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Abstract

The purpose of this paper is to introduce and examine two classes of
quartic real polynomials P having the same Euclidean norm as their
Lagrange resolvent, respectively, having the square of the Euclidean
norm equal to the height of the Lagrange resolvent. The reduced form
of the polynomial P is provided, which eliminates the cubic term. Find-
ing such polynomials with integer coefficients is always of interest. The
Lagrange resolvent associates a cubic curve with each of these polyno-
mials as a cubic polynomial. It highlights the situations in which these
cubic curves are elliptic curves.
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1 Introduction

Five techniques to solve a quartic equation are identified by the names
Descartes-Euler-Cardano, Ferrari-Lagrange, Neumark, Christianson-Brown,
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and Yacoub-Fraidenraich-Brown. In this study, we concentrate on the lat-
ter, which relates a specific monic (and reduced) quartic polynomial P to
its Lagrange resolvent LR(P) represented as a monic cubic polynomial

This note begins by treating both polynomials P and LR(P) as vectors
in R* and R3, respectively, and consequently connecting their Euclidean
norms || - ||. It pertains to a specific category of P, specifically those for
which || Py]| = ||[LR(Py)||, and this collection is the focus of our investiga-
tion referred to as Fuclidean-Lagrange polynomials. Here Py represents the
depressed version of the original quartic polynomial P.

The key condition for the isometry of the Lagrange map P — LR(P) is
formulated as a quadratic equation regarding the coefficients (p,q,r) of P.
Since this equation resembles a Pythagorean theorem, we solve it entirely
using two real parameters a #% 0, 5 # 0. The specific case a = S is fully
addressed. Another Lagrange-Fuclidean polynomial is obtained as fixed
point of the Lagrange map above expressed only in terms of coefficients.

We also link a cubic curve LC(P) : y?> = LR(P)(x) and concentrate on
situations where this curve is an elliptic curve. Indeed, we found all of them
on the renowned database https://www.lmfdb.org/ where many specifics
can be accessed.

In the final section, we present a new category of polynomials P, specifi-
cally those satisfying || P||? = h(LR(P;,)), where h denotes the Cantor height
of the cubic polynomial LR(P;). Three instances of these polynomials, re-
ferred to as Cantor-Lagrange, are examined.

2 Euclidean-Lagrange quartic polynomials

Fix a natural number n € N*. The setting of this work is provided by the
n-dimensional real linear space of monic polynomials of grade n:

RMoCy] .= {P(2) = 2" + a12™ " 4 ... + ans a1, ..., a, € R}.

It is an Euclidean space with respect to the usual scalar product of R"
and hence the square of the induced norm is the sum of the square of the
coeflicients:

|P||? := a2 + ... + 2. (1)

Remark 1. It is well-known that in order to prove that the set of real
algebraic numbers is countable Cantor defines the height of above P as the
positive (real) number:

h(P):=n+|ag = 1| + |a1]| + ... + |an].
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It follows the inequality:

(h(P) —=n—1)* <n| P|?

gntl_q

with equality only for the polynomial ®,(x) = =" 42" . 4+l

r—1

Our study focuses on a fixed quartic polynomial P € R7*"™€[x]:
P(x) :=a' + Az® + B2 + Ca + D

which with a Cardano-type transformation x = y — % have the reduced form
(here the subscript d means depressed):

Pi(y) =y +py* +qy+r. (2)

The Lagrange resolvent of P is a cubic polynomial LR(P) constructed
with the coefficients of Py; for more details see [1, p. 322] while for an
universal method to solve the quartic equation see [5]:

LR(P)(u) := u® — pu® — 4ru + (4pr — ¢*) = 0. (3)
Inspired by [2] we introduce:

Definition 1. i) P (or equivalently P;) is an Euclidean-Lagrange polyno-
mial if it preserves the Fuclidean morm with respect to Lagrange transfor-
mation DR:

[1Pall = ILR(P)]|. (4)

Hence, the restriction of LR to the set of Euclidean-Lagrange polynomials

18 an isometry.
i1) The Lagrange-cubic curve associated to (arbitrary) Py is:

LC(Py) : y* = LR(P)(x). (5)
We have immediately:

Proposition 1. i) The only Fuclidean-Lagrange polynomials with r = 0 are
PY(y) = y* and the two 1-parameter families Pf(y) =yt +py®+y, peR.
it) Let P with r # 0. Then P is an Fuclidean-Lagrange polynomial if and
only if there exists the non-zero real numbers a < 8 such that:

= T P gl BB e (6)

q:oz2—|—,32>0,
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Proof. The equality (4) reads as a Pythagorean relation:
¢* =157 + (4pr — ¢°)? (7)

hence, we use the well-known parametrization of Pythagorean triples ( [4]);
there exists a < 3 such that:

V15r = 203, 4dpr — q2 = ﬁQ — a2, =a’+ 62 (8)
and the claimed relations follow immediately. O

Example 1. The Lagrange-cubic curves associated to the polynomials from
i) are:

LC(PY) iy =2, LCPH):y?=2—-1=@-D@?+z+1) (9

which are the semicubical parabola and the elliptic curve given by
https://www.lmfdb.org/EllipticCurve/Q/144/a/3. This elliptic curve has

complex multiplication.

