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EUCLIDEAN GEOMETRY OF FINSLER WAVEFRONTS
THROUGH GAUSSIAN CURVATURE

Vladimir Balan1, Mircea Crăşmăreanu, 2

Lucrarea studiază curbura Gauss K a indicatoarei spaţiilor Finsler.

Pentru (α, β)-metrici, se obţine o expresie a curburii similară celei determinate

de M. Hashiguchi ([2], [3]), care extinde cazurile Randers, Kropina, Matsumoto şi

Riemann. Suprafeţele Randers ı̂n context Funk 2-dimensional şi metrica Randers-

Funk pentru discul unitate sunt de asemenea studiate. Se pune ı̂n evidenţă relaţia

curburii cu metricile Finsler fundamentală şi angulară, utilizând reperul Berwald

pentru cazul n = 2. Se demonstrează că curbura Gauss a indicatoarei este h-

covariant constantă relativ la conexiunile Cartan şi Chern-Rund. În ı̂ncheiere,

este descris cazul structurilor pseudo-Finsler de tip Berwald-Moor.

The present paper deals with the Gaussian curvature K of a particular

indicatrix in a general Finsler manifold. A formula for K similar to the one

obtained by M. Hashiguchi ([2], [3]), is derived for (α, β)-metrics and then

specialized to Randers, Kropina, Matsumoto and Riemann-type metrics. For

the Funk two-dimensional case the class of Randers surfaces is detailed, and the

Randers-Funk metric on the unit disk is investigated. Alternative expressions for

K are provided, in terms of Finslerian metric and angular metric, and in terms

of Berwald frame for n = 2. It is shown that K is h-covariant constant with

respect to the Cartan and Chern-Rund connections. The last section describes the

pseudo-Finsler locally-Minkowski Berwald-Moor case.

Keywords: Finsler spaces, Gauss curvature, indicatrix, hypersurface, (α, β)-

metric, Randers metric, Funk metric, Finsler connection.
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1. Introduction

It is well-known the major rôle played by the Gaussian curvature in
Differential Geometry. The aim of this paper is investigate the Gaussian curvature in
Finsler spaces by means of the indicatrix (or unit tangent space, unit tangent sphere)
associated to the Finsler structure. The importance of indicatrices in the Finslerian
setting has been pointed out by Okubo (1, p.13]), which shows that, not only the fun-
damental Finsler function F defines the indicatrices, but conversely, the indicatrices
determine F as well. One of the major differences between Riemannian and Finsler
geometry is that the latter provides several remarkable connections - and not only
one, as the Levi-Civita connection of the Riemannian case. Hence, in the Finslerian
framework there are several curvatures with different geometric importance.
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The first formula for Gaussian curvature Kx of a fixed indicatrix in Lagrange
and Finsler geometry was given by Masao Hashiguchi in [2] and [3] and was further
generalized by the second author of the present paper to Generalized Lagrange
Geometry in [4].

The present study extends M. Hashiguchi’s formula developed in the Randers-
Kropina cases to the more general (α, β) case. Much attention is given to the n = 2
case, where the laborious computations are partially simplified by using in a special
way the homogeneity of the Finsler fundamental function through the associated
function λ = λ(z) recently introduced by P. Funk ([5]). This reduction of number
of variables from two to one becomes essential in replacing PDEs associated to
conditions imposed on K to ODEs in λ(z).

The paper is organized as follows: the first section recalls the Hashiguchi
formula for Lagrange and Finsler manifolds and provides the formula for (α, β)-
metrics. This naturally extends the Randers and Kropina cases studied in [2] and
[3], and the Matsumoto and ”Riemann”-type metrics are obtained as particular
cases. As well, a new expression for Kx in terms of the Finsler and angular metrics,
is presented.

The second section focuses on the dimension two - which has been intensively
studied in recent works (e.g., [6] and Chapter 4 from [1]). The formula (both in the
general and in the previously mentioned particular cases) is computed in terms of
the Funk associated fundamental function λ. A new expression for Kx is obtained
in terms of the Berwald frame, specific to Finslerian surfaces.

The next section provides concrete examples, supplementing thus the works [2]
and [3]. The Randers metric on the unit disk considered by T. Okada in [7] appears
as an example of Finsler metric of Funk type having constant Finslerian-Gaussian
(or flag) negative curvature.

