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Abstract-An approach based on the Lagrange identity is developed for the study of the initial 
boundary value problems of linear vi~oelasticity. estimations are obtained for describing the 
Liapunov stability and continuous data dependence of solutions. The main differences between the 
respective estimates consist in the measure of continuity and the constraint sets on which they are 
valid. The Lagrange identities are also used in order to obtain some reciprocal relations. The Cesaro 
means and autocorrelations of the velocity field and the strain field are introduced and it is proved 
that they exist and have a common value. 

1. INTRODUCTION 

The problem of stability of viscous motions has attracted in the past as nowadays many writers. 
Previous studies on uniqueness and continuous dependence in linear viscoelasticity have been 
based almost exclusively on the assumption that the initial (equilibrium) relaxation tensor is 
positive definite or strongly elliptic. Exceptions include a result of the paper by Brun [I], where 
an assumption concerning negative definiteness of the initial time derivative of the relaxation 
tensor is used; the study by Wilkes [2] uses the results of Gurtin and Herrera [3] on the 
dissipative materials; and, more recently, a paper by Rionero and Chiri# [4] uses the 
consequences of the second law of thermodynamics established by Wilkes [5]. 

The present objective is to examine by means of a new approach the initial boundary value 
problems of linear viscoelasticity. The approach is developed on the basis of the Lagrange 
identity and its consequences. 

It is shown that the total energy, consisting of the sum of the kinetical energy, the strain 
energy and the dissipation energy, is conserved. As a consequence of the local form of the 
Clausius-Duhem inequality, the dissipation energy is positive. When the strain energy is 
positive, a stability theorem is established by means of the Schwarz and Gronwall inequalities. 
And when the strain energy is of indefinite sign, the method of loga~thmic convexity is 
modified to show that solutions are Hiilder stable on all compact sub-intervals of the maximal 
interval of existence [0, T). While the other consequences of the Lagrange identity lead in the 
first instance to continuity only on compact sub-intervals of the half interval [0, T/2) (see also 

141). 
Further, we prove how a consequence of the Lagrange identity may be used in order to 

obtain the classical reciprocal relations established in [6]. We also indicate how the Lagrange 
identity and its consequences may be used in order to deduce new reciprocal theorems. 

Finally, we consider a viscoelastic solid subjected to prescribed body force field; part of the 
boundary is clamped and the remainder is subjected to a prescribed traction. We suppose that 
the external force systems have an appropriate behavior when the time tends to infinity. Under 
the usual s~rnet~ of relaxation tensor and positive definiteness of strain energy, we prove 
that the total energy tends to a finite limit as time tends to infinity, and, as a consequence the 
limit of dissipation energy exists and is finite. Furthermore, we prove that the autocorrelations 
of the velocity and strain fields exist and are equal, and the CesZlro mean kinetic and strain 
energies exist and are equally. 

The plane of the paper is the following one. In Section 2 we set down the basic equations and 
initial and boundary conditions govem~g the solution to the problems of the linear theory of 
viscoelasticity. Some restrictions upon the relaxation tensor are discussed too. Section 3 
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contains the derivation of some general consequences of the fundamental system of equations 
upon the viscoelastic processes. Section 4 examines the uniqueness of solutions under various 
assumptions upon the relaxation tensor. Section 5 is devoted to the treatment of the continuous 
dependence with respect to the data. A theorem is obtained for description the Liapunov 
stability of the solution. Reciprocal relations are obtained in Section 6. Section 7 concerns the 
autocorrelations of the velocity and strain fields. In the final Appendix we describe a system of 
Lagrange identities needed in the derivation of our results. 

