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Abstract

We prove that the solutions to fast diffusion stochastic porous media equations have finite time extinction with strictly positive
probability. To cite this article: V. Barbu et al., C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Extinction en temps fini pour les solutions des équations des milieu poreux avec diffusion rapide. Nous prouvons l’extinc-
tion avec une probabilité strictement positive pour les solutions des équations des milieux poreux avec diffusion rapide. Pour citer
cet article : V. Barbu et al., C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Consider the stochastic porous media equation{
dX(t) − ρ�(|X|α(t) signX(t))dt − �(Ψ̃ (X(t))dt = σ(X(t))dW(t), in (0,∞) × O,

X = 0 on (0,∞) × ∂O, X(0, x) = x on O,
(1)

where ρ > 0, α ∈ (0,1), Ψ̃ is a continuous monotonically nondecreasing function of linear growth and σ(X)dW =∑∞
k=1 μkXek dβk , t � 0, where {βk} is a sequence of independent real Brownian motions on a filtered proba-

bility space (Ω, F , {Ft },P) and {ek} is an orthonormal basis in L2(O) which for convenience will be taken as
the eigenfunction system for the Laplace operator with Dirichlet boundary conditions, i.e., −�ek = λkek in O,
ek = 0 on ∂O, where O is an open and bounded subset of R

d , with smooth boundary ∂O. We shall assume that∑∞
k=1 μ2

kλ
2
k < ∞. Eq. (1) for 0 < α < 1 is relevant in the mathematical modelling of the dynamics of an ideal gas in

E-mail addresses: vb41@uaic.ro (V. Barbu), daprato@sns.it (G. Da Prato), roeckner@Mathematik.Uni-Bielefeld.de (M. Röckner).
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a porous medium and, in particular, in a plasma fast diffusion model (for α = 1/2) (see e.g. [4]). The existence and
uniqueness of a strong solution in the sense to be defined below was studied in [1–3,5] for more general nonlinear
stochastic equations of the form (1). In [3] (see also [1]) it was also proven that for α = 0 and d = 1 the solution
X = X(t, x) to (1) has the finite extinction property: P(τ � n) � 1 − |x|−1

ργ
(
∫ n

0 e−CNs ds)−1 for |x|−1 < C−1
N ργ where

τ = inf{t � 0: |X(t, x)|−1 = 0} = sup{t � 0: |X(t, x)|−1 > 0} and CN,γ are constants related to the Wiener process
W and respectively to the domain O ⊂ R

1.
The following notations will be used in the sequel. H = L2(O), p � 1, with the norm denoted by | · |2 and scalar

product 〈·, ·〉. H−1(O) is the dual of the Sobolev space H 1
0 (O) and is endowed with the scalar product 〈u,v〉−1 =

〈u, (−�)−1v〉, where � is the Laplace operator with domain H 2(O) ∩ H 1
0 (O). All processes X = X(t) arising here

are adapted with respect to the filtration {Ft }. For a Banach space E, L
p
W(0, T ;E) denotes the space of all adapted

processes in Lp(0, T ;E). We shall use standard notation for Sobolev spaces and spaces of integrable functions on O.

2. The main result

Definition 2.1. Let x ∈ H . An H -valued continuous (Ft )-adapted process X = X(t, x) is called a solution to (1) on
[0, T ] if X ∈ Lp(Ω × (0, T ) × O) ∩ L2(0, T ;L2(Ω,H)), p � 2, such that P-a.s. ∀j ∈ N, t ∈ [0, T ],

〈
X(t, x), ej

〉 = 〈x, ej 〉 +
t∫

0

∫
O

(
ρ
∣∣X(s, x)(ξ)

∣∣α signX(s, x)(ξ) + Ψ̃
(
X(s, x)(ξ)

))
�ej (ξ)dξ ds

+
∞∑

k=1

μk

t∫
0

〈
X(s, x)ek, ej

〉
dβk(s). (2)

