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Weak Para-CR Structures on Vertical1

Bundles2

Mircea Crasmareanu* and Laurian-Ioan Pişcoran3

Abstract. We consider the paracomplex geometry of the vertical bundle4

for a given manifold in relationship with paracomplex CR-structures5

by following the complex case studied by Bejancu (Tensor 46:361–364,6

1987). Adding a neutral metric, the corresponding structures on the ver-7

tical bundle of submanifolds, particularly hypersurfaces, are also studied8

through their invariant and anti-invariant distributions.9

Mathematics Subject Classification. 53C15, 53C12, 53C17, 53C40.10

Keywords. (Weak almost) para-CR structure, Para-CRV manifold, (Al-11

most) Paracomplex CR-structure.12

1. Introduction13

The rôle of the vertical bundle (being an integrable distribution) in some re-14

markable geometries and gauge theories was pointed out recently in the book15

[6]. The purpose of this paper is to develop the paracomplex geometry of these16

bundles having as model their complex geometry considered by Bejancu in17

[5]. A strong motivation for our study is the fact that paracomplex geome-18

try becomes recently the suitable mathematical tool in important physical19

theories (e.g. supersymmetric field theory) as was pointed out in [8,9] and20

subsequent works, as well as in a Hermitian Clifford analysis conform [20].21

From a geometrical point of view, the para-CR structures are naturally asso-22

ciated with the geometry of the tangent bundle in Riemann–Finsler geometry23

in the recent paper of the authors [12] and with the paracontact geometry in24

[22]. Under the name of almost D-structure, these structures are studied in25

[21] by using mainly the algebraic tools of differential graded Lie algebras.26

We continue here to study the interplay between paracomplex geometry27

and the geometry of some natural vector bundle by considering the notion28

of (weak almost) para-CRV manifold as one having a (weak almost) para-CR29

structure on its vertical bundle. Since for the complex case an important tool30

*Corresponding author.
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in characterizations is played by CR-structures we introduce also the para-31

complex analog as compatible subbundles of the paracomplexified tangent32

bundle. The fundamental example for this approach is exactly the paracom-33

plex (or dual) algebra A
n = R

n[x]/(x2 − 1) with its natural paracomplex34

structure. The vertical bundle considered as sub-bundle of the tangent bundle35

is an integrable distribution and we point out that in [19] there are studied36

distributions endowed with remarkable endomorphisms as almost complex37

and almost product structures.38

We add also a semi-Riemannian metric g of neutral type in order to39

extend our framework to para-Hermitian geometry; the neutral space-time40

in dimension four is used in [18, p. 123]. So, we consider the restrictions of41

the above tensor fields to submanifolds, particularly hypersurfaces. Let us42

remark that in the latter case, due to the pseudo-Riemannian nature of g in43

order to construct an invariant distribution there are necessary several tech-44

nical conditions, called by us regularity, vertical regularity and finally strongly45

vertical regularity. In the former case, we study the integrability of both in-46

variant and anti-invariant distributions (denoted by D and D⊥ respectively)47

defined by a para-CRV submanifold by using the Nijenhuis tensor of an in-48

trinsic tensor field of (1, 1)-type ϕ. For example, if the ambient manifold is49

weak para-CRV and ϕ is integrable then both D and D⊥ are integrable. A50

case which provides the integrability of ϕ is given by the parallelism of ϕ51

with respect to the Levi-Civita connection of g.52

2. Weak Para-CR Structures on Vertical Bundles53

Let N be a smooth (2n + k)-dimensional manifold with n, k ≥ 1 and fix D a54

distribution on N of rank 2n. Considering D as a vector bundle over N let55

Γ(D) be the C∞(N)-module of its sections. Suppose D is endowed with a56

endomorphism K : D → D of vector bundles satisfying K2 = I and K �= ±I57

where I = (δij) is the identity (Kronecker) morphism on D; then the pair58

(D,K) is called a weak almost para-CR structure. The first main notion is59

given by [1, p. 3], see also [2]:60

Definition 2.1. If for all X,Y ∈ Γ(D) we have:61

{

[KX,KY ] + [X,Y ] ∈ Γ(D)
NK(X,Y ) := [KX,KY ] + [X,Y ] − K([X,KY ] + [KX,Y ]) = 0

(2.1)62

then (D,K) is a weak para-CR structure on N . If, in addition, the sub-63

distributions of D corresponding to the eigenvalues ±1 have the same rank64

n then the pair (D,K) is a para-CR structure.65

Fix now M̃ a smooth m-dimensional manifold with π̃ : TM̃ → M̃ its66

tangent bundle. The vertical bundle of M̃ is V TM̃ = ker dπ̃; recall that V TM̃67

is an integrable distribution of rank m. Also, there exists a natural bundle68

isomorphism between the pullback π̃−1TM̃ by π̃ of TM̃ and V TM̃ called69

the vertical lift; it is detailed in [14, p. 3]. The framework of this paper is70

provided by:71
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Weak Para-CR Structures on Vertical Bundles

