,

springs, rings, nanotubes or more sophisticated meta-materials), see
Figure 25.

25



The construction of the
Cosserat shell model up to

O(h)



The Cosserat shell models up to O(h°)

e |.D. Ghiba, M. Birsan, P. Lewintan, and P. Neff. The isotropic
Cosserat shell model including terms up to O(h®). Part I: Derivation
in matrix notation. Journal of Elasticity, 142:201-262, 2020.

e |.D. Ghiba, M. Birsan, P. Lewintan, and P. Neff. The isotropic
elastic Cosserat shell model including terms up to order O(h®) in the
shell thickness. Part Il: Existence of minimizers. Journal of
Elasticity, 142:263-290, 2020.

e |.D. Ghiba, M. Birsan, P. Lewintan, and P. Neff. A constrained

Cosserat-shell model including terms up to O(h®). Journal of
Elasticity, 146(1):83-141, 2021.
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Different approaches to shell modelling

Derivation approach

It starts from a given three-dimensional model of the body and reduces
it via physically reasonable constitutive assumptions on the kinematics
to a two-dimensional model (i.e., dimensional reduction).

The philosophy behind the derivation approach is expressed clearly by
the grandmaster W.T. Koiter as follows: “Any two-dimensional theory
of thin shells is necessarily of an approximate character. An exact
two-dimensional theory of shells cannot exist, because the actual body
we have to deal with, thin as it may be, is always three-dimensional.
[...] Since the theory we have to deal with is approximate in character,
we feel that extreme rigour in its development is hardly desirable. [...]
Flexible bodies like thin shells require a flexible approach.”

27



Fictitious configuration

In what follows, we assume that the parameter domain Q, C R3 is a
right cylinder of the form

h h h h
Qh_ {(X17X27X3)‘(X17X2) va 75 <x3 < 2}_ w X (272>3

where w C R? is a bounded domain with Lipschitz boundary dw and the
constant length h > 0 is the thickness of the shell. Thus, the domain €,
can be viewed as a fictitious Cartesian configuration of the body.

-
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For our purpose, the diffeomorphism © : R3 — R3 describing the
reference configuration (i.e., the curved surface of the shell), will be
chosen in the specific form

0 X O
O(x1,x2,Xx3) = yo(x1,%2) + x3 no(x1,x2), ng = m7
X1 X2

where yg : w — R3 is a function of class C?(w).

This specific form of the diffeomorphism © maps the midsurface w of the
fictitious Cartesian configuration parameter space 2, onto the midsurface
we = yo(w) of Q¢ and ng is the unit normal vector to we.

29



Prerequisites from classical differential geometry

The map ng : w— S? is called the GauB map (where S is the unit
sphere in R3) and the moving 3-frame (y, y0|0x, ¥o0|no) is called the GauR
frame of the surface yo(w), which in general is not orthonormal. The
matrix representation of the first fundamental form (metric) on yp(w) is
given through

L, := [Vyol” Vyo.
Because rank(Vyp) = 2, the tensor [Vyo]” Vyp is positive definite.

The matrix representation of the second fundamental form on yp(w)
providing a measure for curvature of the surface is given by

I, := —[Vyo]" Vg = —(8x¥0|0x20) " (O 0[O, 10) -

Since ng is orthogonal to the tangent space T,yg of the surface yg, the
relation 0 = 9y, (Ox, 0, M0) = O, (Oxu Y0, Mo) shows easily that
I1,, € Sym(2).

30



Prerequisites from classical differential geometry

Hence, we obtain the following alternative expression for the Weingarten
map via the so called Weingarten equations :

Ly, = —([Vyo]" Vyo) '(Vno" Vo)  or Ly, = I MI,.

Moreover, using the symmetry of the second fundamental form we see
that the Weingarten map satisfies:

Vyo Lyo = 7Vn0.

The GauB curvature K of the surface yp(w) is determined by
K := det(I,, I, ') = det(Ly,),

Yo “yo

and the mean curvature H through

2H := tr(Ly,).
The principal curvatures k1, ko are the solutions of the characteristic
equation of Ly, i.e.,

k2 —tr(L,, )k +det(L,,) = k> —2Hx+K = 0. 31



Properties of the diffeomorphism ©

With the help of the above lemma, we prove the following proposition.

Proposition

The diffeomorphism © has the following properties for all x3:

) det(VxO(x3)) = det(Vyolno) |1 — 2x3 H + x2 K};

i) VxO(x3) belongs to
GKC := {X S GL+(3) ‘ XTXe3 = Q2e3, RS R+};

iii) if h max{sup (., )cw [K1], SUP(x xp)cw 2]} < 2, then for all
x3 € (=3.3):
[ViO(xs) ™! =

1
1-2 HX3 —+ I<X32

[Vx©(0)] ™

13+ x3(Ly, —2H13) + 3 K (

o O o
e @ 9
= e 9
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Let us introduce the tensors® defined by:

Ay = (Vy0[0) [VXO(0)]F € R,
B,, := —(Vng|0) [V,©(0)] ! € R3*3,

Yo

and the so-called alternator tensor C,, of the surface

0 1

C,, 1= det(V,0(0)) [V.0(0)]~ " [ -1 o 8 [V,0(0)] .
0

0 O

The introduced tensors are essential in the derivation of the model
entirely in matrix representation.

