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Abstract The aim of this chapter is to provide new insights of the return map of a
given ellipse E. The main tool of this approach is the eccentricity € of E and hence
various expressions and transformations of ¢ are used in order to obtain new aspects
concerning both the return map and the associated delta map. Also, we study the
return map in the setting of plane hyperbolic geometry.
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Introduction

Recall that the ellipse is a fundamental geometrical object, more precisely, a remark-
able plane curve, that is a commonly encountered model of various practical aspects,
for instance in the Newtonian motion, like the orbits of planets, moons orbiting plan-
ets, etc. More recently, the ellipse is a very useful form in (both civil and sacral) archi-
tecture and industrial design. In the present study we focus on one pure mathematical
aspects from this very rich theory.

Fix an ellipse E of eccentricity € € (0, 1) and a positive integer n € N*; for the
general theory of conics we recommend the very recent book [13]. We recall briefly
the construction of the return map of E: a ray emanating from one focus of E is
reflected by the ellipse in such a way as to pass through its other focus. After 2n such
reflections an initial ray from the focus Fj is related to a final ray from F; and the
point z where the initial ray meets the unit circle centred at Fj is related to the point
w, where the final ray meets this circle.
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2 M. Crasmareanu

The aim of this chapter is to study these expressions of the functions § = J(¢),
w, = W, (z) in various settings and to discuss some aspects of them; a strong motiva-
tion for our study is the lack of examples in [17]. It is amazing that several numerical
constants and angles which we find in this work have also some geometrical and (or)
physical significance.

The content of this work is as follows. In the first section we present several
aspects of the return map expressed as numbered remarks. A main result is the form
of the Iwasawa decomposition of the n-return map as matrix from SL(2, R). Three
classes of examples are discussed, two of them starting from hyperbolas, namely the
equilateral and a Barning-type one.

The second section studies the return map in the framework of the plane hyperbolic
geometry by using as model the Poincaré upper half-plane model. In this setting we
find a geometric interpretation for the involved d map as being half of the hyperbolic
distance between the unit complex i and its first return w; (i). We pointed also that
the hyperbolic distance between i and w,, (i) tends to infinity as n tends to co in the
scale of 2§. We discuss also the complex expression of the given ellipse as well as the
Hopf invariant of the matrix associated to the n-return map. An example studied in

1

both sections is provided by self-complementary ellipses characterized by € = ok

1 Several Remarks and Some Concrete Examples

In the paper [17] the n-return map of E, namely z € S ' w, € §', is obtained as
the restriction to the unit circle S! of the Mobius transformation:

hnd)z — sinhné 1 4 &2
w, = (CO,S n)z — sinhn , coshd = te . (1.1
(—sinh nd)z + cosh nd  —

Allowing the map w, to be extended on the real axis gives the existence of two points
o7, € R which are mapped to their opposite (or antipodal) o :

. cosh(nd) £ 1 I, 1
h=—-—""_ o0 =cg=—
+ sinh(nd)

The fixed points of w, being &1 are also universal i.e. do not depend on n or €.

First of all we clarify the geometrical setting of the return map. Since for an
arbitrary point P € R its tangent space TpRF is naturally identified with R¥ we
have the tangent plane TrR? = R?. Given now a point P in a general Rieman-
nian manifold (M*, g) its indicatrix is the hypersurface of g-unit tangent vec-
tors i.e. Ip(M,g) ={X € TpM; g(X, X) = 1} of Tp M. Hence, returning to the
given ellipse E the considered unit circle centred at F; is exactly the indica-
trix Ir, (R?, 8Euclidean) corresponding to the Euclidean metric of plane. So, the n-
return mapis z € I, (R?, gEuctidean) — Wn € I, (R?, gEuciidean) OF in the projective
manner:
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The Return Map of an Ellipse: New Theoretical ... 3
[z,1]€ P(C):=CuU {oo} — [(cosh nd)z — sinh nd, (— sinh nd)z + coshnd] € PL(C).

