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In the first stage of the project we have performed documentation, information
and research activities. Four paper have been written and the scientific results have
been presented in a conference. We mention that the scientific results were included
in the papers at the end of this report and that all the objectives have been fully
achieved.

Objective 1.1: Investigate the zero-stabilization of one of the components
of a host-parasitoid (reaction-diffusion) system.

We have investigated in [2] the zero-stabilization of one of the components of the
following (host-parasitoid) system:

∂th = d1∆h+ r1h(1− h

K1

)− Ehp+ χω(x)u(x, t), (x, t) ∈ Q

∂tp = r2p(1−
p

K2

) + ηEhp, (x, t) ∈ Q
∂νh = 0, (x, t) ∈ Σ
h(x, 0) = h0(x), p(x, 0) = p0(x), x ∈ Ω,

(1)

where Ω ⊂ RN (N ∈ {2, 3}) is a bounded domain with a sufficiently smooth
boundary ∂Ω, Q = Ω × (0,+∞), Σ = ∂Ω × (0,+∞). Here h(x, t) is the density
of a prey population (a pest) and p(x, t) is the density of a predator population (a
parasitoid that eats the pest) at position x and moment t; d1, r1, r2, K1, K2, E, η are
positive constants, h0, p0 ∈ L∞(Ω), h0(x), p0(x) ≥ 0 a.e. in Ω. There is no diffusion
for p.

χω is the characteristic function of the open subset ω ⊂ Ω, with a sufficiently
smooth boundary ∂ω and such that Ω \ ω is a domain. u(x, t) is the control that
acts in ω and on the prey only.
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The main goal is to eradicate the population h acting through u ∈ L∞loc(ω ×
[0,+∞)) and such that the solution (hu, pu) to the system (1) to be nonnegative.
Mathematically this means

lim
t→+∞

hu(·, t) = 0 in L∞(Ω)

and
hu(x, t) ≥ 0, pu(x, t) ≥ 0, a.e. in Q.

If for any h0 and p0 such a control exists, we say that the nonnegative zero-
stabilizability for h (the component h of the solution to problem (1)) holds. So, we
are dealing here with zero-stabilizability with state constraints.

Viorel Arnăutu and Ana-Maria Moşneagu have proven in [2] that there is a close
relationship between the nonnegative zero-stabilizability of h and the nonnegative
zero-stabilizability for Fisher’s model:

∂th = d1∆h+ r1h(1− h

K1

)− E(K2 − ε)h+ χω(x)u(x, t), (x, t) ∈ Q
∂νh = 0, (x, t) ∈ Σ
h(x, 0) = h0(x), x ∈ Ω

(2)

(where ε ∈ (0, K2) is arbitrarily chosen). The authors of [2] have shown that the
nonnegative zer-stabilizability for (2) implies the nonnegative zero-stabilizability of
the component h of the solution to the problem (1) and that u := −γh (with
sufficiently large γ > 0, when the nonnegative zero-stabilizability for (2) holds),
stabilizes h to zero for (1) and (2) as well and keeps the solutions to both systems
nonnegative. Actually, they have proven that the nonnegative-stabilizability for (2)
implies that λω1 , the principal eigenvalue for

−d1∆ψ − r1ψ + E(K2 − ε)ψ = λψ, x ∈ Ω \ ω
ψ = 0, x ∈ ∂ω
∂νψ = 0, x ∈ ∂Ω

(3)

is nonnegative. Conversely, if λω1 > 0, then (2) is nonnegatively zero-stabilizable
and the feedback control u := −γh (for sufficiently large γ > 0) stabilizes (2) and
(1) and keeps the solutions nonnegative. Moreover, the authors of [2] have shown
that the stabilization rate for this control is exp(−λω1γt) for both problems (1) and
(2), where λω1γ is the principal eigenvalue to{

−d1∆ϕ− r1ϕ+ E(K2 − ε)ϕ+ χω(x)γϕ = λϕ, x ∈ Ω
∂νϕ = 0, x ∈ ∂Ω.

(4)

The authors have also investigated the optimal position of ω in the set O of all
translations in Ω of an open subset ω0 with sufficiently smooth boundary (for which
the value of λω1γ is the biggest; for such a position of ω, the feedback control u := −γh
produces the maximal result). Hence, for the same harvesting effort, the result is
maximized. An iterative algorithm (based on an original method to approximate the
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principal eigenvalue λω1γ) which improves at each step the position of ω (increasing
λω1γ) has been derived. The numerical tests have shown a fast convergence for this
algorithm.

Sebastian Aniţa, Jerome Casas and Christelle Suppo have obtained in [4] some
stabilizability results for the host-parasitoid model with periodic (in time) impulsive
perturbations on both populations. They have obtained a necessary condition and
a sufficient condition for the nonnegative stabilizability of the component h of the
system.

Objective 1.2: Derive necessary conditions and sufficient conditions for
zero-stabilizability (with state constraints) of some reaction-diffusion sys-
tems in population dynamics.

Zero-stabilizability of some reaction-diffusion systems with nonlocal terms (of
reaction or describing migration) has been investigated in [1]. Necessary conditions
and sufficient conditions for the zero-stabilizability of the nonnegative solutions have
been obtained.

Sebastian Aniţa has studied in [1] the zero-stabilizability for the component p of
the solution to the predator-prey system

∂th− d1∆h = r(x)h(x, t)−M(h(x, t))h(x, t) +

∫
Ω

k1(x, x′)h(x′, t)dx′

−F (h(x, t), p(x, t))p(x, t), (x, t) ∈ Q

∂tp− d2∆p = −a2(x)p(x, t) + c2

∫
Ω

k2(x, x′)F (h(x′, t), p(x′, t))p(x′, t)dx′

+χω(x)u(x, t), (x, t) ∈ Q
∂νh = 0, ∂νp = 0, (x, t) ∈ Σ
h(x, 0) = h0(x), p(x, 0) = p0(x), x ∈ Ω .