The last section is devoted to the behavior of the total function K in terms
of its horizontal and vertical covariant derivatives with respect to certain Finsler
connections. It is proved that K is horizontal covariant constant with respect to the
Cartan and Chern-Rund connections.

2. Gaussian curvature for wavefronts in Lagrange and Finsler
geometry

In the n-dimensional Euclidean space Rn, consider a hypersurface

S = {x ∈ Rn | f(x) = 0, ∇f(x) 6= 0},
where f ∈ C∞(Rn), and ∇f denotes the gradient of f (∇f = (fi)i=1,n, fi = ∂f

∂xi ).
We further choose the inward unit normal vector field of S, N = − ∇f

||∇f || . Then we
have the following classical result ([3, p. 37], [2, p. 23]):

Proposition 1.1 The Gaussian curvature of pair (S, N) is:

K = −
∣∣∣∣

fij fi

fj 0

∣∣∣∣ · ‖ ∇f ‖−(n+1) .
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This formula has been used in the above cited papers in order to obtain the
Gaussian curvature for the indicatrix of a Lagrange space Ln = (M,L) on an open
domain M of Rn. More precisely, let L : TM → R be a regular Lagrangian ([8])
on M considered as a smooth n-dimensional manifold. This means that the halved
y-Hessian matrix of L, gij = 1

2 ∂̇i∂̇jL is of rank n (i.e., det(gij) 6= 0), where ∂̇i = ∂
∂yi

using the local coordinates x = (xi)i=1,n on M and (x, y) = (xi, yi) on the tangent
space TM . Associated to this Lagrangian we have the indicatrix of L at x ∈ M :
Ix = {y ∈ TxM ; L(x, y) = 1}. This appears as a hypersurface in TxM ' Rn

implicitly defined by the function: f(x, y) = L(x, y)− 1.

Remark. Throughout this paper we shall alternatively call Ix the wavefront
at x, following the paper [9].

Proposition 1.2 ([3, p. 39]) Let Ln be a Lagrange space. Then at each point
x ∈ M , the Gaussian curvature Kx of the wavefront Ix oriented in the direction
Nx = − ∇̇L

||∇̇L|| is:

Kx = −
∣∣∣∣

∂̇i∂̇jL ∂̇iL

∂̇jL 0

∣∣∣∣ ·
[

n∑

i=1

(∂̇iL)2
]−n+1

2

. (1)

In this proposition ∇̇L denotes the gradient of L with respect to y i.e.
∇̇L = (∂̇iL)i=1,n.

Important remark. The formula (1) and its offsprings belong to the
Euclidean geometry of the family of (Euclidean) hypersurfaces {Ix}x∈M , and not
to the Lagrange (particularly Finsler) geometry of the pair (M,L).

If there exists a function F : TM → R, smooth on TM minus the null section
and positively homogeneous of degree 1 with respect to y such that L = F 2 is a
regular Lagrangian then the pair Fn = (M,F ) is a Finsler space and F is called the
fundamental function of Fn ([8]). For Finsler spaces, it has been proved that:

Proposition 1.3 ([3, p. 40]) Let (M,F ) be a Finsler space and let
g = det(gij) = det(1

2 ∂̇i∂̇jF
2). Then at each point x ∈ M , the Gaussian curvature

Kx of the wavefront Ix oriented in the direction opposite to ∇̇L is:

Kx = g ·
(

n∑

i=1

l2i

)−n+1
2

(2)

where li = ∂̇iF .

In the following we shall provide alternative expressions for the Gaussian
curvature Kx. The homogeneity of the fundamental Finsler function F yields
li = F−1gijy

j , where l = (li) is the covariant normalized supporting element; then
using the equation of Ix : F 2 = 1, we get:
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Proposition 1.4 The Gaussian curvature of the Finslerian wavefront Ix is:

Kx = g ·
[

n∑

i=1

(gijy
j)2

]−n+1
2

. (3)

This shows that the Gaussian curvature is a metric object, i.e., it depends only on
the Finsler metric gij (and not directly on the Finsler function F ).

Using the notation yi = giky
k, the relation (3) rewrites in the simpler form

Kx = g ·
[

n∑

i=1

y2
i

]−n+1
2

.

As well, using the tensor field h = (hij = F ∂2F
∂yi∂yj ) called the angular metric related

to gij via ([6, p. 296]):
gij = hij + lilj ,

we get l2i = gii− hii and then we yield a formula for K in terms of both Finsler and
angular metrics:

Kx = g ·
[

n∑

i=1

(gii − hii)

]−n+1
2

.

