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Abstract--In this paper we establish new uniqueness and continuous data dependence theorems 
appropriate to the fundamental dynamic and quasi-static boundary value problems in linear theory of 
viscoelasticity. On the basis of Lagrange identity and weight function methods, we obtain the results 
for bounded regions as well as for exterior unbounded regions without definiteness conditions on the 
initial elasticity and the equilibrium modulus and without recourse to conservation law of energy. 
Moreover, we use the Lagrange identity to obtain new reciprocal relations for dynamic and 
quasi-static boundary value problems. 

1. INTRODUCTION 

The Lagrange identity method has been widely used by Brun [l, 2] in the linear dynamic 
theories of thermoelasticity and viscoelasticity to establish uniqueness of the solution to the 
initial boundary value problems on bounded three-dimensional regions. As regards the linear 
theory of viscoelasticity with the symmetric relaxation tensor G(a), the uniqueness of solution 
has been established in [2] under the assumption that -G(O) be positive definite and e(e) and 
e(.) be bounded functions. The proof makes use of an energy conservation law and it is based 
on a Volterra type lemma. A similar Volterra type lemma has been previously used by 
Edelstein and Gurtin [3] to establish uniqueness of solutions under the assumption that the 
relaxation tensor G be initially symmetric and initially positive definite. A technique based 
upon logarithmic convexity arguments has been developed by Wilkes [4] to obtain uniqueness 
and continuous initial data dependence results under the assumption that G(o) - G(a) be 
dissipative in the sense of Gurtin and Herrera [5]. In [l-4] results have been obtained by 
means of energy arguments. 

In the present paper we use the Lagrange identity method in the sense described by Rionero 
and Chirifg [6] for linear thermoelasticity. Our investigations on the use of the Lagrange 
identity method in linear viscoelasticity may roughly be divided into the following four principal 
directions: (a) to establish uniqueness and continuous dependence theorems for dynamic 
theory of viscoelasticity on bounded regions; (b) to establish uniqueness and continuous 
dependence theorems for quasi-static boundary value problems on bounded regions; (c) to 
extend the results of the above points for exterior unbounded regions; (d) to obtain new 
reciprocal relations for dynamic and quasi-static theory of viscoelasticity. 

The main feature of our analysis consists in the fact that it avoids the recourse to an energy 
conservation law and hence it may be readily adapted to deal with a weak solution whose 
definition can be formulated without this property. 

Another feature of the analysis is related to the fact that the results are established without 
definiteness conditions on the initial elasticity and the equilibrium modulus. Specifically, for 
dynamic theory of viscoelasticity the uniqueness and continuous dependence results are 
established under the assumption that -G(e) be of positive type in a sense explained later. For 
quasi-static boundary value problems the results are established under the assumption that 
either G(e) or -G(a) is of positive definite type. 

In order to extend the results to exterior unbounded regions we couple the Lagrange identity 

method with the weight function method in the same manner as in [6] and [7]. 
1023 



1024 S. RIONERO and S. CHIRITA 

2. PRELIMINARIES 

For convenience, the notation and terminology chosen is almost identical to that of [S]. 
We consider a viscoelastic body 8 with boundary 3% in the three-dimensional Euclidean 

point space ‘Z. By an admissible state for % we mean an ordered triplet [u, E, S] consisting of a 
vector displacement field u and symmetric tensor strain and stress fields E and S defined on 5% 
An admissible process for 8 is an ordered triplet [u, E, S] whose value [u, E, S](t) is an 
admissible state at each time t. By an initial past history we mean a past history [v, R, T] whose 
values are admissible states for PXl. We say that [II, E, S] has initial past history [v, R, T] up to 
time t = 0, if and only if, [u, E, S] satisfies the initial past-history condition 

[II, E, S](x, t) = [v, R, T](x, t), on L% x (-co, 0). (2.1) 

If [II, E, S] is an admissible state which satisfies the initial past-history condition (2.1) then u 
meet the initial conditions (at time t = 0) 

u(x, 0) = ,“y_ v(x, t) = u,(x), Ii@, 0) = hl_ i(x, t) = iI&). (2.2) 

By a dynamic viscoelastic process for 53 corresponding to the relaxation tensor G, the mass 
density p and the body force b we mean an admissible process [u, E, S] for % such that: 

(a) the values of u, E, and S are continuous fields on %; 
(b) the displacement u is a process of class C* whose values are of class C* vector fields on 

9; 
(c) on $53, the processes II, E, and S satisfy the equation of motion 

div S + pb = pii, 

the constitutive equation 

(2.3) 

S(t) = G(O)E(t) + I’ k(t - s)[E(s)] ds, 
-Jj (2.4) 

and the strain-displacement relation 

E =; (Vu + Vu’). (2.5) 

In the above relations we have used the following notations: div and V denote the divergence 

and gradient operators; superimposed dots denote differentiation with respect to the time 
variable; where no confusion may occur, we suppress the dependence upon the spatial variable. 
Further, we assume that for any pair of symmetric tensors A and B 

A * G[B] = B - G[A], (2.6) 

where the dot (a) denotes the appropriate inner product. Day [9] has shown that the relaxation 
function is symmetric if and only if the work done on every closed path starting from the virgin 
state is invariant under time-reversal. 