2. LINEAR VISCOELASTICITY, PRELIMINARY CONSIDERATIONS 

For convenience, the notation and terminology chosen is almost identical to that of 171. 
We consider a viscoelastic body B with boundary dS in the three-dimensional Euclidean 

point space. By an admissible state for B we mean an ordered triplet [II, E, S] consisting of a 
vector displacement field II and symmetric tensor strain and stress fields E and S defined on a. 
An admissible process for B is an ordered triplet [u, E, S] whose value [u, E, S](t) is an 
admissible state at each time t. By an initial past history we mean a past history [w, R, T] whose 
values are admissible states for B. We say that [II, E, S] has initial past history [o, R, T] up to 
time I = 0, if and only if, [u, E, S] satisfies the initial past-history condition 

[u, E, S](x, t) = [o, R, T](x, t), on & x (-03, 0). (2.1) 

Let dB1 and dB2 be two arbitrary subsets of dB so that dB, U dB2 = dB, and aB1 fl i?Bz = 
0. ~roughout this paper we assume given the following data: a time interval [O, T), the 
relaxation tensor G on B x (-~,czJ ), the density field p on B, body forces b on B x (0, T), 
surface displacements i on i3B, x (0, T), the surface tractions 1 on dB2 x (0, T) and the past 
history [o, R, T] on B X (-CQ, 0). 

By a dynamic viscoelastic process for B corresponding to the relaxation tensor G, the mass 
density p and the body force b we mean an admissible process [u, E, S] for B, such that: 

(a) the values of u, E, and S are continuous fields on B; 
(b) the displacement u is a process of class C* whose values are of class C* vector fields on 

B; 
(c) on B, the processes u, E, and S satisfy the equation of motion 

div S + pb = pii, 

the constitutive equation 

(2.2) 

S(t) = [ G(t - z)[k(z)] dz, (2.3) 
J-CC 

and the strain-displacement relation 

E = f (Vu f Vu=), (2.4) 

and the associated traction field s is defined on dB x (--a, T) by 

s=Sn. (2.5) 

In the above relations we have used the following notations; div and V denote the divergence 
and gradient operators; superposed dots denote di~erentiation with respect to the time 
variable; n is the outward unit normal to the boundary dB; the symbol ( )’ represents the 
transpose of ( ) and B represents the closure of B; where no confusion may occur, we suppress 
the dependence upon the spatial variable. Further, we assume that for any pair of symmetric 
tensors A and B 

A. G[.B] = Be G[A], (2.6) 

where the dot (e) denotes the appropriate inner product. Day [8] has shown that the relaxation 
tensor is symmetric if and only if the work done on every closed path starting from the virgin 
state is invariant under time-reversal. 

By a solution of the dynamic viscoelastic boundary value problem corresponding to 
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{G, P, b; 6% [a, R ‘I’ll we mean a dynamic viscoelastic process for B, [II, E, S], correspon- 
ding to {G, p, b} that satisfies the initial past-history condition (2.1) and the boundary 
conditions 

ufx, t) =%(x, t) on dB, x (0, T), (2.7) 

S(x, t)n = S(x, t)) on dB2 X (0, T). (2.8) 

Under a lot of assumptions on G, Dafermos [9, lo] showed the existence and asymptotic 
stability of the solution to the dynamic viscoelastic boundary value problem. 

We say that Y(v) is of positive type if for every symmetric tensor A(.) in Co on (-00, m) 

A(z) + 1(2t - z - r)[A(r)] dz dr 3 0 for all t E (-m, 03). (2.9) 

We say that W is of positive definite type if \I’ is of positive type and JC~(~) = 0 on (-m, m) 
implies A(s) = 0 on (-01, m). 

REMARK. As it is shown by Wilkes [5], the local form of the Clausius-Duhem inequality 
implies t t 

4 f R(z) l &(2t - z - r)@(r)] dz dr 3 0, t E (-03, a), 

so that the dissipation energy on B x [0, t], 

9(t)= -~~11,11,1. R(z). G(2.r - z - r)@(r)] dV dz dr} ds, 

(2.10) 

(2.11) 

is positive. Therefore, -G(m) satisfies a condition of type defined by (2.9). 
In fact, in the subsequent analysis we have need that G(*) to be of positive type or positive 

definite type. As it is easily seen, the inequality (2.10) is satisfied, for instance, by any 
relaxation tensor G(a) of the form 

G(t) = Go + 2 diGi exp(-pit), (2.12) 
i=l 

where Ai and pi are positive constants, and Gi (i = 1, 2, . . . , n) are positive tensor fields. 
Moreover, G(e) is of positive type if Go is a positive tensor field. 