1These tensors are usually called the first fundamental form and the second

fundamental form, respectively. However, we will not use this terminology since it may

lead to some confusions. .
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Transformation of the minimization problem

0.Q . ——— > -
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Transformation of the minimization problem

Now, let us define the map
0 Qp = Q, @(x1,x2,X3) = @e(O(x1, X2, X3)).
Consider the elastic microrotation

Qe : Qy — SO(3), Qe(x1,x0,x3) = ﬁg(e(Xl,XQ,X3))

and the elastic (non-symmetric) Biot-type stretch tensor (the elastic first
Cosserat deformation tensor)

U : Qp, — Sym(3), Ue(x1, X2, X3) 1= UE(@(X17X2,X3)).

We use the polar decomposition of V,0 and write V,© = Qg Up.

35



Corresponding to the elastic deformation process, we have the total
microrotation

F : Qh — SO(3), F(X]_’X27X3) = 56(X1,X2,X3) Q()(Xl,XQ,X3).

36



Therefore, the elastic non-symmetric stretch tensor is given by

Us:=RiFe—U. = Q, FIV.0] ' = Q@R F[V.0] "

What about ag : = ﬁg Curle R¢?

As a Lagrangian strain measure for curvature (orientation change) one
can also employ the so-called wryness tensor (second order tensor)

P — —T — U )
e == (axl(R{ 9, Re) |axI(R¢ 9, Re) | axI(R{ 0g,Re) ) € R,

since the following close relationship between the wryness tensor and the
dislocation density tensor holds

ag = —T] +tr(Te) 1s.

For infinitesimal strains this formula is well-known under the name Nye's
formula.
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Ansatz for the rotation

In the following, we want to find a reasonable approximation of (i, R)
involving only two-dimensional quantities. Following the formal
dimensional reduction procedure for the Cosserat elastic plates given in
[?], we consider that the rotation R : Q, — SO(3) in the thin shell does
not depend on the thickness variable x3

R(X17X27X3) - RS(X17X2)3

in line with the assumed thinness and material homogeneity of the
structure. Moreover, an approximation of the elastic rotation
Qe : Q2 — SO(3) will be given by Q. ¢

Qe.s(x1, %) = Rs(x1, %) Qg (x1,x2,0).

It follows

Rs(x1,%) €3 = Qes(x1,%2) o .

38



Ansatz for the deformation

In the engineering shell community it is well known that the ansatz for
the deformation over the thickness should be at least quadratic.

We consider therefore the following 8-parameter quadratic ansatz in the
thickness direction for the reconstructed total deformation
©s : Qp C R3 — R3 of the shell-like structure

2
ps(x1, X2, 3) =m(x1, x2) + <X3Qm(X1=X2) + X23Qb(X17X2))Qe,s(X1:X2) no(x1, x2)
where m : w C R? — R3 takes on the role of the deformation of the

midsurface of the shell viewed as a parametrized surface, the yet

indeterminate functions o, 0p : w C R? — R allow in principal for

symmetric thickness stretch (o, # 1) and asymmetric thickness stretch

(o» # 0) about the midsurface.
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[ "
Zero normal stresses” on upper and lower faces

As usual in the development of shell theories, we assume that the normal
stress (Piola-Kirchhoff stress tensor in the normal direction ng) on the
transverse boundaries (upper and lower faces wgr and we respectively, of
the curved reference configuration €¢) are vanishing, i.e.,

Sl(Fg,ﬁg) i.(:l:no) = 0.

We

The first Piola-Kirchhoff stress tensor in the reference (curved)

configuration Q¢ is given by Si(Fe, Re) = Dp, Winp(Fe, Re).

40



Next, we need to express the tensors

E‘;I: Ue75*]13 :6z:sﬁe,sf]13v

Moo= (ax1(Q., 0 Qe) |ax1(Qo , 0, Qe) [0)[VAO(x3)] 2

with the help of the usual strain measures in the nonlinear 6-parameter
shell theory. Therefore, we introduce the following tensor fields on the

surface wg

Ems = Quy(VM[Q.:V.O(0) e3)[V,O(0)] ! — 15

(the elastic shell strain tensor),

Kes = (ax1(Qq , 4 Q2) | axl(Qq , B, Qc) [0)[VO(0)]

(elastic shell bending—curvature tensor).

41



The Cosserat shell model: I.D. Ghiba, M. Birsan, P. Lewintan,

and P. Neff., Journal of Elasticity (2020a)

Gathering our results, we have obtained the following two-dimensional
minimization problem for the deformation of the midsurface m : w — R3
and the microrotation of the shell Q. s : w— SO(3) solving on w C R%:
minimize with respect to (m766,s) the functional

/ :/ |:Wmemb (gmA,s) + Wmembﬁbend (gm,57 K:e,s) + Wbend,curv (K:e,s):|det(vy0|n0)da:
where the membrane part Wiemn (5,,,75) , the membrane—bending part

Winemb,bend (Em,s, Ke,s) and the bending—curvature part
Whend,cury (lCe,s) of the shell energy density are given by

42



Winemb (Ems) = (h K

h3

h3
E) Wshell (gm,s) )

h5

vaemb,bend (gm,Sa Ke,s) = (7 -K 7) Wshell (Em,s Byo + Cyolce,s)

12
h3

80

= =lil Wshell (gm,57 gm,sByo + Cyo K:e,s)

3
h3

P = Wshell (5m,s» (gm,sByo + Cyo ]CE,S)B}’O)

6
h5

T80

WU!P ((5'7"75 B}/o + C}/o ’Ce75)BYO )7
h3

Woond.curv (Kes) = (h— K 7)) Weurs (Kes)

4 (/j — K h—s) W (’Ce,sByo )

12 80
h® »
+ % Wcurv (’Ce,sByo)
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and

A 2
Waren(X) = ullsym X 4 e skew XIP + 5575 [ir ()],

A
Wianhent(X, Y) = p (sym X, sym Y) + pc(skew X, skew Y) + 3 +'u2’utr(X)tr( Y),

A 2
Wanp(X) = g lsym X2 + e Jskow X2 + 5 [tx(X)]?,

Weure(X) = pu L2 (bl ||[dev sym X||2 + b ||skew X ||> 4 4 b3 [tr(X)f) .
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In this formulation, all the constitutive coefficients are deduced from the
three-dimensional formulation, without using any a posteriori fitting of
some two-dimensional constitutive coefficients.