By a solution to the dynamic viscoelastic boundary value problem corresponding to {G, p, b; 

ii, !$; [v, R, T]} we mean a dynamic viscoelastic process for 3, [u, E, S], corresponding to {G, 
p, b} that satisfies the initial past-history condition (2.1) and the boundary conditions 

u(x, t) = i(x, t) on d913, X (-w, a), (2.7) 

S(x, t)n = S(x, t) on dPZ& x (-m, m), (2.8) 

where d’31 and a32 are arbitrary subsets of 3% so that d%$ U ~3%~ = ~35% and d$?& n 6’$$ = 0, 
and n is the outward unit normal vector on 3%. Under a lot of assumptions on G, Dafermos 
[lo, 111 showed the existence and asymptotic stability of the solution to the dynamic 
viscoelastic boundary value problem. 

By a quasi-static viscoelastic process for 6% corresponding to {G, p, b} we mean an 
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admissible process [II, E, S] such that: 
(a’) the values of u, E, and S are continuous fields on a; 
(b’) the values of u are of class C2 vector fields on a; and 
(c’) on 3, u, E, S satisfy the equation of equilibrium 

div S + pb = 0, (2.9) 

and the constitutive equation (2.4) and the strain-displacem,ent relation (2.5). 
By a solution to the quasi-static boundary value problem for 5% corresponding to {G, p; b; ii, 

8; [v, R, T]} we mean a quasi-static viscoelastic process for 3, [u, E, S], corresponding to 
{G, p, b} which satisfies the boundary conditions (2.7) and (2.8) and the initial past-history 
condition (2.1). 

With a view toward establishing uniqueness and continuous dependence theorems, we 
introduce the following definition. 

Definition. We say that @(a) is of positive type if for every symmetric tensor A(.) in Co on 

[O, m), 
I I 

q(t) = 
II 

A(s) - @(2t -s - r)[A(r)] dr d.s 2 0 for all r in [0, m). (2.10) 
0 0 

We say that @ is of positive definite type if @ is of positive type and nA(f) = 0 on [0, m) implies 
A(s) = 0 on [0, m). 

In fact, in the subsequent analysis we have need that -G(e) to be of positive type or positive 
definite type. Thus, the relation (2.10) takes the following form 

I f 

- If A(s) - G(2t - s - r)[A(r)] dr d.r > 0 for all t in [0, 03). 
0 0 

(2.11) 

As it is easily seen, such an inequality is satisfied, for instance, by any relaxation tensor G(a) of 
the form 

G(t) = Go + i )ciGi exp(-pi It]), (2.12) 
i=l 

where Ai and pi are positive constants and Gi (i = 1,2, . . . , n) are positive tensor fields. 
Remark. A similar definition has been introduced by Gurtin and Sternberg [12] (see also 

[8]), in order to establish uniqueness of quasi-static processes when the solid in question is 
characterized by relaxation or creep functions that vanish initially. However, our definition of a 
positive type function differs essentially from that in [12]. Our assumption (2.11) there seems to 
be connected with the dissipated power inequality studied by Brun [2] to prove that a linear 
viscoelastic system with instantaneous elasticity to be a Biot system. 

Finally, we introduce for a past-history [v, R, T] the following notation 

T,(t) = 1” &(t - s)[R(s)] d.s. 
-m 

(2.13) 

3. DYNAMIC LINEAR VISCOELASTICITY 

In this section we study the question of uniqueness and continuous data dependence of a 
dynamic viscoelastic process for a bounded region .%. In this connection we first establish a 
Lagrange identity that will be basic to the proofs of uniqueness and continuous data 
dependence theorems and the reciprocal theorems. 

LEMMA 1. Let 9 be a regular region of space and let G be symmetric. Let [II, E, S] and [u’, E’, 
S’]_be solutions to the dynamic viscoelastic boundary value problem corresponding to {G, p, b; 
i, S; [v, R, T]} and {G, p, b’; ii’, $‘; [v’, R’, T’]}, respectively. Then for each time t 3 0, 

d 
1 pu(t) - u’(t) dV - 1’ jr/ E(s) - G(2t - s - r)[E’(r)] dV dr ds 

dtgB 0 0 D 
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= I 
I 

p[u(O) . i’(2t) + i(0) . u’(2t)] dV + If p[u’(t + s) . b(t - s) 
5B 0 !?a 

-u(t-s).b’(t+s)]dVcis+ ’ [E(t-s).T;(t+s)-E’(t+s)*T,(t-s)]dVds 

+ ’ [u’(t+s).S(t-s)n-u(t-s).S’(t+s)n]dads. (3.1) 

PROOF. Let f(., s) and g(*, s) be vector fields assumed to be twice continuously differentiable 
with respect to time variable s. Obviously, we find that 

; @[f(s) * k(s) - 64 * &)I) = Pm) * ii!(s) - %> * gb)l. (3.2) 

