
Int. J. Engng Sci. Vol. 25, No. 7, pp. 935-947, 1987 
Printed in Great Britain. All rights reserved. 

0020-7225187 $3.00 + 0.00 
Copyright 0 1987 Pergamon Journals Ltd 

THE LAGRANGE IDENTITY METHOD IN 
LINEAR THERMOELASTICITY 

S. RIONERO? 
Dipartimento di Matematica e Applicaziom, “R. Caccioppoli”, Universitl di Napoli, 

Via Mezzocannone 8, 80134 Napoli, Italy 

and 

S. CHIRITA 
Mathematical Seminarium, University of Iasi, 6600-Iasi, Romania 

Abstract-Coupling the Lagrange identity method with the weight function method, uniqueness 
and continuous dependence theorems in bounded and exterior domains in linear thermoelasticity 
are obtained. Recourse to an energy conservative law or to any boundedness or definiteness 
assumptions on the thermoelastic coefficients is avoided. 

1. INTRODUCTION 
The Lagrange identity method has been used by Brun [l] in conjunction with an energy 
conservation law in the linear theories of thermoelasticity and viscoelasticity in order to 
establish uniqueness of the solution to the initial boundary value problems on bounded 
three-dimensional regions. The main feature of Brun’s analysis is that the uniqueness result 
is obtained without recourse to any definiteness -assumption on, for instance, the elastic 
coefficients. 

In order to derive certain HGlder continuous dependence results with respect to the 
initial data in linear thermoelasticity, Knops and Payne [2] and Wilkes [3] have used the 
logarithmic convexity method. Further, this method was coupled by Chiritg [4] with the 
weight function method (see e.g. [5-7]), in order to establish the uniqueness and the Hijlder 
continuous dependence theorems with respect to the initial data and supply terms, as well 
as the thermoelastic coefficients in linear thermoelasticity on unbounded exterior domains. 
These analyses are restricted to the case when the temperature or the displacement is 
prescribed on the boundary surface and some restrictions are imposed on the thermoelastic 
coefficients. However, we should point out that the use of the logarithmic convexity method 
in nonlinear hyperelasticity enable to obtain uniqueness and continuous dependence results 
under only comparatively mild assumptions on the strain energy function [8,9]. 

Recently, the Lagrange identity method was extended by Galdi, Knops and Rionero 
[lo] in order to obtain results for uniqueness and continuous dependence on the initial 
data in the initial boundary value problems of linear elasticity on unbounded three- 
dimensional regions. Some advantages of their approach are indicated concerning the 
poSsible extensions to some classes of weak solutions. 

In this paper we establish the uniqueness and continuous dependence of the solutions 
with respect to the body force and heat supply for the initial boundary value problems 
from the linear thermoelasticity. As a consequence, these results imply the continuous 
dependence on the initial data and the thermoelastic coefficients. The results are obtained 
for bounded regions as well as the exterior unbounded regions and the half-space regions. 

Our analysis proves that the use of the Lagrange identity method in linear thermoelasticity 
allows us to avoid some restrictions used in [2-41. In fact, we shall obtain the uniqueness 
and continuous dependence theorems without recourse either to an energy conservation 
law or to any boundedness assumptions on the thermoelastic coefficients. Further, we 
remark that our method is completely elementary and avoid the use of any definiteness 
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assumptions on the thermoelastic coefficients other than the positiveness of the thermal 
conductivity tensor. Finally, we point out that we are also able to treat any initial boundary 
value problem of linear thermoelasticity by the present method. 

2. NOTATION AND BASIC EQUATIONS 
Throughout this section we consider a thermoelastic solid occupying in the reference 

configuration the properly regular region B of the euclidean three-dimensional space E3. 
We assume that B is bounded by the piecewise smooth surface 8B [I 11. 