(5)
Here h(x, t) and p(x, t) denote the density of a prey population and a predator
population, M(h)h is a general logistic term, and the term

∫
Ω
k1(x, x′)h(x′, t)dx′

describes the migration of population h. We have denoted F (h, p) the functional
response to predation and c2F (h(x′, t), p(x′, t))p(x′, t) the numerical response to pre-
dation. This quantity is distributed in Ω via the integral kernel k2. We have assumed
that r, a2, h0, p0 ∈ L∞(Ω), d1, d2, c2 ∈ (0,+∞), k1, k2 ∈ L∞(Ω× Ω)

k1(x, x′) ≥ 0, k1(x, x′) = k1(x′, x) a.e. in Ω× Ω,

k2(x, x′) ≥ 0 a.e. in Ω× Ω,

∫
Ω

k2(x, x′)dx = 1 a.e. x ∈ Ω,

h0(x) ≥ 0, p0(x) ≥ 0 a.e. in Ω, ‖h0‖L∞(Ω) > 0, ‖p0‖L∞(Ω) > 0.

M : [0,+∞) → R is a continuously differentiable and increasing function which
satisfies

M(0) = 0, lim
r→+∞

M(r) = +∞.

Finally, F : [0,+∞) × [0,+∞) → [0,+∞) is Lipschitz continuous, h 7→ F (h, p) is
increasing on [0,+∞) for any p ≥ 0, p 7→ F (h, p) is decreasing on [0,+∞) for any
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h ≥ 0, F (0, p) = 0 for any p ≥ 0, F (h, 0) > 0 for any h ∈ (0,+∞). The hypotheses
on F cover the most important cases for the functional response: Lotka-Volterra,
Holling - k + 1, Beddington-De Angelis.

Our goal (in [1]) is to eradicate the population p which represents an alien preda-
tor population which destroys the ecosystem.

It has been proven in [1] that the nonnegative zero-stabilizability is deeply related
to the sign of λ1(ω), the principal eigenvalue of

−d2∆ϕ(x) + a2(x)ϕ(x)− c2

∫
Ω

k2(x, x′)F (H(x′), 0)ϕ(x′)dx′

= λϕ(x), x ∈ Ω \ ω
ϕ(x) = 0, x ∈ ∂ω
∂νϕ(x) = 0, x ∈ ∂Ω,

(6)

and the sign of λ1γ(ω), the principal eigenvalue of
−d2∆ϕ(x) + a2(x)ϕ(x)− c2

∫
Ω

k2(x, x′)F (H(x′), 0)ϕ(x′)dx′

+χω(x)γϕ(x) = λϕ(x), x ∈ Ω
∂νϕ(x) = 0, x ∈ ∂Ω.

(7)

In (6) and (7), H is the biggest nonnegative solution to −d1∆h(x) = r(x)h(x)−M(h(x))h+

∫
Ω

k1(x, x′)h(x′)dx′, x ∈ Ω

∂νh(x) = 0, x ∈ ∂Ω

(we have proven that the above mentioned problem has at most two nonnegative
solutions and that if two solutions would exist then one of them is everywhere bigger
than the other one).

Here is the main result (Theorem 4.2, [1]):

Theorem 1. (i) If p is nonnegatively zero-stabilizable, then λ1(ω) ≥ 0.
(ii) Conversely, if λ1(ω) > 0, then p is nonnegatively zero-stabilizable and for

large enough γ > 0 the feedback control u := −γp stabilizes p and preserves the
solution nonnegative for (5).

We have proven that in case of nonnegative stabilizability, for the above men-
tioned feedback control, the stabilization rate is that of exp(−λ1γ(ω)t). For large γ,
this rate is close to that of exp(−λ1(ω)t) (and a better rate than this one cannot be
obtained).

We also remark the extremely simple structure of the stabilizing control (of
harvesting type with a constant harvesting rate γ) and that an important related
problem would be that of maximizing of λ1(ω) and of λ1γ(ω) with respect to the
position and the geometry of ω.

The difficulty of the study is due to the nonlinearities as well as to the fact that
the operators involved in (6) and (7) are not self-adjoint. We also had to establish
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a new comparison result for parabolic operators with nonlocal terms, a vital result
in the proof of the theorem.

L.-I. Aniţa, S. Aniţa and V. Arnăutu have proposed in [3] a new method to aprox-
imate the principal eigenvalue λ1γ(ω) and an iterative algorithm which improves at
each step the position of ω by translation (increase λ1γ(ω)). We had to obtain a
new technique because the varational techniques in shape optimization couldn’t be
used.

YEAR 2014

In the second stage of the project we have performed documentation, informa-
tion and joint research activities with specialists from prestigious Universities. We
mention that the scientific results were included in the papers [5]-[8] at the end of
this report and that all the objectives have been fully achieved.

Objective 2.1: Investigate the relationship between the stabilization rate
and the geometry of the support of the stabilizing control.

The zero-stabilizability of the prey population in a predator-prey system using
controls acting in a subdomain and on the predators only has been investigated in
[7]. The dynamics of the two populations is described by a reaction-diffusion system
with logistic terms and nonlocal terms:

∂th(x, t)− d∆h(x, t) = r(x)h(x, t)(1− h(x, t)

K(x)
)

+

∫
Ω

k1(x, x′)h(x′, t)dx′ − F (h(x, t))p(x, t), (x, t) ∈ Q

∂tp(x, t) = −a(x)p(x, t) + c

∫
Ω

k2(x, x′)F (h(x′, t))p(x′, t)dx′

+χω(x)u(x, t), (x, t) ∈ Q
∂νh(x, t) = 0, (x, t) ∈ Σ
h(x, 0) = h0(x), p(x, 0) = p0(x), x ∈ Ω,

(8)

where Ω ⊂ RN (N ∈ {2, 3}) is a bounded domain with a sufficiently smooth
boundary ∂Ω, Q = Ω × (0,+∞), Σ = ∂Ω × (0,+∞) and χω is the characteristic
function of the open subset ω ⊂ Ω, with a sufficiently smooth boundary ∂ω and
such that Ω \ ω is a domain. We have denoted by h(x, t) the density of a prey
population and by p(x, t) the density of a predator population at position x and
moment t. There is no diffusion for p. u(x, t) represents a control acting in ω and
on the population p only.

