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Abstract1

Various types of statistical structures are introduced in almost paracontact geometry 12

and characterizations for them are given. A large class of examples is provided by an3

arbitrary 1-form by deforming the Levi-Civita connection by a mixed projective and4

dual-projective transformation. The particular case of the paracontact form η from the5

almost paracontact structure leads to simpler conditions in terms of the Levi-Civita6

connection.7

Keywords Statistical manifold · Almost paracontact structure · (Dual)projective8

equivalence9

Mathematics Subject Classification Primary 53C15; Secondary 53C25 · 53C05 ·10

53C5011

1 Introduction12

Information geometry has emerged from investigating the geometrical structure of13

a class of probability distributions depending on various parameters, and has been14

applied successfully to various areas including statistical inference, control system15

theory, and multi-terminal information theory, [1]. A main notion of this theory is16

that of statistical manifold which is a triple (M, g,∇) with g a Riemannian metric on17

the manifold M and ∇ a symmetric linear connection for which C := ∇g is totally18

symmetric, i.e., the Codazzi equation holds:19
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Pârvan Nr. 4, 300223 Timisoara, Romania

2 Faculty of Mathematics, University Al. I. Cuza, 700506 Iasi, Romania

123

Journal: 41980 Article No.: 0088 TYPESET DISK LE CP Disp.:2018/6/18 Pages: 7 Layout: Small-Ex

A
u

th
o

r
 P

r
o

o
f

http://crossmark.crossref.org/dialog/?doi=10.1007/s41980-018-0088-8&domain=pdf


u
n
co

rr
ec

te
d

p
ro

o
f

Bulletin of the Iranian Mathematical Society

(∇X g)(Y , Z) = (∇Y g)(Z , X) (= (∇Z g)(X , Y )). (1.1)20

In this framework, there exists another torsion-free linear connection ∇∗ defined by21

the relation:22

X(g(Y , Z)) = g(∇X Y , Z) + g(Y ,∇∗
X Z) (1.2)23

for any X , Y , and Z ∈ X(M), called the conjugate (or the dual) connection of ∇ with24

respect to g. From the direct consequence ∇∗g = −∇g, it results that (M,∇∗, g) is25

a statistical manifold, too. The conjugate of the conjugate connection of ∇ coincides26

with ∇, i.e., (∇∗)∗ = ∇. For other applications and generalizations of these concepts,27

see [16,19], and for the Bochner technique in this setting, see [18].28

Until now, the statistical manifolds were studied in a few particular geometries.29

Therefore, in [20], K. Takano studied the statistical manifolds in almost contact geom-30

etry, while statistical structures in almost complex geometry were studied in [21] by the31

same author and in [12] by Furuhata. In addition, symplectic structures on statistical32

manifolds are considered in [17]. The present authors deal with statistical structures33

in golden geometry in [5].34

In this paper, we shall study the interplays of a statistical structure on an almost35

paracontact structure following the studies above as well as [2,3]. A strong motivation36

for such a study comes from the appearance of paracontact geometry in some physical37

theories, e.g., para-Sasakian geometry in thermodynamic fluctuation theory conform38

[6]. More precisely, in the framework of almost paracontact geometry, we introduce39

various types of statistical structures ∇ according to the behavior of some remarkable40

tensors associated with the almost paracontact structure, namely the structural endo-41

morphism and the fundamental form, with respect to ∇. Being a study on some special42

connections in almost paracontact geometry, this work is a natural continuation of [4].43

A large class of examples is produced with a differential 1-form λ by deforming the44

Levi-Civita connection ∇g of the almost paracontact structure according to a combi-45

nation of projective and dual-projective transformations. In particular, we search, for46

examples, using the paracontact form η of the given almost paracontact structure.47