By the integration of the identity (3.2) over 98 x (0, t), we deduce 

I p[f(t) . g(t) - i(t) . g(t)] dV = i’ 1 p[f(s) . g(s) - i(s) . g(s)] dV d.r 
SB 0 98 

+ 
I 

p[f(O) . t(O) -i(O). g(O)] dV. (3.3) 

We now set 
Czi 

f(x, t) = li(x, t - t), g(x, t) = u’(x, t + t), t E [O, t], t E (0, @J), (3.4) 

where [II, E, S] and [u’, E’, S’] are solution: to the dynamic viscoelastic boundary value 
problem for 93 corresponding to {G, p, b; ii, S; [v, R, T]} and {G, p, b’; ii’, 9’; [v’, R’, T’]}, 
respectively. Thus, the relation (3.3) becomes 

; 
i 

I 
pu(t) . u’(t) dV = 

93 li 
p[u’(t + s) . ii(t - s) - u(t -s) * ii’(t + s)] dV d.r 

0 48 

+ 
I 

(3.5) 

p[u(O) . i’(2t) + i(0) * u’(2t)] dV, t E (0, m). 
48 

Taking into account the equation of motion (2.3), the constitutive equation (2.4), the relation 
(2.13), the strain-displacement relation (2.5) and the symmetry relation (2.6), we get 

p[u’(t + s) . ii(t -s) - u(t - s) . ii’(t + s)] = u’(t + s) . [div S(t - s) + pb(t - s)] 

- u(t - s) - [div S’(t + s) + pb’(t + s)] = div [S(t - s)u’(t + s) - S’(t + s)u(t - s)] 

p[u’(t + s) - b(t - s) - u(t - s) - b’(t + s)] + S’(t + s) - E(t - s) - S(t -s) . E’(t + s) 

= div [S(t - s)u’(t + s) - S’(t + s)u(~ - s)] + p[u’(t + s) - b(t - s) 

- u(t - s) + b’(t + s)] + E(t - s) . T;(t + s) - E’(t + s) . T,(t - s) 

+ E(t -s) . (I,“’ k(t + s - r)[E’(r)] dr) - E’(t + s) . (I,” 6(t - s - r)[E(r)] dr). (3.6) 

We now substitute the relation (3.6) into (3.5) and we use the divergence theorem in order to 
obtain 

; I pu(t) . u’(t) dV = j- p[u(O) - i’(2t) + i(O) - u’(2t)] dV 
xi !?a 

’ + p[u’(t + s) - b(t -s) - u(t -s) * b’(t + s)] dV d.s + 
J-I 

[E(t -s) .T;(t +s) 
0 B 

-E’(t++T,(t-s)]dVd.s+ 
II 
: sue [u’(t + s) . S(t - s)n - u(t - s) * S(t + s)n] da ds 

+[ I, {E(t-s) - (6’” ii(t+s-r)[E’(r)] dr) - E’(t + s) * ([-s k(t -s - r)[W)l dr)} dV cb. 

(3.7) 
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If we make use of an appropriate change of variables and we interchange the orders of 
integration, as we may, then after a short calculation we deduce that 

E(t - s) . &(t + s - r)[E’(r)] dV dr d.s 

E(s) . i;(2t - s - r)[E’(r)] dV dr & 

f f = 111 E(s) * (;(2t -s - r)[E’(r)] dV dr dr 
0 0 D 

+ K’1, 
E(s) + &(2t -s - r)[E’(r)] dV dr d.s; 

E’(t + s) . G(t -s - r)[E(r)] dV dr ds 

=- E’(s) - &(2t - s - r)[E(r)] dV dr ds. (3.8) 

In view of the relations (2.6) and (34, from (3.7) we deduce the identity (3.1). The proof is 
complete. 

We are now in a position to state and proof the theorems on uniqueness and continuous data 
dependence and on the reciprocal relations. 

THEOREM 1. (Reciprocal theorem.) Let % be a regular region of space and let G be symmetric. 
Let [II, E, S] and [u’, E’, S’] be solutionsAto the dynamic viscoelastic boundary value problem 
for 3, corresponding to {G, p, b; ii, S; [v, R, T]} and {G, p, b’; ii’, fi’; [v’, R’, T’]}, 
respectively. Then for each time t 2 0, 

f 

II 
p[u(t -s) l b’(t + s) + u(t + s) - b’(t -s)] dV ds + 

0 D II 
of ase [u(t - s) - S’(t + s)n 

+u(t+s).S’(t-s)n]dad.s- 
II 

’ [E(t-s).T;(t+s)+E(t++T;(t-s)]dV& 
0 98 

+ 1 p[u’(O) l i(2t) + i’(O) . ~(241 dV = [I, ,o[u’(t - s) . b(t + s) 
98 

+u’(t+s).b(t-s)]dV&+ 
If 
or a9B [u’(t - s) - S(t + s)n + u’(t + s) . S(t - s)n] da ds 

’ - 
II 0 a 

[E’(t -s) - T,(t + s) + E’(t + s) - T,(t -s)] dV dF + 1 p[u(O) - i’(2t) 
B 

+ i(0) - u’(2t)] dV. (3.9) 

PROOF. The symmetry of the relaxation tensor implies the symmetry in [II, E, S] and [u’, E’, S’] 
of the left-hand side of the relation (3.1). Thus, the reciprocal relation (3.9) is a direct 
consequence of the identity (3.1). 