The main goal is to eradicate the population h acting through u ∈ L∞loc(ω ×
[0,+∞)), 0 ≤ u(x, t) ≤ L a.e. and such that the solution (hu, pu) to (8) to have
both components nonnegative.

If for any initial data such a control exists, we say the nonnegative zero-stabilizability
for h holds. So, we are dealing here with zero-stabilizability with state constraints.
Our attention is focused on the relationship between the stabilization rate and the
geometry of the domain and of the support of the stabilizing control. Firstly we have
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found a necessary condition and a sufficient condition for the zero-stabilizability of
the prey population. These conditions have been expressed in relationship with the
signs of the principal eigenvalues for problems like{
−d∆ϕ(x)− r(x)ϕ(x)−

∫
Ω
k1(x, x′)ϕ(x′)dx′ + γP (x)ϕ(x) = λϕ(x), x ∈ Ω

∂νϕ(x) = 0, x ∈ ∂Ω,

where P (x) =
Lχω(x)

a(x)
a.e. in Ω and γ ∈ [0,+∞). In case of stabilizability, a feed-

back stabilizing control has been proposed. It has been proven in [7] that the stabi-
lization rate is dictated by the magnitude of the principal eigenvalue corresponding
to an appropriate γ. A big principal eigenvalue leads to a fast stabilization of the
prey population. Hence, we get a first relationship between the stabilization rate
and the geometry of the habitat and of the support of the stabilizing control (the
magnitude of the principal eigenvalue depends on the geometric properties of the
domain and of the support of the stabilizing control).

It has been proven in [7] that if the prey population is zero-stabilizable, then

0 ≤ λ1(ω, F ′(0)) ≤
−

∫
Ω r(x)dx+LF ′(0)

∫
ω

1
a(x)

dx∫
Ω dx

and so
∫
ω

1
a(x)

dx ≥ 1
LF ′(0)

∫
Ω
r(x)dx. We

conclude that the subdomain ω has to be sufficiently large and to have a “good”
position in order to satisfy the last inequality.

If we wouldn’t have migration for the prey population and if F (h) = ρh, then if
µ1(ω), the principal eigenvalue for{

−d∆ϕ(x)− r(x)ϕ(x) + ρL
a(x)

χωϕ(x) = µϕ(x), x ∈ Ω

∂νϕ(x) = 0, x ∈ ∂Ω

is positive, we have proven that the prey population is zero-stabilizable and the
stabilization is faster than that of exp(−(µ1(ω)− ε)t), for any ε > 0. On the other
hand

µ1(ω) ≥ β1(ω),

where β1(ω) is the principal eigenvalue for{
−d∆ϕ(x)− r2ϕ(x) + ρL

a2
χωϕ(x) = βϕ(x), x ∈ Ω

∂νϕ(x) = 0, x ∈ ∂Ω.

Here r2 = ‖r‖L∞(Ω), a2 = ‖a‖L∞(Ω). Hence, if β1(ω) > 0, then the prey population
is zero-stabilizable (via the control u ≡ L) and the stabilization is faster than that
of exp(−(β1(ω)− ε)t), for any ε > 0. By Rayleigh’s principle we have

β1(ω) = −r2 + min
ϕ∈H1(Ω),‖ϕ‖H1(Ω)>0

d
∫

Ω
|∇ϕ(x)|2dx+ Lρ

a2

∫
ω
|ϕ(x)|2dx∫

Ω
|ϕ(x)|2dx

.

In the particular case when ω is an open ball, we have proved in [7] that the
maximum of β1(ω) in the class of all Ω of given measure, is achieved when Ω is also
an open ball with the same center as ω. Hence, we conclude that if Ω and ω are open
balls, then the optimal position of ω in order to maximize β1(ω) is achieved when ω
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has the same center as Ω. In order to prove this result we have used rearrangement
techniques. It is also possible to prove (using comparison techniques and the above
mentioned result) than even for more general Ω and ω we get a faster stabilization
when ω has a “central” position with respect to Ω.

The methods presented in this paper may be easily extended to general reaction-
diffusion systems with state constraints. They allow to find positions for ω which
lead to a fast stabilization, and also give information about the stabilization rate.

Objective 2.2: Investigate some optimal control and stabilization prob-
lems in medicine, biology and economics (continued).

Two strategies to diminish a pest population using trap controls have been pro-
posed in [5]. Both investigated problems involve bilinear terms. The optimal control
problems are related to the following model with impulses

∂th = d∆h+ r(x)h(1− h

K(x)
)− g(x)h

+
∫

Ω
k(x, x′)g(x′)h(x′, t)dx′ + f(x, t)− ũ(x, t)χω(x)h, x ∈ Ω, t ∈ R+ \ TN

∂νh = 0, x ∈ ∂Ω, t ∈ R+ \ TN
h(x, jT+) = ρ(x)h(x, jT−), h(x, 0+) = h0(x), x ∈ Ω, j ∈ N∗.

(9)
We have investigated for the beginning the asymptotic behaviour for a model with
periodic rates and inflow. The first control problem is one with finite horizon, the
second one being one with periodic rates and inflow.