2 Paracontact-Statistical Manifolds48

An almost paracontact geometry appears as a natural counter-part of the almost contact49

geometry in [15] and some important studies are [8,9,22]. Let M be a (2n + 1)-50

dimensional smooth manifold, ϕ a tensor field of (1, 1)-type called the structural51

endomorphism, ξ a vector field called the characteristic vector field, η a 1-form called52

the paracontact form, and g a pseudo-Riemannian metric on M of signature (n +1, n).53

We say that (ϕ, ξ, η, g) defines an almost paracontact metric structure on M if [22, p.54

38], [8]:55

1. ϕ(ξ) = 0, η ◦ ϕ = 0;56

2. η(ξ) = 1, ϕ2 = I − η ⊗ ξ ;57

3. ϕ induces on the 2n-dimensional distribution D := ker η an almost paracomplex58

structure P , i.e., P2 = 1, and the eigensubbundles T +, T −, corresponding to59
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the eigenvalues 1, −1 of P , respectively, have equal dimension n; hence, D =60

T + ⊕ T −;61

4. g(ϕ·, ϕ·) = −g + η ⊗ η.62

For a list of examples of almost paracontact metric structures, see [10, p. 666], [11,63

p. 569], and [14, p. 84]. From the definition, it follows that η is the g-dual of ξ , i.e.,64

η(X) = g(X , ξ) for any X ∈ Ŵ(T M) = X(M); ξ is an unitary vector field:65

g(ξ, ξ) = 1, (2.1)66

and ϕ is a g-skew-symmetric operator:67

g(ϕX , Y ) = −g(X , ϕY ). (2.2)68

The tensor field:69

ω(X , Y ) := g(X , ϕY ) (2.3)70

is skew-symmetric and:71
{

ω(ϕX , Y ) = −ω(X , ϕY )

ω(ϕX , ϕY ) = −ω(X , Y ).
(2.4)72

ω is called the fundamental form. Remark that the canonical distribution D is ϕ-73

invariant, since D = I mϕ: if X ∈ X(M) has the decomposition X = X+ + X− +74

η(X)ξ with X∗ ∈ T ∗ (with ∗ ∈ {+,−}) then ϕX = X+ − X−. Moreover, ξ is75

orthogonal to D, and therefore, the tangent bundle splits orthogonally:76

T M = D ⊕ 〈ξ 〉. (2.5)77

We introduce now the framework of this paper.78

Definition 2.1 The data (M,∇, ϕ, ξ, η, g) are an almost paracontact-statistical man-79

ifold if (M,∇, g) is a statistical manifold and (ϕ, ξ, η, g) is an almost paracontact80

metric structure. Moreover, if ∇ϕ = 0, then we drop the adjective almost.81

Let us point out that (∇Xϕ)(ξ) = −ϕ(∇X ξ), and then, in the paracontact-statistical82

case, we have for every X ∈ X(M) that ∇Xξ = η(∇Xξ)ξ . Concerning the conjugate83

connection of an almost paracontact-statistical manifold, we can state the following84

result.85

Proposition 2.2 Let (M,∇, ϕ, ξ, η, g) be an almost paracontact-statistical manifold86

and ∇∗ the conjugate connection of ∇. Then:87

(i) (M,∇∗, ϕ, ξ, η, g) is an almost paracontact-statistical manifold too.88

(ii) (M,∇, ϕ, ξ, η, g) is a paracontact-statistical manifold if and only if so is89

(M,∇∗, ϕ, ξ, η, g).90

(iii) η is ∇-parallel if and only if ξ is ∇∗-parallel.91

(iv) ∇∗
Xξ + ∇Xξ ∈ Ŵ(D) for any X ∈ X(M), and then, (∇Xη + ∇∗

Xη)ξ = 0.92
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Proof i) It results directly from Definition 2.1. ii) A straightforward calculus gives:93

g((∇Xϕ)Y , Z) + g(Y , (∇∗
Xϕ)Z) = 0 (2.6)94

for any X , Y , and Z ∈ X(M) which have the required consequence. iii) We also have:95