For x ∈ Lp(O), p � 4 and d = 1,2,3 there is a unique solution X ∈ L∞
W (0, T ;Lp(Ω,H)) to (1) in the sense of

Definition 2.1. Moreover, if x � 0 a.e. in O then X � 0 a.e. in Ω × [0, T ] × O.
By the proof of [3, Theorem 2.2] and [3, Proposition 3.4] we also know that for λ → 0,{

Xλ → X strongly both in L2(0, T ;L2(Ω,L2(O))) and in L2(Ω;C([0, T ];H)),

weakly in Lp(Ω × (0, T ) × O), and weak∗ in L∞(0, T ;Lp(Ω;Lp(O))),
(3)

where Xλ, λ > 0, is the solution to approximating equation⎧⎪⎨
⎪⎩

dXλ(t) − �(Ψλ(Xλ(t)) + λXλ(t) + Ψ̃ (Xλ(t)))dt = σ(Xλ(t))dW(t),

Ψλ(Xλ) + λXλ + Ψ̃ (Xλ) = 0 on ∂O, Xλ(0, x) = x,

Ψλ(x) = 1
λ
(x − (1 + λΨ0)

−1(x)) = Ψ0((1 + λΨ0)
−1(x)), Ψ0(x) = ρ|x|α signx.

(4)

Everywhere in the sequel X = X(t, x) is the solution to (1) in the sense of Definition 2.1 where x ∈ L4(O). Below
γ shall denote the minimal constant arising in the Sobolev embedding Lα+1(O) ⊂ H−1(O) (see (7) below) and
C∗ = ∑∞

k=1 μ2
k|ek|2

H 1
0 (O)

= ∑∞
k=1 μ2

kλ
2
k. Theorem 2.2 is the main result of the paper.

Theorem 2.2. Assume that d = 1,2,3 and that 0 < α < 1 if d = 1,2, 1
5 � α < 1 if d = 3. Let τ := inf{t � 0:

|X(t, x)|−1 = 0}. Then we have |X(t, x)|−1 = 0, for t � τ , P-a.s. Furthermore

P(τ � t) � 1 − |x|1−α
−1

(1 − α)ργ 1+α

( t∫
0

e−C∗(1−α)s ds

)−1

.

In particular, if |x|1−α
−1 < ργ 1+α/C∗, then P(τ < ∞) > 0, and if C∗ = 0, then τ � |x|1−α

−1 /((1 − α)ργ 1+α).

Remark 1. This result extends to O ⊂ R
d with d � 4, if α ∈ [ d−2

d+2 ,1). However, we have to strengthen the assumption
on μk , k ∈ N, see [1, Section 4] and in particular [6, Remark 2.9(iii)] for a detailed discussion.
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3. Proof of Theorem 2.2

We shall proceed as in the proof of [3, Theorem 4.2]. Consider the solution Xλ ∈ L2
W(0, T ;L2(Ω;H 1

0 (O))) to
Eq. (4). Then by applying the classical Itô formula to the real valued semi-martingale |Xλ(t)|2−1, t ∈ [0, T ], and to the
function ϕε(r) = (r + ε2)(1−α)/2, r ∈ R, we find that

dϕε

(∣∣Xλ(t)
∣∣2
−1

) + (1 − α)
(∣∣Xλ(t)

∣∣2
−1 + ε2)−(1+α)/2〈

Xλ(t),Ψλ

(
Xλ(t)

) + λXλ(t) + Ψ̃λ

(
Xλ(t)

)〉
dt

= 1

2

∞∑
k=1

μ2
k(1 − α)

|Xλ(t)ek|2−1(|Xλ(t)|2−1 + ε2) − (1 − α)2|〈Xλ(t)ek,Xλ(t)〉−1|2)
(|Xλ(t)|2−1 + ε2)(3+α)/2

dt

+ 〈
σ
(
Xλ(t)

)
dW(t),ϕ′

ε

(∣∣Xλ(t)
∣∣2
−1

)
Xλ(t)