For both problems, necessary optimality conditions have been obtained. Some
conceptual algorithms to approximate the optimal controls have also been proposed.
The numerical tests have proven their efficiency.

Let us notice first that a trap attracts and captures a certain ratio of the pest
population which depends on the age of the trap (the time elapsed from the moment
when the trap has been situated at a certain position x ∈ ω). Actually this ratio
decays exponentially. The harvesting rate at position x and moment t is obtained
by cumulating the actions at moment t of all traps situated at position x. So, if
v(x, t) is the density of traps at position x ∈ ω and moment t ≥ 0, and uv(x, t, a) is
the solution to the following age-structured model

∂tu+ ∂au+ ηu = 0, x ∈ ω, t ∈ R+ \ TN, a ∈ (0, T )

u(x, t, 0) = v(x, t), x ∈ ω, t ∈ R+

u(x, jT+, a) = 0, x ∈ ω, j ∈ N, a ∈ (0, T )

(10)

(here η > 0 is the degradation rate of the traps), then the harvesting rate at position
x and moment t is

ũv(x, t) =

∫ T

0

uv(x, t, a)da. (11)

We have assumed that v ∈ L∞(ω× (0,+∞)), 0 ≤ v(x, t) ≤M , a.e. in ω× (0,+∞),
where M > 0. Let V = {v ∈ L∞(ω × (0, L)); 0 ≤ v(x, t) ≤ M a.e. in ω × (0, L)}.
For any v ∈ V we have denoted by hv the solution to (9) corresponding to ũ := ũv
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given by (10) and (11) (we have taken v ≡ 0 in ω× (L,+∞)). The first investigated
problem is the following one

(P1) min
v∈V
{
∫ L

0

∫
Ω

hv(x, t)dx dt+ ζ1

∫
Ω

hv(x, L−)dx+ ζ2

∫ L

0

∫
ω

v(x, t)dx dt},

where ζ1, ζ2 > 0.
If the domain Ω is small we may assume that the rates r, K, g, ρ, k are indepen-

dent of x, ω ≡ Ω and the infusion f satisfies f ∈ L∞(0,+∞), f(t) = f(t+T ), f(t) >
0 a.e. in (0,+∞). Hence, it is natural to investigate the problem with T -periodic con-
trol. Let VT = {w ∈ L∞(0,+∞); w(t) = w(t+T ), 0 ≤ w(t) ≤M a.e. in (0,+∞)}.
It has been proven in [5] that limt→+∞ ‖hv(·, t) − h̃v(t)‖L∞(Ω) = 0, where h̃v is the
unique positive solution to h′ = rh(1− h

K
)− gh+ gh

∫
Ω

k(x′)dx′ + f(t)− ũv(t)h, t ∈ (0,+∞) \ TN

h(jT+) = ρh(jT−), j ∈ N∗.

The conclusion is that for any v ∈ VT we get∫ (n+1)T

nT

∫
Ω

hv(x, t)dx dt+ζ2

∫ (n+1)T

nT

∫
Ω

v(t)dx dt→ meas(Ω){
∫ T

0

h̃v(t)dt+ζ2

∫ T

0

v(t)dt}.

The last convergence leads us to the following natural control problem

(P2) min
v∈VT

{
∫ T

0

h̃v(t)dt+ ζ2

∫ T

0

v(t)dt}

Optimality conditions have been obtained and efficient algorithms to approximate
the optimal controls have been derived.

Paper [6] concerns an economic growth model with taxation of pollution. If
k(x, t) and p(x, t) are the capital and pollution stock at (x, t), then their dynamics
is described by the following system{

kt(x, t) = d1∆k(x, t) + s
1+p(x,t)2f((1− τ(x, t))k(x, t))− δ1k(x, t)− c(x, t)k(x, t),

pt(x, t) = d2∆p(x, t) + θ
∫

Ω
f((1− τ(x′, t))k(x′, t))ϕ(x′, x)dx′ − δ2p(x, t),

(x, t) ∈ Q and by the following boundary and initial conditions

kν(x, t) = pν(x, t) = 0, (x, t) ∈ Σ,

k(x, 0) = k0(x), p(x, 0) = p0(x), x ∈ Ω.

The control c(x, t) ∈ [0, L], and τ(x, t) ∈ [0, 1] represents the taxation level, and the
production function f has the form

f(r) =
α1r

γ

1 + α2rγ
,

8



where α1 ∈ (0,+∞), α2 ∈ [0,+∞), γ ∈ (0,+∞). The proposed level of the taxation
of the pollution is

τ(x, t) =
ρp(x, t)

φ+ ρp(x, t)
,

where ρ, φ > 0. The following optimal control problem has been investigated (we
wish to maximize the profit and to minimize the pollution)

Maxc∈U

∫ T

0

∫
Ω

c(x, t)k(x, t)dx dt−λ0

∫ T

0

∫
Ω

p(x, t)dx dt−λ1

∫ T

0

∫
Ω

ρp(x, t)

φ+ ρp(x, t)
k(x, t)dx dt.

We have obtained optimality conditions and the structure of the optimal controls
(of bang-bang type).