54
The n-return map can be considered as the 2 x 2 matrix belonging to Sym(2) N
SL(2,R), as usually with exp : s[(2,R) — SL(2, R):

_( cosh(nd) —sinh(nd)\ 0 —nd
Lu(e) = (—sinh(né) cosh(n6) ) = P <<—n5 0 ))

1 14+¢e2 —2¢
Fl(g)_l_—&;2< —2¢ 14+¢€* )

1 14+ 6e2+¢* —4e(1 +€2)
(1—e)2 \ —de(l+&?) 14+6e2+¢e* )"

55

56 Fz({:‘) = (1-2)

The map € € R — I'j(¢) is a smooth curve on Lie group SL(2,R) >~ Sp(2, R) ~
SU(1,1) >~ O(2, 1) (the first three Lie groups are covering spaces for the last one)
through its neutral element I, = I'; (0) and hence the derivative in € = 0 belongs to
its Lie algebra:

d
EH(E)IEZO =-2 ((1) é) esl2,R) ={A € M,(R); TrA = 0},

which is (modulo its coefficient —2 and considered as a linear endomorphism of
the plane) the matrix of the symmetry with respect to the first bisectrix By : y = x.
Recall also the standard basis of the Lie algebra s/(2, R):

(10 . (01 __ (00 ke
h‘(o_l)’e —<00)’e —(10>,[h,€]—:l:26 et e ] =h.

A well-known representation of the basis of s/(2, R) is through vector fields of degree
two real polynomial coefficients:

d d d
h=-2t—, ¢ =——, e =t>—.
dt dt

The associated Hermitian bilinear form on C? to the matrix above is:
01 wy _ _
(z,w) = (21,22) - (1 0) : (w_;> = 2wy + 210,

®(z,2) =2Re(2172) =2 < 21, 22 >R2,

57 for z = (z1,22) and w = (wy, wy) in C2.

Remark 1.1 We start by recalling the Iwasawa decomposition of I' € SL(2, R)
following [2]:
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4 M. Crasmareanu

I' = Rotation(t) - (6 r?,) . ((1) ?) , Rotation(t) := <Z?§; _ccs)lsntt> ,r > 0.

ss A straightforward computation yields:

Proposition 1.2 The Iwasawa parameters t, = t,,(€), r, = r,(€) and oy, = o, (€) of
I, are given by:

__ cosh(nd) . __ ___sinh(nd)
costy = J/cosh(2nd) ’ sinf, = J/cosh(2nd)’
r, = J/cosh(2nd), «, = —tanh(2nd) < 0.

By denoting the elements of the first column of I',, with ], respectively 73, it results:

n n 2n
5 11 . 721 721
Tn =/ Vils COSILy = ——, sint, = —=, a, = —.
I'n I'n M1
In particular:
142 : —2¢
cost = —=— sint = —=
1 (6) 14+6e24¢4’ 1 (5) 146244
J14+6e244 4e(1+e?)
r(e) = 27—, o) =1z

Remark 1.3 The symmetric matrix I', has the eigenvalues A\l = e, \2 = ¢"
which are the foci of the ellipse which is the numerical range of I',,. The general
theory of Mobius transformations gives the identities:

wy(z) — AL z=))

w@) — X Pz

p=w,(\,) =

w! (A2)

With the universal (i.e. for all integers n) matrix:

S = Rotati (W) L (11 cso0
= Rotation (=) = —
4 V211

ss we have S'-T, - S =diag(e™, ¢"%). With respect to the usual classification of
eo matrices " from SL(2, R) inelliptic, parabolic and hyperbolicif |TrI'| < 2,|TrI"'| =
et 2 respectively |TrI'| > 2 we get that [, is a hyperbolic one and a 2-valued map on
ez the set of hyperbolic matrices is considered in [9].

The product of two matrices I'; is again a matrix in Sym(2) N SL(2, R):
Fi@riE =riErie =

A 1 (1+e)(1 + &%) 4+ 4(e8)? —2[E(1 + &) +&(1 + 2]
T A=) -2) \ 2LEA 4+ +e(1+H] A+ + 85 +4()?* )’
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The Return Map of an Ellipse: New Theoretical ... 5

but (in general) is not a I'; matrix. For a fixed eccentricity we have the commutativity
Fn(5) ' Fm(E) = Fm(g) ' Fn(E)- O

Remark 1.4 A Wick-type transformation, see [11], ¢ — ic yields:

1—¢e2 | 2¢

hd hd —
coshd(ie) 4+ sinh d(ic) = 1+62+11+€2

(1.3)

and in the right hand side of the last relation we have the Pythagorean parametriza-
tion [6] (1 5 T +¢2 =z(e) = l+f of the unit circle S'. The basis vector fields of

s1(2, R) applied to the map ¢ — Z(E) give:

h(zE) = 72, et (2@) = 72x. e (2(e) = En,
h(z(e)) = et (z(e)) — € = %, z (%) = % +i%  coshd = %, sinhd = %.