REMARK. It should be mentioned that entirely different types of reciprocal theorems have been 
given by IeSan [13]. 

THEOREM 2. (Uniqueness.) Let S _be a regular region of space. Suppose that the relaxation 
tensor G is symmetric and that -G is of positive type and p > 0. Then there is at most one 
solution to the dynamic viscoelastic boundary value problem. 

PROOF. Because of linearity it is clearly sufficient to show that the only solution of the dynamic 
viscoelastic boundary value problem for ‘53 corresponding to {G, p, 0; 0, 0; [0, 0, 0]} is the 
following 

[u, E, S] = [0, 0, 01. (3.10) 
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In this aim we take into (3.1), [u’, E’, S’] = [u, E, S] a solution to the dynamic viscoelastic 
boundary value problem corresponding to {G, p, 0; 0, 0; [0, 0, 01). Thus, the identity (3.1) 
takes the form 

BY 

% 
I 

I f 
pu(t) . u(t) dV - 

Hi 
E(s) - G(2t -s - r)[E(r)] dV dr d.s = 0, t E (0, 00). (3.11) 

98 0 0 5?a 

an integration of (3.11) over [0, r], we get 

E(s) - G(2t -s - r)[E(r)] dV dr ds} dt = 0, t E [O, m). 

(3.12) 

Since -G is of positive type and p ~0, in view of the relations (2.4), (2.5) and (2.11), we 
deduce from (3.12) the relation (3.10). Thus, the proof is complete. 

THEOREM 3. (Continuous dependence upon the body force.) Let 99 be a regular region of 
space. We assume that G is symmetric and that -G is of positive type and p > 0. Let [II, E, S] 
be a solution of the dynamic viscoelastic boundary value problem for 93 corresponding to {G, 
p, b; 0, 0; [0, 0, O]}. If there exist the positive constants M,, M2 and T, so that 

T 

II 
T 

pb(s) - b(s) dV ds s M:, 
0 CA If pu(s).u(s) dVdss M;, (3.13) 

0 22 

then we have the following estimate 

I,P.(~).U(~)dV_br(l:j:f~ E(s) * G(2t - s - r)[E(r)] dV dr ds] dt 

=sM,T (I'l rW) *b(s) dV h)l", t E[O, T/2]. (3.14) 

PROOF. Under the hypotheses of theorem, the identity (3.1), with [u’, E’, S’] = [u, E, S], 
implies 

- c(2t -s - r)[E(r)] dV dr ds} dr 

p[u(t + s) - b(t - s) - u(t - s) - b(t + s)] dV ds 
I 

dt. (3.15) 

By the application of Schwarz’s inequality to the terms on the right-hand side of (3.15), with 
(3.13) we deduce f 
If 

112 

pu(t+s).b(t-s)dVdsc ,ou(t+s).u(t+s)dVd.s pb(t-s).b(t-s)dVds 
0 0 

sM2 (~~TI,pb(~).b(s)dVds)1'2: 

- ,ou(t-s).b(t+s)dVds<M, (6’ i, pb(s) - b(s) dV ds) “‘. (3.16) 

If we substitute the estimates (3.16) into (3.15), we deduce the inequality (3.14) and the proof 
is complete. 

THEOREM 4. (Continuous dependence upon the.boundary data.) Let 3 be a regular region of 
space. Suppose that G is symmetric and that -G is of positive type and p > 0. Let [u, E, S] be 
a solution of the dynamic viscoelastic boundary value problem for S corresponding to {G, p, 0; 
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i, $; [0, 0, 01). If there exist the positive constants M3, M4, M,, M6 and T so that 

T 

II 
T 

i(s) - i(s) da ds 6 M;, 
0 3% If g(s) . g(s) da d.r < MS, (3.17) 

0 3% 

T 

S(s) . S(s) da d.r c M:, 
If 

u(s) . u(s) da ds s M& 
0 au&, 

(3.18) 

then we have the following estimate 

I,pu(“).u(‘)dV-bT(1661, E(s) . G(2t - s - r)[E(r)] dV dr d.r 
I 

dt 

cM,T i(s) . i(s) da cb >,, + Met(lTl,, i&s) - s(s) da ds)i”, t E [0, T/2]. (3.19) 

PROOF. In view of the hypotheses, from the identity (3.1), with [u’, E’, S’] = [u, E, S], we get 

I pu(t) . u(t) dV - 
Bl 

I,’ (lrl’jB E(s) - G(2t - s - r)[E(r)] dV dr d.s} dt 

r I 
= 

I UI 
[i(t + s) * S(t - s)n - i(t -3) * S(t + s)n] da d.s 

0 0 NJ, 

+ lj-R[u(t+s).8(t-s)u(r-s)*~(t+s)]dads]dt. (3.20) 

Further, by using Schwa&s inequality and the relations (3.17) and (3.18) we obtain 

f-f 
or a48, [fl(t + s) * S(t - s)n - i(t - s) . S(t + s)n] da ds < 2M,( IT 1 

> 

l/2 
i(s)-i(s) da d.r ; 

0 3% 

If ; ~~[u(r+s)~~(‘-~)-u(t-~).~(r+s)]duds~2M~(~~~ a~ g(s) . g(s) da dr )“*. (3.21) 
0 

If we use the estimates (3.21) into (3.20), we easily deduce the estimate (3.19). The proof is 
complete. 