Definition 2.2. The pair (M̃,K) with a linear endomorphism K : Γ(V TM̃) →72

Γ(V TM̃) is called a (weak almost) para-CRV manifold if (V TM̃,K) is a (weak73

almost) para-CR structure on TM̃ . It follows m = 2n.74

Further, let N be a real manifold and ATN its paracomplexified tangent75

bundle; its sections are U = X + jY with X,Y ∈ Γ(TN) and j2 = 1. Here,76

A is the algebra of paracomplex numbers z = x + jy; for details see [13].77

Following the complex case we consider the paraconjugation Ū = X −jY and78

the real part function Re(U) = X; hence Y = Re(jU).79

As in the complex geometry we define:80

Definition 2.3. An almost paracomplex CR-structure on N is a paracomplex81

subbundle H of ATN such that H ∩ H̄ = {0}. If, in addition H is involutive,82

i.e. for every paracomplex vector fields U, V ∈ Γ(H) we have [U, V ] ∈ Γ(H),83

then H is called a paracomplex CR-structure. H is called of injective type if84

the real part function is injective.85

The first main result is a relationship between the last two notions which86

is a characterization:87

Theorem 2.4. The pair (M̃,K) is a weak para-CRV manifold if and only if88

the tangent bundle TM̃ has a paracomplex CR-structure H of injective type89

such that Re(H) = V TM̃ .90

Proof. Suppose (M̃,K) is a weak para-CRV manifold and consider H =91

{X + jKX;X ∈ Γ(V TM̃)}. It follows directly that H ∩ H̄ = {0}, H is92

of injective type and Re(K) = V TM̃ . For U, V ∈ Γ(H) with expression93

U = X + jKX, V = Y + jKY we get:94

[U, V ] = [KX,KY ] + [X,Y ] + j([X,KY ] + [KX,Y ]). (2.2)95

The vanishing of NK on the pair (X,Y ) gives:96

Re(j[U, V ]) = K([KX,KY ] + [X,Y ]) = K(Re([U, V ]))97

and then we have the integrability of H.98

Conversely, suppose TM̃ has the injective type paracomplex99

CR-structure H with Re(H) = V TM̃ . Fix X ∈ Γ(V TM̃) arbitrary and con-100

sider U ∈ Γ(H) uniquely defined by X = Re(U). We define K : Γ(V TM̃) →101

Γ(V TM̃) by:102

KX = Re(jU). (2.3)103

A straightforward computation gives K2 = I but K �= ±I since H∩H̄ = {0}.104

With the formula (2.2) we get:105

[KX,KY ] + [X,Y ] = Re([U, V ]), [X,KY ] + [KX,Y ] = Re(j[U, V ])106

(2.4)107

and from the first relation we have [KX,KY ]+ [X,Y ] ∈ Γ(V TM̃). Concern-108

ing the Nijenhuis tensor field we have:109

NK(X,Y ) = Re([U, V ]) − K(Re(j[U, V ])) = Re([U, V ]) − Re(j2[U, V ]) = 0110

and the proof is complete. �111
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Remark 2.5. (i) The similar result for the complex case is Theorem 1.1 of112

[5, p. 362] stated without the injectivity hypothesis.113

(ii) Interesting open problems for further studies are to replace the tangent114

bundle with: (i) the big tangent bundle T bigM := TM ⊕ T ∗M → M115

as in [7]; (ii) a tangent manifold (M,J) (J2 = 0) as in [10]; (iii) a Lie116

algebroid as in [11].117

Example 2.6. (Fundamental) Let M̃ = R
2n = A

n be the flat Euclidean space118

with the global coordinates x = (xi) = (x1, . . . , x2n). Then TM̃ = R
4n has119

the global coordinates (x, y) = (xi, yi) = (x1, . . . , x2n, y1, . . . , y2n) and every120