Ana-Maria Moşneagu has considered in [8] a Fisher-like model for a biologi-
cal population that lives in an isolated habitat Ω (satisfying the above mentioned
properties). The author has investigated the optimal position of the support of the
control related to an optimal harvesting problem

Max

∫ T

0

∫
ω

u(x, t)yu(x, t)dx dt,

where u ∈ K, K = {w ∈ L∞(ω × (0, T )); 0 ≤ w(x, t) ≤ L a.e.}, L > 0. u(x, t)
gives the harvesting effort in (x, t) ∈ ω × (0, T ), ω ⊂ Ω is a subset with the above
mentioned properties. The control u(x, t) acts only in ω, and yu is the solution to
the problem

∂ty − d∆y = a(x)y − k(x)y2 − χω(x)u(x, t)y(x, t), (x, t) ∈ QT ,
∂νy(x, t) = 0, (x, t) ∈ ΣT ,
y(x, 0) = y0(x), x ∈ Ω,

where QT = Ω × (0, T ), ΣT = ∂Ω × (0, T ), T > 0, y(x, t) is the population density
at (x, t) ∈ Ω× [0, T ], and y0(x) is the initial density of the population. The author
uses the necessary optimality conditions to determine the position of ω (in the set O
of all translations of an open subset ω0 with sufficiently smooth boundary and such
that Ω \ ω0 is a domain) which inssures the best harvest. Hence, two maximization
problems are considered: the first one, for a fixed ω we find the optimal harvesting
effort; the second one, using the determined optimal control, we investigate the
position of ω which provied the best harvest. Hence, the problem to be investigated
is

Maxω∈OMaxu∈K

∫ T

0

∫
ω

u(x, t)yu(x, t)dx dt.

The author has used techniques from shape optimization. An iterative algorithm
which improves at each step the position of ω has been derived (for the model with-
out logistic term). The numerical tests have shown the efficiency of the theoretical
results and a fast convergence of the algorithm.
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Remark that paper [7] concerns stabilization problems in biology (already dis-
cussed at Objective 2.1). The investigated systems also describe phenomena in
medicine and economics.

YEAR 2015

In the third stage of the project we have performed documentation, information
and joint research activities with specialists from prestigious Universities. We men-
tion that the scientific results were included in the papers [9]–[13] (at the end of this
report) and that all the objectives have been fully achieved. Some of the results
have been presented in some international conferences.

Objective 3.1: Study the optimal control for a reaction-diffusion system
and an economic growth model.

The first optimal control problem investigated here concerns a reaction-diffusion
system for an economic growth and takes into account the pollution (see [9]). A gen-
eral class of production functions is considered, including, in addition to the classical
Cobb-Douglas production function, convex-concave production functions. The dy-
namics of the pollution is modelled via a diffusion equation coupled, via an integral
source, with the geographically distributed production. Reciprocally, we suppose
that the (negative) influence of pollution may be modelled as a negative feedback
acting on the production function, and therefore on capital accumulation. We have
investigated the qualitative behavior of the coupled system. For this purpose we
have used as the main ingredient some refined comparison result for parabolic equa-
tions with nonlocal terms. As a consequence we have proposed and investigate the
following natural optimal control problem for this model:

max
c∈U

∫ T

0

∫
Ω

e−δtc(x, t)k(x, t)dx dt,

where U = {v ∈ L∞(Ω × (0,+∞)); 0 ≤ v(x, t) ≤ L a.e.}, and k(x, t) and p(x, t)
respectively denote the capital stock held by and the pollution stock faced by a
representative household located at x at date t, in a habitat Ω (where Ω ⊂ R2 is
taken as a nonempty and bounded domain with a smooth boundary), and t ≥ 0.
Actually (k, p) is the solution to

∂k

∂t
(x, t) = d1∆k(x, t) +

sf(k(x, t))

1 + p(x, t)2
− δ1k(x, t)− c(x, t)k(x, t), (x, t) ∈ Q0,T

∂p

∂t
(x, t) = d2∆p(x, t) + θ

∫
Ω

f(k(x′, t))ϕ(x′, x)dx′ − δ2p(x, t), (x, t) ∈ Q0,T

∂k

∂ν
(x, t) =

∂p

∂ν
(x, t) = 0, (x, t) ∈ Σ0,T

k(x, 0) = k0(x), p(x, 0) = p0(x), x ∈ Ω,

where Qa,b = Ω × (a, b) and Σa,b = ∂Ω × (a, b). In the above model the symbol f

denotes a production function; we assume it is of the following form

f(r) =
α1r

γ

1 + α2rγ
.

10



Under appropriate hypotheses we have shown that there exists at least one opti-
mal control c∗ and we have derived the first order necessary conditions of optimality.

The second investigated problem (see [11]) concerns an optimal control problem
for a reaction-diffusion system describing a spatially structured dynamic economic
growth model which takes into account the level of pollution induced by production,
and a possible taxation based on the amount of produced pollution. The objective
function takes into account the intertemporal utility of the decision maker, the space-
time average of the level of pollution in the habitat, and the disutility due to the
imposition of taxation. Actually we have here two controls: the level of consumption
and the taxation rate. We have derived the optimality conditions for this optimal
control problem as well.

We investigate in [13] the regional control in some optimal harvesting problems
related to population dynamics; namely we consider the problem of maximizing the
profit for spatially structured harvesting problems with respect to the harvesting
effort and to the subregion ω (of the whole domain Ω) where the effort is localized.
Here we investigate some optimal harvesting problems when the subregion ω (where
the harvesting effort is localized) is given. These optimal harvesting problems are
related to a spatially structured population with a nonlocal logistic term, to an age-
and space-structured population with a logistic term which is local with respect to
space and nonlocal with respect to age, and to a space-structured population model
with a local logistic term. For a fixed subregion ω we state necessary optimality
conditions and get the structure of the optimal control for any of these problems.

Objective 3.2: Develop numerical methods to approximate the optimal
control for optimal control problems related to reaction-diffusion system
with migration and transport.

The goal is to develop and use appropriate numerical methods to approximate
an optimal control for some optimal control problems related to reaction-diffusion
system with migration and transport.

The first order necessary optimality conditions obtained in [9] allow us to im-
plement a Forward-Backward Sweep algorithm in order to approximate the state of
the system, the dual state from the optimality conditions and the optimal control
(harvesting effort). The numerical simulations reported illustrate the effectiveness
of the theoretical results. The optimality conditions obtained in [11] are also used
in order to approximate the optimal control pair. We use the Forward-Backward
Sweep method as well. Some numerical tests are given.