Also the 1-return map applied exactly to z(e) € S' gives:

1 1 2
z(e) = +l€€Sl—>w1=z(5< +€>)eSl (1.4)
123

1—¢

and hence we obtain a new rational map which is strictly increasing:

2
Rlzse(O,l)—>a<1+E> € (0, +00), R (1)=2. (1.5)
=¢ 2) 72

The integral fol R (e)de does not converge and the equation R;(¢) = 1 is a cubic
one:
e +3e -1 +13+8 )2
e +e e—l=|e+= e+ ) —==
3 3 3 27

with an unique real solution € = 0.2956... while an associated elliptic curve ElIC :
y? = x3 4+ x% 4+ 3x — 1 has two lattice points (1, +2). With the derivative of the
cubic polynomial from the right-hand-side of EI/C we have an associated hyper-
bola H : y?> = 3x? 4 2x + 3 and its lattice point P(—1, —2) provides a rational
parametrization:

24441 202 +4146
H\{P}:(x,j:y)(t)z(—t = ) FeR\ {3},

In fact, H has four families of infinite countable lattice points available with Wolfra-
mAlpha. The center of H is C (—%, O) and the eccentricity is % > 1 which appears
also in our Example 1.14. )
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6 M. Crasmareanu
The equality R;(¢) = cosh § means the quartic equation:
et 443 422 42 —1=0
with the only suitable solution € = 0.3229.... (]
Remark 1.5 The function § = §(g) can be expressed as:
8 = 2artanh(e) = 2(tanh) ' (¢), 0" = tanh[n (tanh)~! (¢)], (1.6)

and then it is a bijective map with the inverse:

5 coshd — 1 5 e*(coshd — 1)
= h{ - === 1 R h{-= N 2B . 1
e =tn <2> sinh & o M (tan (2)) sinh § (1.7)

In the paper [16] a canonical function on the set of ellipses with the same eccentricity
¢ is introduced through the formula:

[77\/1 —2-2e(1 - =21 —¢2 arcsins],

Cellipse(€) := 81— 22

1 1/2n 3
Cellipse (z) F = 6 (% - E) . (18)

Along but straightforward computation gives an expression of this canonical function
as depending of ¢:

3
inh 6)° 2(coshé — 1)]2 hé —1
Cellipse(0) = o [” e M 5 aresin (L)

164/2(cosh § — 1)% (sinh 6)2 sinh §
(1.9)
U

Remark 1.6 The last section of the paper [5] deals with a remarkable class of
ellipses, called self-complementary, and characterized by € = \/Lé The corresponding

d is a transcendental number and R; (%) is more greater than 1:

dt R ( 1 ) 24 17
Rl —= ) = —_=-
V2 —1 V2 V2

3
§ = arcosh(3) = In(3 +2v2) = 1.7672... = /
1

The matrices of the first two return maps are:
1 3 —2V2 1 17 —1242
r(—)= L[—) = 1.11
1<ﬁ> <—2~/§ 3 > 2(ﬁ> (—12ﬁ 17 ) (D
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The Return Map of an Ellipse: New Theoretical ... 7

while the point z (%2) is (% 2*—f> € S'. The angle arccos () appears in sev-

eral studies, and recently in [15]. The general matrix I', has the eigenvalues
=03+ 2«/— 2)" and )\2 (3 — 24/2)" while the first Iwasawa parameters are given

by. costy = %’ sint; = —%, rn=+17a = ——121‘7[.

The explicit value of § allows us to verify two theoretical results of [17]. The first
one is the corollary 2:

m(1+e"2)
dy
cosh 2nd + (sinh 2nd) cos ¢

7(1—e—n0/2)

> 27(1 —e™™).