We consider the following boundary conditions for the midsurface
deformation m and rotation field R, on the Dirichlet part of the lateral

boundary vy C Jw:

m |y, = mo, simply supported (fixed, welded) Rs o= R

)

45



It is possible to use the referential fundamental forms I, II,, and Ly,
instead of the matrices A,,, By, and C,,, and to rewrite all the
arguments of the energy terms as

bne=1v:00) (717 ) .00

CyOKe,s = [VX@(O)]_T ( 7? Z ) [Vxe(o)]_lv
EmsByo + Cpoles =[VXO(0)] 7 ( gI;{OLJR 2 > [V.©(0)] 7,

46



where

G :=(QcsVyo)'Vm—1, ¢ Sym(2) the change of metric tensor,
T :=(Qecsno) " (Vm) the transverse shear deformation vector,
R = — (QesVy0) V(Qesno) —II,, & Sym(2) the bending strain tensor.

a7



Existence results




Existence result for the theory including terms up to order
O(h®): 1.D. Ghiba, M. Birsan, P. Lewintan, and P. Neff., Jour-

nal of Elasticity (2020b)

Assume that the boundary data satisfy the conditions
m* € H'(w,R%), Q.. € H'(w,S0(3)).

Assume that the following conditions concerning the initial configuration
are satisfied: yo : w C R? — R3 is a continuous injective mapping and

yo € HY(w,R3), Qo(0) € H'(w,SO(3)),
V,0(0) € L®(w,R3*3),  det[V,O(0)] > a >0,

where ag is a constant. Then, for sufficiently small values of the thickness
h such that

2
hmax{sup |k1|,sup |k2|} < a with o< 1/5(297\/761) ~ 0.97083
XEw XEw
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Existence result for the theory including terms up to order

o(h°)

and for constitutive coefficients such that i > 0, pe >0, 2+ > 0,

b; > 0, by > 0 and b3 > 0, the minimization problem admits at least one
minimizing solution pair (m, Q. s) € A, where the admissible set A of
solutions is defined by

A={(m, Qe) € H'(w,R?)xH (w,80(3)) | m|_ =m", Quo| =Q..},

and the boundary conditions are to be understood in the sense of traces.

49



Existence result for the theory including terms up to order

Oo(h?)

Then, if the thickness h satisfies at least one of the following conditions:

i) hmax{sup,¢,, |k1|,supye,, |k2|} < a and
2 2 +
h2<w(% with 0 < a < 2/3:

402

i) hmax{sup,c,, |K1|,Supye,, |k2|} < I with

et 148 i}
a> max{1+ ‘2[ f}}

where c; denotes the smallest eigenvalue of W, (S), and ¢;" and
C;" > 0 denote the smallest and the biggest eigenvalues of the quadratic
form Winen(S) and for constitutive coefficients such that p > 0, p. > 0,
22X+ >0, by >0, by >0 and bs > 0, the minimization problem
admits at least one minimizing solution pair (m, Q. s) € A, where the
admissible set A of solutions is defined by

A= {(m,Qu) € H'(w, R)xH (@,80(3)) | m|. = m", Qus|, = QL)

and the boundary conditions are to be understood in the sense of traces. ~ %°



The limit problem for infinite
Cosserat couple modulus
fbe —> OO



Constrained elastic Cosserat shell models

For a given matrix M € R2%? we define the 3D-lifted quantities

N Mii M2 O
M= {Mx My 0
0 0 1
Mii Mz 0 .
M =My Mp 0| €eR¥>3 M =M1,
0 0 0

In the constrained elastic Cosserat shell models we consider

e — 00 —

Qoo = polar ((Vm[n)[VxO] ) = (Vm|n)[V,0] * \/[VX@]T;,1 [V,.0]T

51



A new set of admissible functions

The set A™°9 of admissible functions is accordingly defined by

gmod _ {(m, Qs) € H' (0, R®) x H'(w,50(3)) ‘ il S e

_ Oym™ X Oyym*
Hale* X a><2n7*||

Q<><>Qo-e3|W
U:=QL(Vm|QuQo.63)[V,O] ! € L2(w,Sym+(3))},
which incorporates a weak reformulation of the imposed symmetry

constraint £, s € Sym(3).
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Constrained elastic Cosserat shell models

The variational problem for the constrained Cosserat O(h°)-shell model is
now to find a deformation of the midsurface m: w C R? — R3
minimizing on w:

I:/w [(hJFKI;z) Wshell(\/[vX Clhy TImle [Vie]-1 \/[VX O] TI,1 5 [Vx©]-1),

+ (g =K 2;) Wetten (sym[\/[vxelfTTm [V+0]-* V8] (L}, - L}, [Vx0]7])
h3

T H W (V<017 T 13 [V01 = /19,01~ L0 13 (V501 L,

sym[\/[V+©]~T T [V<0] 1 [V,6) (L5, — i) [V<01 1)
W (V90 TIn 13 9,011 — /I¥.0] T, 13 (7,01

sym[\/[vxe]—Tfm [V,O]~1[V,O] (L;o _ L%)L;O [VXG)]*l])
< g W (sym[\/[VX@]—Tfm [V, O]~1[VO] <L;° B me)Lzo[Vx@]ﬂ ]>
h3 h5

+(h- K%) Wy (Koo) + (75 — K 80) Weury (KooByo )

h s _
F = vvcm(/cooByo)] det[V,©] da — TI(m, Quo). o



Gamma-convergence: convergence of minimizers

Gamma-convergence, a useful tool for dimensional reduction
The sequence /; : X — R in the metric space X is called I'-convergent to

o : X = R, if for all x € X we have the two following conditions:

54



Gamma-convergence: convergence of minimizers

Gamma-convergence, a useful tool for dimensional reduction
The sequence /; : X — R in the metric space X is called I'-convergent to

o : X = R, if for all x € X we have the two following conditions:

o (liminf inequality) Vx; — x, lo(x) < liminf; [;(x;),

e (limsup inequality) 3x; — x, lo(x) > limsup; ;(x;).
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Nonlinear scaling
The nonlinear or natural scaling for a vector field z : Q, — R3 is

2% Qy =w x [-3, 1] — R3, where only the independent variables will

be scaled:
X1=m, X =712, Xx3=hns,

1 . .
2z (xl,xz, EX3) = z(x1, X2, X3) nonlinear scaling.
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Nonlinear scaling
The nonlinear or natural scaling for a vector field z : Q, — R3 is

2% Qy =w x [-3, 1] — R3, where only the independent variables will

be scaled:

xX1=mn, Xx=12, x3=hns,

1 . .
2z (xl,xz, EX3) = z(x1, X2, X3) nonlinear scaling.

The gradient of z with respect to x = (x1, x2, x3) is
1
VXZ(X]-’X27X3) = (6’711Zh(7]177727773) | a"}zzh(nlvn27n3) | Ea’rjszh(nl?n%n?:))
OnZ(0) OnZ(n) T0zi(n)
n1 21\ n221\1 h n3Z1\1
_No.zm o.2m) o,z g
= | Onz(n) Op.z(n) h naZa(n) | == Vaz'(n).

1
Onz5(n) Onzi(n) 5 0023(0) N



Nonlinear scaling for deformation and microrotation

After defining the following scaling transformation, we apply the
nonlinear scaling for both deformation and microrotation. We define the
domain Q1 = w x [—1, 1] C R3, with fixed thickness.

Scaling transformation

<: 77691’—>R37 C(n177727773) o= (77177727/7773)7
C71 P Xe Qh [ R?’v Cil(X17X27X3) = (X17X27 XT?)»
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Nonlinear scaling for deformation and microrotation

After defining the following scaling transformation, we apply the
nonlinear scaling for both deformation and microrotation. We define the
domain Q1 = w x [—1, 1] C R3, with fixed thickness.

Scaling transformation

<: 77691’—>R37 C(n177727773) o= (77177727/7773)7
C71 P Xe Qh [ R?’v Cil(X17X27X3) = (X17X27 XT?)»

where ((Q1) = Q4.
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Nonlinear scaling for deformation and microrotation

After defining the following scaling transformation, we apply the
nonlinear scaling for both deformation and microrotation. We define the
domain Q1 = w x [—1, 1] C R3, with fixed thickness.
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Nonlinear scaling for deformation and microrotation

After defining the following scaling transformation, we apply the
nonlinear scaling for both deformation and microrotation. We define the
domain Q1 = w x [—1, 1] C R3, with fixed thickness.

Scaling transformation

<: 77691’—>R37 C(n177727773) o= (77177727/7773)7
C71 P Xe Qh [ R?’v Cil(X17X27X3) = (X17X27 XT?)»

where ((Q1) = Q. As well as,
P, %, x3) = PH(CT (02, x3)) VX € Qui @) = @(C(n)) Vn € Qu,

1
B Pl(n) Oyl (m) Eanswi(n)
1
VXQO(X17X2;X3) = aﬁﬁPi(”) aﬂz@g(n) Z&y;(ﬁg(n) = Vf](ph(n) = FIE’

1
1) Onafi(n) 4 Omii(n) .



Nonlinear scaling for deformation and microrotation

The other nonlinear scaled parameters:

(C()), Q3(n) = Qo(C(m)), U(n) = Uo(<(m)),

R(x1,x2,x3) = ﬁh(g_l(xl,xz x3))Vx € Qp;
R'(m) = R(¢m)) vneszl,
T =@ FE(V, @)t = Q4T Vi (n)[(V.©):]

=0T 5 = =0T 4 Ah =0T o Ah _
M, = (axd(Q Oy Qe ) ax!(Qelpy Dz Q)| 50U @ D Qe ) [(V<O)]
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Nonlinear scaling for deformation and microrotation

The other nonlinear scaled parameters:

e(x1,%2,x3) = 62@ Y(x1, %2, x3)) Vx € Qp ;

2(n) = Qu(¢(n), Vi €

)(C)), Q(n) = Qo(C(n)), Ug(n) = Uo(C(m)),
= ﬁh(g— (x1,x2,x3)) Vx € Qp;