THEOREM 5. (Continuous dependence upon the initial data.) Let B be a regular region of 
space. Suppose that G is symmetric and that -G is of positive type and p > 0. Let [u, E, S] be 
a solution of the dynamic viscoelastic boundary value problem for W corresponding to {G, p, 0; 
0, 0; [v, R, T]}. If there exist the positive constants M2, iW7, . . . , Ml1 and T so that the 
conditions (3.13)2 are satisfied and 

T 

If 
T 

pi(s) . i(s) dV d.s s M:, If E(s) - E(s) dV d.r < Mf, (3.22) 
0 9B 0 98 

I 

T 

pu‘,.u,dVsM;, 
sa I 

,&.+,dVsM:,, 
If 

T,(s) - T,,(s) dV ds s M:,, (3.23) 
D 0 ye 

then we have the following estimate 

j;(2t - s - r)[E(r)] dV dr ds] dt 

> 

l/2 1 l/2 

pu,-u,dV + z Mz T’” p&.&,dV 

+M,T ( lT 5, To(s) . To(s) dV h)“*, t E [0, T/2]. (3.24) 
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PROOF. Notice that (3.1), with [u’, E’, S’] = [u, E, S], now implies 

E(s) . G(2t - s - r)[E(r)] dV dr dr} dt 

= 
i 

pu,.u,dV + 
9 II 

0’ sB p[u,, . i(2t) + &, - u(2t)] dV dt 

+ [E(t - s) . T,(t + s) - E(t + s) . T,(t - s)] dV d.s dt, (3.25) 

where ~0 and i. are defined by (2.2). The inequality (3.24) results from (3.25) by means of 
Schwarz’s inequality and by using the relation (3.22). 

4. QUASI-STATIC LINEAR VISCOELASTICITY 

In this section we consider the quasi-static linear theory of viscoelasticity. The problem of 
establishing uniqueness for quasi-static viscoelastic processes has been studied by Gurtin and 
Sternberg [12] under the assumption that the solid is isotropic and the relaxation functions are 
initially positive definite. Theorems established in [12] fail to assure uniqueness if the initial 
elasticity tensor is of non-definite type. The proof in [12] rests on the Volterra’s lemma which 
does not cover the above cases. The degenerate case when G(0) = 0 was discussed in [12]. 

It is the aim of this section to obtain uniqueness of quasi-static viscoelastic processes 
corresponding to a relaxation tensor for which G(0) is of non-definite type. Moreover, we 
establish the continuous data dependence theorems and some new reciprocal theorems 
different from those established in [12] and [14]. With a view toward proving these, we start 
with an identity similar to that established in the above section. 

LEMMA 2. Let 9 be a regular region of space and suppose that G is symmetric. Let [u, E, S] 
and [u’, E’, S’] be solutions to the quasi-static boundary value problem for 99 corresponding to 
{G, p, b; i, S; [v, R, T]} and {G, p, b’; ii’, $‘; [v’, R’, T’]}, respectively. Then for each time 
t 20, 

- I’ I’ \ 
009 

E(s) . G(2t - s - r)[E’(r)] dV dr ds = 6 I, p[u’(t + s) . b(t - s) - u(t - s) 

. b’(t + s)] dV d.s + 
II 
d a~ [u’(t + s) - S(t - s)n - u(t - s) * S’(t + s)n] 

.dad.s+ 
II 

’ [E(t-+T;(t+s)-E’(t++T,(t-s)]dVds. (4.1) 
0 98 

PROOF. For the pair of solutions under consideration we apply the obvious identity 

’ 
II 

{u(t--s) . [div S’(t + s) + pb’(t + s)] - u’(t + s) . [div S(t - s) + pb(t - s)]} dV d.s = 0. (4.2) 
0 % 

Further, we use the divergence theorem and the relations (2.4), (2.13) and (3.8) to obtain from 
(4.2) the relation (4.1). The proof is complete. 