For n = 1 the WolframAlpha gives the estimate:

w2
f dy 4442

17 + 12\/§cosgo a 34242

m=0.923....
a2
1+v2
The second one is the theorem 4 which states thatifa > b > 0 and A > 1 then:

m(l+75)
dy 27

< .
a+bcospy a+b
77(17%)

A self-complementary ellipse has @ = +/2b and then the inequality above becomes:

m(1+75)
d ( +4) 27T
/ Ld = 2arctan[(«/_— 1)tan — ]| f L.
«/5 + cos V2+1
w(l—%)
For example if A\ = 4 the integral is 3% 5> obviously lower than ﬁ+ N (I

Remark 1.7 In [5] is recalled a method to obtain ellipses by using the Joukowski
mapJ :C* - C, J(2) :=z+ % Namely, the circle of radius r > 1 is transformed
into the ellipse E(r) witha =r + } andb=r — % Since its eccentricity is (r) =

_2r

=7 We get:

6 1 2 1
coshd(r) = i Ri(r) = : <r+1

4
(r2 —1)? m ) — Ri(2) =

(1.12)

Inspired by the usual formulae of the Pythagorean triples we can exemplify with
r =2 for
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8 M. Crasmareanu

1 <n < m e N* and then:

42 6m2n? 4 n > 4
coshd(m, n) = 1 Om N mn <m+”> . (1.13)

) R ) = 5 5
(m? — n?)? 1(m, n) m2+n2\m-—n
For example cosh §(2, 1) = 3.

In the theory of quasiconformal mappings w there exists anumber 0 < ||u]leo < 1
and an associated dilatation [2]:

e

=

considered as a supremum of the major to minor axes of infinitesimal ellipses into
which w takes infinitesimal circles. If there exists an ellipse E with K above then its
eccentricity is:

4l lloo

2 -2
2=1-k2=_""=
(I + llulle)?

and then an ansatz || 1]« = r? yields exactly our € = rfj_l by allowing also a value

lelloo > 1. O

Remark 1.8 Another possible expression of the eccentricity studied in [5] is € =
sin  with the angle ¢ € (0, 72—r) Then:

2 si 1+ tan £\*
sinh () = 2 Ri(p) =sing [ ———2) . (1.14)
cos? o 1 —tan %
The unit-complex number z(e) = 12 € ' is in fact z(e) = €°©) i.e.:
1 1—¢2 2
cosd = —— = c , siné:tanhé:—g. (1.15)
cosh ¢ 1+¢ 1+ &2

The function € — sin () has as unique fixed point ¢ = 0 which means circles while
the same problem for the function € — cos §(¢) yields the cubic equation:

S+l te-1=0— e+1 3+2 s+1 —34—0 (1.16)
N 3 3 3 27 ’

with the unique real solution:

1
e=3 (3 174+3v22 -1 — ):0.5436... (1.17)

2
J17 +3+/22
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The Return Map of an Ellipse: New Theoretical ... 9

s0, it provides an unique ellipse with eccentricity € = cos §(¢). The Pisot number
1

< =1.8392... is used in [18]. In a similar manner to the Remark 1.4 we associate

to the cubic equation above a hyperbola H :y* = 3x% 4+ 2x + 1 and its lattice point
P (0, —1) gives the rational parametrization:

. 2042 4243
H\{P}:(x,iy)(r)=<tjf3,i’ = ) { € R\ {£V3).

The eccentricity of H is again % O

Remark 1.9 The Weierstrass-type invariants of the ellipse are expressed in [5]
directly in terms of ¢ as:

3

g(e) = ?(e“ —3241), g3(e) = 21—7(256 —9e% 4 362). (1.18)

Then we express these invariants in terms of J as:

9(0) = 4 (cosh §—1)*+sinh* §—3 sinh? §(cosh 5—1)2
- 73

sinh* § , (1.19)
83 (5) — Z(cosh 5—1)°—9sinh? ‘5(;;)1?ni;35)4+3 sinh’ d(cosh 6—1)* .
The function g, has the unique zero e = —‘/52_1 and its ¢ and R, are provided by:
5-1) _ —27+8V5 51\ 174943
e N

(1.20)
The corresponding unit-complex number is z (@) = (%, %) and the angle

arccos (\%) appears, for example, in [14]. The image w; of zis w; = ‘2/—55(— 11,2)