(n) = R(¢(n), ¥n €,

o T =Q: F(V0) ™ = Q2T VA (n)(V<0)

=0T 5 = =0T 4 Ah =0T o Ah _
M, = (axd(Q Oy Qe ) ax!(Qelpy Dz Q)| 50U @ D Qe ) [(V<O)]

where we recall that

0 —X3 X2 X1 X1 0 —X3 X2
axl | x3 0 x| =|x]|, Anti|x]| =] x 0 —x1,
—Xo X1 0 X3 X3 —X> X1 0

and its inverse is denoted by Anti : R3 — s50(3). 57



Transformation of the problem from Q, to

In order to apply the '-convergence techniques, we need to transform the
minimization problem to the fixed domain Q; = w x [~3 5 2
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Transformation of the problem from Q, to

In order to apply the '-convergence techniques, we need to transform the
minimization problem to the fixed domain Q; = w x [~3 5 2

A T3 Qo) = [ (Wan(T3) + W () det(7,() det((7:0))aV

- /Q B [ (Wanp (T3) + Weur (1)) det((V©)7)] dV,,

— min w.r.t (4,9“,62),
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Transformation of the problem from Q, to

In order to apply the '-convergence techniques, we need to transform the
minimization problem to the fixed domain Q; = w x [~3 5 2

A T3 Qo) = [ (Wan(T3) + W () det(7,() det((7:0))aV

- /Q B [ (Wanp (T3) + Weur (1)) det((V©)7)] dV,,

— min w.r.t (4,9“,62),
where
T — o Hewr (T 2 e (T 2 A T 2
Winp(Up) = pllsym(Up—13)[[*+uc [| skew(Up—15)[|"+ 5 [tr(sym(U, ~13))],
Wours (T5) = 11 L2 (a1 [ldev sym 5|1 + a2 [lskew 52 + as [tr(T)]2)
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Energy functionals

The family of energy functionals

1 b . —t

o S, VIO QAT i (o4, Q0 €S,
Tifet, Vit Q) = § 71T G
+oo else in X.
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Energy functionals

The family of energy functionals

1 —h . —=h
— — <ph,Vh<ph,Q ,r” if (9, Q) ed,
IE((ph,VZgDh, inri) _ {h h( n e h) ( e)

400 else in X.

where

Admissible sets

X

{(¢%, Q%) € L2(Q1, R?) x L2(41,50(3))} ,
S’ e

{(¢, Qc) € H(Qu,R®) x H(21,50(3)) | ¢l (m) = 9 (m)} -
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The family of energy functionals and its I-limit

By letting h — 0, we are searching for a I-limit of Z,,

/ [Whem(e, o )+ (k. )] det(Vyolno) dw  if (m, Qug) € S,
I m QeO feo '

else in X,

where

Admissible sets

Xo ={(p
S, =1l

) € L(w,R?) x L?(w,SO(3))},

, Qe
,Qe) € H(w, R?) x HY(w,S0(3)) | ¢low(m,m2) = 0l (m,n2,0)} .
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The Cosserat shell model as '-limit

e M.M. Saem, E. Bulgariu, I.D. Ghiba, and P. Neff. Explicit formula
for the Gamma-convergence homogenized quadratic curvature
energy in isotropic Cosserat shell models. Zeitschrift fiir angewandte
Mathematik und Physik, 76(2):76, 2025.

e M.M. Saem, |.D. Ghiba, and P. Neff. A geometrically nonlinear
Cosserat (micropolar) curvy shell model via Gamma convergence.
Journal of Nonlinear Science, 33(5):70, 2023.
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The Cosserat shell model as '-limit

Theorem

Assume that the initial configuration of the curved shell is defined by a
continuous injective mapping yp : w C R? — R3 which admits an
extension to @ into C%(w; R3) such that for

O(x1, x2,x3) = yo(x1, x2) + x3n0(x1, x2) we have det[V,0(0)] > ag > 0
on w, where ag is a constant, and assume that the boundary data satisfy
the conditions

gpi = 99d|r1 (in the sense of traces) for ¢q € H'(Q;R3).
Let the constitutive parameters satisfy
w>0 k>0, pe>0 a >0, a>0 a3>0.

Then, for any sequence (gpij,ai}hj) € X such that

(wij7527hj) — (o, Qe0) as hj — 0, the sequence of functionals

Iy - X — R T-converges to the limit energy functional Zo : X — R 62



Main result

S W€, . ) + WhSE(Ke,s)] det(Vyolno) dow;

P
IO(mvae,O) = (m7ae,0) GS:U?
400 else in X,,.
where
hom . I 2/‘1’ He 1 2

me (gm«,ae,o) = Wanen (gm76e,0) = e + 1 Hgm,@o” ?
11/hom _ 2 I n2 I 2 b1 bs I \2
Wcurv (’C&S) - 1U‘Lc bl HSyHl]Ce sH + b2|| skew ’Ce s” + 7‘51‘(’Ce s)

' ’ ’ (b1 + b3) ’

2biby |
k).
b]_ + b2 || e,s” ’
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Main result

S W€, . ) + WhSE(Ke,s)] det(Vyolno) dow;

P
IO(mvae,O) = (m7ae,0) GS:U?
400 else in X,,.
where
hom . I 2/‘1’ He 1 2

me (gm«,ae,o) = Wanen (gm76e,0) = e + 1 Hgm,@o” ?
11/hom _ 2 I n2 I 2 b1 bs I \2
Wcurv (’C&S) - 1U‘Lc bl HSyHl]Ce sH + b2|| skew ’Ce s” + 7‘51‘(’Ce s)

' ’ ’ (b1 + b3) ’

2biby |
k).
b]_ + b2 || e,s” ’

with m(x1, x2) := po(x1,x2) = |imhj—>° wij(Xl’Xz’ hljx3)

_— 1 —T .
Qe0(x1,%2) = Jim Qi,hj (x1, %2, FX3)a Ema.s = (QeoVm — Vyo|0)[V,O(0)]
lj lj ’

Kes = (ax1(Qu g 05, Qe0) | ax1(Q1 9 0. Qe0) [0) [VxO(0) | ¢ Sym(%).