〉
−1

� 1

2

∞∑
k=1

μ2
k

(1 − α)|Xλ(t)ek|2−1

(|Xλ(t)|2−1 + ε2)(1+α)/2
dt + 〈

σ
(
Xλ(t)

)
dW(t),ϕ′

ε

(∣∣Xλ(t)
∣∣2
−1

)
Xλ(t)

〉
−1

� C∗ (1 − α)|Xλ(t)ek|2−1

(|Xλ(t)|2−1 + ε2)(1+α)/2
dt + 〈

σ
(
Xλ(t)

)
dW(t),ϕ′

ε

(∣∣Xλ(t)
∣∣2
−1

)
Xλ(t)

〉
−1. (5)

Then letting λ → 0, by (3) we get that lim infλ→0
∫ T

0 〈Ψλ(Xλ(t)),Xλ(t)〉dt � ρ
∫ T

0 |X(t)|1+α

L1+α(O)
dt , P-a.s. and hence

ϕε

(∣∣X(t)
∣∣2
−1

) + (1 − α)ρ

t∫
r

|X(s)|α+1
Lα+1(O)

(|X(s)|2−1 + ε2)(1+α)/2
ds � ϕε

(∣∣X(r)
∣∣2
−1

)

+ C∗
t∫

r

(1 − α)|X(s)|2−1

(|X(s)|2−1 + ε2)(1+α)/2
ds + 2

t∫
r

〈
σ
(
X(s)

)
dW(s),ϕ′

ε

(∣∣X(s)
∣∣2
−1

)
X(s)

〉
−1, P-a.s., r < t. (6)

Next by the Sobolev embedding theorem we have
|u|−1 � γ |u|Lα+1(O), ∀u ∈ Lα+1(O), if d > 2 and α � d−2

d+2 , and ∀α > 0, if d = 1,2. (7)

Then substituting (7) into (6) we get

ϕε

(∣∣X(t)
∣∣2
−1

) + (1 − α)ργ 1+α

t∫
r

|X(s)|α+1
−1

(|X(s)|2−1 + ε2)(1+α)/2
ds � ϕε

(∣∣X(r)
∣∣2
−1

)

+ C∗
t∫

r

(1 − α)|X(s)|2−1

(|X(s)|2−1 + ε2)(1+α)/2
ds +

t∫
r

〈
σ
(
X(s)

)
dW(s),ϕ′

ε

(∣∣X(s)
∣∣2
−1

)
X(s)

〉
−1, P-a.s., r < t. (8)

Now for ε → 0 we have

∣∣X(t)
∣∣1−α

−1 + (1 − α)ργ 1+α

t∫
r

1{|X(s)|−1>0} ds �
∣∣X(r)

∣∣1−α

−1 + C∗(1 − α)

t∫
r

∣∣X(s)
∣∣1−α

−1 ds

+ (1 − α)

t∫
r

〈
σ
(
X(s)

)
dW(s),

∣∣X(s)
∣∣−(α+1)

−1 X(s)
〉
−1, P-a.s., r < t.

Hence by Itô’s product rule

e−C∗(1−α)t
∣∣X(t)

∣∣1−α

−1 + (1 − α)ργ 1+α

t∫
r

e−C∗(1−α)s1{|X(s)|−1>0} ds

� e−C∗(1−α)r
∣∣X(r)

∣∣1−α

−1 + (1 − α)

t∫
e−C∗(1−α)s

〈
σ
(
X(s)

)
dW(s),

∣∣X(s)
∣∣−(α+1)

−1 X(s)
〉
−1, P-a.s., r < t. (9)
r
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From this it immediately follows that e−C∗(1−α)t |X(t)|1−α
−1 , t � 0, is an (Ft )-supermartingale, hence |X(t)|−1 = 0 for

all t � τ . So, (9) with r = 0 after taking expectation implies that
∫ t

0 e−C∗(1−α)s
P(τ > s)ds � |x|1−α

−1 /((1 − α)ργ 1+α),

t � 0. This implies that P(τ > t) � |x|1−α
−1 /((1 − α)ργ 1+α)(

∫ t

0 e−C∗(1−α)s ds)−1, t � 0, and the assertion follows.
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This work deals with the study of periodic solutions to a degenerate fast diffusion equation.