S With & = @ the famous Golden mean [10] it results ¢ = ® — 1 and cosh § =

2@ — 1. The Iwasawa parameters corresponding to € = @ are: cost; = ‘/Tg,

sint|=%,r1=3,a1=—#. |

Remark 1.10 In the paper [5] the number L = L(rri; ) := 1:52 > +/2 is intro-

duced as upper bound for the regular refraction interval of the given ellipse E. Since

£? = 5 itresults:

L? L2 +2J/L7 -1 1
Y < 22— Riedn =fib) = VLT =1L - Zm)’L (E B 5) =5

(1.21)
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We can express the canonical function in terms of L as:

(L2 = 1)3 [W /T2

— 2 arcsin (1.22)

1
L2 —1 «/L2—1:|.

The equation coshd = L has only one suitable solution L = 2 corresponding to

= %3 and:

Celipse (L) = 3

3J3
Cei.veLZZZ_
lipse ) 8ﬁ|:

T N2 1

— — — —arcsin — |.

2 3 J3

In the paper [1] another constant is associated to the family of ellipses with the

same eccentricity:

2
C=Cle) =24+ —.
4 —¢?

Hence:
c = 2 ME=IH(C=D
c—2
— 5C2-20C+16 b s 4 (C=D/(C=3)(C=D
coshd = Z5=rna—g,  sinhd = 4=—pa"H7——.

Also L = 2—% and the self-complementary ellipse have C (\/%) =2+

%ﬁ 2~ 3.069... For the eccentricity € = £(r) of the Remark 1.7 we have:

r241

C=Cr)=2+4-——
rt+rz 41

and the equality C(¢) = coshd has an unique solution: € = %\/ 19 — 4413 ~
0.7131.... O

Remark 1.11 In[9]aquaternionic (but non-internal) productis introduced on (0, 1]:

1 — (uyuz)?
Uy Oc Uy = —_—.
TN ui+d

The non-internal character means that it is possible for u; ©, u, to belongs to
(1, 400). So, we search for a possible eccentricity € such that its ©.-square to be:

1+¢&2
5?9( = coshd = +

1 —e?’

This means:
1 —¢2 1+4¢?

262 (1t 22
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The Return Map of an Ellipse: New Theoretical ... 11

or, denoting x = €2 € (0, 1), the cubic equation:
f) == 45— 1= 1 3+14 o PR
x):=x"—x x =(x 3 3 X 3 7 =

Its unique real solution belongs indeed to (0, 1) since is x = 0.20678... and hence
the unique eccentricity satisfying 5%1- = cosh § is:

e =+0.20678... >~ 0.45473.

The associated hyperbola H : y> = f’(x) = 3x? — 2x + 5 has the eccentricity %
Il

In the following we consider some (classes of) concrete examples.

Example 1.12 In [5] the value cosh § = +/2 is associated to the equilateral hyper-
bola. This value corresponds to € = V2-1,6= ln(ﬁ + 1) and:

Va—242

R(WV2—1D=v2+1,z2(2=1) =¢%, Lerrl; V2 - 1) = SV

. (1.23)

The value ¢ = +/2 — 1 is the unique positive solution of the equation ¢ - R, (e) = 1
the others being &i and —1 — /2 < —2. The corollary 1 of [17] expresses the cosine
of arg(w,) as function of cosine of arg(z) as:

cosh(2nd) cos arg z — sinh(2n4)

n = : 1.24
cosargw — sinh(2n0) cos arg z + cosh(2nJ) ( )
and hence for our z(+/2 — 1) = €4 it results:
cosh(24/2n) — +/2 sinh(2+/2n)
cosargw, = - . (1.25)
V2 cosh(24/2n) — sinh(24/2n)
The Iwasawa parameters are: cosf; = \/g, sint] = \/%, ry = V3, ap = —%.
The same corollary 2 verified in the Remark 1.6 has the new shape:
7l 1+ 2= d 2.2
/ () jf - \/:/—” = 5.854... — 3.680.. = 2.174...
1
w(l—m> 34 24/2cosp 241
O

