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1 Introduction

The geometry of spherical curves is an important part of the classical theory of
space curves. Also, a fresh research is being published, some of it with graphical
applications, such as the class of spherical p-elastica curves. If the dimension of the
involved sphere permits additional structures (Hermitian or almost contact) then the
features of these curves become more interesting.

The present work concerns mainly with spherical Legendre curves related to the
Euclidean unit sphere S? and we follow mainly the approach of Takahashi Masatomo
from [10]. More precisely, we are interested in new curvatures which are naturally
associated. There are two classes of such new curvatures: the first class (containing
two elements) is provided by the Darboux mate of a given spherical Legendre curve;
(2) the second class (containing three elements) is provided by the higher order Frenet
equations. All these new curvatures are the contents of the first section below where
for obtaining the higher order curvatures we follow the approach of [4]. We point
out that a special attention is given to examples, some of them related to the usual
theory of regular space curves.

The second section concerns an introduction to the Lorentz—Minkowski case
provided by R? with the metric of signature (—, +, +). We remark that the compu-
tations become more difficult and hence we restrict to only two examples for which
the geodesic curvature is computed.
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2 M. Crasmareanu

2 Euclidean Spherical Legendre Curves

The setting of this section is provided by the space R?® which is an Euclidean vector
space with respect to the canonical inner product:

3.3

(u, v) =u'v' +utv? +u vi,u = (ul,u2

3 1 .2 .3 3 2
su),v=(,v5,v") e R7,0 < ull® = (u, u).

2.1
Let S be the unit sphere of E3 := (R?, (-, -)) and its unit spherical bundle:
T18% := {(u,v) € §? x §2: (u, v) = 0}

which is a compact three-dimensional contact metric manifold; see, for example, [3].
There is a natural action of O (3) on 7,5

(A, (u,v)) € 03) x 1 S* = (Au, Av) € T\S*, (Au, Av) = (u,v) =0. (2.2)

The general notion of Legendre curves associated to a contact form is well-known
(cf. [5]), but we will work directly in our framework using the approach of [10] (see
also [8]).

Definition 2.1 The smooth map LC := (y,v): I CR — T18%, t € I — (y(1),
v(t)) is a spherical Legendre curve if {7/ (t), v(¢t)) = O for all ¢ in the open interval
I. The map ~y is called the frontal and v is the dual of ~y.

Since R? is endowed also with the cross product x, we define ju = v x v and hence
the triple F := {v, v, u}' is a positively oriented moving frame along the frontal ~;
here ¢ means the transposition, so F is a column matrix. Its moving equation is
provided by the Proposition 2.2. of [10]:

d 0 0 k() 0 0 ki)
d_]:(t) = 0 0 k() | F@), 0 0 k@) | €0@3).
! —ki(t) k2 (1) O —ki(t) —ka(t) O
(2.3)
The pair of smooth functions (ki, k») is called the curvature of the spherical Legendre
curve LC = (7, ). Sometimes, it is more useful to denote a given LC with all its
elements as LC = (7, v; p).

Remark 2.2 (1) For the given LC, there are other three spherical Legendre curves
([10): (i) LC~! := (—~, v) with the curvature (k;, —k»); (i) LC_; := (v, —v) with
the curvature (—k;, ky); (iii) LCc~ )= (v, v) with the curvature (—k,, —ky).

(2) A matrix A € SO(3) acts on the set of all curves LC following (2): LC =
(v,v) > LC(A) := (Av, Av). Since A is special we have ([6, p. 134]) (Avy) x
(Av) = Ap and then the curvatures of LC and LC(A) are equal. The reciprocal of
this statement is the Uniqueness Theorem of [10].
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The Darboux Mate and the Higher Order Curvatures ... 3

(3) As in the theory of regular space curves, the matrix Eq.(2.3) can be expressed
into a vectorial form:

%]—"(r) = Q(t) x F(t) 2.4)

with the Darboux vector field:

Q= kz’}/ — kll/ = u X ,LL/. (25)

Its norm w := ,/k} + k3 is strictly positive and then every LC has a Darboux mate:
DLC = (}JQ, 7% —%(kw + kzu)). We remark that the frontal %Q of DLC isexactly
the +-evolute Ev(vy) of the frontal v as is defined in the relation (4.1) of [10, p.
347] and the fact that DLC is a spherical Legendre curve appears in the proof of
Proposition 4.8. of [10, p. 349]. The curvature of the Darboux mate is

kK ky — kK
o b w) (2.6)

((Dk)1, (Dk)2) = < e

K\ [k \?
(Dk), =—(k—) (—) . 0.7
1 w

O

and if k; # 0, then

This short note defines new curvature functions for LC. In the following, n € N*
is a fixed positive integer.