The existence of the periodic solution to an intermediate problem restraint to a period T is

proved first and then the result is extended by the data periodicity to all time real space.

The approach involves an appropriate approximating problem whose periodic solution is

proved via a fixed point theorem. Next, a passing to the limit procedure leads to the

existence of the solution to the original problem on a time period. Finally, the behavior

at large time of the solution to a Cauchy problem with periodic data is characterized.

 2008 Elsevier Inc. All rights reserved.

1. Statement of the problem

Periodic problems for possibly degenerate equations of the type

d

dt

(
My(t)

)
+ Ly(t) = f (t), 0 � t � 1, (1.1)

with the periodic condition

(My)(0) = (My)(1) (1.2)

have been studied in the paper [2], for L and M two closed linear operators from a complex Banach space into itself, under

the assumptions that the domain D(L) of L is continuously embedded in D(M) and L has a bounded inverse. Assuming

suitable hypotheses on the modified resolvent (λM+ L)−1 , it has been proved that problem (1.1)–(1.2) admits one 1-periodic

solution. Some examples of applications to partial differential equations and ordinary differential equations have been given.

The latter case has been studied in the paper [3], too.

In this paper we shall approach a concrete PDE problem (1.1)–(1.2) where L is a nonlinear multivalued operator.

We consider Ω an open bounded subset of RN (N ∈ N∗ = {1,2, . . .}), with the boundary Γ := ∂Ω of class C1 and denote

the space variable by x := (x1, . . . , xN ) ∈ Ω and the time by t ∈ R. We are concerned with the study of periodic solutions to

a nonlinear model consisting in a degenerate diffusion equation with homogeneous Dirichlet boundary conditions

∂(m(x)u)

∂t
− �β∗(u) ∋ f in Ω × R,

u(x, t) = 0 on Γ × R,

� This work was partially supported by RFO of the University of Bologna, under the auspices of INDAM, Italy and the projects CEEX-05-D11-36/2005 and

PN II IDEI ID_404, financed by the Romanian Ministry of Education and Research.
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u(x, t) = u(x, t + T ) in Ω × R, (1.3)

under the assumption of the T -periodicity of the function f ,

f (x, t) = f (x, t + T ) for (x, t) ∈ Ω × R, 0 < T < ∞. (1.4)

In this problem β∗ : (−∞,us] → R is a multivalued function defined as

β∗(r) :=

{∫ r
0 β(ξ)dξ, if r < us,

[K ∗
s ,+∞), if r = us,

(1.5)

where β : (−∞,us) → R is a positive differentiable, monotonically increasing function, which blows up at r = us , but having

the integral finite at this point. Namely we set

β(r) � ρ > 0, for each r < us, β(r) := ρ for r � 0, (1.6)

lim
rրus

β(r) = +∞ and lim
rրus

r∫
0

β(ξ)dξ = K ∗
s . (1.7)

Consequently, β∗ has the properties(
β∗(r) − β∗(r)

)
(r − r) � ρ(r − r)2, for every r, r ∈ (−∞,us], (1.8)

lim
r→−∞

β∗(r) = −∞, (1.9)

lim
rրus

β∗(r) = K ∗
s . (1.10)

In the above relationships ρ , us and K ∗
s are positive known constants and the hypotheses (1.7) reveal the character of fast

diffusion (see [1,4]).

We also notice that (β∗)−1 : R →(−∞,us] is single-valued, monotonically increasing on (−∞, K ∗
s ) and constant for

r ∈ [K ∗
s ,+∞), i.e., (β∗)−1(r) = us . Also, it follows that (β∗)−1 is Lipschitz with the constant 1

ρ .

