
ht. 1. Engng Sri. Vol. 19, pp. W-853, 1981 
Printed in Great Britain. All rights reserved 

W20-7225/8l/060845-Ct9W2osM1.00/0 
Copyright @ 1981 Pergamon Press Ltd. 

DEFECATION OF LOADED ~ICROPOLAR ELASTIC 
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Abstract-In this paper we solve the general problem of deformation of a composite elastic cyiinder. We 
consider the case when the cross-section of the cylinder is occupied by d~erent ~homogeneous and 
anisotropic micropolar elastic materials. The elastic coetikients are assumed to be independent of the axial 
coordinate and are discontinuous, in general, over the surface of separation of the materials. The cylinder is 
subjected to body loads and to tractions on the lateral surface, and to appropriate stress and couple-stress 
resultants over its ends. 

1. INTRODUCTION 
THE DEFORMATION of anisotropic micropolar elastic solids was studied in [I] by using the method 
given in [2], The Saint-Venant’s problem for heterogeneous and isotropic micropolar solids was 
solved in [3], where the solutions of some special problems for a circular cylinder are also 
given. In the case of anisotropic solids the above problem was considered in [4]. 

In the present paper we consider the case of a composite cylinder when the generic 
cross-section is occupied by different inhomogeneous and anisotropic micropolar elastic 
materials. We assume that the elastic coefficients are independent of the axial coordinate and, in 
general, are discontinuous functions on the surface of separation of the two materials. The 
cylinder is subjected to body loads and to surface loads on the lateral surface, and to 
approp~ate stress and couple-stress resultants over its ends. The body loads and the surface 
loads on the lateral surface are supposed to be polynomials of the rth degree in the axial 
coordinate. 

A similar problem in the classical theory of elasticity was treated in [5]. 

2. STATEMENT OF THE PROBLEM 

Throughout this paper we denote by 8 the interior of a right cylinder of the length h with 
the generic cross-section 2 and the lateral boundary B. We use a re~ta~lar Cartesian 
coordinate system Oxk (k = 1,2,3). This system is chosen such that the xraxis is parallel to the 
generators of 9 and x,Oxt-plane contains one of terminal sections. We call S(O) the cross- 
section located at x3 = 0 and X’h’ the cross-section which lies in the plane x3 = h. 

We shall employ the usual summation and differentiation conventions: Latin subscripts are 
understood to range over the integers 1, 2, 3, whereas Greek subscripts are confined to the 
range 1,2; summation over repeated subscripts is implied’; subscripts preceded by a comma 
denote partial differentiation with respect to the corresponding Cartesian coordinate. 

Let I_, be the ~~dary of the generic cross-section S. We denote by L1 and Lz two disjoint 
subsets of L such that L = Ll U Lz. Let r be a curve contained in I; satisfying the condition 
that L, U F is the boundary of a domain S, contained in I: such that C, fl 2, = 4. We suppose 
that X, are C”-smooth domains[6]. 

In what follows we consider the linear theory of micropolar elasticity for anisotropic and 
inhomogeneous solids[7,8]. We suppose that 2, and 2, are occupied by two different elastic 
materials. We assume that the elastic coefficients relative to 2,,, A& IV&i and C&i, are 
functions only of x1 and x2. 

Let us denote by ?r the surface of separation of the two materials, and by SP the domains 
occupied by these materials. The functions A$$, I?$$: and C$i are supposed to belong to c” on 
2,, and the elastic potential corresponding to the body which occupies the domain $$, is 
assumed to be a positive definite quadratic form. We can consider W as being occupied by an 
elastic medium which, in general, has elastic coefficients discontinuous over the surface n: 

The basic equations of the linear theory for anisotropic and inhomogeneous micropolar 
elastic solids are [7,8], 
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Equilibrium equations 

tji. j + F$” = 0, mjj, j + Eirrt,,~ + Mip) = 0, in CR,,, (2.1) 

constitutive equations 

kinematic relations 

eij = Uj. i t Eji#,, Kij =I Cpj, ir in LBep (2.3) 