The starting point in paper [12] is the following bilinear control problem which
describes the dynamics of a harvested population

∂tp+ ∂ap+ µ(a, t)p+M(Γ(t))p = −u(t)p, (a, t) ∈ Q
Γ(t) =

∫ A
0
γ(a)p(a, t)da, t ∈ R+

p(0, t) =
∫ A

0
β(a, t)p(a, t)da, t ∈ R+

p(a, 0) = p0(a), a ∈ [0, A),

(12)

11



whereQ = [0, A)×R+ andA ∈ (0,+∞) is the maximal age of the population species.
Here, p(a, t) is the population density for age a and time t, β is the natural fertility
rate and µ is the natural mortality rate, both time-periodic of period T ∈ (0,+∞)
and p0(a) is the initial density of the population of age a; γ(a) is the biomass of
an individual of age a and M(Γ(t)) represents an additional mortality rate due
to the competition for resources. u(t) is a time-periodic (of period T ) harvesting
effort (control). Let c ∈ (0,+∞) be the cost of harvesting effort per unit. For any
u ∈ U = {v ∈ L∞([0,+∞)); 0 ≤ v(t) ≤ U a.e., v is T − periodic}, let pu be the
solution to (12) and p̃u be the biggest nonnegative solution of

∂tp+ ∂ap+ µ(a, t)p+M(Γ(t))p = −u(t)p, (a, t) ∈ Q
Γ(t) =

∫ A
0
γ(a)p(a, t)da, t ∈ R+

p(0, t) =
∫ A

0
β(a, t)p(a, t)da, t ∈ R+

p(a, t) = p(a, t+ T ), (a, t) ∈ Q.

Since, under appropriate hypotheses,
∫ t+T
t

(Γu(s)− c)u(s)ds→
∫ T

0
(Γ̃u(s)− c)u(s)ds,

as t → +∞ (where Γu(t) =
∫ A

0
γ(a)pu(a, t)da and Γ̃u(t) =

∫ A
0
γ(a)p̃u(a, t)da), a

reasonable (periodic) optimal harvesting problem is the following one

(P3) Maximize

∫ T

0

(Γ̃u(s)− c)u(s)ds,

for u ∈ U . Actually, this means we wish to find the periodic harvesting effort which
makes the profit on the time interval [t, t + T ] to tend to a maximum as t → +∞.
Another reasonable optimal harvesting problem is the following one

(P4) Maximize

∫ Tf

Ti

U(Γ̃Ti,Tf (s)− c)ds− ζ(Tf − Ti),

for Ti, Tf ∈ [0, T ], 0 ≤ Ti < Tf ≤ T , where Γ̃Ti,Tf (t) =
∫ A

0
γ(t)p̃Ti,Tf (a, t)da, and

p̃Ti,Tf is the biggest nonnegative solution to
∂tp+ ∂ap+ µ(a, t)p+M(Γ(t))p = −Uχ[Ti,Tf ]p, (a, t) ∈ Q
Γ(t) =

∫ A
0
γ(a)p(a, t)da, t ∈ R+

p(0, t) =
∫ A

0
β(a, t)p(a, t)da, t ∈ R+

p(a, t) = p(a, t+ T ), (a, t) ∈ Q.

(13)

This means that we act with a periodic harvesting effort which is constant U on the
time interval [Ti, Tf ] and is 0 on [0, T ] \ [Ti, Tf ]. Actually, it means that in (13) we
take u ∈ U such that u(t) = Uχ[Ti,Tf ] in [0, T ]. The goal is also to make the profit
on the time interval [t, t + T ] to tend to a maximum as t → +∞. We take into
account the cost of acting in the time interval [Ti, Tf ] (that is ζ(Tf − Ti), where ζ is
a positive constant).

A gradient type algorithm (and using the optimality conditions) allows us to
approximate an optimal control for each of these two problems. In the particular
case of time-independent vital rates and under a natural hypothesis on the logistic
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term, a sophisticated analysis of the optimality conditions allows us to conclude that
the optimal control for the first problem is constant. This particular structure of
the optimal control problems allows us to get much better numerical results. We
find the directional derivative of the cost functional for the second problem. The
gradient type algorithm is applicable here.

The methods used for these last two problems are used in the same manner for
the following reaction-diffusion system with migration and transport

∂tp+ ∂ap+ µ(a, t)p−∆p+M(Γ(t, x))p+ b(x) · ∇p
+
∫

Ω
k(x, x′)p(x′, t)dx′ = −u(t)p, (a, t, x) ∈ O

Γ(t, x) =
∫ A

0
γ(a)p(a, t, x)da, (t, x) ∈ R+ × Ω

∂νp(a, t, x) = 0, (a, t, x) ∈ Σ

p(0, t, x) =
∫ A

0
β(a, t)p(a, t, x)da, (t, x) ∈ R+ × Ω

p(a, 0, x) = p0(a, x), (a, x) ∈ [0, A)× Ω,

where Ω ⊂ RN is a bounded domain with a sufficiently smooth boundary, O =
Q × Ω, Σ = Q × ∂Ω, b ∈ C1(Ω; RN) and k ∈ L∞(Ω × Ω), k(x, x′) ≥ 0 a.e., p0 ∈
L∞((0, A)×Ω), p0(a, x) > 0 a.e. Here p(a, t, x) represents the density corresponding
to age a, time t and position x of a population which is free to move in the habitat
Ω. The homogeneous Neumann boundary conditions show that there is no flux of
population through the boundary.