As it is well known [12], the system of governing equations for linear thermoelasticity 
is 

piii = sij,j + pb,, (1) 

eOri = -4i.i + P& (2) 

sij = CijmnU,,, + mije, 17 = -mijui,j + $0, qi = -kije,j, (3) 
0 

In B x (0, T), T > 0. In the above relations we have used the following notations: ui are 
the displacement vector components, 0 is the variation of temperature measured from the 
absolute temperature 8, (>O) of the initial state, p(x) (pl 2 p(x) 2 p. > 0) is the mass 
density associated with reference configuration, sij are the stress tensor components, n is 
the specific entropy per unit volume, qi are the components of the heat flux vector, b, are 
the components of the body force vector per unit mass and rc is the heat supply per unit 
mass and unit time. Throughout this paper the Latin indices have the range 1, 2, 3; while 
the Greek subscripts are understood to range over the integers 1, 2; summation over 
repeated subscripts is implied; subscripts preceded by a comma denote partial differentiation 
with respect to the corresponding Cartesian coordinate xi; and a superposed dot denotes 
the derivative with respect to the time variable. Finally, the thermoelastic coefficients Cijrnn, 
mij, c and kij are assumed to be prescribed functions of xsr continuous differentiable on B, 
satisfying the symmetry 

kij = kji. (4) 

A consequence of the Clausius-Duhem inequality is the following 

kijcitj 2 0 for all li. (5) 

Along with (1) to (3) we shall assume that the following standard initial and boundary 
conditions hold 

&(x,0) = d,(x), wko) = w, XEB, (6) 

Ui(X, t) = t&(x, t) on 3Bl x (0, T), 

8(x, t) = 0(x, t) on aB, x (0, T), 

~ij(~, t)nj = Z~(X, t) on 8B, X (0, ‘I’), 

qi(X,t)ni = q(~,t) on dB, X (0, T), (7) 

- - 
where dB, v aB, = aB, u aB, = aB. and aB, n i?B, = aB, n dB, = 0. Furthermore, n, 
are the components of the outward unit normal vector on aB, and dB,, and ci, di, cr, iii, 
&, g and 4 are prescribed sufficiently smooth functions. 

Throughout this paper it is assumed that a twice continuously differentiable solution 
(ui, 0)(x, t) exists satisfying the eqns (l)-(3) and the conditions (6) and (7) on a maximal 
interval of existence. Possible extension to a class of weak solutions will be apparent from 
the subsequent analysis. 
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3. BOUNDED REGIONS 
In this section we shall consider that the thermoelastic solid occupies the properly 

regular region B. First of all, we shall extend the Lagrange identity method in order to 
examine the uniqueness and the continuous dependence of the solutions upon the body 
force and heat supply for the initial boundary value problems defined by the relations 
(l)-(3), (6) and (7). Further, we also derive as a consequence the continuous dependence 
of solutions with respect to the initial data and the thermoelastic coefficients. 

Let us denote by (us”), P), (v = 1,2), the solutions of the initial boundary value problem 
(l)-(3), (6),and (7), corresponding to the initial data and supply terms (ci, d,, a; iii, Si, 8, 
q; b$“, K(‘)}, (v = 1,2). If we introduce the notations 

0. = UP’ - u!l) 
I I I P 

x = (j(2) - e(l), 

tij = CijmnVm,n + mijY.9 Pi = -kij~,j, 

F. = bt2’ - b!” I I I) 
p = #&2) _ &) 

7 (8) 

then the differences Vi and 1 represent the solution of the initial boundary value problem 
defined by 

Pfii = (CijmnVm,n + mijX1.j + PFiv (9) 

Fi = mijtii,j + $(kijx,j),i + $p, 
0 0 0 

in B x (0, T), and 

Vi(X,O) = 0, &(x,0) = 0, x(x, 0) = 0, XEB, (11) 

0Xx, t) = 0 on aB, X (0, T), [Cijm,(X)V,,,(x, t) + mi,(x)x(x, t)]nj = 0 on 8B2 X (0, T), 

X(X, t) = 0 on dB, X (0, T), [ki~x),,{x, t)]ni = 0 on 8B, X (0,7’). (12) 

Let U,(x, t) and l$(x, t) be functions assumed to be twice continuous differentiable with 
respect to time variable t. We have the following Lagrange identity 

s * 
p(X)[Ui(X, t)~(X, t) - rii(X, t)~~X, t)]dl/= Is P(4C~ik 4k 4 

B OB 

- ii~X,S)~(X,S)]dVdS + p(X)[Vi(X,O)~(X,O) - rii(X,O)~~X,O)]d~ (13) 

In what follows we shall use this identity in the sense devised by Galdi et al. [lo]. Thus, 
we proceed by setting 

ui(x, T, = vi(x, 7)s Iqx, z) = VAX, 2t - z), t E L-O, 2t1, tE 0,; ) 
1 > 

(14) 

so that (13) becomes 

pCvi(2t - s)&(2t - s)]dVds, (15) 

where we have omitted explicit dependence of functions on their spatial argument, and 
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also employed the initial conditions (11). We next eliminate the inertial terms on the right 
of the relation (15) by means of (9) and then integrate spatially by parts the resulting 
expression and use (4) and (12) to obtain 