Example 1.13 Fix the point (b, u, v) € S2 hence b% 4+ u? + v? = 1. In [7] a fam-
ily of conics (called SU (2)-conics) depending on (b, u, v) is constructed using the
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12 M. Crasmareanu

adjoint representation Ad : SU(2) — GL(su(2)) ~ GL(3, R). The eccentricity of
an SU (2)-conic I depends only on v as:

er = /2(1 — 12) (1.26)

and then it is an ellipse only for v € [—1, —\/%) U (\/%, 1]. The corresponding § is
provided by:

3 — 202

hé(v) = ——. 1.27
cosho(v) = 55— (1.27)

The linear fractional transformation:

—2t+3
f0 === (1.28)
has the fixed points 1 = 1 and #, = —%. Hence v = 1, which corresponds the unit
circle as SU (2)-conic, is the only fixed point of the map v? — cosh 6(v). [l
Example 1.14 In [4] there are studied conics associated to symmetric Pythagorean
triple preserving matrices and a hyperbola (called Barning) with eccentricity %
(as in the Remark 1.11) is a main example. So, we consider the inverse ‘/7§ =c=
sin(¢ = %) and then:

coshd =7, sinhd = 44/3,
1.29
2($)=30.4v3). R(F)=L07+56v3), L=/]. (1.29)

The example 2.5 of the book [12] discusses the ellipse:
. 1\* 16 ,
E:4|lx—-) +—=—y =

from the Poncelet’s Theorem point of view. Its eccentricity is ¢ = % and since e? +
¢ = 1 it provides a pair of complementary ellipses [5] with our initial E. ([

2 The Return Map and the Plane Hyperbolic Geometry

The expression of the return map in terms of hyperbolic functions of § raises the
natural question of a possible relationship between the return map and the hyper-
bolic geometry. The answer is affirmative and we use the upper half-plane model of
hyperbolic geometry C; = {z € C; Jz > 0} (here Jz means the imaginary part of
the complex number z and similar for i) endowed with the Riemannian metric given
by Poincaré:
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dx® + dy> ldz]\?
glx,y) = Ty = (T) . 2.1)

The Lie group SL(2, R) acts in the Mobius way on C, and a matrix is identified
with its image of the unit complex i. Then C, is SL(2, R)/S O (2) and the indicatrix
or unit tangent bundle of (C,, g) is the quotient PSL(2, R)/(£1). The hyperbolic
measure dV = Ldx A dy is invariant with respect to the action of SL(2, R). For
every T € SL(2, R) it is known that:

JT(Z)

r\ .

IT" ()] = 22

The geodesic polar coordinates (p, ) € (0, +00) x (—%, %) on the Poincaré

upper half-plane (C., g) are given by p := dist,(i, z), ¢ := arctan = ” L and then:

sinh p cos ¢ . 1

= : —, Y= : —. (2.3)
cosh p — sinh psin ¢ cosh p — sinh psin ¢

An important tool of the hyperbolic geometry is the Lobachevsky’s angle of paral-
lelism function T1 defined by: sin [1(x) = . It follows the Lobachevsky’s angle
of our ellipse:

cmh x°

M(E) = IS Vi @) 2.4)
= arcsm = — — ar .
1+ ) B g2z(e

with z(¢) the complex number of the Remark 1.4. With e = ¢(L) for L of the Remark
1.10 we have TT(E (L)) = arcsin (1 — %)
A straightforward computation gives:

3z
|(cosh nd — Nz sinh nd) + (Iz sinh nd)i|?

Sw,(2) = 2.5)

which means that w,, preserves the upper-half plane and we can study the restriction
w, : S} :=8'NC; — S.. For example:

.. —sinh(2n0) +i
wall) = cosh(2n6) 26

and since the hyperbolic distance of (C,., g) is provided by the formula:

a2
coshdisty(z, w) = 1 + lezwlk 2.7)
Sz3w
we get the distance between i and its image:
disty (i, w,(i)) = 2n6, 11111 dist, (i, w,(i)) = +o0 (2.8)
n——+0oQ
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14 M. Crasmareanu

and the formulae (2.3) work in the case of w, (i) for ¢ = 7. The first part of (2.8)
provides a geometric interpretation of J: is half of the hyperbolic distance between
i and its first return w (7).