A limitation of the model




What we would like to have

The three-dimensional problem does not guarantee that Vo € GL*(3).

Why we need Vo € GL*(3) (i.e. det Vo > 0)

Admissible deformation Excluded: local collapse Excluded: orientation reversal
(orientation preserved) (det Ve = 0) (detVy < 0)

<P

X1
detVp >0 detVyp =0 detVp <0
Local invertibility and Local collapse of volume Orientation reversal

orientation preserved (loss of invertibility) (turned “inside out™)

{ Wlthout V(p E GL+(3) the model allows non—physwal conﬂgurauons ‘

collapse (det Vo = 0) and orientation reversal (det Vg < 0). ‘
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Orientation preserving for shells

Similarly, the shell model does not guarantee that (Vm | nn,) € GL*(3).

Allowed and excluded configurations for a plate / shell
(Vm |d) = (m,; |m;|d)

Allowed configuration Excluded: local collapse Excluded: orientation reversal
X3 X3
: & 4 E: >
d M2 Normal/dircctor
: not well-defined dlrcclor points
Right-hand rule: to the wrong side
My (my,my,d) ,
is positively oriented. d 1
my + f . m,
my | ¥
my i ™2 ovg
det(Vm | d) > 0 det(Vm | d) =0 Positive orientation | Reversed orientation
(my,ma,d) | (m,mg,d reversed)
© regular midsurface © vanishing local area det(Vm | d) <0
© well-defined tangent plane ® tangent vectors become dependent ® surface still regular
® orientation preserved ® loss of regularity ® director reversed
e orientation not preserved

Important: if d = n,, is the geometric normal, then det(Vm | n,,) = |[my x m,|| >0,
so only the collapse case det(Vm | n,,) =0 can occur. The case det(Vm |d) <0
corresponds to a general independent director d. 65




An idea to overcome this shortcoming

One could add some ad hoc terms to the final functional, such as

1 ) R
deom o et (Vm [om)®or  [det(Vm | nn)[*—log det(Vm | o),

in order to penalize the loss of orientation.

= x2
y y=x2+xl—2 (0 < x < 20) y y =x?-log(x) (0<x<20)

400 =Tz
350
300
250
200
150

100

01 (071,085 x

& i 6 8 Q0ENIZE I R D 120 0 1 23 45 6 7 810111213 1415 16 17 18 19 20
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Adding an ad hoc term could help for a particular fitting, but

not as a general model

However, this is not the approach we pursue because we do not like the
ad hoc terms not well motivated.

We first tried to understand how this idea works in classical nonlinear

elasticity.

As a work in progress, we are extending the approach to the Cosserat

case.
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Another solution to the modelling problems

Use a 3D well-posed model which leads to a solution in GL*(3).
There are not many!

One good choice is the Ciarlet-Geymonat energy
1 A
Weoa(Fe) := % [IFell® — 2 log(det Fe) — 3]—&—2 [ (det Fe)? — 2 log(det F¢) — 1]

which is
e rich enough to retain essential three-dimensional effects, but

e still simple enough to permit a rigorous mathematical analysis.
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The most important point is that the energy is polyconvex

and therefore yields an existence result

e Ph.G. Ciarlet. Quelques remarques sur les problémes d’existence en
élasticité non linéaire. PhD thesis, INRIA, 1982.

e Ph.G. Ciarlet. Three-Dimensional Elasticity., volume 1 of Studies in
Mathematics and its Applications. Elsevier, Amsterdam, first
edition, 1988.

e Ph.G. Ciarlet and G. Geymonat. Sur les lois de comportement en
élasticité non linéaire compressible. Comptes Rendus de I'’Académie
des Sciences - Series | - Mathematics, 295:423-426, 1982.
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A Kirchhoff-Love shell model in
the classical nonlinear elasticity



The three-dimensional parental problem and geometry of the

referential configuration

The three dimensional deformation ¢ is a solution of the following
geometrically nonlinear minimization problem posed on Q:

I(sog,Fg):/Q Wea(Fe)dé — M(pe) — min. wrt. g,
J Qe

where
Fe :=Vepe € R™P,

A
Woa(Fe) - = % [IIFe]l* = 2 log(det Fe) — 3] + 7 [ (det F¢)* — 2 log(det F) — 1]
M(pe) :=N¢(pe) + Me(pe) = the external loading potential,

Me(pe) = /Q <f, u> d¢ = potential of external applied body forces f,
€

Me(pe) := /an <t, u> d¢ = potential of external applied boundary forces t .

and d¢ denotes the volume element or the area element, respectively in

. . . . 70
the reference configuration, u = p¢ — & is the displacement vector.