(∇Xη)Y = g(∇∗
Xξ, Y ), (2.7)96

for any X , Y ∈ X(M) which gives the conclusion. iv) The first part is a direct compu-97

tation, while the second follows from the first part by adding to 2.7 the dual relation:98

(∇∗
Xη)Y = g(∇Xξ, Y ). (2.8)99

⊓⊔100

Corollary 2.3 Let (M,∇, ϕ, ξ, η, g) be an almost paracontact-statistical manifold and101

∇∗ the conjugate connection of ∇. If ξ is a ∇-geodesic vector field, i.e., ∇ξ ξ = 0, then:102

1) ∇∗
ξ ξ ∈ Ŵ(D), 2) ∇∗

ξ η = 0, 3) (∇ξη)(ξ) = 0, 4) (∇X g)(ξ, ξ) = (∇∗
X g)(ξ, ξ) =103

(∇Xϕ)(ξ) = 0 for any X ∈ X(M).104

Proof (1) Results from the first part of iv) above. (2) Follows from 2.8. (3) Results105

from applying (2) in the second part of (iv) above. (4) Are direct consequences of the106

geodesic hypothesis. ⊓⊔107

An analog of the notion of holomorphic statistical manifold defined in [12] can be108

considered here:109

Definition 2.4 The (almost) paracontact-statistical manifold (M,∇, ϕ, ξ, η, g) is110

paraholomorphic if the fundamental 2-form ω is ∇-parallel.111

A necessary and sufficient condition for the existence of the above notion is given112

in the following.113

Proposition 2.5 The almost paracontact-statistical manifold (M,∇, ϕ, ξ, η, g) is114

paraholomorphic if and only if for any X ∈ X(M), we have:115

(∇X g) ◦ (I × ϕ) = −g ◦ (I × ∇Xϕ). (2.9)116

In particular, the paracontact-statistical manifold M is paraholomorphic if and only117

if:118

(∇X g) ◦ (I × ϕ) = 0 (2.10)119

holds for any X ∈ X(M).120

Proof From (∇Xω)(Y , Z) = (∇X g)(Y , ϕZ) + g(Y , (∇Xϕ)Z) for any X , Y , Z ∈121

X(M) and from the condition ∇ω = 0, we obtain the required relation. ⊓⊔122

Another relationship between ∇ and ∇∗ is given by:123

(∇Xω + ∇∗
Xω)(Y , Z) = g(Y , (∇Xϕ + ∇∗

Xϕ)Z), (2.11)124

and then, on a paraholomorphic paracontact-statistical manifold, we have also ∇∗ω =125

0 due to ii) of Proposition 2.2.126
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3 Projective Equivalences in Statistical Paracontact Geometry127

Geometrically, two torsion-free affine connections are projectively equivalent if they128

have the same geodesics as unparameterized curves. Thus, they determine a class of129

equivalence on a given manifold called projective structure.130

Fix a 1-form η on M . Two linear connections ∇ and ∇∗ on M are called:131

i) [7] η-projectively equivalent if:132

∇∗ − ∇ = η ⊗ I + I ⊗ η; (3.1)133

ii) [13] η-dual-projectively equivalent if:134

∇∗ − ∇ = −g ◦ η♯g , (3.2)135

where η♯g is the vector field g-dual to η.136

Note that if two connections are projectively equivalent or dual-projectively equiva-137

lent, then their conjugate connections with respect to a Riemannian metric associated138

with a statistical structure may not be projectively or dual-projectively equivalent:139

respectively.140

Proposition 3.1 Let (M,∇, g) be a statistical manifold of dimension n ≥ 2 and ∇∗
141

its conjugate connection. Then, ∇ and ∇∗ are neither η-projectively equivalent nor142