We still assume that

m ∈ C1(Ω), 0 �m(x) � 1, x ∈ Ω. (1.11)

More exactly, we consider that the degeneration of the equation may occur on Ω0 , where Ω0 is an open bounded subset

of Ω , strictly contained in Ω . The upper bound of m can be taken any positive constant, but by rescaling, we may consider

it equal to 1, without any loss of generality.

The model (1.3) with initial data (m(x)u(x,0) = v0(x) instead of the periodic condition) was studied in [4] where it was

proved that it has a unique weak solution in appropriate functional spaces. In fact, the model was introduced in [7] and it

describes for example the water infiltration in a unsaturated porous medium in which saturation can occur. This event is

mathematically modeled by both the blow-up of the function β at us and the multivalued function β∗ . The function m(x)

characterizes the space variable porosity of the nonhomogeneous medium, while the vanishing of m indicates the existence

of impermeable intrusions in the soil.

A study of the periodic solutions to fast diffusion equations with m(x) = 1 was done in [8] for the case with a nonlinear

convection, in connection with some results given in [6].

The paper is organized as follows: first we shall prove that the problem

∂(m(x)u)

∂t
− �β∗(u) ∋ f in Ω × R,

u(x, t) = 0 on Γ × R,

m(x)
(
u(x, t) − u(x, t + T )

)
= 0 in Ω × R (1.12)

has a unique solution.

In order to prove the existence for problem (1.12) we shall establish the existence for the solution to the problem on a

time period

∂(m(x)u)

∂t
− �β∗(u) ∋ f in Q := Ω × (0, T ),

u(x, t) = 0 on Σ := Γ × (0, T ),

m(x)
(
u(x,0) − u(x, T )

)
= 0 in Ω. (1.13)

This will be done by a fixed point argument in Section 2. The result obtained for (1.13) will be extended by periodicity to

all t ∈ R and the longtime behavior of the solution corresponding to a periodic f and a certain initial datum v0 will be

established in connection with the periodic solution to (1.12).
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Finally, we shall show that the existence of the unique periodic solution to (1.12) implies the existence of the unique

periodic solution to (1.3).

Functional framework and preliminaries. For approaching the problems previously specified we shall consider the Hilbert

space V = H1
0(Ω) with the usual Hilbertian norm and its dual V ′ = H−1(Ω), endowed with the scalar product (u,u)V ′ :=

〈u,ψ〉V ′,V , where ψ ∈ V satisfies −�ψ = u, ψ = 0 on Γ , and 〈u,ψ〉V ′,V is the pairing between V ′ and V .

For simplicity, we shall denote by (·,·) and ‖ · ‖ the scalar product and the norm in L2(Ω), respectively.

Definition 1.1. Let

m ∈ C1(Ω), f ∈ L∞(0, T ; V ′). (1.14)

We call a solution to (1.13) a function u which satisfies

u ∈ L2(0, T ; V ), u � us, a.e. (x, t) ∈ Q ,

mu ∈ C
(
[0, T ]; L2(Ω)

)
∩ W 1,2(0, T ; V ′),

ζ ∈ L2(0, T ; V ), ζ(x, t) ∈ β∗
(
u(x, t)

)
, a.e. (x, t) ∈ Q , (1.15)

the condition m(x)(u(x,0) − u(x, T )) = 0 in Ω and the equation

T∫
0

〈
d(m(x)u)

dt
(t),φ(t)

〉
V ′,V

dt +

∫
Q

∇ζ(x, t) · ∇φ(x, t)dxdt =

T∫
0

〈
f (t),φ(t)

〉
V ′,V

dt, a.e. t ∈ (0, T ), (1.16)

for each φ ∈ L2(0, T ; V ), where ζ(x, t) ∈ β∗(u(x, t)), a.e. (x, t) ∈ Q .