Note that the identity (4.1) enables us to establish an entirely different type of reciprocal 
theorem specific to quasi-static linear theory of viscoelasticity. Thus, we have 

THEOREM 6. (Reciprocal theorem.) Let 93 be a regular region of space, let G be symmetric and 
let [u, E, S] and [u’, E’, S’] be solutions to the quasi-static boundary value problem for 93 
corresponding to {G, p, b; ii, S; [v, R, T]} and {G, p, b’; ii’, 9’; [v’, R’, T’]}, respectively. 
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p[u’(t + s) . b(t - s) + u’(t - s) - b(t + s)] dV ds + [u’(t +S)+S(t-s)n 

+u’(t-s).S(t+s)n]dads- ’ [E’(t+s)*T,(t-s)+E’(t-s).T,(t+s)]dV& 

= p[u(t + s) . b’(t -s) + u(t -s) * b’(t + s)] dV ds + 

+u(t--).S’(t+s)n]dad.r- * [E(t+s)+T;(t--s)+E(t-s).T;(t+s)]dVdr. (4.3) 

THEOREM 7. (Uniqueness.) Let 93 be a regular region of space, let G be symmetric, and 
assume that either G or -G is of positive definite type. Then any two solutions of the 
quasi-static boundary value problem corresponding to the same data are equal modulo a rigid 
displacement. Moreover, if 393, is non-empty, then the quasi-static boundary value problem 
has at most one solution. 

PROOF. According to the linearity of the problem it is sufficient to prove that 

[n, E, Sl = [w, 0, 01, w-rigid displacement, (4.4) 

is the only solution to the quasi-static boundary value problem for 93 corresponding to {G, p, 
0; 0, 0; [0, 0, 01). From the identity (4.1), we deduce 

E(s) - G(2t -s - r)[E(r)] dV dr ds = 0. (4.5) 

Clearly, the conclusion of theorem then follows from (4.5) and (4.4) by using the definiteness 
of G. 

REMARK. Breuer and Onat [15] have proven a uniqueness theorem by using scalar response 
functions of positive type. Gurtin and Sternberg [12] showed that this assumption is more 
restrictive than those of Volterra [16]. It has been firstly observed by Brun [2] that uniqueness 
of solution to the quasi-static boundary value problem may be obtained without definiteness of 

G(O). 

THEOREM 8. (Continuous dependence upon the body force.) Let 9 be a regular region of space 
and let G be symmetric and assume that either G or -G is of positive definite type. Let [II, E, 
S] be a solution of the quasi-static viscoelastic boundary value problem for 93 corresponding to 
{G, p, b; 0, 0; [0, 0, O]}. If there exist the positive constants M,, M2 and T so that the 
condition (3.13) is satisfied, then we have the following estimate 

f 1’_/‘! E(s) - G(2t - s - r)[E(r)] dV dr d.s s 2M,( lr/ pb(s) * b(s)dV &)I”, t E [0, T/2]. 
0 0 a, 0 9B 

(4.6) 

PROOF. The identity (4.1) and the hypotheses imply 

- E(s) + G(2t -s - r)[E(r)] dV dr ds = p[u(t++b(t-s)-u(t-+b(t+s)]dV& 

(4.7) 

By using Schwarz’s inequality we deduce the estimates (3.16) which together (4.7) imply the 

estimate (4.6) and the proof is complete. 

THEOREM 9. (Continuous dependence on the boundary data.) Let 9 be a regular region of 
space and let G be symmetric and assume that either G or -G is of positive definite type. Let 
[II, E, S] be a solution of the quasi-static viscoelastic boundary value problem for 93 
corresponding to {G, p, 0; ii, S; [0, 0, O]}. If there exist the positive constants M3, M4, M,, M6 
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and T so that the conditions (3.17) and (3.18) are satisfied, then we have the following estimate 

f \’ f 1 E(s) * G(2t - s - r)[E(r)] dV dr d.r s 2Mc( 1’ 1 
0 0 a, 0 as 

4(s) - i(s) da ds) “* 

+ 2M, (kr I,, S(s) - if@) da ds) “*, t E [0, T/2]. (4.8) 

PROOF. Clearly, from the identity (4.1) and the boundary conditions (2.7) and (2.8), we get 

- l i: 1% E(s) + G(2t -s - r)[E(r)] dV dr ds = [ I,, [i(t + s) * S(t - s>n 
1 

- i(t - s) . S(t + s)n] da ds + [u(t + s) . $(t - s) - n(t -s) + S(t + s)] da ds. (4.9) 

Schwarz’s inequality and the relation (3.18) imply (3.21) so that we obtain the estimate (4.8) by 
means of (4.9). 

THEOREM 10. (Continuous dependence upon the initial past history.) Let 3 be a regular region 
of space and let G be symmetric and assume that either G or -G is of positive definite type. 
Let [u, E, S] be a solution of the quasi-static viscoelastic boundary value problem 
corresponding to {G, p, 0; 0, 0; [v, R, T]}. If there exist the positive constants M,, MS and T 
so that 

E(s) * E(s) dV & s MZ,, T,(s) - T,(s) dV d.r 6 M;, (4.10) 

then we have the following estimate 

, I 
f 111 E(s).G(2t -s - r)[E(r)]dVdrdr 6 2Ms f E [0, T/2]. 

0 0 3 
(I:f~To(s).To(~)dV~)“*, 

(4.11) 

PROOF. The identity (4.1) implies 

I f 

- 111 E(s) - G(2t - s - r)[E(r)] dV dr d.s 
0 0 * 

’ = 
li 

[E(1- s) - T,(t + s) - E(t + s) . T,(t - s)] dV ds. (4.12) 
0 3 

The inequality (4.11) results from (4.12) by means of the Schwarz’s inequality and by using the 
relation (4.10). 