A second natural question is if the action of w, on § i is a transitive one and
we search for a partial answer considering as source the remarkable point w = % +

i ‘/; € F=the fundamental domain of the modular group PSL(2, Z)={z € C,; |z| >
1, [NRz| < %} and the target being i. We obtain again a positive answer:

1 2-43
wy(w) =i — cosh(nd) = ——— = 1.03795..., sinh(nf) = ———.
V43 -6 VA3 — ?2 .

Also, wi(w) =w—1€ F fore =2 —+/3 =0.2679..., cosh§ = % sinh§ =

Sl

272 2 s
N Ce=2-V3)=24+—" TI(E) = -.
VST Va3 -3 3

(2.10)
Recall that w and w — 1 are respectively the right and left corner of the fundamental
domain F.
Remark 1.6 revisited For the self-complementary ellipses we have:

L(rri;e =2 —+/3) =

1
SinTI(E) = =, disty(i, wn(i)) = In3 + 2V/2)%. (2.11)
T?e geodesic pollar coordinates of z (%) = % +i % € SJ'r N F are ¢ =0, coshp =
ﬁ’ S]th = ﬁ 0

Remark 2.1 Returning to the general complex algebra C > z := x + iy we note
that the canonical equation of E:

2y
EI;'}‘E—l:O
becomes in the complex variable z:
E:a@+8) +281f—4=0, a=——-L 0, p=L 110
ca(z”+27)+ 201z =4 =0, a=—7-3m<0 ﬁ_a_2+ﬁ> .

(2.12)
Conversely an equation E : al(z> 4+ 72) + 283|z|> — 4 = Owitha < 0 < 3 means the
canonical equation with:

1 1 - )
pta foa o_ 2 (2.13)
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and then for our return map:

-3 22 —
coshd = s a’ sinh§ = M. (2.14)
f+a B+
For the example of self-complementary ellipse b = \% implies a = —al—z and
g=3. O

Remark 2.2 Until now we do not use the symmetrical character of the matrix I, (¢).
Recall after [8] that to any symmetric 2 X 2 matrix:

r= <Zi> e Sym(2)

we can associate a complex number A(I") := “5¢ — bi called the Hopf invariant of
I', which together with the real number B(I") := “T“ = %Tr(F) extends the real
matrix I" to a Hermitian one:

re:.= <§ 2) € HQ), Tr(T)=TrT¢), det(T)=det(I').  (2.15)

For our n-return map it results:
A, (¢) = isinh(nd) = (—i)r,sint,, B,(s) = cosh(nd) =r,cost, (2.16)

and then A, (¢) € F if and only if |sinh(nd)| > 1; for example this holds for the
self-complementary ellipses. The complex number A, + B,, is r,e! ).

The group SL(2, C) acts on the 4-dimensional real linear space H(2) of 2 x 2
Hermitian matrices:

U:SLQ2,C)x H2) —»> H®2), V(T,T)=v;T°:=7-T°-T* T*:=T".
2.17)
For our n-return matrix it follows:

o cosh(nd) cosh(2n6) sinh(nd)(—2 cosh?(nd) — i)
W, () = (sinh(né)(—2 cosh2(nd) +i)  cosh(nd) cosh(2nd) ) - 218)

This last Hermitian matrix belongs also to the range of themap I' € Sym(2) — I'“ €
H (2); more precisely is the image of the matrix:

- e~ cosh(nd) — sinh(nd)
(2.19)

Sl sinh(nd) " cosh(n5)> € Sym(2) N SL(2, R),
A(T,) = sinh(nd)[— cosh(nd) +i], B(I,) = cosh?(né),
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16 M. Crasmareanu

and we pointed out the occurrence of the eigenvalues of I, (¢) in the main diagonal

of I',.
The action of I, on an arbitrary ' € H (2) is:

2 (€)= (a + ¢) cosh(2nd) — (a — ¢) sinh(2nd)  (a — ¢) cosh(2nd) — (a + ¢) sinh(2nd) + 2bi CcHQ)
Tn ~ \ (a — ¢) cosh(2nd) — (a + ¢) sinh(2nd) — 2bi (a + ¢) cosh(2nd) — (a — ¢) sinh(2nd) .
(2.20)
(Il

Remark 2.3 Recall also the Hopf bundle H : §* C C* - S*(3) C R x C:
I
H(z,w) = E(|Z| —wl%), zw ). (2.21)

Since the Clifford torus «/%T2 C S° one follows for any z € S' the image:

" (L( w,( ))) _ <0 1 w—()) _ <0 lsinh(n(S)z —cosh(n5)> (2.22)
V2 C i) = AT g ) = " 25inh(nd)z — cosh(nd) ) =

and hence the pairs %(zl, wy(z1)) and %(Zz, w, (z2)) belong to same fibre if and
only if sinh(nd)z,z; — cosh(nd)(z; +7z2) € R.