X ∈ Γ(V TM̃) has the global expression:121

X = Xi ∂

∂yi
= Xa ∂

∂ya
+ Xn+a ∂

∂yn+a
(2.5)122

with Xi ∈ C∞(R4n), 1 ≤ i ≤ 2n and 1 ≤ a ≤ n. We define as in [4, p. 133]:123

KX = Xn+a ∂

∂ya
+ Xa ∂

∂yn+a
(2.6)124

and then (R2n,K) is a para-CRV manifold with the ±1-eigenspaces:125

⎧

⎪

⎨

⎪

⎩

V+TM̃ =
{

X ∈ Γ(V TM);X = Xa
(

∂
∂ya

+ ∂
∂yn+a

)}

V−TM̃ =
{

X ∈ Γ(V TM);X = Xa
(

∂
∂ya

− ∂
∂ya+n

)}

.
(2.7)126

The paracomplex CR-structure of Theorem 2.4 is:127

H =

{

(Xa + jXn+a)
∂

∂ya
+ (Xn+a + jXa)

∂

∂yn+a
;Xa,128

Xn+a ∈ C∞(R4n), 1 ≤ a ≤ n

}

. (2.8)129

Example 2.7. In dimension 2, the Nijenhuis tensor field of any almost prod-130

uct structure vanishes. Then, if n = 1 we have that (M̃,K) is a para-CRV131

manifold. �132

In order to sketch a partial answer to the open problems of Remark133

2.5(ii) we start now with a vector bundle ξ = (E, π,Mn) having the fiber R
m.134

The local coordinates x = (x1, . . . , xn) = (xi)1≤i≤n on an open domain U ⊂135

M yield on π−1(U) the local coordinates (x, y) = (x1, . . . , xn, y1, . . . , ym) =136

(xi, ya)1≤i≤n
1≤a≤m. Let Tπ : TE → TM be the differential of π. Then V ξ = ker Tπ137

is a subbundle of Tξ called the vertical subbundle of ξ. For every u ∈ π−1(U)138

the fiber Vuξ is spanned by
{

∂
∂y1 , . . . , ∂

∂ym

}

. The extension of the notions139

previously defined is as follows:140

Definition 2.8. (i) The pair (ξ,K) with a linear endomorphism K : Γ(V ξ)141

→ Γ(V ξ) is called a (weak almost) para-CRV bundle if (V ξ,K) is a142

(weak almost) para-CR structure on TE. It follows m = 2r.143

(ii) An almost paracomplex CR-structure on ξ is a paracomplex subbundle H144

of ATE → ATM such that H ∩H̄ = {0}. If, in addition H is involutive,145
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Weak Para-CR Structures on Vertical Bundles

i.e. for every paracomplex sections U, V ∈ Γ(H) we have [U, V ] ∈ Γ(H),146

then H is called a paracomplex CR-structure.147

Hence, the Theorem 2.4 extends to:148

Theorem 2.9. The pair (ξ,K) is a weak para-CRV bundle if and only if the149

paracomplex tangent bundle ATE → ATM has an injective paracomplex CR-150

structure H such that Re(H) = V ξ.151

3. Strongly Vertical Regular Hypersurfaces in Weak152

Para-Hermitian-CRV Geometry153

Suppose now that n ≥ 2 and (M̃,K) is a weak para-CRV manifold such154

that V TM̃ is endowed with a semi-Riemannian metric g satisfying the skew-155

symmetry:156

g(KX,Y ) = −g(X,KY ) (3.1)157

for all X,Y ∈ Γ(V TM̃). Under the above conditions we say that (M̃, g,K)158

is a weak para-Hermitian-CRV manifold. Hence, g is a neutral metric having159

the signature (n, n) and V+TM̃ , V−TM̃ are maximally isotropic with respect160

to g [4, p. 134]. Moreover, V+TM̃ and V−TM̃ are Lagrangian subbundles161

with respect to the fundamental 2-form Ω = g(K·, ·); for the geometry of a162

Hamiltonian and a Lagrangian subbundle associated to a differential pseudo-163

form Ω on a general vector bundle E see [16].164

Next, let M be a hypersurface of M̃ given by the immersion i : M → M̃165

and π : TM → M its tangent bundle. Since d(di)(V TM) ⊂ V TM̃ , the166

metric g restricts to a semi-Riemannian metric on V TM denoted also by g.167

However, (M, g,K|V TM ) is not a weak para-Hermitian-CRV manifold due to168

odd dimension of M namely 2n − 1 and this yields the following new notion:169

Definition 3.1. The submanifold M of (M̃, g,K) is called regular if V TM170

admits a g-orthogonal complement V TM⊥ in V TM̃ :171

V TM̃ = V TM ⊕ V TM⊥. (3.2)172

Now let us define D⊥ = K(V TM⊥), then the rank of D⊥ is 1 and from173

(3.1) we have D⊥⊥K(V TM). Remark that (3.1) with Y = X yields also174

V TM⊥K(V TM) but this does not imply the K-anti-invariance D⊥ ⊂ V TM175

due to the signature of metric g. Hence we introduce:176

Definition 3.2. A regular submanifold M of (M̃, g,K) is called vertical regular177