In these equations we have used the following notations: t,-components of the stress tensor: 
~ij-components of the couple-stress tensor; ~i-compouents of the displacement vector; qi- 
components of the microrotation vector; F~)-components of the body force vector acting in 
9$,; M~%omponents of the body-couple vector acting in $$EP; eij, Kjj-kinematic characteristics 
of strain; t-ilk-alternating symbol. The elastic coefficients satisfy the symmetry relations 

To the eqns (2.1)-(2.3) we must adjoin the continuity conditions requested in passing from 
one medium to another and the ~undary conditions on lateral surface and the conditions on 
the ends. Thus we assume that 

where it has been indicated that the expressions in the parentheses are calculated for the 
domains 9, and S2, respectively, and va are the direction cosines of the vector normal to TT, 
outward to %r. 

On the lateral surface we assume the conditions 

where B,, are subsets of B corresponding to the two materials and n, are the direction cosines 
of the outward normal to B. 

We assume that the loading applied on I$“’ is statically equivalent to a force R(Ri) and a 
couple ~(~;). On E”‘) there are applied toads in a way which fulfills the equilibrium conditions 
of a rigid body. Thus, for x3 = 0, we have the following conditions 

As in fl, 2,S], we assume that the functions Fp’, My’, Pfp) and Q$@’ are polynomials of 
degree r in the axial coordinate x3, that is 

where F$‘, M$f’? Pjf and Q$) are prescribed functions which are supposed to belong to C”. 
The problem consists in the solving of the eqns (2.1)-(2.3) with the conditions (2.4) (2.5) 

and (2.6) (2.7) in the case when the loads are given by (2.8). 
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3. THE METHOD OF SOLVING OF THE PROBLEM 

Let us denote by A the problem of determining a solution of the eqns (2.1)-(2.3) with the 
continuity conditions (2.41, the boundary conditions (2.5) and the conditions (2.6) and t2.7) on 
5?’ in the case when 

In (3.1) n is a positive integer or zero and the functions Fk), M$), Pig’ and Q$) are prescribed. 
If we know the solution of the problem A for any n, then, according to the linearity of the 

equations~ we can determine the solution of the general problem. We denote by A@’ the 
problem A for n =OandbyA(k’theprob~emAwhenn=k~k=1,2,...,r)andR,=~j=0. 

Ef we denote by tiik and $!$, respectively, the components of displacement vector and the 
components of microrotation vector from the problem A(“) (k = 0, I, . . . , r), then the solution of 
the general problem has the form 

Thus, in order to solve the general problem we use the method of induction. In Section 4 we 
will solve the probem A w In Section 5 we shall establish the solution of the problem A@+‘) . 
when the solution of the problem A(“) (with Ri = Mi = 0) is known. 

On the other hand, in order to solve the problem Ack) (k = 0, I,. . . , r) we shall use four 
auxiliary plane strain problems PCs), (s = 1,2,3,4). These problems P(‘) (s = 1,2,3,4) are 
characterized by the equations 143 

the boundary conditions 

and the conditions 

In the above relations we have used the notations 
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The necessary and sufficient conditions for the existence of a solution belonging to C”(& U 
L,) r7 c”(& U L2) cl C”(Z), for the boundary value problem (3.2)-(3.6) are[4] 

Taking into account the relations (3.7)-(3.9), it is easy to show that the necessary and sufficient 
conditions (3.10) for the existence of the solution of the problem PCS) are satisfied for each 
boundary value problem. Therefore, in what follows we can assume that the functions ujs), ?I’), 
t$) and rn$’ (s = 1,2,3,4) are known. 

If we introduce the notations 

then we can write the relations (3.4}-(3.6) in the following form 

4. UNIFORMLY LOADEDCYL~NDERS 

In this section we solve the problem A(“. Therefore, we assume that 

Flp) = F$‘(xi, x2), Mlp) = M#(x,, x2), in L!&, (4.1) 

and 

Pip) = #(x1, x2), Q? = Q#(xl, x2), on BP (4.2) 

We seek a solution of the eqns (2.1)-(2.3) in %,,, which satisfies the conditions (2.6) and (2.7) on 
C(O) and (2.4) on 7r, and the conditions (2.5) on B, when the loads are given by (4.1) and (4.2). We 
try to solve the problem assuming that 