Example. The case of (α, β)-metrics. Let us consider a Riemannian metric
a = (aij(x))1≤i,j≤n and an 1-form: b = (bi(x))1≤i≤n, both living globally on M , and
let us associate to these objects the following functions on TM :

• α(x, y) =
√

aijyiyj ;
• β(x, y) = biy

i;
• F (x, y) = αφ(β

α), with φ a C∞ positive function on some interval [−r, r], big
enough such that r ≥ β

α for all (x, y) ∈ TM .

Then F is a Finsler fundamental function if the following conditions are
satisfied ([10, p. 307, eq. (2-11)])

φ(s) > 0, φ(s)− sφ′(s) > 0, (φ(s)− sφ′(s)) + (b2 − s2)φ′′(s) > 0,

for all |s| ≤ b ≤ r. Then using the results from ([10, p. 307]) we obtain:

g = φn+1(s)(φ(s)− sφ′(s))n−2(φ(s)− sφ′(s) + (‖β‖2
x − s2)φ′′(s)) det a,

where s = β
α and ‖β‖x = sup{β(x,y)

α(x,y) ; y ∈ TxM}. Also:

li =
ỹi

α
(φ− sφ′) + φ′bi,

where (ỹi) is the a-covariant version of (yi): ỹi = aijy
j . In conclusion, for an (α, β)-

metric, we have:

Kx =
φn+1(φ− sφ′)n−2[(φ− sφ′) + (‖β‖2

x − s2)φ′′] det a

[
n∑

i=1
( ỹi

α (φ− sφ′) + biφ′)2]
n+1

2

.
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Then, using the equation of Ix : φ = 1
α , the final formula is:

Kx =
(φ− sφ′)n−2[(φ− sφ′) + (‖β‖2

x − s2)φ′′] det a

[
n∑

i=1
(ỹi(φ− sφ′) + αbiφ′)2]

n+1
2

.

Particular cases.

I. Randers metrics (φ(s) = 1 + s). From φ′ = φ − sφ′ = 1, φ′′ = 0, it results
([3, Th. 3.3., p. 41], [2, Th. 3.2., p. 25]):

Kx = (det a) ·
[

n∑

i=1

(ỹi + αbi)2
]−n+1

2

.

II. Kropina metrics (φ(s) = 1
s). From φ′ = − 1

s2 , φ− sφ′ = 2
s , φ′′ = 2

s3 , it follows:

Kx = 2n−1‖β‖2
x · (det a) ·

[
n∑

i=1

(2ỹi − α

s
bi)2

]−n+1
2

,

and using the equation of Ix : α2

β = α
s = 1, we infer ([2, Th. 3.3., p. 26]):

Kx = 2n−1‖β‖2
x · (det a) ·

[
n∑

i=1

(2ỹi − bi)2
]−n+1

2

.

III. Matsumoto metrics ([11, p. 553], φ(s) = 1
1−s). From φ′ = 1

(1−s)2
,

φ− sφ′ = 1−2s
(1−s)2

, φ′′ = 2
(1−s)3

, it results:

Kx =
(1− s)6(1− 2s)n−2(1− 3s + 2‖β‖2

x) det a

[
n∑

i=1
(ỹi(1− 2s) + αbi)2]

n+1
2

or, using the equation of Ix : 1− s = α:

Kx =
α6(2α− 1)n−2(3α− 2 + 2‖β‖2

x) det a

[
n∑

i=1
(ỹi(2α− 1) + αbi)2]

n+1
2

.

IV. Riemann-type (α, β)-metrics ([11, p. 553], φ(s) =
√

1 + s2). From
φ′ = 2√

1+s2
, φ− sφ′ = 1√

1+s2
, φ′′ = 1

(1+s2)3/2 , it follows:

Kx = (1 + ‖β‖2
x) · (det a) ·

[
n∑

i=1

(ỹi + αbis)2
]−n+1

2

.

But Ix :
√

1 + s2 = 1
α gives s =

√
1−α2

α , and then:

Kx = (1 + ‖β‖2x) · (det a) ·
[

n∑

i=1

(ỹi + bi

√
1− α2)2

]−n+1
2

.
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3. The two-dimensional case

For n = 2, Ix becomes a curve with a unique curvature - hence we shall
omit the word ”Gaussian”. This case considerably simplifies by means of the Funk
associated fundamental function ([5]). Namely, F = F (x1, x2; y1, y2) being positively
1-homogeneous in y = (y1, y2), we get for positive y1: F = y1f(x1, x2; 1, z) with
z = y2/y1.