+ j$F,(s)uA2t - s) - F,(Zc - s)uAs)]dVds, (16) 

Further, we use the eqn (10) and the initial conditions (11) in order to obtain 

so that, with the aid of (12), we get 

Therefore, the identity (16) takes the form 

pttfdt - X(2f - s) f ] P(&is dVcls 

+ p[F,(S)vi(2t - S) - Fi(2t - s)vi(S)]dVds, tE 0,; . 
c > 

(17) 

Since 

dV* + 
ss 

$ k<jx,j(2t - s) 
s 

’ X,i(odSdVds, 
OB 0 0 
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with the aid of (4), from (17) we get 

= s’s p[Fi(s)vi(2t - s) - Fi(2t - s)u,(s)]dVds 
08 

This identity constitutes the basis on which we shall establish the uniqueness and the 

continuous dependence results. Thus, we have 
Theorem 3.1. Suppose that the thermoelastic coefficients satisfy the symmetry relation 

(4) and that the thermal conductivity tensor kij is positive definite in the sense that there 

exists positive constant k, so that 

kij<itj 2 k,ri5i for all ti. (19) 

Let (u~‘),@~)) and (ui , (*) tY2)) = (u(l) + vi, Ocl) + x) be two solutions to the initial boundary 

value problem defined by (l)-(i), (6) and (7), corresponding to the same boundary and 
initial data and the same body force and heat supply. If c?B, is not empty or c(x) # 0 in 

B, then necessarily we have 

Ui(X, t) = 0, x(x, t) = 0 for all (x, t) E B x [0, T). (20) 

Proof. By taking into account the hypotheses of theorem, the identity (18) implies 

s B 

pui(r)ui(t)dI’+ ~~~kij(&l.i(s)dS)(~~I,j(s)ds)d’d~ = 0, r’[O>$). (21) 

In view of the relation (19) from the identity (21) it results 

Ui(X, t) = 0, X,i(Xyt)=O OIIBX (22) 

If dB, is not empty, then from (22) and (12) we get 

Ui(X, t) = 0, X(x,t)=O onBx (23) 

If c(x) # 0 in B, from (22) and (10) we obtain that x(x, t) = 0 on B x 
( > 

0, 
T 

Then the 
relation (11) implies that (23) again holds true. 2 . 

If T is infinite then the proof is complete. If T is finite, we proceed as in [I]. We set 

ui(x3z) = 09 fii(XyT) = 0, x(X,;) = 0, 

and repeat the above procedure on [T/2, T/2 + T/4] in order to extend (23) on B x CO,3 T/4); 
and so on. Thus, we obtain the relation (20). The proof is complete. 

Remark 3.1. The Theorem 3.1 represents a uniqueness result similar to that obtained by 



940 S. RIONERO and S. CHIRITA 

Brun in [l]. However, we do not use any energy conservation law. It is worth noting that 
in the above theorem T may be taken as infinity. 

The identity (18) may be used in a suitable manner in order to obtain the continuous 
dependence upon the body force and heat supply on the compact subintervals of [0, T) 
for the solutions of the initial boundary value problems defined by (l)-(3), (6) and (7). 
Thus, we have 

Theorem 3.2. Suppose that the thermoelastic coefficients satisfy the symmetry relation 
(4). Let (ui (I), (j(l)) and (ui(*), &*)) = (,i(i) + ui, 19(i) + x) be two solutions to the initial 
boundary value defined by (l)-(3), (6) and (7), corresponding to the same boundary and 
initial data and the body forces and heat supplies (bi”, f&l)), and 
(bi(*‘, I&*)) = (bi” + Fi, K(~) + P), respectively. We suppose that there exists T, ~(0, T) so 
that 

pFi(S)Fi(S)dVdS f Mf 3 P(<)de)*dVds < M;, 

and 

T. 

pVi(S)o,(S)dVds < M*, ss 0 

+(s)dVds < N*. 
B 0 

(24) 

Then we have the following estimate 

< MT, 
1 

l/2 

pFi(s)Fi(s)dVds 

P(S)dS)*dVds]l’*, T E [O,$j. (25) 

Proof. By the application of the Schwa& inequality we obtain the following estimates 

ss pF,(s)u,(2t - s)dVds < 
08 

pFi(S)Fi(S)dVdS 1 
ii* 

po,(2t - s)u,(2t - s)dVds) 

= pF,(s)F,(s)dVds pUi(S)u,(S)dVdS]l’* < M[ CS, pFi(S)FfiS)dVdSl”i; 

ss - pF,(2t - s)u,(s)dVds < 
08 

PFi(s)F,(s)d Vds )I 
l/Z 

pui(s)ui(s) dVds 

T. 