if D⊥ ⊂ V TM and strongly vertical regular if D⊥ admits a g-orthogonal178

complement D in V TM :179

V TM = D ⊕ D⊥. (3.3)180

Combining the last two relations it follows:181

V TM̃ = D ⊕ D⊥ ⊕ K(D⊥) (3.4)182

and then D is a K-invariant distribution of rank 2n − 2: K(D) = D. The183

main result of this Section is the para-Hermitian version of Theorem 2.1 of184

[5, p. 363]:185
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Theorem 3.3. If M is a strongly vertical regular hypersurface of the weak186

para-Hermitian-CRV manifold (M̃, g,K) then the tangent bundle TM has187

an injective paracomplex CR-structure H∗ such that Re(H∗) = D.188

Proof. Let P and Q be the projectors from (3.3) and fix X,Y ∈ Γ(D). From189

KX,KY ∈ Γ(D) ⊂ Γ(V TM) and the integrability of V TM it results:190

[X,KY ] + [KX,Y ] ∈ V TM = D ⊕ D⊥. (3.5)191

Then:192

K([X,KY ] + [KX,Y ]) ∈ D ⊕ V TM⊥ (3.6)193

while the vanishing of NK(X,Y ) gives:194

K([X,KY ] + [KX,Y ]) = [KX,KY ] + [X,Y ] ∈ V TM. (3.7)195

The last two equations yield:196

K([X,KY ] + [KX,Y ]) ∈ Γ(D) (3.8)197

or, equivalently:198

Q([X,KY ] + [KX,Y ]) = 0. (3.9)199

Hence:200

[KX,KY ] + [X,Y ] = KP ([X,KY ] + [KX,Y ]). (3.10)201

Following the pattern of Theorem 2.4 we define:202

H∗ = {X + jKX;X ∈ Γ(D)} (3.11)203

and then it follows directly H ∩ H̄ = {0}, Re(H∗) = D and the type of204

injectivity property of H∗. If U, V ∈ Γ(H∗) have the expressions U = X +205

jKX, V = Y + jKY then:206

[U, V ] = [KX,KY ] + [X,Y ] + jP ([X,KY ] + [KX,Y ]) (3.12)207

and from (3.10) it yields that [U, V ] ∈ Γ(H∗). �208

Example 3.4. Returning to Example 2.6 we add the semi-Riemannian metric209

g on V TR
2n:210

g = δabdya ⊗ dyb − δabdya+n ⊗ dyb+n (3.13)211

which makes (R2n, g,K) para-Hermitian-CRV manifold. We consider M =212

R
2n−1 as hypersurface in M̃ = R

2n given by x2n = 0. Then V TM =213

span{ ∂
∂y1 , . . . , ∂

∂y2n−1 } and M is regular with V TM⊥ = span{ ∂
∂y2n

}. It re-214

sults immediately the vertical regularity with D⊥ = span{ ∂
∂yn

} and a direct215

verification proves that our setting is also strongly vertical regular hypersur-216

face with D = span{ ∂
∂yα

, ∂
∂yn+α

; 1 ≤ α ≤ n − 1}. Remark that g|V TM has217

the signature (n, n − 1).218

Then the paracomplex CR-structure of Theorem 3.3 is:219

H∗ =

{

(Xα + jXn+α)
∂

∂yα
+ (Xn+α + jXα)

∂

∂yn+α
;Xα,220

Xn+α ∈ C∞(R4n), 1 ≤ α ≤ n − 1

}

. (3.14)221
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Weak Para-CR Structures on Vertical Bundles