REMARK. It should be noted that in Theorems 6-10, T may be taken as infinity. 

5. EXTERIOR UNBOUNDED REGIONS 

In this section we couple the Lagrange identity method with the weighted function method in 
order to extend the results of the above sections to the case when the viscoelastic solid occupies 
the exterior Q of the bounded region 3. 

The formulation of the dynamic and quasi-static boundary value problems is completed for 
the exterior unbounded region 52 by specifying the asymptotic behaviour of the solutions at 
large spatial distances. Thus, we set on the solution [u, E, S] the conditions 

1~1, ]E(, ISI = O(eaR), as R = 1x1--, m, (5.1) 

where (Y is a positive constant and 1.1 denotes the magnitude of a vector or a tensor. We also 
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assume that there exists T > 0 so that 

lim aS 
-0 

- hS(s) . S(s) dV ds = 0, (5.2) 

where h represents the weight function, i.e., 

h(x) = ePaRR, R’= 1x1. (5.3) 

With a view toward establishing reciprocal relations and continuous dependence results we 
shall restrict the class of admissible processes by one of the conditions 

T 

If ,ou(s) . u(s) dV ds c M;‘, (5 4) 
0 R 

T 

II 
E(s) . E(s) dV ds c M;‘, 

I 
pi(t) * h(t) dV GM;‘, (5.5) 

0 R P 
T 

S(s) . S(s) da d.r 6 M;‘, 
If 

u(s) . u(s) da ds < M;‘, (5.6) 
0 3% 

where T and M;, . . . , M; are convenient positive constants. Moreover, we assume on the data 
the following hypotheses 

T 

If pb(s) . b(s) dV ds G M:‘, (5.7) 
0 R 

T 

If 
T 

ii(s) - i(s) da ds 6 M;*, If S(s) .8(s) da dS < MQ*, (5.8) 
0 asl, 0 se, 

f 
T 

puo - uO dV < h4;*, f p&,A,,dVsM;& If T,(s) . T,(s) dV ds s M;:. (5.9) 
R n 0 R 

Let us first consider the dynamic theory of linear viscoelasticity. Thus, we have the following 
result. 

LEMMA 3. Let P be the exterior of the regular region !B and let G be symmetric. Let [II, E, S] 
and [u’, E’, S’] be solutions _to the dynamic viscoelastic boundary value problem for Q 
corresponding to {G, p, b; ii, S; [v, R, T]} and {G, p, b’; ii’, 8’; [v’, R’, T’]}, respectively, 
satisfying the conditions (5.1), (5.2), (5.4)-(5.6). We also assume satisfied the conditions 
(5.2)-(5.9). Then 

; f 
f I 

pu(t) . u’(t) dV - 111 E(s) . G(2t - s - r)[E’(r)] dV dr ds 
R 0 0 R 

= 
f 

f 
p[u(O) - i’(2t) + i(0) - u’(2t)] dV + 

R If p[u’(t + s) - b(t - s) 
0 n 

-u(t-s).b’(t+s)]dVds+ If ’ [E(t-s).T#+s)-E’(t+s).T,(t-s)]dVcb 
0 R 

+ If ,: a~ [u'(t + s) - S(t - s)n - u(t - s) . S’(t + s)n] da ds. (5.10) 

PROOF. We start from the basic weighted Lagrange identity 

1 @[f(f) * g(t) - @> * g(t)] dV = 1’ 1 ph[f(.s) . g(s) - f(s) . g(s)] dV ds 
sa 0 n 

+ f ph[f(O) . $0) - i(O). g(O)] dV. 
a 

(5.11) 

Further, we proceed with the choice (3.4) in the same manner as in deduction of the relation 



1034 

(3.1). We use 

S. RIONERO and S. CHIRITA 

the conditions (5.1) to prove that 

h[u’(t + s) * S(t - s)n - u(t - s) * S’(t + s)n] da d.r = 0, (5.12) 

where da(m) denotes the sphere at infinity. As result, we obtain 

ii* 
d 1 ,ohu(t) . u’(t) dV - i’ i’ j- hE(s) . G(2t - s - r)[E’(r)] dV dr d.s 

0 0 n 

= I 
t 

ph[u(O) . i’(2t) + i(O) - u’(2t)] dV + If ph[u’(t + s) . b(t -s) 
R 0 R 

I 
- u(t - s) . b’(t + s)] dV & + 

1-i 
h[E(t - s) . T;(t + s) - E’(t + s) . T,(t - s)] dV 6 

0 n 

+ h[u’(t + s) * S(t - s)n - u(t - s) . S’(t + s)n] da d.r 

I 

-a 
f-f 

h{(VR ‘30 u(t - s)) . S’(t + s) - (VR 8 u’(t + s)) . S(t - s)} dV ds, (5.13) 
0 n 

where @ represents the tensor product of two vectors. 
Finally, we let (~-0 and use (5.2) and (5.4)-(5.9) to obtain from (5.13) and (5.3) the 

identity (5.10). The proof is complete. 
The identity (5.10) may be used in exactly the same way as (3.1) and hence we arrive at 

reciprocal relation and uniqueness and continuous dependence of the solution. This is the basis 
on which we can state the following theorems. 

