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The flow-curvature of spacelike
parametrized curves in the Lorentz plane

Mircea Crasmareanu

Abstract. We introduce and study a new frame and a new curvature
function for a fixed parametrization of a spacelike curve in the Lorentz
plane. This new frame is called flow since it involves the time-dependent
rotation of the usual Frenet flow.

The theory of geometric flows is a new, fascinating field of research in
geometric analysis. The most simple of them is the curve shortening flow
and already the excellent survey [?] is twenty years old. Recall that the
main geometric tool in this last flow is the well-known curvature of plane
curves. Hence, to give a re-start to this problem seams to search for variants
of the curvature, or in terms of [0], deformations of the usual curvature. The
goal of this short note is to propose such a deformation, not in the plane
Euclidean geometry, but in its Lorentzian counterpart.

The setting of this paper is the Lorentz plane R} := (R?, (-, -)):

(u,v) = —ulo! +u20?, u=(u!,u?) € R%, v= (vl v?) €R? (1)
0 < [lull? = [{u,uz-

Fix an open interval I C R and consider C' C R? a spacelike parametrized
curve of equation:

{ C:r(t) = (2(t), y(1) = 2@ +y(O], =101, =01,
(r'@®),r(t)) >0, tel.

The infinitesimal generator of the Lorentz rotations in R? is the linear
vector field:

0

5 Sw=ju=j (u+i’)  (3)

0
én(u) = uzw + ul
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where (R?, j), j2 = 1, is the two-dimensional paracomplex algebra, [?]. The
first integrals of §L are the functlons fa(z,y) = a(z? — 4?), « € R. For an
arbitrary vector field X = A(z,y)-2 5; + B(z, y)— its Lie bracket with £ is:

0

[X,&r] :(A—xAx—yAy)a+(B—1:BI—yBy)(9y7 (4)

Ox

where the subscript denotes the variable corresponding to the partial de-
rivative. For example, £, commutes with the radial (or Euler) vector field
E(x,y) = x% +y8%, which is also a complete vector field having as integral

curves the Euclidean homotheties v (t) = e'ug for all ¢ € R and ug € R%.

The Frenet apparatus of the curve C' is provided by:

T() = i NO) =5 - T() = iy (V' (8), 2 (),

(T(1), T(t)), = 1= —(N(t), N(t)) 5
kL(t) = IIT’(}f)HL <T/(t)v N(t)>L

RL() = o (7 (0,37 ()2 = e [/ (09" (0) = o/ (D" ().

Hence T' is an unit spacelike vector field along C' while N is an unit timelike
vector field along C; we denote with X the set of vector fields along the
curve C'. The curvature function can be expressed using a 2 x 2 determinant:

1 a'(t) (1) >
kr(t) = det 6
YO = ( () y'(h) (6)
and the difference to the Euclidean curvature consists in the ratio in front

of this determinant; in the Euclidean case is the Euclidean norm ||7/(¢)||=3.
The Frenet equations can be unified by means of the column matrix F(t) =

(ﬁ)(t) as:

d
dt

with the Lorentz rotation Ry (t) € SO(1,1) given by the symmetric matri-
ces:

[ cosht sinht DA cosht —sinht
Ri(t) = < sinht cosht ) LER, Ry (1) = < —sinht  cosht ) '
(8)

The Lorentz rotated curve jC : r;(t) := j-r(t) = (y(t),z(t)) is a timelike
curve since < 75(¢), 7% (t) >= — < 1'(t),r'(t) > L.