On the domain

D(A) :=
{
u ∈ L2(Ω); there exists η ∈ V , such that η(x) ∈ β∗

(
u(x)

)
, a.e. x ∈ Ω

}
we define the multivalued operator A : D(A) ⊂ V ′ → V ′ by

〈Au,ψ〉V ′,V :=

∫
Ω

∇η · ∇ψ dx, for each ψ ∈ V , where η(x) ∈ β∗
(
u(x)

)
, a.e. x ∈ Ω.

We remark that u ∈ D(A) implies u ∈ V , due to the Lipschitz property of the inverse of β∗ .

Next, we introduce the multiplication operator M : D(A) → L2(Ω), Mu := mu, whose inverse is multivalued. Thus, we

can write the abstract problem

d

dt

(
Mu(t)

)
+ Au(t) ∋ f (t), a.e. t ∈ (0, T ), (1.17)

M
(
u(0) − u(T )

)
= 0 (1.18)

and notice that the solution to (1.17)–(1.18) is a solution to (1.13) in the sense of Definition 1.1.

Denoting v(x, t) :=m(x)u(x, t) we can rewrite (1.17)–(1.18) in terms of v as,

dv

dt
+ AM v ∋ f , a.e. t ∈ (0, T ),

v(0) = v(T ), (1.19)

where AM = AM−1 and

D(AM) :=

{
v ∈ L2(Ω);

v

m
∈ L2(Ω), ∃ζ ∈ V , ζ(x) ∈ β∗

(
v

m
(x)

)
, a.e. x ∈ Ω

}
.

We easily see that v ∈ D(AM) if and only if u = v
m

∈ D(A).

For a later use we define j : R → (−∞,+∞] by

j(r) :=

{∫ r
0 β∗(ξ)dξ, r � us,

+∞, r > us,
(1.20)

where the left limit of β∗ at us was specified in (1.10). The function j is proper, convex, lower semicontinuous and

∂ j(r) =




β∗(r), r < us,

[K ∗
s ,+∞), r = us,

∅, r > us

(1.21)

(see [7, p. 166]).
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Also, we recall a result proved in [4] (see Theorem 3.2) related to the problem

∂(m(x)u)

∂t
− �β∗(u) ∋ f in Q ,

u(x, t) = 0 on Σ,

m(x)u(x,0) = v0 in Ω. (1.22)

Theorem 1.2. Let

m ∈ C1(Ω), f ∈ L2(0, T ; V ′),
v0

m
∈ L2(Ω),

v0

m
� us, a.e. x ∈ Ω.

Then, the Cauchy problem (1.22) has a unique solution u, such that

mu ∈ C
(
[0, T ]; L2(Ω)

)
∩ W 1,2(0, T ; V ′),

β∗(u) ∈ L2(0, T ; V ),

u ∈ L2(0, T ; V ), u � us, a.e. (x, t) ∈ Q .

2. Existence on the time period (0, T )

In this section we shall study the existence of the solution to the problem (1.13) defined on the time period (0, T ). To

this end we shall establish first an existence result for the approximate problem obtained by replacing m by

mε(x) :=m(x) + ε, where ε �mε(x) � 1+ ε

and β∗ by the single-valued function β∗
ε : R → R,

β∗
ε (r) :=

{
β∗(r), if r < us − ε,

β∗(us − ε) +
K ∗
s −β∗(us−ε)

ε [r − (us − ε)], if r � us − ε,
(2.1)

for each positive ε. The function β∗
ε is continuous and monotonically increasing on R, differentiable on R \ {us −ε}, but with

lateral finite derivatives at u = us − ε, satisfies (1.8) for any r, r ∈ R and

lim
r→−∞

β∗
ε (r) = −∞, lim

r→+∞
β∗

ε (r) = +∞.

We denote by βε the derivative of β∗
ε defined as

βε(r) :=

{
β(r), if r < us − ε,

K ∗
s −β∗(us−ε)

ε , if r � us − ε
(2.2)

and remark that βε(r) � ρ for any r ∈ R.