Objective: A new shell theory motivated by good results for a

similar plate theory

Figure 8: Kinematics of the 3D elastic model.
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Following the classical Kirchhoff-Love kinematics, we assume that the

deformation admits the representation

OxyM X Oyym
H8X1m X 8Xz,n” 7

o(x1,x2,x3) = m(x1,x2) + X3 Nm(x1,%2), Nm =
where m : w — R3 is a regular mapping which defines the midsurface of

the deformed configuration Q.. In the rest of the paper, the subscript m
will indicate quantities associated with the deformed midsurface m(w).
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We have
h/2
/ ||V5<p||2detV@(x’,X3)dX3
—h/2

3] 5 3
T Ko) g (K2)) Folln) + (=2 Hy,) Fo(ll)

(B ) ol (- 1K) 7

+(%3 Zo 1) Fi(llm) + (§+20(4H2 Kye)) Fa(lm)
(39 Tb) Zolll) + 5 7)1+ 15 ).

which provides an asymptotic direct approximation of the energy term

=(h+

|Vepe||? appearing in the three-dimensional Ciarlet-Geymonat energy,
where the three linear operators F; : R>*?> =+ R, i =0,1,2 are

Fo(Q) == (Q,L.1),
]:1(0) - <Q L}’o Yo +I_ L >
Fo(Q) :=(Q,L) I 'L, Q € R?*2,

? 7" Yo Yo
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We now turn to the approximation of the purely volumetric terms of the
three-dimensional Ciarlet-Geymonat energy. To this end, we define

am = det(Vm|npy), ay, 1= det(Vyo|ny,)

and the differences between the curvature of the referential (undeformed)
mid-surface defined by yo and the current (deformed) mid-surface defined
by m

AH,, = H, — H,, AK,, = Kn, — K,

0"
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Volumetric terms

Then, after multiplication with the Jacobian
det VO(x', x3) = det(Vyo|ny,) b(x3) and integration through the
thickness we obtain

h/2
/ (det Ve)? det VO(X', x3) dxs

—h/2
3“1271 h? 2 h® 2 2
a h+ E<K},0 +4(AH,)" + 2AKm) + 30 (16 Hyo(AHm)

)

— 8H,, AHy AK,y — 4K, AHp)? + (AK,,,)2) + O(H®)

which is the dimensional reduction of the pure volumetric term
(det Ve )? appearing in the three-dimensional Ciarlet-Geymonat energy.
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This destroys an essential mathematical structure

Although this approximation will not be used in the final model, we
briefly present the dimensional reduction of the pure volumetric term
log(det F¢) appearing in the three-dimensional Ciarlet-Geymonat energy.
This intermediate computation is useful for understanding the structure
of the reduced energy and for assessing the lower semicontinuity
properties of the resulting functional. More precisely, we would have

h/2
/ log(det F¢) det VO(X, x3) dx3
h/2

aAm h3 am 2
= ay, | h log . + I Ky, log ™ + AK,, —2(AH,,)
Yo Yo

h® 2
AL — ( — 4(AH,,)* — 3? Hy,(AHm)® + (2K,, — 8H?, )(AH)?

1
+4H,,AH,, AK,, + 4(AH,,)?AK,, — 2(AKm)2>
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This preserves an essential mathematical structure.

In contrast, these difficulties do not arise when Simpson's rule is used.
Indeed, Simpson's integration rule leads to

h/2
/ log(det F¢) det VO(x', x3) dx3
—h/2

hr, _ _ -
% o [Ayo(log(am AL) —log(ay,Ay ) +4(logam — logay,)

+ A, (log(am A7) — log(ay,Aj,)) .

where
h? h?
AL = 1zth,,,+ZKm, Ay =1FhH, —&-ZK),O.
This formula requires only three evaluations: on the midsurface and on
the upper and lower faces of the shell. It is exact for all polynomials of
degree < 3, and its error is of the order O(h®). We further remark that
the reduced shell energy obtained from logdet F¢ by means of Simpson's
rule can be expressed in terms of the quantities a,, and a,, A, which will
make the functional lower semicontinuous. 77



For the sake of a unified treatment, Simpson's rule may also be applied
to all volumetric terms, including (det F¢)?, leading to the approximation

h/2
/ (det V)2 det VO(X', x3) dxs
—h/2

A-\2 2 At 2
may, Ay, (2222 ) 422 4 Ay (2m2m )
a‘)’o A}’o ava a‘YO A}’o
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[.D. Ghiba, T.H. Giang, C. Ureche, Nonlinear Kirchhoff-Love shell models
derived from the Ciarlet-Geymonat energy: modelling and well-posedness
- arXiv preprint arXiv:2603.18164, 2026.
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Model | up to order O(h°)

Collecting the results of the previous subsections, we arrive at the
following two-dimensional minimization problem for the deformation of
the middle surface m: w — R3. Let w C R?, we consider the variational
problem of minimizing the functional

Ji(m) ;:/ [Ws(hin(lm,IIm,IIIm)—i-Wcurv(am,amA )} det(Vyo|nyg) dx’ —L(m, nm) ,
where
m h® h3

W(h)n(lmva’IHm =3 ( —Kyo) + %(K%))}—O(Im)ﬂL(*?Hyo>-7'—o(ﬂm)
I h5
i Ky(,)foanmw(—EHYOKW)EM

h K,
i Ky°> Frllln) + (35 + 55 (4 Hzo = Ko)) F2(Im)