1 1 1 
u, = - z u,x; - 6 box: - 24 c,x’: t e3cxs 

( 
1 1 

a4x3+2 64x'tg c4x; 

x2)+x30 (x, x3 a 7 1 

u3 = (a,~, t u2x2 + 4)x3 t ; (b,x, t bzx2 + b3)x: +A (c,x, t ~2x2 + c3)x: 

u, + bsx3 t ; c,x: ujs’s w&xl, x2) + x3u3(xf, x2), 

1 1 
q3x3+j b,x$+t;q& ~‘,~‘+x~(~,,x~)+x~SI~(X,~XZ). 

al=a4x,+fb,x:t~clx:+~~ cpY’ t X&I, x4 + x3qlrdx1, ~21, (4.3) 
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where up) and 40:‘) are the solutions of the problems PCS), (s’= 1,2,3,4), defined in the above 
section, wi, xi, vi and (G;- are unknown functions and a,, b,, c, (s = 1,2,3,4) are unknown 
constants. We determine the unknown functions and the unknown constants in (4.3) such that 
(4.3) to be the solution of the problem A@‘. 

In view of the notations (3.1 l), if we use the relation (4.3) in (2.2) and (2.3), we obtain 

where 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4-g) 

(4.9) 

Taking into account the relations (3,12), the equilibrium eqns (2.1) reduce to 

Using the conditions (3.13) and (3.14), from the boundary conditions (2.5) we get 

[T&alp = PW- IS2&1,, IP&rlp = C%‘- In%,l,, on L,, 

[@&LIP = -[d34& IA&alp = -Id&& on Lp, 

whereas from (2.4) we obtain 

(4.12) 

(4.13) 
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Let us consider the boundary value problem of plane strain defined by the relations (4.6), 
(4.7), (4.1 I), (4.13) and (4.15). The necessary and sufficient conditions (3.10) for the existence of 
the solution of this problem reduce to 

(4.16) 

The first two conditions (4.16) are satisfied on the basis of eqns (3.12H3.14). The remaining 
conditions lead to 

i L,,c,, = 0, (m = 3,4), (4.17) 
,=I 

where 

The similar conditions for the existence of the solution of the plane strain problem (4.5) 
(4.7), (4.10), (4.12) and (4.14) are 

$ [ 1 
p=l L, 

(QAP$‘~ + @?I)) ds + L (c3,px,F$‘d + @!I du] + [, ~~~~~~~~~~~ 3 + m33, 3L,=o da = 0. 
P 

(4.19) 

On the basis of the equilibrium eqns (2.1) we can write 

t3,,3 = [fa3 + E3pu(mjo, j + M$J)l,3 + X,(~,J. i + B19.3 = [(&&3),~ + XJ33.31.3 •t l 3d%3~i3 

= (Xafp3.3 + e3vampu. 3).p + x,f33, 33 + c3pam38. 33 = 
i [ 

x, 2 Uh + C.J3)78 

,i (b, f c,sx3)pg! + AS” + r$!]}~s + x*t33.33 i- c3pum38,337 

such that from (3.12)-(3.14) it follows 

Thus, the first two conditions (4.19) reduce to 

where 

(4.20) 
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As in [2,4] we can prove that the system (4.17), (4.20) uniquely determines the constants c, 
(s = 1,2,3,4). Thus, the conditions (4.16) are satisfied and in what follows we assume that the 
functions ui, $;, oij and A, are determined. 

The remaining conditions from (4.19) lead to 

(4.21) 

The equilibrium equations and the boundary conditions lead to 

By using this relation, from the conditions (2.6) we obtain 

From the eqns (4.21) and (4.22) we can determine the constants b, (s = 1,2,3,4). Thus, the 
conditions (4.19) are satisfied and in the following we consider the functions IV;, xi, Tij and CLij to 
be known. 