Definition 2.1 ([5]) The function λ(x; z) = λ(x1, x2; z) := f(x1, x2; 1, z) is
called the associated fundamental function of the Finsler surface (M,F 2).

In the following, we shall make use of the following formulae ([12, (3.4), p.307;
(3.6), p.308; (3.7), p.308])





(l1, l2) = (λ− λ′z, λ′)
(g11, g12, g22) = ((λλ′)′z2 − 2λλ′z + λ2, λλ′ − (λλ′)′z, (λλ′)′)
g = λ3λ′′,

where the prime stands for differentiation by z. Hence we infer:

Proposition 2.2. For a Finsler surface, the curvature of the wavefront Ix is:

Kx(z) = λ3λ′′ · [(λ− λ′z)2 + (λ′)2
]−3/2

.

Example. (α, β)-metrics.

λ =
√

a11 + 2a12z + a22z2 · φ
(

b1 + b2z√
a11 + 2a12z + a22z2

)
.

Using the notations: αλ =
√

a11 + 2a12z + a22z2, βλ = b1 + b2z, we have:



λ′ = b2φ
′ + a12+a22z

αλ
(φ− sφ′)

λ′′ = det a
α3

λ
(φ− sφ′) + φ′′

[
b22
αλ
− βλ(a12+a22z)(b2+aλ)

α3
λ

]
,

and then:

Kx(z) =
(αλφ)3[det a(φ− sφ′) + φ′′(b2

2α
2
λ − βλ(a12 + a22z)(b2 + βλ))]

[(b1αλφ′ + (a11 + a12z)(φ− sφ′))2 + (b2αλφ′ + (a12 + a22z)(φ− sφ′))2]
3
2

.

In the particular case of a Randers metric, one easily infers

Kx(z) =
(αλ + βλ)3 det a

[(b1αλ + a11 + a12z)2 + (b2αλ + a12 + a22z)2]
3
2

.

For example, if the Riemannian metric is diagonal, i.e., a12 = 0, then the last formula
becomes:

Kx(z) =
(
√

a11 + a22z2 + b1 + b2z)3a11a22

[(b1

√
a11 + a22z2 + a11)2 + (b2

√
a11 + a22z2 + a22z)2]

3
2

.

Returning to the usual coordinates (x, y) on TM , we shall futher use the
remarkable Berwald frame (specific to the 2-dimensional case) (l, m), with m = (mi),
mi = 1

C Ci), where we consider the following Finsler tensors:

• Cijk = 1
4 ∂̇i∂̇j ∂̇kF

2 (the Cartan tensor, [6, p. 291]),
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• Ci
jk = giaCajk, Ci = Ci

jkg
jk (the Cartan vector), and

• C = gijC
iCj (the length of the Cartan vector).

But from ([6, p. 297]), one has gij = lilj + mimj , whence a straightforward
computation gives ([1, p. 95])

g = (l1m2 − l2m1)2.

This infers the curvature in terms of Berwald frame

Kx = (l1m2 − l2m1)2 · (l21 + l22)
−3/2.

4. A concrete example

We shall further consider the Randers metric on the unit disk D1 determined
by ([7, p. 123]):





a11 = 1−(x2)2

ϕ2(x)
, a12 = a21 = x1x2

ϕ2(x)
, a22 = 1−(x1)2

ϕ2(x)

b1 = x1

ϕ(x) , b2 = x2

ϕ(x) ,

where ϕ defines the boundary ∂D1 = S1 : ϕ(x) = 1− (x1)2− (x2)2. It is known that
the associated Randers-Funk metric is of constant negative flag curvature (−1/4)
([7, p. 123]; see also [1, p. 20]). We have det a = 1

ϕ3 , and from the equation of

Ix : 1 = α + β = α + x1y1+x2y2

ϕ , it results that on Ix we have:

αϕ = ϕ− x1y1 − x2y2. (4)

Also,

ỹ1 + αb1 = a11y
1 + a12y

2 +
αx1

ϕ
=

αϕx1 + (1− (x2)2)y1 + x1x2y2

ϕ2

and (4) implies ỹ1 + αb1 = (x1 + y1) · ϕ−1. Concluding, we get

Kx(y) = [(x1 + y1)2 + (x2 + y2)]−3/2. (5)

Moreover, a straightforward computation gives the wavefront

Ix : (x1 + y1)2 + (x2 + y2)2 = 1,

and then the above result yields Kx = 1 for every x ∈ D1.