Definition 2.3 The n-order Frenet equation of LC is

n

dat"

p(t) = Ki @)y () + Ky (t)v(t) + K3 () (). (2.8)

and the triple (K{, K3, K%) is called the n-curvature of LC. The n-Darboux vector
field of LC is
Q) :=—-Kiv+ Kjv. 2.9

We note that the new functions K 7;2; 5 are smooth, and from (2.2), it results the
first ones are (K !, Kzl, K31) = (—ky, —k», 0). For the general n, these curvatures are
obtained through a recurrence process expressed by (Fig. 1).

Theorem 2.4 The higher order curvatures are provided by the following recurrence
relation:

Kt 4 (K1 0 0 ki) K"
Kyt o nl - 0 0 k() Ki . (2.10)
Kyt K} —ki(t) —k2(t) O K3
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4 M. Crasmareanu

Fig. 1 The first two curves

Hence, the 2- and 3-curvatures are

(K21 K223 K?%) = (_k/y _ké9 _(k% + k%)) = (_k/s _kés _wz)a
(K}, K3, K3) = (—k{ + ki (ki + k3), —kj + ko (kT + k3), =3 (kK| + kak})).
(2.11)
The derivative of the n-Darboux vector field is

Q') =—(K})v+ (K)'v+ (oK} — ki K} p. (2.12)

Example 2.5 Let y be an usual Frenet curve in E? having the curvature function k
and the torsion function 7. After [1, p. 2], the curve -y is a Mannheim one if there exist
A € R* such that k = \(k? + 72). Following this case, we call a spherical Legendre
curve LC as being A\-Mannheim if

ki = Ak +k3) (2.13)

and then the sign of k; is that of A. The curvatures (2.10) become

k K2 kik K
(K} K3 KD) = ki, =Ky, == ) (K7 K3 K3) = [ —k{ + =, -k + =22, 371
A A A A

(2.14)

Suppose that A > 0. Then K; = 0 if and only if k(1) = % > 0 for 1 € (0, V6]

since k(1) = :I:—‘é(t:z_mz). Let us remark that if LC is A-Mannheim then LC~! is
also A-Mannheim and LC_; is (—\)-Mannheim. O

Example 2.6 Letus consider Example2.8. of [10]. Starting with the natural numbers
(k, m, n) satisfying m = k + n, the author defines the LC with
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The Darboux Mate and the Higher Order Curvatures ... 5

1 1

V) = ——=(1. 1" 1"), v(t) = (ke™, —mt* . n), r € R
/1 + t2n + 12m \/nz + m2t2k + k2l2m
(2.15)
with the associated curvature:
tn—I«/nZ + m2t2k + k2t2m kmntk_l 1 + th < t2m
ki) = — , k(1) = . (2.16)

All the new curvatures are extremely complicated and then we express only

wz _ k2(t) N k2(t) _ 12"_2(}12 + m2s2k + k212m)3 + k2m2n2t2k—2(1 + £2n + t2m)3
1 2 (nZ + m2¢2k + k2t2m)2(1 + 2n + t2m)2 '
2.17)

O

Example 2.7 Let us consider Example 2.7. of [10]. A spherical curve v: 1 —
§? C R? yields the spherical Legendre curve LC(y) = (7, n; —t) withm =~ x t
for t(r) := 2% Then the curvature of LC(v) is related to the geodesic curvature

vl
k4 of «y through k, = ky|k;| for

_ det(y(0), 7'(1), 7" ()

2.18
Iy @13 @19

k(1)

while the usual curvature k of + as space curve is: k = /k5 + 1; if k; > O then v is

convex. Then we get k() = —||7/'(¢)]| < O which yields
k/
(K7, K3, K3 = (U O (7 Ol s =17 O +k)) . (Dk) = =25 (2.19)
9

Inspired by the case of regular curves, a spherical Legendre curve will be a A-helix
if k» = A\k; and then (Dk), = 0.

Three remarkable spherical curves are

2 t,sint), r3(t) = (cost,sint, 0),
(2.20)
since these three-dimensional unit vectors are orthogonal two by two: (ry, ;) =
(ra, r3) = (r3, r1) = 0; the last curve is the equator of S2. So, these maps can be
considered together as the columns of a symmetric matrix I from SO (3). With the

spinorial formalism of [11, p. 28], there exists two complex-valued curves ¢, =

P1(1), 2 = 1y (t) such that

{ rlir? = (f — 93, i1 + 99, —2411h),
r = W1y + Yia, i(1dn — Yih), [ ? — [a]?).

rl (1) = (— sin? t,sint cost, cost), r2(t) = (sint cost, — cos

2.21)
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6 M. Crasmareanu

A straightforward computation gives the expression of these curves:

Y1 = constant = %, () = %e” = %ei(g+’). (2.22)

We remark that we have a new spherical curve t — (11, U (t)) € S3 and then we
recall the famous Hopf bundle H : S* ¢ C? — §? (%) CRxC:

1 _
H(z,w) = (5(|z|2 - |w|2>,zw> : (2.23)
It results in the curve:

t = H(1, da()) = (o, %e”) ¢ 52 (%) . (224)

The geodesic and the usual curvatures for the columns of I" are

) 2 ; 2
k; (I) — cost(%+51n§t), k(z](t) 4 smt(2+coslt)’ kg — 0’
(14-sin?¢)2 : (14cos?1)2

/5 asinls - (2.25)
Kl(ry = MEERL g2 = S gd =,
(14sin®1)2 (14-cos?t)2
The lengths of these curves are
2m 2m
L'= 1 +sin?tdt ~ 7.6404, L* = / V1+cos2tdt ~7.6404, L° =2m~6.28
0 0

while their total curvatures are
2w 2w
(T = / k'(tdr ~9.4174, (Tk)* = / KX()dt ~9.4174, (Tk)® = L? =2n.
0 0

A spherical curve with prescribed constant geodesic curvature k, = K and
parametrized by the arc length s is

rg(s) = \/ﬁ (cos(\/ 1 + K25), sin(v'1 + K2s), K) = % (cos(ks), sin(ks), K) .
(2.26)

Following the approach of [7, p. 143] for a spherical curve parametrized by arc
length, we define the elastic curvature

" 1
ke 1= kj + 5 (kg + ky) (2.27)

and a curve with a vanishing elastic curve will be called elastic curve. Then the
elastic curvature of the curve (2.26) will be constant k, = %(K 240,
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The Darboux Mate and the Higher Order Curvatures ... 7

We recall also the characterization of a space curve 7 to be a spherical one (not
necessary on S?) in terms of classical curvature and torsion:

T dlld (1
it [;z (z)} =0 (2:28)

as well as the usual parametrization of the unit sphere S2:

S r(u,v) = (cosucosv, sinucosv, sinv), u €[0,27], ve[—m, ]
(2.29)
Then the above three curves are

rl(t)zr(g—i-t,g—t), rz(t):r<3§+t,t>, Pt =r@,0). (2.30)

Also, the first curve is connected with the Viviani curve V which is the intersection
of $? with the cylinder x> + y? = x. Since its parametrization is

VW) = u, —vu—u?, —/1T—u) C §*, ucl0,1] (2.31)

it results ' (1) = —V(sin? r). The geodesic and the usual curvature of the Viviani
curve are
Q2+u)v1—u /54 3u

kY (u) = <0, K = (2.32)

(14 u)2 (1 +u)?

and then V is not convex. The total geodesic and the total curvature of the Viviani
curve are

1 1
/ kY (uydu = —1, / kY (u)du =~ 1.4602.
0 0

Example 2.8 The simplest LC curve is that containing a constant dual curve:

~v(t) = (cost,sint, 0) = (ei’, 0),v(@) =(0,0,1) = Q, u(t) = (sint, —cost,0) = —iy

(2.33)
with i the complex unit of the plane R?> = C. It has the constant curvature (—1, 0) and
then K = 0 for all n. The Darboux mate DLC = (v, u; ) has the curvature (0, 1).
Following the Darboux procedure, we have DDLC = DPLC = (v, vy; —pu) =
LC~| with the same curvature (0, 1). Another steps: D®LC = (v, —u; —7) with
the curvature (0, 1); D®YLC = (v, —; w) with the curvature (0, —1). It follows a
Darboux periodicity of order 4: D® = D.

The first two curves of the previous example can be joined to obtain a curve
in R® = C3 which, in turn, can be put in correspondence with a special class of
Legendre immersions. Namely, the Corollary 15 of [9, p. 301] expresses an arbitrary
nonminimal biharmonic Legendre immersion f; : M? — §> C C? as
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8 M. Crasmareanu

frlx,y) = (eix, je ™ sin(x/zy), ie”* cos(ﬂy)) . (2.34)

-

Then we have

001 000
000-10 0
100000 t

' @) =2 000010 |7t (t,—jz)eSS (2.35)
000 0 0—1
010000

and the 6 x 6 matrix above belongs to SO (6).
Moreover, all three curves of Example 2.7 can be joined through the Veronese
map:

3 2 2
V:S2cR > st RS, V(u,v,w) = (\/ng, «/gwu, «/iuv, %(u2 - vz), w? — “ ;—v
(2.36)