η-dual-projectively equivalent.143

Proof i) Replacing the expression 3.1 of ∇∗ in 1.2, we get:144

(∇X g)(Y , Z) = η(X)g(Y , Z) + η(Z)g(X , Y ), (3.3)145

and taking into account the symmetry 1.1, we obtain:146

η(Z)g(X , Y ) = η(Y )g(Z , X) (3.4)147

which implies that:148

η ⊗ I = I ⊗ η. (3.5)149

Applying this relation on the pair (X , ξ = η♯g ) with X⊥ξ , it results 0 = X which150

is impossible.151

ii) Replacing 3.2 in 1.2, it results:152

(∇X g)(Y , Z) = −η(Y )g(X , Z), (3.6)153

and again, the symmetry argument yields 3.5.154

⊓⊔155
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Example 3.2 The computations above inspire us to construct a large class of almost156

paracontact-statistical manifolds. Fix an almost paracontact manifold (M, ϕ, ξ, η, g)157

and an 1-form λ. We define the linear connection:158

∇λ = ∇g + λ ⊗ I + I ⊗ λ + g ◦ λ♯g , (3.7)159

where ∇g is the Levi-Civita connection of g. A straightforward computation gives160

that:161

(∇λ
X g)(Y , Z) = −2

∑

cyclic

[λ(X)g(Y , Z)] (3.8)162

and then, ∇λ is a statistical structure on M with the dual connection163

(∇λ)∗ = ∇−λ. ⊓⊔164

We have:165

(∇λ
Xϕ)Y = (∇

g
Xϕ)Y +λ◦ϕ(Y )X −λ(Y )ϕ(X)+ω(X , Y )λ♯g −g(X , Y )ϕ(λ♯g ), (3.9)166

and whence:167

Proposition 3.3 The data (M,∇η, ϕ, ξ, η, g) are a paracontact-statistical manifold168

if and only if:169

(∇
g
Xϕ)Y = −ω(X , Y )ξ + η(Y )ϕ(X). (3.10)170

Proof The formula 3.9 applied to λ = η gives:171

(∇
η

Xϕ)Y = (∇
g
Xϕ)Y + ω(X , Y )ξ − η(Y )ϕ(X). (3.11)172

Let us remark that the necessary conditions for 3.10 to holds are:173

(i) from Y = ξ : (∇
g

Xϕ)ξ = ϕ(X) which is equivalent to ϕ(∇Xξ + X) = 0 for every174

vector field X ;175

(ii) from X = ξ : ∇
g
ξ ϕ = 0.176

⊓⊔177

In addition, from:178

∇λ
ξ ξ = ∇

g
ξ ξ + 2λ(ξ)ξ + λ♯g , (3.12)179

we get ∇
η
ξ ξ = ∇

g
ξ ξ + 3ξ and then ξ is ∇η-geodesic if and only if ∇

g
ξ ξ = −3ξ .180

The condition 2.9 of paraholomorphism means:181

2λ(X)g(Y , ϕZ) + 3λ(Y )g(Z , ϕX) + λ(Z)g(X , ϕY )182

= g(Y , (∇
g

Xϕ)Z) + λ ◦ ϕ(Y )g(X , Z) + λ ◦ ϕ(Z)g(Y , X) (3.13)183

which yields:184

Proposition 3.4 The almost paracontact-statistical manifold (M,∇η, ϕ, ξ, η, g) is185

paraholomorphic if and only if:186

2η(X)g(Y , ϕZ) + 3η(Y )g(Z , ϕX) + η(Z)g(X , ϕY ) = g(Y , (∇
g
Xϕ)Z). (3.14)187
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Let us remark that if ∇gϕ is given by 3.10, the last equation becomes:188

η(X)g(Y , ϕZ) + η(Y )g(Z , ϕX) + η(Z)g(X , ϕY ) = 0,189

which, for Z = ξ , gives the impossible relation g(X , ϕY ) = 0 and, in conclusion, a190

paracontact-statistical manifold (M,∇η, ϕ, ξ, η, g) is not paraholomorphic.191
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