— F(t) = —[Ir'(®)[lLkL ()R, (0) F(t), RL(0) € so(1,1) (7)

This short note defines a new frame and correspondingly a new curvature
function for C:
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Definition 1 The flow-frame of C consists in the pair of vector fields
Ef, ED e Xco given by:
1,42 g

0= 5 ) 0= mro - (o g ) o

the letter f being the initial of the word "flow". The flow-curvature of
C' is the smooth function kry : I — R given by the flow-equations as the
flow-variant of (7):

d

260 = =lIr'@OllLkes () RLO)E®). (10)
Before starting its study we point out that this work is dedicated to the

memory of Academician Radu Miron (1927-2022). He was always interested

in the geometry of curves and besides his theory of Myller configurations

(8]) he generalizes also a type of curvature for space curves in [7]. Returning

to our subject we note as first main result:

Proposition 2 E{ is an unit spacelike vector field and E{ is an unit
timelike vector field. The expression of the flow-curvature is:

krg(t) = kr(t) < kr(t). (11)

1
I ()]l
If the decomposition of the position vector r(t) with respect to the Frenet
frame is r(t) = A(t)T(t)+B(t)N(t) with the smooth functions A,B : I — R

then its decomposition with respect to the frame flow is:
r(t) = [A(t) cosh t— B(t) sinht]E{(t)—i—[B(t) cosht—A(t) sinht]Eg(t). (12)
Proof We have directly in the flow-frame:
=l ®)llLkzs(ORL(0) = RLERL(t) — |7 ()l|lLko(t) RL(E)RLO) R, (2)
and the conclusion follows. Also the decomposition (12). O

Examples 3 i) If C is the line rg + tu,t € R with the spacelike vector
u # 0= (0,0) then both k7, and ks are constant:

1
kpp= Tl = constant < 0 = k. (13)
u

In particular, if « is an unit spacelike vector then kry = —1.
ii) The corresponding of the circles C(O, R > 0) of Euclidean plane geometry
is provided by the equilateral hyperbola as integral curve of £f.:

H.(R):2? —y*=R? kp = constant = —% <0,
T(t) = (sinht,cosht), N(t) = £r(t) = (cosht,sinht), (14)
(Rr(u)or)(t) = r(t +u) = (RL(t) o r)(u).
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The parametrization by arc-length of H.(R) is:

re(s) =R (cosh %, sinh %) . (15)

The new frame and curvature are:
B{(1) =TCl), Fi()=NQt), ki =, 16)
r(t) = (—Rsinht)E{ (t) + (R cosh t)EJ ().

We note that He(R) is called pseudo-circle in [10, p. 110] and is denoted
H'(-R).
iii) The quarter-circle Cy /4 : 7(t) = R(cost,sint), t € (=5, ) has:

{T(t): L_(_sint,cost), N(t)= C; (cost, —sint),

cos 2t s 2t
kL(t) = —— >0 (17)
R(cos2t)2

Its flow-curvature and total flow-curvature are:

2sin’ ¢ 4 2
kps(t) = ———5 >0, / kpp(t)dt = = (2.66435... x 10%)  (18)
d R(cos 2t)% -z d R ( )

and the minimum value of kzf, namely 0, is attained at ¢ = 0.

iv) The previous example of the equilateral hyperbola suggests to consider

the curve t € I — Eg(t) Since:
< (EL)(), (BD)'(t) >1=[1 = I’ ()]l k(1) (19)

it follows that this new curve is spacelike if and only if the initial curve C
is not Lorentzian flow-flat i.e. kpp = 0.
v) Fix the smooth function f : I — R and its graph 'y : v(t) = (¢, f(¢)).
This curve is spacelike if and only if the range of the derivative of f is
included in (—oo,—1) U (1,+00) and then its curvatures are:
" "

b= — I = T e
[(f'())? — 1]2 (@) = 1]z [(f'(1)* —1]=
Looking for a flow-flat graph we obtain the Lorentz version of the Grim-
Reaper:

us

cosht

sinh ¢
Without the minus sign this curve appears in [1, p. 671] (in Corollary 5.1)
and in the formula (5) of [5, p. 4]; we point out that another curve is also
called Lorentzian grim-reaper in Corollary 8.1 of |2, p. 769]. The usual
curvature of the graph of (21) is:

f(t) = —1In(sinht), te€(0,4+00), f'(t)=

< —1. (21)

1

kL(t) =sinht = HT’/(t)H .