Then:
. . . . 2,2
Vie)y:=Vorl@) = \/g(smtcos2 t, —sin?f cost, —sin®  cos 1, —% sin? 7 cos 2¢, M)

V2(t) =Vo rz(t) =3 (— sin 7 cos? t, sin? £ cos t,— sin 7 cos’ t, —% cos? £ cos 2t,

V3(t) =Vo r3(t) = (O, 0, ? sin 21, ? cos 2t, —%) s

2sin’ r—cos’ t )
2V3 ’

(2.37)
and hence: V! + V2 + V3 = 0 € R’. The angle between two distinct unit vectors
Vi, i =1, 2,3 is constant, namely 27”

Following [2] for a given spherical curve v, we consider the spherical angular
momentum with respect to the vertical axis:

K() = — det((®). t(r), By = FOYO —x@Oy' ) (2.38)

Il

This momentum for the curves (2.20) is

sin®¢ cos? ¢
K')=——0 0, K2 =-—=l 0, KP=—1. (239)
V1 +sin?s V1 +cos?t

O

Example 2.9 Return to Example 2.7. Fix a regular curve r : I — R’ parametrized
by arc-length s and having the curvature function k and the torsion function 7;
let (T =r’, N, B) its Frenet frame. Then its tangent indicatrix v := r’ will be a
spherical curve with the geodesic curvature qu = 7; then y is convex if and only if
7 > 0. Following Example 2.7, we get the spherical Legendre curve TLC := (v =
r'=T,n = B; —t = —N) with the curvature:
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The Darboux Mate and the Higher Order Curvatures ... 9
kI = —k <0, ki =r. (2.40)
The Darboux vector field (2.5) is exactly the Darboux vector field of r and if this initial

curve r is A-Mannheim (or A-helix) then TLC is (—\)-Mannheim (respectively,
(=M)-helix). O

3 A Lorentz—Minkowski Variant of Spherical Legendre
Curves

The setting of this work is provided by the Lorentz—Minkoswki 3-space E 13 =
(R3, (u, v), x) which is a pseudo-Euclidean vector space with

—i j k
u,v)y = —u'v' +uP> + v, uxpv=|u' u? 3| 3.1)
v! 0?3
It follows two types of unit spheres:
={u el (wu) =+1}, H ={uek (uu),=-1) (3.2)

and the norm is defined through: 0 < ||u||? = [(u, u)|. Following the model of [10]
and looking at Example 3.2 below, we denote A™ := {(u, v) € 512 X le; (u, vy, =
0} and then we introduce.

Definition 3.1 A positive spherical Lorentz—Legendre curve is a pair LLC™T :=
(v,v) : I CR — A" of smooth positive spherical curves with (7' (1), v(t)), =0
for all ¢ in the open interval /.

Fix now a smooth positive spherical curve v : I — S7 which we call regular if
IV ()]l > Oforallt € I. As in the Euclidean case, its unit tangent vector field and
normal vector field are

/
7'

tit) = ———, = t 3.3
() Ol n(r) == (1) xp t(1) (3.3)

which yields the moving frame F := {7, t, n} with the moving equations:

0 1 0
d ({t'(®),n(0),
—FO=YOl [ -1 0 k@ |F@o). k@)= —— (3.4)
dt 0 k() 0 Iy @Il In@)1I7
sincea X, (b xpc)=—<a,c>p b+ <a,b>p cforanya,b,c € Ef;wesup—

pose also ||n(?) ||% # 0. We call kgL as being the Lorentz geodesic curve of . It follows
a positive spherical Lorentz—Legendre curve LLC = (v, n).
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10 M. Crasmareanu
Example 3.2 Inspired by the curve r! of Example 2.7, let

~(t) = (sint sinht, sint cosht, cost) € 512 3.5)
having then:

{ ~/(t) = (costsinh ¢ + sint cosh ¢, cost cosh¢ + sint sinh#, — sin ¢), (3.6)

(Y (1), v (1)) = cos’t

and then it is regular for 7 € (—%, Z); both ~ and t belong to S7. Then |7/ (1)l =
cos t and a straightforward computation gives that the normal is a timelike unit vector
field, i.e., belongs to le:

_ h . . 1 h . .
n(r) = (555 +sinzsinhz, 38 4 sinz cosh#, —sint tan ) 3.7)
(), n()), =—1
giving the geodesic curvature:
I 2
kg (t)y=——=0. (3.8)
cost
O
Example 3.3 A last example is
~y(t) = (sint, cost, v/2sint) € 2, t €R, (3.9)
with
v/ (1) = (cost, —sint, v/2cost), <~ (1), 7 () >.=1, (3.10)
n:constant:(—ﬁ,o,—l), <nn>;=—1, kgL=O. ’
a
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