THEOREM 11. (Reciprocal theorem.) Let B be the exterior of the regular region B and let G 
be symmetric. Let [u, E, S] and [u’, E’, S’] be so$tions to the dynamic viscoelastic boundary 
value problem for corresponding to {G, p, b; ii, S; [v, R, T]} and {G, p, b’; ii’, St; [v’, R’, 
T’]}, respectively, satisfying the conditions (5.1)-(5.6). We assume to be satisfied the 
conditions (5.2)-(5.9). Then for each t E [0, T/2], 

p[u(t - s) . b’(t + s) + u(t + s) * b’(t - s)] dV ds + 
ii 
,: sue [u(t - s) * S’(t + s)n 

+ u(t + s) . S’(t - s)n] da ds - ’ [E(t-s).T;(t+s)+E(t+s).T;(t-s)]dVd,s 

+ 
I 

p[u’(O) . i(2t) + i’(O) . u(2t)] dV 
R 

f 
= 

f-f 
p[u’(t -s) . b(t + s) + u’(t + s) - b(t - s)] dV ds 

0 R 

+ 
ff 
of aucl [u’(t - s) + S(t + s)n + u’(t + s) * S(t - s)n] da d.s 

- 
ii 

’ [E’(t-s).T,(t+s)+E’(t+s).T,(t-s)]dVd.s 
0 R 

+ 
I 

p[u(O) . i’(2t) + h(O) . u’(2t)] dV. (5.14) 
R 

THEOREM 12. (Uniqueness.) Let S2 be the exterior of the regular region 3. Suppose that the 
relaxation tensor G is symmetric and that -G is of positive type and p > 0. Then in the class of 
admissible processes that satisfy the conditions (5.1), (5.2) and (5.4), there is at most one 
solution to the dynamic viscoelastic boundary value problem. 

THEOREM 13. (Continuous dependence upon the body force.) Let Q be the exterior of the 
regular region 3. Suppose that the relaxation tensor G is symmetric and that -G is of positive 
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type and p > 0. Let [II, E, S] be a solution of the dynamic viscoelastic boundary value problem 
for 52, corresponding to {G, p, b; 0, 0; [0, 0, O]}, satisfying the conditions (5.1), (5.2) and 
(5.4). We also assume that (5.7) holds. Then we have the following estimate 

~~~U(~).U(~)dV_~{~~~ E(s) . k(2t - s - r)[E(r)] dV dr &) dt 

s M;T (I b pb(s) * b(s) dV &)I”, z E [0, T/2]. (5.15) 

THEOREM 14. (Continuous dependence upon the boundary data.) Let Q be the exterior of the 
regular region 9. Suppose that the relaxation tensor G is symmetric and that -G is of positive 
type and p > 0. Let [u, E, S] be a solu~on of the dynamic viscoelastic boundary value problem 
for S2, corresponding to {G, p, 0; ici, S; [0, 0, O]}, satisfying the conditions (5.1), (5.2) (5.4) 
and (5.6). We also assume that (5.8) holds. Then we have the following estimate 

I 
pu(z) - u(z) dV 

-6I666 
E(s) . e(2t - s - r)[E(r)] dV dr d.s dt 

R I 
T 

s M;T 
U I 

a(s) - l(s) da ds )I’* + M;T( l= I,, ii(s) - 5(s) da ds)ln, t E [0, T/2]. (5.16) 
0 ass, 

THEOREM 15. (Continuous dependence upon the initial data.) Let 9 be the exterior of the 
regular region $3. Suppose that G is symmetric and that -G is of positive type and p > 0. Let 
[u, E, S] be a solution of the dynamic viscoelastic boundary value problem for Q, 
corresponding to {G, p, 0; 0, 0; [v, R, T]}, satisfying the conditions (5.1), (5.2), (5.4) and 
(5.5). We assume that (5.9) holds. Then we have the following estimate 

~~~u(~)*u(~)dV-~{~~~ E(s) * &(2t - s - r)[E(r)] dV dr ds 
I 

dt 

6 pq,.u,,dV+M;T 
i n (i R 

pa.u.dv)‘~+M;T(lnP~.~~dV)1’* 

+M;T (6’1, ‘h(s) . ‘&A~) dV &)I’*> t E [0, T/2]. (5.17) 

REMARK. For quasi-static linear viscoelasticity we start with the weighted identity 

I 

il 
h{u(t - s) * [div S'(t + s) + pb’(t + s)] - u’(t f s) . [div S(t -s) f pb(t - s)]} dV ds = 0. 

0 a 

By an analogy with Section 4 we can easily state counterpart theorems to Theorems 11-15. We 
leave it to the reader to do this. 

Finally, we remark that the discussion of this section can be applied to the half-space regions 
and to regions contained in some half-spaces, provided the boundary is such that application of 
the divergence theorem remains valid. 
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