[S s 1 

112 

GM pF,(s)FiW Vds ; 

0 B 
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From the identity (18) and the estimates (26) and by an integration over [(Jr], 

T 
TE O,A ) 

c 1 2 
we obtain the inequality (25). The proof of theorem is complete. 

We now deduce from the Theorem 3.2, as a consequence, the following continuous 
dependence theorem upon the initial data. 

~~eo~e~ 3.3. Let us suppose that the thermodastic coefficients satisfy the symmetry 
relation (4). Let (uj”‘, 8”)) and (U i2’ 0t2’) = (ui’) + Wi, O(l) + +) be two solutions to the initial , 
boundary value problem defined by (l)-(3), (6) and (7), corresponding to the same boundary 
data and the same body force and heat supply and to the initial data (c~l),~‘),~(l~) and 
(cl”‘, d;“, ac2)) = (c~“+_&dj” + gi,afl) + cp), respectively. We suppose that 

where 

If we set 

ItO = $-) CptX) - mijtx)A,j(x)- 

0 

(27) 

and (Ui, 2) satisfies the conditions (24), then we have 

w 
< NT, (T5’3 + 7’52) s pgigPV+ (T12/2 + T.) s 1 p,/&H 

3 B 

Proof. It is easy to see that (ai,x) defined by (27) satisfies (9)~(12), with 

Therefore, the inequality (28) follows from Theorem 3.2. 
A further consequence of the Theorem 3.2 is the following continuous dependence 
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theorem upon the thermoelastic coefficients. 
Theorem 3.4. Let (ui’), @“)) and (a~“! @2)) = (uf” + uir @(lj + x) be two solutions to the 

initial boundary value problem defined by (l)-(3), (6) and (7) with dB, = 8B, = 1;17?, 
corresponding to the same boundary and initial data and to the same body force and heat 
supply and to the thermoelastic coefficients {Cj$,, rnjj’, c(l), k$‘> 
ct2), k$)f = (C$,, + rijmn, m$) + 

and {C& ml:j), 
A ij,E(lj f I;, kjf) + Aij], respectively. Let the hypotheses 

(4) be satisfied. Under perturbations (ui,x) satisfying (24), any solution (z+,O) of (l)-(3), 
(6) and (7), for which 

(Ui,jUi,j f 8,16,j + 82 + Ui,jmUi,jm + rii,jlii,j $- U,ijB,ij)dVdS ~ M:, 

depends continuously on the thermoelastic coefficients on 0,: in 
i 1 

Proof. From (l)-(3), (6) and (7) it follows that (t+,x) satisfies (9)-(12) with (Cijmn, mij, c, 
k,) = (C~~~“,rne),c”‘,ke’l. and 

The theorem then follows from Theorem 3.2. 
Remark 3.2. With a view toward establishing the results for a class of weak solutions, 

we point out that by replacing the conditions (24) on the perturbations (vi,& by the 
following inequalities 

then the constraint from the above theorem on the solutions (ui, 6) should be replaced by 
the weaker constraint 

Moreover, this allows to avoid any hypotheses on the derivatives of the various coefficients. 

4. EXTERIOR UNBOUNDED REGIONS 

In this section we establish the uniqueness of the solution to the initial boundary value 
problem given in Section 2 in the case when the thermoeiastic solid occupies the exterior 
Q of the bounded region B. We also derive an estimate from which we obtain the continuous 
dependence of the solution on the body force and heat supply. As a consequence we obtain 
the continuous dependence of solution with respect to the initial data. These results are 
obtained on the basis of the weighted Lagrange identity. 