In paper [13] we get the structure of the optimal control using the necessary
optimality conditions obtained for a fixed subregion ω. Then we reformulate the
maximization problem with respect to the subregion ω, where the harvesting effort
is localized, in a more convenient way. We wish to evidence that such problems
may be treated as shape optimization problems. From a measure theoretic point
of view the geometry of a set ω can be characterized in terms of its Minkowski
functionals, or intrinsic volumes. In 2D there are three such functionals and these
are proportional to more commonly known quantities such as the area, the perimeter
and the Euler-Poincaré characteristic. In [13] we limit ourselves to refer to two of
such functionals, i.e. the area, and the perimeter. From the point of view of our
optimal control problems, in order to optimize the harvesting region, we have to act
on both the area and the perimeter.

A convenient tool for handling the shape of a domain ω in R2 is the so called
implicit interface representation, according to which the boundary of a domain is
defined as the isocontour of some function ϕ. In Ω ⊂ R2 we may represent a subset ω
by means of a function ϕ : Ω→ R called its implicit function as ω = {x ∈ Ω; ϕ(x) ≥
0} (or ω = {x ∈ Ω; ϕ(x) ≤ 0}), while its boundary is defined as the zero level set of
ϕ, ∂ω = {x ∈ Ω; ϕ(x) = 0}. In this way the interior of ω has the following implicit
representation Int(ω) = {x ∈ Ω;ϕ(x) > 0}. A useful tool to carry out integration
over the interior of the domain ω is then the Heaviside function H : R→ {0, 1}. If ϕ
is the implicit function of ω, in order to integrate over ω a function f defined over the
whole Ω we may write

∫
Ω
f(x)H(ϕ(x))dx. If we need to integrate over the boundary

of ω we may then refer to the Dirac Delta function as the generalized derivative of
the Heaviside function H. In fact the directional derivative of the Heaviside function
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in the normal direction at a point x ∈ ∂ω is given by δ̂(x) = H ′(ϕ(x))|∇ϕ(x)|, and,

by using the usual Dirac Delta δ on R, we have δ̂(x) = δ(ϕ(x))|∇ϕ(x)|. Hence
the boundary integral over ∂ω of a function f defined over the whole Ω may be
expressed as

∫
Ω
f(x)δ(ϕ(x))|∇ϕ(x)|dx. In the above it has been taken into account

that, in terms of the implicit function ϕ, the unit (outward) normal to the boundary

at point x ∈ ∂ω can be expressed as n = ∇ϕ(x)
|∇ϕ(x)| .

We denote by yu(x, t) the population density at position x and time t of a
population that is free to move in a habitat Ω ⊂ R2 and is subject to a harvesting
effort u(x, t) (localized in a subregion ω). In [13], our main purpose is to investigate
the following problem

(OH) Maximize
ω

Maximize
u∈Uω

Φω(u),

where Φω(u) =
∫ T

0

∫
ω
[u(x, t)yu(x, t)− cu(x, t)]dx dt− c1length(∂ω)− c2area(ω), and

Uω = {v ∈ L∞(ω×(0, T )); 0 ≤ v(x, t) ≤ L a.e. in ω×(0, T )}, T, L, c1, c2 are positive
constants and c ∈ [0,+∞) (c represents the cost per unit of the harvesting effort,∫ T

0

∫
ω
cu(x, t)dx dt is the cost of the total harvesting effort, and c1length(∂ω) +

c2area(ω) is the cost paid to harvest in the specific subregion ω). It means that we
wish to maximize (with respect to the subregion ω and to the harvesting effort) the
profit – which is the difference between the gain of the harvested population and the
cost of the harvesting effort plus the cost paid to harvest in the subregion ω. One
of the investigated problems is related to yu, the solution to the following evolution
equation

∂ty(x, t)− d∆y(x, t) = η(x)y(x, t)− ζ(x)y(x, t)2 − χω(x)u(x, t)y(x, t), (x, t) ∈ Q
∂νy(x, t) = 0, (x, t) ∈ Σ
y(x, 0) = y0(x), x ∈ Ω.

where T ∈ (0,+∞), Q = Ω×(0, T ), Σ = ∂Ω×(0, T ). Here d ∈ (0,+∞) is a diffusion
coefficient, η(x) is the growth rate at position x (the difference between the fertility
rate and the mortality rate), y0(x) is the initial population density at position x. The
term χω(x)u(x, t)y(x, t) gives the density of the harvested population at position x
and time t. The logistic term ζ(x)y(x, t)2 is local, and shows that the competition
for resources is local and depends on the position x.

Our optimal control problem here includes both the magnitude of the harvesting
effort u ∈ Uω, and the choice of the subregion ω. In view of what we have said about
the implicit interface representation, the problem may be rewritten as

Maximize
ϕ

Maximize
u∈Uω

Ψϕ(u),

where

Ψϕ(u) =

∫ T

0

∫
ω

[u(x, t)yu(x, t)− cu(x, t)]dx dt− c1

∫
Ω

δ(ϕ(x))|∇ϕ(x)|dx

− c2

∫
Ω

H(ϕ(x))dx,
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and ω = {x ∈ Ω; ϕ(x) > 0}. We treat such a problem in two steps: firstly, for a
fixed ω (or ϕ) we derive first order optimality conditions and go further using them
to get the structure of the optimal harvesting effort (control). Next we investigate
the second maximization problem by adapting some shape optimization techniques.

For the sake of simplicity we consider c = 0 and ζ ≡ 0. With appropriate
assumptions the authors proved that we may rewrite the problem as

Minimize
ϕ

{∫
Ω

y0(x)p(x, 0)dx+ c1

∫
Ω

δ(ϕ(x))|∇ϕ(x)|dx+ c2

∫
Ω

H(ϕ(x))dx

}
,

where p is the solution to
∂tp(x, t) + d∆p(x, t) = −η(x)p(x, t)

+LH(ϕ(x))(1 + p(x, t))H(1 + p(x, t)), (x, t) ∈ Q
∂νp(x, t) = 0, (x, t) ∈ Σ
p(x, T ) = 0, x ∈ Ω.