4. Para-CRV Submanifolds in Weak Almost Para-Hermitian222

CRV Geometry223

Suppose now that M is a submanifold of M̃ not necessary hypersurface and224

not necessary vertical regular. Also, we do not use the conditions (2.1) and225

then (M̃, g,K) can be a weak almost CRV-manifold. Inspired by the previous226

section we introduce:227

Definition 4.1. M is a para-CRV submanifold of (M̃, g,K) if there exists two228

g-orthogonal distributions D, D⊥ on TM such that:229

(i) V TM = D ⊕ D⊥,230

(ii) D is K-invariant: K(D) = D; hence the dimension of D is even,231

(iii) D⊥ is K-anti-invariant: K(D⊥) ⊂ V TM⊥.232

We call D and D⊥ the invariant distribution and anti-invariant distribution233

respectively on TM .234

Denote by P and Q the projection morphisms of V TM on D and D⊥
235

respectively. We consider also two morphisms of vector bundles ϕ : V TM →236

V TM and ω : V TM → V TM⊥ given by ϕ = K ◦ P and ω = K ◦ Q237

respectively; hence KX = ϕX + ωX for all X ∈ Γ(V TM).238

The integrability of the given distributions is provided by the following239

result, a counter-part of Theorem 3.1 from [5, p. 364]:240

Theorem 4.2. (i) The invariant distribution D is integrable if and only if241

for any X,Y ∈ Γ(D):242

NK(X,Y )V TM = Nϕ(X,Y ) (4.1)243

where XV TM means the part of X ∈ Γ(V TM̃) belonging to Γ(V TM)244

with respect to an orthogonal decomposition similar to (3.2). In partic-245

ular, if (M̃, g,K) is a weak CRV-manifold then D is integrable if and246

only if Nϕ vanishes on D.247

(ii) The anti-invariant distribution D⊥ is integrable if and only if for any248

X,Y ∈ Γ(D⊥):249

Nϕ(X,Y ) = 0. (4.2)250

Thus, in the weak para-CRV case the integrability of ϕ yields the inte-251

grability of both D and D⊥. In particular, if ϕ is parallel with respect to252

the Levi-Civita connection ∇ of g then ϕ is integrable.253

Proof. (i) By using the Nijenhuis tensor field of ϕ:254

Nϕ(X,Y ) = [ϕX,ϕY ] + ϕ2[X,Y ] − ϕ([X,ϕY ] + [ϕX, Y ]) (4.3)255

we get for all X,Y ∈ Γ(V TM):256

(NK − Nϕ)(X,Y ) = −ω([X,ϕY ] + [ϕX, Y ]) + (I − ϕ2)([X,Y ]) + [ϕX,ωY ]257

+ [ωX,ϕY ] + [ωX,ωY ] − K([X,ωY ] + [ωX, Y ]). (4.4)258

In particular, if X,Y ∈ Γ(D) then QX = QY = 0 which yields ωX = ωY = 0259

and then:260

NK(X,Y ) = Nϕ(X,Y ) − ω([X,ϕY ] + [ϕX, Y ]) + (I − ϕ2)([X,Y ]). (4.5)261
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But K ◦ ϕ = P and K ◦ ω = Q implies ϕ2 = (K − ω) ◦ ϕ = P − ω ◦ ϕ = P .262

It results that:263

NK(X,Y ) = Nϕ(X,Y ) − ω([X,ϕY ] + [ϕX, Y ]) + Q([X,Y ]). (4.6)264

The left hand-side is from Γ(V TM̃) while in the right hand-side the first and265

third terms are from Γ(V TM) and the second term belongs to Γ(V TM⊥).266

Therefore projecting this relation on V TM we get:267

NK(X,Y )V TM = Nϕ(X,Y ) + Q([X,Y ]). (4.7)268

and the last term is zero if and only if (4.1) holds.269

(ii) If X,Y ∈ Γ(D⊥) then:270

Nϕ(X,Y ) = ϕ2([X,Y ]) = P ([X,Y ]) (4.8)271

and (4.2) is directly. The last statement is a straightforward consequence of272

the relation:273

Nϕ(X,Y ) = (∇ϕXϕ)Y − (∇ϕY ϕ)X + ϕ[(∇Y ϕ)X − (∇Xϕ)Y ] (4.9)274

which holds for any X and Y . �275

Remark 4.3. (i) From ϕ2 = P it results that ϕ3 = P ◦ K ◦ P = K ◦ P = ϕ276

which means that ϕ is a f(3,−1) structure. An almost product structure277

on V TM is P − Q.278

(ii) Let X ∈ Γ(TM) and Y,Z ∈ Γ(D). The covariant derivative of ϕ is:279

g((∇Xϕ)Y,Z) = X(g(KY,Z)) + g(P (∇XY ),KZ) − g(KY,P (∇XZ)).280

(4.10)281

Example 4.4. A large class of examples for n = 2 can be provided by following282

the table of page 284 from [15] as well as following [3]. Another type of283

examples, for any n, can be constructed from g-isometric actions of Lie groups284

G on V TM̃ with a suitable moment map having 0 ∈ Lie(G)(=the Lie algebra285

of G) as regular value. This construction appears in [18].286
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