TNote that for dB, # 0 or 8B, # 1;7 the perturbed boundary conditions become inhomogeneous. For this 
reason we rule out these cases. They may be treated as a consequence of the study of continuous dependence of 
solutions with respect to the boundary data (see [13]). 
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The formulation of the initial boundary value problem is completed for the exterior 
unbounded domain by specifying the asymptotic behaviour of the solutions at large spatial 
distances. Thus, we set on the perturbations (ui,x) the conditions 

I”il? IXI, lCijmnum,n + mijXI, kij 
s 

xJS)dS 1 = O(eaR), as R = (X( + Co, (29) 
0 

where a is a positive constant. We also impose the conditions 

lim a2Q1(T,) = 0, 
a-0 

lim a2Q2(ZJ = 0, 
u-0 

(30) 

in which Ql(t) and Q2(t) are defined by 

Qt(t) = ss ieeaR(C 
0 np 

ipmUm,n(S) + mijx(s)WCijpqup,q(s) + mijX(s)W Vds, 

Let us introduce the weight function 

h(x) = eMuR, R = 1x1. (32) 

We then have the basic weighted Lagrange identity 

s P(XP(X)C ui(X, t) C(X, t) - 0,(x, t) V/;x, t)ld I’ 
n 

= P(X)h(X)CUi(Xv s) &A s) - ifi(X, S) K(X, s)]d Vds 

+ s P(X)h(X)CUJX, O)Qx, 0) - 0,(X, O)KJx, O)]dr (33) 
R 

Proceeding in the same manner as in the above section, with the choice (14) and with the 
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aid of the notations (8) and the relations (9)-(12) and the conditions (29), from (33) we 
deduce the following identity analogous to (18), 

= ph[Fi(s)ui(2t - s) - Fi(2r - s)u,(s)]dI’ds 

hJ[ui(s)tij(2t - s) - ui(2t - s)t,,(s)]dI’ds 

pJOd5 - X(2r - s) (34) 

An immediate consequence of this identity is the following uniqueness result. 
Theorem 4.1. Suppose that the thermoelastic coefficients satisfy the symmetry relation 

(4) and that the thermal conductivity tensor kij is positive definite. Let (u~“,@~)), and 
(#iZ’,#2)) = (ui” + vi, #g(l) + x) be two solutions to the initial boundary value problem 
defined by (l)-(3) in R x (0, T), (6) in Q and (7), corresponding to the same boundary and 
initial data and the same body force and heat supply. We suppose that there exists 
T,E(O, T) such that 

T. 

IS pu,(s)v,(s)dI’dS < M2, 
0 n 

(35) 

If cYB, is not empty or c(x) # 0 in R, then in the class of perturbations (uir x) satisfying (29) 

(30) and (35), we have 

Ui(X, t) = 0, x(x, t) = 0 for all (x, t) E R x [0, T,). (36) 

Proof. By using the Schwarz’s inequality and the relation (32) we obtain 

h,jui(s)tij(2t - s)dVds = - 
SI 

aR,jhui(s)tij(2t - s)dI’ds 
OfI 

T. 

< M[a2 
ss 

’ tij(S)tij(S)dVds]“2; 
0 flp 

- ss h,jUi(2t - s)tij(s)dVds S [a’ 
OR 

(37) 
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Therefore, from (34) and (37) and by an integration over [0, t], 7 E O,? 
[ 1 

, we deduce 

(38) 

Finally, we let a -+ 0 in (38) and use (30) and (31) in order to obtain 

Further, we can use the inequality (39) to obtain (36) in the same way as in the proof of 

Theorem 3.1. 
Theorem 4.2. Suppose that the thermoelastic coefficients satisfy the symmetry relation 

(4). Let (ui” + e(l)) and (zJ~~‘,@~‘) = (ui” + ui, e(l) + x) be two solutions to the initial 

boundary value problem (l)-(3) in R x (0, T), (6) in R and (7), corresponding to the same 
boundary and initial data and to the body forces and heat supplies (bi”,~(“) and 
(bi2’, j&2’) = (bi” + Fi, K(I) + P), respectively. We assume that 

< Mf, T. E (0, T). 

In the class of perturbations (ui,x) satisfying (29), (30) and (35), we have the following 
estimate 

Pui(T)ui(T)d v + [h& [ kj( X,i(s)ds)( X,j(s)ds)dJ’dt G M’U J: CS, PFAsFi(s)d Vdsl l/2 

T. 

+ NT,C ss s 0 

;( ’ P(&lt)2dVds,i/2, 
T 

7E 0,’ . 

520 0 [ 1 2 

Proof. By a straightforward combination of the arguments used in the proof of Theorem 
3.2 and Theorem 4.1 the proof is obtained. 

