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The Cardano-golden ratio and the associated curves

Mircea Cragsmareanu

Abstract The aim of this paper is to introduce and study the cubic real polyno-
mials P having as Cardano resolvent exactly the quadratic equation providing the
well-known golden ratio ®. One obtains that these polynomials form a 1-parameter
family and the unique positive root of the depressed case is called Cardano-golden
ratio. We generalize this cubic depressed polynomial to arbitrary grade n > 3.
Also for this depressed polynomial a cubic curve is naturally associated. A regular
curve and a regular surface in R?, both called golden, are defined and studied from
the point of view of differential geometry.
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1 Introduction

It is commonly recognized that Gerolamo Cardano, by using informations from Scipione
del Ferro and Niccolo Fontana Tartaglia, published the first formula for solving cubic
equations in his book Ars Magna from 1545. In this approach a given monic (and reduced)
cubic polynomial P; is solved through a monic quadratic polynomial C'R(P;) which we
call the Cardano resolvent of Py; see, for example, the excellent paper [1] or the book [5].

The starting point of this note is to consider the quadratic polynomial CR(P;) as
being exactly the polynomial P2, defining the golden ratio (or mean) ® = 1(VE+1).
We call P; (as well as the general cubic polynomials P with P; as depressed form) as
being Cardano-golden polynomial. We express completely this family obtaining its 1-
parameter dependence. We introduce also the cubic curve C(golden) : y* = P,(x) with
P, the Cardano-golden depressed polynomial; we found €(golden) as elliptic curve on the
database https://www.lmfdb.org/.

In the last section we define a regular curve and a regular surface in the Euclidean
space R3, both called golden due to the relationship with the general Cardano-golden
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polynomial. These objects are studied from the point of view of differential geometry:
for the golden curve we compute its curvature and torsion while for the golden surface
we compute its Gaussian curvature.

2 The Cardano-golden cubic polynomial and a generalization

Fix a natural number n € N*. The general setting of this work is provided by the
n-dimensional real linear space of monic polynomials of degree n:

R™"ey] .= {P(x) = 2" + 12" ' + ... + an; a4, ..., a, € R},
Our study focuses on a fixed cubic polynomial P € R [z]:
P(z) =2+ Ax* + Bx + C (2.1)

which with the well-known Tschirnhausen transformation x = y — g has the reduced form
(here the subscript d means depressed):

A? AB 243
Puy) =y’ +py+a, p=B—-—F<B, q=C-—+7— (2.2)

We recall very briefly the study of P;. Being a cubic polynomial it has at least a real
root yy. We consider now an associated quadratic polynomial:

Py(u) = u* — you — g € R[], (2.3)

and hence its roots a, § € C satisfy:
atB=y, af=-%. (24)

From P,(yo) = 0 it follows immediately:
P
O;) + /83 = —q, 01353 = T o (25)
27
which means that a® and 32 are the (complex) roots of the quadratic polynomial

CR(Py)(2) := 2* 4+ qz — 12)—2 (2.6)

Let us call the polynomial CR(F;) € R5"¢[z] as being the Cardano resolvent of P, since

its roots:
q A 3 2
===+ — A:=4 27 2.7
At 5 T\ 19 p° +27q (2.7)

give the well-known Cardano formula of yy:

Yo=Y+ 5 (2.8)

Remark 2.1. There exists also a Lagrange resolvent of Py: Z? + 27qZ — 27p* = 0, but
the map Z = 27z transforms this resolvent into the Cardano resolvent.
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A famous quadratic polynomial is ( [4]):

P2, (X)=X*-X -1 (2.9)

golden
since its positive root is exactly the golden ratio:

1++5
9

o =

~ 1.618. (2.10)

Inspired by this fact we introduce:

Definition 2.1. The polynomial P (or more precisely Py) is called Cardano-golden poly-
nomial if its Cardano resolvent is