3. SOME CONSEQUENCES ON VISCOELASTIC PROCESSES 

In this section, we outline some general consequences of the fundamental system of 
equations upon the viscoelastic processes. 

Let [u, E, S] be a viscoelastic process corresponding to {G, p, b; ii, 8; [o, R, T]}. Corre- 
sponding to this viscoelastic process we introduce the kinetic energy 

K(t) = ; f pri(t) - i(t) dV, (3. I) 
B 

the strain energyt 

R(z) - G(2t -2 - r)@(r)] dV dz dr, (3.2) 

t Staverman and Schwarxl [ll], whose point of departure has been to regard the viscoelastic material as consisting of a 
network of linear viscous and elastic elements (i.e. dashpots and springs), pursuing the idea of model representation, 
arrived at the following expression for the free energy (per unit volume) of the solid 

where 8(r) is the strain rate history to which the solid has been subjected in the interval --CD < t % t, and G(t) is the 
given relaxation modulus. Similar expressions are considered by Bland [12] and Hunter [13] (see also Breuer and Onat 
[14], Christensen and Naghdi [15], Eringen [16] and Dill [17]). 
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i%(t) = K(t) + cl(t) + 9(t), (3.3) 
and 

(3.4) 

f%, r) = J- pi(t) + b(r) dV + 
_I- 

i(z) * s(ir) dA, 
B aEf 

W(z, r) = jB pufz) * b(r) dV + i,, u(z) * S(T) &I. 

(3.5) 

(3.61 

Obviously, P(t, t) and W(t, t) represent the power and virtual work of the external loads. The 
function I appears to have no universally accepted name but nonetheless it is useful in studies 
of viscoelastic stability. 

We have now assembled all the preliminary material needed to derive the result of coupling 
of the identities (Al)-(A9~ from the Appendix with the basic equations (2.2)-(2.5). 

LEMMA 1. Let B be a regular region of space and let G(e) be symmetric. Let [u, E, SJ be a 
solution to the dynamic viscoelastic boundary value problem corresponding to 
{G, p, b; i, Fs; [w, R, T]), Then for each time t 5 0, the following energy conservation law holds 

8(t) = 8(O) + j' P(s, s) ds, t 3 0. 
0 

(3.7) 

PROOF. We first set H = L2(B) and 

v(t) = w(t) = u(t), (3.8) 

into (A3). On the basis of the equation (2.2) and the relations (2.3>-(2.6), (3.11, (3.5) and the 
divergence theorem we get 

G(s - z){&(z)] dz dV} &. (3.9) 

On the other hand, it is easy to see that (2.11) and (3.2) yield 

’ G(s-r)[&(z)]dzdV=$+s)+!$(s). (3.10) 

Further, we substitute the relation (3.10) into (3.9) and use the notation of (3.1)-(3.5). This 
concludes the proof. 

The following lemma is necessary to obtain Niilder continuous dependence of soiutions. 

LEMMA 2. Let B be a regular region of space and let G(e) be symmetric. Let [u, E, S] be a 
solution to the dynamic viscoelastic boundary value problem corresponding to 
{G, p, b; i, 0; fo, R, T]}. Then we have 

$(1)= 6 [4K(s) + 2B(S)] d&J + $ (0) - 2%(0)t 

P(z, z) dr ds + W(s, s) d.v, t a0. 