5. K is covariant constant with respect to certain Finsler connections

An important topic is the change of different geometrical structures with re-
spect to certain changes of main objects of the theory. So, if we make a
conformal change of the Finsler function, F̃ = eϕ(x)F , then the Finsler metrics
are M -conformally equivalent g̃ij = e2ϕ(x)gij and l̃i = eϕ(x)li. Then the relation (2)
infers that the Gauss curvature K̃x of Ĩx : eϕ(x)F = 1 is related to the curvature Kx

of Ix : F = 1 through K̃x = e(n−1)ϕ(x)Kx.
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As well, the Finslerian Gauss curvature exhibits interesting properties in terms
of its covariant derivative with respect to linear connections. We recall ([6], [8]) that
a linear connection on TM ,

D : (X, Y ) ∈ X (TM)×X (TM) → DXY ∈ X (TM)

is a Finsler connection if it preserves by parallelism the horizontal distribution
generated by F and the almost tangent structure of TM .

A Finsler connection yields two covariant derivatives: a horizontal one denoted
|k and a vertical one denoted |k. The covariant derivatives of the Liouville vector
field Γ = yi ∂

∂yi are usually denoted Di
j =the horizontal (briefly h−) deflection tensor

respectively di
j=the vertical (briefly v−) deflection tensor. D is called:

• h-metrical if gij|k = 0 and v-metrical if gij |k = 0,
• metrical if it is h− and v−metric,
• h-deflection free if Di

j = 0, and v-deflection free if di
j = 0.

Denoting I(TM) = {(x, y) ∈ TM ; y ∈ IxM} the set of all wavefronts of M and
considering now the Gaussian curvature as a global function K : I(TM) ⊂ R2n →
R, from (3) we get

Proposition 4.1 If the Finsler connection D is h-metrical (v-metrical) and
h- (v-)deflection free, then K : I(TM) → R is a horizontal (vertical) covariant
constant function. In particular, if D is metrical and Γ is ∗-covariant constant with
respect to D, then K is ∗-covariant constant with respect to D where ∗ ∈ {h, v}.

Examples of Finsler connections.

• the Berwald connection: neither h-metrical nor v-metrical;
• the Cartan connection: metrical and di

j = δi
j ;

• the Chern-Rund connection: h-metrical, but not v-metrical and di
j = δi

j ;
• the Hashiguchi connection: v-metrical and not h-metrical.

All these four connections are h-deflection free and then we infer:

Corollary 4.2 The function K is h-covariant constant with respect to the
Cartan and Chern-Rund connections.

We note that results on closely related topics have been published in [13], [14], [15],
and [16] (the latter, for the case of non-compact Finsler indicatrix).

6. Pseudo-Finsler notable structures

Recently, much attention has been paid to the pseudo-Finsler framework ([17]),
and especially to m−root structures, mainly due to their applications to Relativity,
Ecology and Diffusion Imaging ([18],[19],[20]). Primarily studied and developed by
M.Matsumoto and H.Shimada ([21],[22],[23]), these structures have the generic form:

F (x, y) = m

√
ai1i2...im(x)yi1 . . . yim ,
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where ai1i2...im are the coefficients of an m−covariant tensor field on the manifold
M . The remarkable particular flat locally-Minkowski n−root pseudo-Finsler space
(M = Rn, F ), with

F (y) = n
√

y1 . . . yn,

has the property that its indicatrix Ix : y1 . . . yn = c, (c = 1) is the Tzitzeica
hypersurface ([24],[25],[26],[27]) whose Gauss curvature at some point y ∈ Ix ⊂ TxM

is proportional to the (n+1) - th power of the distance dy from origin to the tangent
hyperplane TyIx. This infers

K(y) = dn+1
y · (−1)n

nn+1c2
=

n · (−1)n+1

c2

(
n∑

i=1

(yi)−2

)−(n+1)/2

, (for c = 1).

In particular, for n = 4, one obtains the Gauss curvature of the H4 Berwald-Moor
indicatrix ([18]), and for n = 6 the curvature of the uniform m−root metric used in
diffusion imaging ([20]).
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