We use the level set approach to treat this last problem. We approximate this
problem by the following (regional harvesting problem) one, where the Heaviside
function H is substituted by its mollified version Hε(t) = 1

2

(
1 + 2

π
arctan

(
t
ε

))
, and

its derivative by the mollified function δε(t) = ε
π(ε2+t2)

.

(ROH) Minimize
ϕ

J(ϕ),

where ϕ : Ω −→ R is a smooth function and

J(ϕ) =

∫
Ω

y0(x)pϕ(x, 0)dx+ c1

∫
Ω

δε(ϕ(x))|∇ϕ(x)|dx+ c2

∫
Ω

Hε(ϕ(x))dx

and pϕ is the solution to
∂tp(x, t) + d∆p(x, t) = −η(x)p(x, t)

+LHε(ϕ(x))(1 + p(x, t))Hε(1 + p(x, t)), (x, t) ∈ Q
∂νp(x, t) = 0, (x, t) ∈ Σ
p(x, T ) = 0, x ∈ Ω.

The following result gives the directional derivative of J :
Theorem 2. For any smooth functions ϕ, ψ : Ω −→ R we have that

dJ(ϕ)(ψ) =

∫
Ω

δε(ϕ(x))[−c1 div

(
∇ϕ(x)

|∇ϕ(x)|

)
+ c2

−L
∫ T

0

(1+pϕ(x, t))Hε(1+pϕ(x, t))rϕ(x, t)dt]ψ(x)dx+c1

∫
∂Ω

δε(ϕ(x))

|∇ϕ(x)|
∂νϕ(x)ψ(x)dσ,

where rϕ is the solution to
∂tr(x, t)− d∆r(x, t) = η(x)r(x, t)

−LHε(ϕ(x))Hε(1 + pϕ(x, t))r(x, t)
−LHε(ϕ(x))(1 + pϕ(x, t))δε(1 + pϕ(x, t))r(x, t), (x, t) ∈ Q

∂νr(x, t) = 0, (x, t) ∈ Σ
r(x, 0) = y0(x), x ∈ Ω.
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The gradient descent with respect to ϕ is
∂θϕ(x, θ) = δε(ϕ(x, θ))[c1 div

(
∇ϕ(x,θ)
|∇ϕ(x,θ)|

)
− c2

+L
∫ T

0
(1 + pϕ(x, t))Hε(1 + pϕ(x, t))rϕ(x, t)dt], x ∈ Ω, θ > 0

δε(ϕ(x,θ))
|∇ϕ(x,θ)| ∂νϕ(x, θ) = 0, x ∈ ∂Ω, θ > 0.

(θ is an artificial time).
From Theorem 2 we derive an iterative algorithm to increase at each iteration

the profit by changing the subregion where the effort is localized. Some numerical
tests are given to illustrate the effectiveness of the theoretical results. The other op-
timal harvesting problems studied in [13] (problems related to a spatially structured
population with a nonlocal logistic term, to an age-and space-structured population
with a logistic term which is local with respect to space and nonlocal with respect to
age, and to a space-structured population model with a local logistic term) can be
treated using the obtained numerical method (which is based on gradient methods
and level set methods).

For the other population models we may use the same methods.

Objective 3.3: Investigate some general optimal control problems related
to reaction-diffusion systems in economics. Part I.

It is considered in [13] a general optimal control problem of the form

(OC) Maximize
u∈U

∫ T

0

G(u(t), yu(t))dt,

where U is a convex and closed subset of L2(0, T ;X) with X a real Hilbert space (a
functional space) and yu is the unique Carathéodory solution to{

y′(t) = f(u(t), y(t)), t ∈ (0, T )
y(0) = y0.

(14)

We assume that (14) is the abstract form of a reaction-diffusion system where the
control acts in a subset ω of the whole domain Ω (and so U depends on ω), and
that for any u ∈ U , (14) has a unique Carathéodory solution. Here f : X × Y → Y ,
G : X × Y → R are continuously differentiable functions (Y is another real Hilbert
space); we denote by fu, fy, Gu, Gy the Gâteaux derivatives with respect to u and y.

Under appropriate assumptions (OC) admits at least one optimal control u∗. If
we may conclude in addition that

u∗(t) = F(yu
∗
(t), p(t)),

then (yu
∗
, p) is the solution to

y′(t) = f(F(y(t), p(t)), y(t)), t ∈ (0, T )
p′(t) = −fy(F(y(t), p(t)), y(t))∗p(t) +Gy(F(y(t), p(t)), y(t)), t ∈ (0, T )
y(0) = y0

p(T ) = 0.
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If in addition we have that f(u, y) = A(u)y (f is linear with respect to y), then
fy(u, y) = A(u). We may conclude that the maximal value of the cost function is

Φ(u∗) = −y0 · p(0)−
∫ T

0

y(t) ·Gy(F(y(t), p(t)), y(t))dt,

where (y, p) is the solution to
y′(t) = A(F(y(t), p(t))y(t), t ∈ (0, T )
p′(t) = −A(F(y(t), p(t)))∗p(t) +Gy(F(y(t), p(t)), y(t)), t ∈ (0, T )
y(0) = y0

p(T ) = 0.

Appropriate maximization problems with respect to ω (when U depends on ω) may
be formulated and treated in the same manner as for (OH).

In [10] the author investigates a phase-field transition system (which is a non-
linear reaction-diffusion system). The qualitative results obtained by the author
can be involved in study of distributed and/or boundary nonlinear optimal control
problems. The results obtained in [10] are useful for the level set method used in
[13] (in order to derive a numerical algorithm to increase the profit by changing the
subregion ω where the effort is localized).
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