Proposition 2.4 The pairs %2 (z, w,(2)), % (2, wy(2)) belong to the same fibre only
forz ==41¢eS.

Proof The condition above means sinh(nd)z> — 2 cosh(nd)z € R. With z = ¢’ €
S! the imaginary part of the previous complex number is
2 sin t[sinh(nd) cost — cosh(nd)] and this real number is zero only for ¢ € {0, 7}.

Indeed, we have: H (%(1, 1)) —H (%(—1, —1)) = (0, 3). O

Remark 2.5 At the end of the paper [3] to a 2-dimensional metric a expressed in
diagonal form as a = diag(a;;, ax) a class of 2 x 2 matrices depending on two
parameters is associated in a natural way:

1—u?
H=H(@u,v) = (”““ T““) , det H = —deta. (2.23)
vay —uap
If the metric a is exactly the hyperbolic i.e. a;; = 1 = —ay, then for u = cosh(nd)
and v = sinh(n¢) the matrix H is exactly I',,(¢). O

Remark 2.6 Let A! :={z € C;|z| < 1} be the unit disk and the well-known
correspondence between C, and A':

z—1i _ in—
= U =

U:Cy > A, z25UGR) =i
Z+1 =1

(2.24)
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It follows the unit disk-variant of the return map:

UowpoU LAl 5 AL
Uo o Z/lil( ) = [— sinh(nd)+i cosh(nd)](in—1)+[cosh(nd)—i sinh(nd)](i—n) __ (coshnd)n—sinhnd (225)
Wn ) = Tcosh(nd)—7 sinh(n0)](in—1)+[— sinh(n3)+i cosh(nd)](i—n) — (—sinhnd)n+coshnd

and we remark the total similarity with the initial expression (1.1). This map does
not have fixed points since 1 ¢ A'.

The equation /' (¢) = z(¢) has the solutions e = —1 %+ /2 and hence the only
possible eccentricity is e, = +/2 — 1 of the Example 1.12. ([

Remark 2.7 The isomorphism between SL(2, R) and O (2, 1) as the Lie group with
Lie algebra (R>!, < -, - >/ reni== (+ 4+ —)) is given by the map:

ac
F:(bd>—>\lf

1+ 2bc —ab +cd ab +cd
V(a,b,c,d):= | —ac+bd (a*—b*—c*+d>) L(—a*+b>—c*+d?)
ac + bd %(—a2—b2+c2+d2) %(az—i—bz—i—cz—i—dz)

(2.26)
and then the image of I, is:

cosh(2nd) 0 — sinh(2n6)
V(a = d = cosh(nd), b = ¢ = — sinh(nd)) := 0 1 0
—sinh(2n8) 0 cosh(2nd)
(2.27)
Thinking of R>! as the set of triples (x, y, z) it follows that the projection of the
linear map W(I",) on planes y = constant corresponds to the linear map I',,. The
matrix W is symmetrical if and only if the initial matrix I" is symmetrical and the
induced isometry of the Lorentzian Lie algebras is:

Pry= (g _”a> esIQR) — (a. 5B+ p). (B —p) e R,

Y(Ad(T)y) = ¥ ()P ().

(2.28)

For example, for a traceless symmetrical matrix and its Hermitian parameters A, B
of Remark 2.2:

7= (Z —ba) € sI2,R) N Sym(2) — (a,b,0) = (A(7), B(n) € R*'. (2.29)

O
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Conclusion

As main conclusion of this chapter we point out the richness of informations associ-
ated to the return map of an ellipse. This approach is open to other interesting topics
from two-dimensional geometries and we hope to develop it in future papers.
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