CR(Py) = P2 jen- (2.11)
We have directly the relations:
g=-1, p*=2T7, (2.12)
which yield:
Proposition 2.1. i) The Cardano-golden depressed polynomial
Py(z) =2 +3z -1 (2.13)
has one real root denoted ®¢ and two complex roots:
¢ = Vo — Bi\@ ~(.32219 > 0, 2y = —0.1611 + 1.7544i € C \ R. (2.14)

it) The general class of Cardano-golden cubic polynomials P is a l-parameter family
provided by:

A2 A3 A\°
+9x+—+A—1:<x+§> +3z+A-1, AeR. (2.15)

Pa(z) = 2 + Ax? + 3 o7

Definition 2.2. Let us call ®° as Cardano-golden ratio.
Remark 2.2. i) The continued fraction expression of ®¢ is:
®° =10;3,9,1,1,1,2,1,2,3,6,.. ]. (2.16)

The following matrix belongs to the Lie group SL(3,Z) and has the characteristic poly-
nomial —P;:

00 1
's=11 0 -3
01 0
ii) A general cubic curve:
C:y? = Pyx) =2 +pr+gq (2.17)

has the discriminant A defined in the relation (2.7); see also [2] or [3]. Hence we define
the Cardano-golden cubic curve:

C(golden) : y* = 2* +3x — 1, A(golden) =27-5=135>0 (2.18)
which is the elliptic curve https://www.lmfdb.org/EllipticCurve/Q/2160/x/2.
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Also, the expressions of P2, (from (2.9)) and P, (from (2.13)) suggests to generalize

golden
them:
Definition 2.3. Ifn > 2 then the n-golden polynomial is the monic polynomial:

P2 o) :uﬂ1+(—1yllﬁg%;jlx——L (2.19)

Let us study the low values of n:

a) Prjgen(r) = 2 =62 —1 has two complex roots and two real roots of opposite signs; the
strictly positive root is approximately 1.8696. Its discriminant is A = 256 + 27 - 61 =

35248 = 2% . 2203.

The following matrix belongs to the Lie algebra sl(4,7Z) and has as characteristic
polynomial exactly P2

golden
0001
1 00 6
B=1o 100
0010
b) Ppogen(®) = ° 4+ 10z — 1 has four complex roots and a strictly positive root which is

approximately 0.09999.

It is easy to prove that for an odd n the polynomial P" has a unique strictly

golden
positive root. Indeed, its derivative is

ik (2.20)

(Pigen) () =1 " (=)

and hence for odd n the function z € R — PJ ;. () € R is strictly increasing. This fact
together with the inequality:

Pgw;)lden<0) =-1 < 0 < hm Polden( ) = +00 (221)

gives the claimed conclusion.

If n is even, then the derivative polynomial (Pgnolden

1
xgzi”an , (2.22)

is strictly greater than 27 . Therefore,

)/ has two roots:

and hence the unique strictly posmve root of P

golden
if n is even then the minimum of Py, is:

n n n n—1 n
golden<x+) =—-1- (5 + 1> 9 ZE+. (223)
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3 The golden space curve and the golden surface
The expression of the coefficients B and C' suggests the map A € R — Cypgen, : 7(A) =
(x(A),y(A), 2(A)) = (A,%2 —1—3,3—; +A-— 1) € R3. This map parametrizes a space
curve, which we can call the golden 3D curve, and is a skew (cubical) parabola. It
belongs to the regular surface:

Y

S(golden) : z = % <§ — 1) +x—1. (3.1)

It follows that this surface can be called the golden surface.
The curvature and torsion functions of the golden 3D curve are:

4162 — 9A2 + Al 2
(A):S\/6 9 +3’ (4) = 72 y
(162 + 54A2 4 A4)2 162 — 942+ A

Since A* — 9A? 4+ 162 = (242 — 9)? + 27 we get two inequalities:

24 4
k(A) > WT gt (3.3)
(162 + 5442 + A%)3 21

The Gaussian curvature of the golden surface is:
—81
81+ 2%+ (y +6))?

K<:C7y) =

€ [~1/81,0). (3.4)
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