A further consequence of the above theorem is the following continuous dependence 
result upon the initial data. 

Theorem 4.3. Let us suppose that the thermoelastic coefficients satisfy the symmetry 
relation (4). Let (uil’, @” and (ui”, fY2’) = (uil’ + wi, @l’ + $) be two solutions to the initial 
boundary value problem defined by (l)-(3) in R x (0, T), (6) in R and (7), corresponding 
to the same boundary data and the same body force and heat supply and to the initial 
data (cl”, di”, a(l)) and (cC2’,, CJ(~‘) = (ci” +A, di” + gi, o(” + cp). respectively. We suppose 
that 

In the class of perturbations (ui,x) defined by (27), satisfying (29), (30), and (35), we have 
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the following estimate 

< MT,[( T,3/‘3 + T,2/2) 
s 

pgigi (dI’ + (Tf/2 + T,) pf,f,dI’] 1’2 
n s n 

+ (20)- 1’2NT:‘2( s !b ;dV)“2, T 
TE 0,’ . 

np [ 1 2 

We also note that a continuous dependence result with respect to the thermoelastic 
coefficients may be stated. 

5. THE HALF-SPACE REGIONS 

In this section we outline the applicability of the Lagrange identity method to the half- 
space regions and to regions with non-compact boundary other than the half-space. 

For convenience, we shall identify our Cartesian coordinates (x1, x2, x3) with (x, y, z). 
Furthermore, we shall consider that the region R is the half-space z > 0, such that the 
boundary surface Kl is the plane z = 0. The formulation of the initial boundary value, 
problem stated in Section 2 it is now completed by the following asymptotic behaviour 
for the perturbations (vi, x), 

l”il, IX19 ICijmnum,n + mijX1, lkij 
s 

X,j(s)dsl = O(exp(yrs)ed’)as.z, I = (x2 + Y~)I'~ + 00, 

0 

for positive constants /I, y and 6. Moreover, we suppose that 

lim ([S2YV(T,)]“2 + [r2/?2Z,(T,)]112} = 0, 
Y,a-10 

(v = 1,2), 

where 

Yl@) = rs exd - v-pk-az~- ’ CCi3mnum,n(S) + m&)1 CCiapqup,q(s) + mi,X(s)ldVds, 
OCl t 

w = ss exp( - y+%-a’(p~o)- Ykai dvds, 
OR 

Z,(t) = rs exp( - yrs)e -aZr2(B-1)p-1[C. 0 ,Yrn” In,” (S) + mi,x(S)] [CivpqUp,q(S) + mi,X(s)]dVds, 
OR f 

Z,(t) = ss exp(-yr@)e-a’rZ(fl- “(pBo)- ‘(k,i X,j(r)dr)dl/dS. 
OR 

The uniqueness and continuous dependence of the solutions on the initial data and 
supply terms will be established in the class of functions satisfying the boundedness 
conditions 

T. 

pu,(s)u,(s)dVds < M2, ss 0 

;X2(s)dI’ds < N2. 
fl0 



941 The Lagrange identity method in linear thermoelasticity 

We introduce the weight function 

h(r, 2) = exp( - yra)e+, r = (x2 + y2)‘j2, 

for positive constants /?, y and 6, and substitute this into the Lagrange identity (34). In this 
case the last two integrals from (34) are estimated as follows 

f 

II 
h,jui(s)tij(2t - s)dVds = h,,ui(s)ti,(2t - s)dVds + h,,oi(s)ti,(2t - s)dVds 

OR 11 OR U OR 

=- 

SI 

Shv,+)t&t - s)dVds - 
r1 

y/P - ‘r,,hv&,,(2t - s)d Vds 
On OR 

* 

G C( 
ss 

phvi(sbi(sN Vds)( 
ss 

h2 h ti,(2t - s),,(2t - s)dVds]“2 
Ofl on p 

t 

+ C( 
ss 

PhUkbi(s)dJ’ds)( 

Ofl ss 

r,(2t - s)ri,(2t - s)dVdS)]“2 
Oil 

y2p2r2’B- 1,: 

d ~{cs2Y,(T)l”2 + Cr2p2z,K)11’2). 

We shall use the above type estimates to obtain uniqueness and continuous dependence 
in a manner analogous to the way (37) is used in the proof of Theorem 4.1. 

Finally, we remark that the above discussion can be applied to regions contained in 
some half-spaces, provided the boundary is such that application of the divergence theorem 
remains valid. 
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