For the unknown constants a, (s = 1,2,3,4), from (2.7) we obtain the following system 

Therefore, the unknown functions and unknown constants in (4.3) are determined in the 
following order. Firstly, from the system (4.17) and (4.20) we determine the constants c, 
(s = 1,2,3,4). Then, the conditions (4.16) are satisfied so that the plane strain problem 
characterized by the eqns (4.6), (4.7), (4.1 l), (4.13) and (4.15) determine the functions ai and #+ 
From the system (4.21) and (4.22) we obtain the constants b, (s = 1,2,3,4). The conditions 
(4.19) are satisfied SO that the plane strain problem characterized by the relations (4.5), (4.7), 
(4. IO), (4.12) and (4.14) determine the functions wi and xi* Finally, from (4.23) we determine the 
constants a, fs = 1,2,3,4). 

5. RECURRENCE PROCESS 

Let us establish the solution of the problem A(“+l) assuming that the solution of the problem 
A(“) (in which R; = Mi = 0) is known. As the solution of the problem A(“) is known for any F$$, 
MI;‘, Pk’ and QjE’, we can know the solution of the problem A(“) for I+‘)= F$A+,,(x,, x&x;, 
M?‘) = M$+&, xJxi, Pip) = P$‘~+&I, x&v; and QI”‘= Q$,!+r,(x,, x&y. We denote by UT 
and cp1 the components of the displacement vector and the microrotation vector of this 
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problem. Let tQ and m$, respectively, the components of the stress tensor and the couple- 
stress tensor corresponding to ui and cp:. 

We seek the solution of the problem A(“+‘) in the form 

ffi = (n f 1) ufdXj+ Ui 
> 

7 pi=(nt 1) (5.1) 

where Ui(Xr, x2, x3 and cbi(Xr, x2, x3) are unknown functions. 
The components of the stress tensor and the couple-stress tensor are given by 

tij=(“+l)(~ffdX,+q+g~~‘~, m,=(ntl)(ldilm~dX,+o,+hif’), (582) 

where 

Taking into account (5.2), the equilibrium equations lead to the following equations 

where 

Gy’=g$& tr:;(xl,x2,0), H Ip'= h',Pif, t ffij&ff)t t?lfi(Xg, X2*0)+ 

From the conditions (2.4) and (2.5) we obtain 

(5.6) 

where 

0!i = (g$-g$QV,, Ai = (h’,i- hzj)VU, p$” = -g’,Pi)&, qiP’ = -hs’h,. (5.9) 

Then, from the conditions on C(O) we obtain 

where 

(5.10) 

(5.11) 

One can see that GtP’, HIP’, $Ii, Ai, pip’ and qf” are functions only of xl and x2. Therefore, for 
the determination of the unknown functions Vi and di we obtain a problem similar to A”‘, 
characterized by the eqns (5.3)-(M), (5.7) and (5.8). If Ri = Ai = 0 then this problem reduces to 
that solved in the above section. It is easy to see that for sli# 0 or hif 0 the solution has the 
same form as in (4.3). However, by using the divergence theorem, from (5.6), (5.9), (4.17) and 
(4.20) it follows that c, = 0 (S = I, 2,3,4). Then, from the ~undary value problem correspond- 
ing to (4.6), (4.7), (4.11), (4.13) and (4.15) we obtain Ui = $i = 0. From (5.6), (5.9)-(5.11) (4.21) 
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and (4.22) we get b, = 0 (s = 1,2,3,4), so that the solution (5.1) take the form 

9: dX3 t ii t xi e (5.12) 

In (5.12) we denoted by I*i(U,), &(a,) the components of displacement vector and the 
components of microrotation vector, respectively, which are ob~ined from (4.3) taking c, = 
b, = 0, Vi = $i = W; = xi = 0. It is known that ai( $[(u,) represents the solution of the problem 
of extension, bending and torsion[4]. Thus the general problem is solved. 

Finally, we examine an alternative form of solution. If we take into account the recurrence 
process and the solution (4.3) it follows that we can also seek the solution of the general 
problem in the form 

(5.13) 

In (5.13) up), cp?’ are the solutions of the auxiliary plane strain problems defined in Section 3, 
U@‘(X, x2) @k’(X,, x2) (k = 0 1 
o:l,..‘., ’ ’ 

, ,a**, r t 1) are unknown functions and a(r;’ (s = 1,2,3,4; k = 
r t 2) are unknown constants. The unknown functions and the unknown constants in 

(5.13) can be determined by the procedure described in Section 4. 
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