).Fz(IIm) (275)) Fo(IlLy) + (h i gKM)} _ 37/*

{
(5™
+ (5~
+ (5
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and

A+2
Wcurv(am7 amAi) = = TM

h

= [A;o ( log(amA,,) — Iog(ayoA;o))

a,
+ 4log a—m + Aj,ro (log(amAj) — log(ay, A% )
Yo

= 2 +
+ 2 {an[An (;;2;0)2 HaTE A, (:;2;0)2] -2
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Model Il up to order O(h°)

Again, we would like to have a model which retains terms up to order
O(h®). In particular, we present another variant of the model, in which
the exact Taylor expansion is used for the volumetric term (det F¢)?
instead of Simpson's rule. The corresponding model is given by the
following variational formulation: minimize with respect to m the
functional

Jz(m) = / {M/s(}}gu (IvaImaIHm) + W(:(I]I-I)‘V(a‘m’a’mA#)

+ w3

curv

(am,amAHp,, anA K,,,)] det(Vyo|ny, ) dx’ — L(m, ny),

where Ws(}}gll (Im, I, IIy) is the same and
WG (am, amAHm, amAKm)
A (am )2
= —<a —=
4 Yo ayo
h5
o (16 H2 (AHp)? — 8Hyo AHnAKp, — 4Kyo(AHmM)? + (AK,,,)2)

h3
h+ E( Kyo + 4(AHpm)? + 24K )

_1}_

82



Model Il up to order O(h°)

Again, we would like to have a model which retains terms up to order
O(h®). In particular, we present another variant of the model, in which
the exact Taylor expansion is used for the volumetric term (det F¢)?
instead of Simpson's rule. The corresponding model is given by the
following variational formulation: minimize with respect to m the
functional

Jz(m) = / {M/s(}}gu (IvaImaIHm) + W(:(I]I-I)‘V(a‘m’a’mA#)

+ w3

curv

(am,amAHp,, anA K,,,)] det(Vyo|ny, ) dx’ — L(m, ny),

where Ws(}}gll (Im, I, IIy) is the same and

W (am, amAHm, amAK )

A B 2
=—<a —
2 o By

h5
F o (16 H2 (AHp)? — 8Hyo AHpAKp — 4Kyo(AHp)? + (AKm)Z)

3]

h
h+ E( Ky +4(AHm)? + 24K )

_1}_
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Lemma: Weak convergences

S. Anicic, Discrete and Continuous Dynamical Systems S
(2019)

Let w C R? be an open bounded domain with Lipschitz boundary. Let
¥o € C?(@,R3) be such that 9y, yo(x’) and d,,y0(x’) are linearly
independent for every x” € @ and let 7,, be a nonempty relatively open
subset of dw. For h >0, p > 2 and g > 1, where h satisfies (?7), we
define

vh .= {m € WP (w;R?) |am € L9(w), am >0ae. inw,
h
nm € WHP(w; R3), 5 max{1/Ri(m), 1/R:(m)} <1 a.e. in w,

m=yy and nm=ny, ds-a.e. in 'yyo},

where Ri(m) and R»(m) denote the principal radii of curvature? of the
2The condition g max{1/Ry(m), 1/R2(m)} < 1 a.e. in w implies that A% > 0 a.e.

- 84
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Lemma: Weak convergences

Assume that (my) is a sequence with my € V" for all k, for which there
exist m € WLP(w;R3), x € WHP(w; R3), (&1,&,&3) € (L9(w; R?))3 and
(a1,az2,a3) € (L9(w))? such that

me — m  in WhP(w;R3), Nm, —— in WiP(w;R3),
orme AN Oamy  — & in Lq(w;R?’), am, — a1 in L9(w),
Hm,O1mg Adomy  — & in L9(w; R3), Hmeam, — a2 inL9(w),
Km O1mg AOamy  — & in L9(w; R3), Kmeam, — a3z inLl9(w).

Assume further that
an >0 ae in w.

Then, almost everywhere in w, we have

% = Ny, & = 01m A dom,
fg = Hmalm/\82m7 53 = Kmé)lm/\82m7
a1 = am, as = Hpan, and a3z = Kpan.
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Polyconvexity for shells

1.

Polyconvexity: For almost all x” € w, there exists a convex function
W(x’,-) : M — R where

h h?
M := {(A, B,a,b,c) € (M3*?)2 x R3; a — 5\b| > 0 and a— h|b| + 7> o}

such that for almost all x € w
W(x',m) = W(x', Vm(x"), Vam(x"), (1, Hn(x"), Km(x"))am(x")).

. Measurability: The function W(-, A, B, a, b,c) : w — R is measurable for all

(A,B,a,b,c) € M.
Coerciveness: There exist constants C; > 0 and G such that
W(x',m) > G {|[Vm|P + |Vnm|?+al} + G

for all ¢p € V& and almost all x’ € w.

Orientation-preserving condition:
W(x',m) — +co as am(x’) — 0T,
W(x',m) — +oo as AlL(x)— 0",
W(x',m) — +oco as A, (x')—0"

for all m € V" and almost all x’ € w.

Assume that inf s Z(m) < 400, then there exists at least one function m* € V¢

such that Z(m*) = inf, \n Z(m). 86



Existence for the constructed models

I.D. Ghiba, T.H. Giang, C. Ureche (2026)

Theorem

Let w C R? be an open bounded domain with Lipschitz boundary. Let
yo € C?(@,R3) be such that 0., y0(x") and dy,yo(x') are linearly
independent for every x' € @. Then, there exists hg > 0 such that for

every 0 < h < hg, the functionals defining our models have minimizers in
vh.

87



Thank you for your
attention

The slide are already available at
https://www.math.uaic.ro/ ghiba/activities.html
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