Example 2. We choose o = 3 # 0 in (8) obtaining:

+ :
2 YT\ V15

15 2 15 2
V15 — oyt 4 V15
V15

P y) =y*+ o <2y +2y+ ——

ay . ,2 _ 3 _ 2 V152_ 8 a2 _ ay||2
LOPY) :y” = 2" -« ( 5@ \/ﬁ:v),HPdl = [[ILR(PY)[" =
(11)

In order to obtain a cubic curve with integral coefficients in the right-hand-
side we choose o = 2y/15 = \/g and therefore:

LC <PjE v 2\/ﬁ> syt =23 — 1522 — 16z = x(x + 1)(z —6).  (12)

This elliptic curve is https://www.lmfdb.org/Elliptic Curve/Q/27864/c/1 and

its Weiterstrass expression is:

LC <PivWﬁ> cy? = X% — 75X — 266. (13)

The cubic polynomial LC (PjE \ 2\/ﬁ) having real distinct roots is a strictly

hyperbolic polynomial according to a well-known terminology, see [2] or [3].
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3 The fixed points of the Lagrange map

A second way to find Euclidean-Lagrange polynomials is to find the fixed
points of the Lagrange map:

LR : (p,q,7) € R3 — (—p, —4r,dpr — q2) € R3. (14)

Also, the Lagrange map is a surjective map on its image {(4,B,C) €
R3 AB — C > 0} with:

B
LR™Y(A,B,C) = (—A, +vVAB - C, —4) . (15)
A direct computation yields:

Proposition 2. The Lagrange map (1) has only two fixed points: (0,0,0)
and (0, i, —%).

This result gives a new Euclidean-Lagrange polynomial:

. 1 . V17 . u 1
meed _ A g - szxed _ L szzed — .3
e e

and the only real (hence strictly positive) root of LR(P7%wed) is:
3
vV V12 1
we VI o J_ ~ 0.21193. (17)
2x6 2/6(9 + /129)

The Euclidean-Lagrange polynomials P({ iwed g only two real roots, one

strictly negative and one strictly positive and the associated cubic curve is:
; z 1

LO(PTmedy s = g3 4 = — — 18

(Plied) g2 = o8 4 - (18)

Recall that for a real number « the a-it homothetical transformation of the

Weierstrass cubical curve I' : y? = 23 4+ Pz 4 @ is the cubical curve:

H,(T) : % =2® 4 (a*P)z + (a3Q). (19)
Hence, choosing o = 4 for (5) we obtain the elliptical curve:
Hy(LO(PTwedy) : o2 — 23 4+ 4z — 4 (20)

which is exactly the curve https://www.lmfdb.org/EllipticCurve/Q/688/a/1.

It is worth to point out that, excepting Py(y) = y*, all previous obtained
polynomials have distinct roots. Indeed Py(y) = y* is the only Euclidean-
Lagrangian polynomial with multiple roots since the equality P;(y) = (y? +
ay + b)? means: a =0 = ¢, p = 2b, r = b%. From the characterization (7)
we have also p =r = 0.
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4 Cantor-Lagrange quartic polynomials

We introduce now a new class of quartic polynomial in the same setting
above but now considering the Cantor height.

Definition 2. i) P (or equivalently Py) is a Cantor-Lagrange polynomial
if:
1P4ll* = R(LR(P)) (21)

which means:
P A+ =4+ [pl+ 4|+ [4pr — &) (22)

We analyze some interesting cases according to the pair (p,r) of coeffi-
cients.

Case I) Suppose that r = 0; it follows the characterization p? = 4 + |p|

VITEL
+ = T2

and we have two solutions p . Hence we have two 1-parameters

families chl’i’q) (y) = y* + pry® + qu.

Case IT) p = 0 implies the characterization > = 4+4|r| with the solutions
r+ = +2(v/2 + 1). In conclusion, we have again the 1-parameter families of
Cantor-Lagrange polynomials Péll’i’q) (y) = v* +qy +ra.

Case III) 4pr < ¢%, p > 0 and r > 0 give the following quadratic equation,
representing a hyperbola in the plane (p,r):

H:p’+4pr+r° —p—4r—4=0. (23)

The eccentricity of H is e = 2 and H contains an infinite sequence of lattice
points e.g. (p,r) = (1,2). So, an example of this case is:

{ Piy)=vy*+3> +3y+2, LR(P)(u)=u®—u?—8u—1, (24)

| Py||> = h(LR(P)) = 14.
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