Then we introduce Aε : D(Aε) ⊂ V ′ → V ′ by

〈Aεu,ψ〉V ′,V :=

∫
Ω

∇β∗
ε (u) · ∇ψ dx, for every ψ ∈ V ,

D(Aε) :=
{
u ∈ L2(Ω); β∗

ε (u) ∈ V
}

and consider the periodic approximating problem

d(mεuε)

dt
+ Aεuε = f , a.e. t ∈ (0, T ), (2.3)

mε

(
uε(0) − uε(T )

)
= 0 (2.4)

which is equivalent with

dvε

dt
+ Bεvε = f , a.e. t ∈ (0, T ),

vε(0) = vε(T ), (2.5)

by the function replacement

vε =mεuε. (2.6)

Here, Bεvε = Aε(
vε
mε

). We are going to prove the following existence result.
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1. Introduction

We consider in this work the evolution of a quantum system with wavefunction Ψ(t)

under the external influence of a laser field; the system satisfies the Time Dependent

Schrödinger equation (TDSE)

i
d

dt
Ψ(t) = H(t)Ψ(t), (1)

with H(t) a Hermitian operator; the control is realized by selecting a convenient laser

intensity u(t). When the laser is shut off H(t) is the internal Hamiltonian of the system,

denoted H0; when the laser is present H(t) is the sum of H0 and additional terms that

describe the interaction of the system with the laser field. The first order term is the

dipole coupling [30] of the form u(t)H1; in the limit of small laser intensities this term

may be enough to adequately describe the interaction.

However, situations exist where the dipole coupling does not have enough influence

on the system to reach the control goal; the goal may become accessible only after

adding a polarizability term u2(t)H2 in the expansion of H(t) (see e.g. [13, 14] and

related works); to make effective use of this term one needs higher laser intensities u(t).

The focus of the paper is on practical procedures to find suitable control fields u(t)

for the Hamiltonian H(t) = H0+u(t)H1+u2(t)H2 by adapting feedback tracking control

procedures to this setting. Here and in the following H0, H1 and H2 are n×n Hermitian

matrices with complex coefficients and the control is the laser intensity u(t) ∈ R.

In what concerns the mere possibility to find a control, we recall that the

controllability of the finite dimensional quantum system evolving with equation

i
d

dt
Ψ(t) = (H0 + u(t)H1 + u2(t)H2)Ψ(t), (2) eq_gen

can be studied via the general accessibility criteria [4, 32] based on Lie brackets; more

specific results can be found in [34].

Let us consider for a moment the system with Hamiltonian H0 + u(t)H1 + v(t)H2,

v(t) being a second control independent of u(t). It can be shown [34] that this system

is controllable under the same circumstances as H0 + u(t)H1 + u2(t)H2 i.e. all target

states that can be reached with Hamiltonian H0 + u(t)H1 + v(t)H2 can also be reached

by H0 + u(t)H1 + u2(t)H2 (although obviously the second Hamiltonian is a particular

case of the first for v(t) = u2(t)). This rather counter-intuitive result suggests that u2(t)

can be considered, for the purpose of theoretical controllability, as independent of u(t);

however, u2(t) having a particular functional dependence on u(t) will play a role at the

level of the numerical procedure to find the control: in general finding the control for

H0 + u(t)H1 + u2(t)H2 is more difficult than for H0 + u(t)H1 + v(t)H2.

The characterization of the controllability does not provide in general a simple

and efficient way for open-loop trajectory generation. Optimal control techniques (cf.,

[23] and [30] and the references herein) provide a first set of methods. A different

approach consists in using feedback to generate trajectories and open-loop steering

control [5, 19, 22]. More recent results can be found in [27] for decoupling techniques,



Quantum trajectory control for polarizability 3

in [3, 15, 17, 23, 31, 35, 36] for Lyapunov-based techniques and in [1, 7, 28] for

factorizations techniques of the unitary group.