(22)
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Since sinh(In(1 4 v/2)) = 1 we compute two integrals:

In(1+v/2) In(14+/2)
/ F(t)dt = 0.955202...., / ki (t)dt = V2 — 1 = 0.41421...
0 0

The frames of this flow-flat graph are:

T(t) = (sinht,—cosht), N(t) = (—cosht,sinht), )
{ E{ = (Oa —1), Eg = (—1,0). ( 3)

O

Remarks 4 i) An important tool in dynamics is the Fermi-Walker deriv-
ative. Then the Lorentz Fermi-Walker derivative is the hyperbolic variant
of derivative from ([?]), namely VIW : Xo — Ac:

VIV (X) = SX Ok O N)L T~ (X, T)p N (20

It is natural to make here a remark concerning rotation-minimizing fields
X € X¢ i.e. fields satisfying:

4
dt
for a smooth function A = A(¢). Then the Fermi-Walker derivative of such

X is parallel with the tangent vector field T":
(VI X)(1) = [MO) = I (Ol Lk (0)(X (1), N () )T (2). (26)

X&) =AO)T®), (X®),Tt)r =0 (25)

Computing the Fermi-Walker derivative on our frames we get:
Vi@ =vi¥ vy =0, viVe) =5 vi"(@E) =5 (@)

With the matrix notation we can express these relations as:

= (). vEE - moe (28)

and the Fermi-Walker derivative can be expressed in terms of ks as:

9K~ (0 kes + DX Ny - T— (X T - N]. (29
ii) The nature and the relationship between our frames can be put in
the framework of moving frames of [9, p. 32|. Recall that the set of all
orientation-preserving Lorentzian isometries forms a Lie group, L(2) :=
R? x SO(1,1), with the standard projection 71 on the first factor making
L(2) — R? an SO(1, 1)-principal bundle. A moving frame along C'is a map

viv(X) =
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F : 1 — L(2) such that 7 o F' = r. But C defines also a 1-parameter family
of bijections of SO(1,1):
LC : I — Bijections(SO(1,1)), (30)
t— LY(t): SO(1,1) — SO(1,1), A — Rp(t)A.
Then our frames are F : I — L(2) as F(¢t) = (r(¢),T(t),N(t)) and € : I —
L(2) as E(t) = (r(t), (LE(t) om0 F)(t)). O

We finish this note with the problem raised in the beginning, namely
the possible variants of the curve shortening flow; note that the self-similar
solutions in the hyperbolic variant of this problem are studied in [11]. Re-
call that the (Lorentzian) setting of this question consists in a 1-parameter
family of plane curves C,, : 7 = r(t,u) satisfying:

or(t,u)
ou

It follows immediately an expression in terms of flow-apparatus:

BTCSZU) _ (ka(t,u) + M) [sinhtE{(t,u) +coshtE{(t,U)]~ (32)

=kr(t,u)N(t,u). (31)

and due to the commutativity of partial derivatives with respect to ¢ and u
we have the u-variation of the Frenet frame:

zféfé“) = Inlt0) k3 (&, )T (8, w) + ZHEDN (), (33)
) Ok py o) — (|7 (¢, w) | 2 (8, w) N (¢, ).

The first variant which we propose as an open problem is to study the
flow-variant of (31):
or(t,u)
ou
while the second variant is to restrict only to the normal component of E2f :
or(t,u)
ou

We point out that a solution to the Lorentzian curve flow (31) is provided by
the 1-parameter family of equilateral hyperbolas with an initial equilateral
hyperbola H¢(Ry > 0):

= kps(t,u) B (t,u) (34)

= kry(t,u) coshtN(t, u). (35)

2
-2
H.(u) : 2* — y* = RS — 2u, O§u<&,

kre(u) = ———

(36)
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for which the expression defined in (34) is:
or(t,u) f 1 . :
————2 —kp(t,u)E} (t,u) = ———=(2cosh 2t —cosh ¢, 2 sinh 2¢t —sinh ¢
5 Lr(t,u)Ey (t,u) = 2u( cos cosh ¢, 2sin sinh t)
(37)

and the expression of (35) is:
or(t,u) cosh 2t
o0k e(tu) coshtN(t u) = — e

(cosht,sinht) = timelike.

(38)
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