In order to study feedback control of systems with Hamiltonian H(t) = H0 +

u(t)H1 +u2(t)H2 we adapt the analysis [20, 24], initially proposed for bilinear quantum

systems H0 + u(t)H1. In the previous work it has been shown that the success of the

feedback control depends on whether there exists (non-zero) direct coupling, through H1,

between the target state and all other eigenstates. When H1 has the same property for

H(t) = H0 + u(t)H1 + u2(t)H2 we show that same feedback formulas hold. However we

argued that the polarizability term u2(t)H2 is added when dipole u(t)H1 is not enough

to control the system; consequently the most interesting question is what happens

when some of the (direct) coupling is realized by H2 instead of H1. We show that

the previous feedback formulas do not hold any more and we propose two alternatives.

Our method is valid to track any eigenstate trajectory of a Schrödinger equation (2)

when the Hamiltonian includes a second order coupling operator.

The balance of the paper is as follows: in Section 2 we introduce the main

notations and the Lyapunov tracking feedback for a particular case. Section 3

contains the presentation of two types of feedback: discontinuous and time-dependent

(periodic) forcing, that can be applied for all types of second order coupling operators.

Both sections present theoretical results on the convergence illustrated by numerical

simulations. Concluding remarks are presented in Section 4.

2. Tracking feedback design

eedback:sec

2.1. Dynamics and global phase
gauge:ssec

We consider a n-level quantum system evolving under the equation (2). The wave

function Ψ = (Ψj)
n
j=1 is a vector in Cn, verifying

∑n

j=1 |Ψj|
2 = 1, thus it lives on the

unit sphere S
2n−1 of C

n. Physically, Ψ and eiθ(t)Ψ describe the same physical state for

any global phase θ(t) ∈ R, i.e. Ψ1 and Ψ2 are identified when exists θ(t) ∈ R such that

Ψ1 = exp(iθ(t))Ψ2. To take into account such non trivial geometry we add a second

control ω corresponding to θ̇ (see also [24]). Thus we consider the following control

system

i
d

dt
Ψ(t) = (H0 + u(t)H1 + u2(t)H2 + ω(t))Ψ(t), (3) dyne:eq

where ω ∈ R is a new control playing the role of a gauge degree of freedom. We can

choose it arbitrarily without changing the physical quantities attached to Ψ. With such

additional fictitious control ω, we will assume in the sequel that the state space is S2n−1

and the dynamics given by (3) admits two independent controls u and ω.

2.2. Lyapunov control design
design:ssec

Take a reference trajectory t 7→ (Ψr(t), ur(t), ωr(t)), i.e., a smooth solution of (3):
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Abstract

The paper deals with the COMSOL modelling of fluid diffusion in

unsaturated porous media. A representative phenomenon in this class of

problems is water infiltration in soils.

The model we are concerned of describes the water infiltration into an
isotropic, nonhomogeneous, unsaturated porous medium with a variable poros-
ity. It consists of a diffusion equation with a transport term in addition with a
initial data and a Dirichlet boundary condition

m(x)
∂u

∂t
− ∆β∗(u) +

∂K(u)

∂x3

= F in Q := Ω × (0, T ), (1)

m(x)u(x, 0) = θ0(x) in Ω, (2)

u(x, t) = g(x) < us on Σ := Γ × (0, T ). (3)

The domain Ω is an open bounded subset of R
3, with the boundary Γ := ∂Ω

piecewise smooth. We denote the space variable by x := (x1, x2, x3) ∈ Ω and the
time by t ∈ (0, T ), with T finite. The model is written in dimensionless form.
The porosity is denoted by m, the function u stands for the water saturation,
while by us we shall denote its maximum value.

The volumetric water content is given by mu and θ0 is the initial volumetric
water content.

Hypothesis

In the unsaturated case the diffusivity β : (−∞, us) → [ρ, +∞) is a continu-
ous and monotonically increasing function that satisfies the following hypothe-
ses:

1
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