PROOF. Firstly, we make use of the relation (3.8) into (AZ) so that we get 

(3.11) 

pu(t) * i(r) dV = PO(O) . i(O) dV + p[i(s) . i(s) + u(s) * ii(s)] dV ds. (3.12) 
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Further, we take into account the relations (22)-(2.(i) and the divergence theorem in order to 
deduce 

j- ,ou(t) l i(t) dV = 1 pu(0) . i(0) dV + 2 K(s) d&r + 
B 

as(l,Wj-;_ G(s - z)[J&z)] dz dV] d.r. (3.13) 

A straightforward calculation proves that 

G(s - z>[$(z)] dz dV 

=2Ue,-$(ff i’ 1 E(z) l G(2r - z - r)[E(r)] dV dz dr (3.14) 
-ca -cc B 

Therefore, the relations (3.1)-(3.4) and (3.13) and (3.14) imply 

$(I) =$(O) + 2[ [K(s) - U(s)] ds + l W(s, s) dr. (3.15) 

Finally, if we use the relations (3.1)-(3.3) and the identity (3.7) into (3.15) we easily obtain the 
identity (3.11). Thus, the proof is complete. 

LEMMA 3. Let B be a regular region of space and let G(b) be symmetric. Let [u, R, S] be a 
solution to the dynamic viscoelastic boundary value problem corresponding to 
{G, p, b; ii, g; [a, R, T]}. Then we have 

z(t) = - ; II’, dzlf: drj-- E(z) - G(2t - 2 - r)[E(r)] dV 

f $ j- p[u(O) . i(2t) + i(0) . u(2t)] dV 
B 

+$w(t+s, t-s)- W(t-s, t+s)]ds, CE o- [ 7 2. (3.16) 

PROOF. If we use the relation (3.8) into (A4) and then we take into account the equations 
(2.2)-(2.5) and the divergence theorem, we deduce 

2 pu(t) l i(t) dV = 
I 

&r(O) = i(2t) + i(O) . u(2t)] dV 
B 

+ t[w(t+s,t-s)-W(r-s,t+s)]ds 
I 0 

+ If ’ [E(t-s)S(t+s)-E(t+s)+$(t-s)]dVdr, (3.17) 
OB 

In view of the relations (2.3) and (2.6) and by means of an integration by parts we deduce 

f 
~E(~-~).S(~+~)-E(~+~~*S(~-~)]dV 

B 

=I,[E(t-s)f; 6(t + s - z)[E(z)] dz 

- E(t + s) .I” i;(t -s - z)[E(z)] dz) dV 
-co 

(3.18) 

If we substitute the relation (3.18) into (3.17) and use the notation of (3.41, then we find the 
identity (3.16). 
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LEMMA 4. Let B be a regular region of space and let G(m) be sy~etric. Let [u, E, S] be a 
solution to the dynamic viscoelastic boundary value problem corresponding to {G, p, b; ii, i2; 
[co, R, Tf}. Then, we have 

+$jO~dLlf:dl~~O(Z~.G(21_2_r)[ED)1dV 

-a,‘[P(t+s,t--S)-2P(S.S)-P(t-S,fCs)]dS, CE 0-T [ , 2). (3.20) 
0 

PROOF. We note that, with the choice (3.8), and by using the relations (2.2)-(2.9, the identity 
(A6) becomes 

j pi(t) l i(t) dV = j pi(O) . i(2t) dV 
s B 

r[P(t+s,t-S)-P(t-s,t+s)]* 

+[/B{k(t-s)j;;G(t+s-z)[h(z)]dz 

-B(t++ 1;; G(t - s - z)[&)] dr } dV ds. (3.21) 

But a simple calculation gives 

= -$ {j-;;dzj--; I, dr &(z) * G(2t - z - r)@(r)] dV), (3.22) 

such that the substitution into (3.21) leads to 

2K(t) - 2U(t) = j- pi(O) l i(2t) dV - lo 
B 

dzj” drjB g(z) . G(2t - z - r@(r)] dV 
-m -cc 

f 
i 

r[P(t+s, t-s)-P(t--s,t+s)]ds. (3.23) 
0 

It is easy to see that a combination of the relations (3.7) and (3.23) leads to the identities (3.19) 
and (3.20). The proof is complete. 

We remark that the last Lemma leads to a separation of energies in the sense described in 

PI* 

4. UNIQUENESS RESULTS 

We first observe that the conservation energy identity (3.7) leads to a counterpart of the 
classical uniqueness theorem of Neumann in linear elastodynami~. Thus, we state the 
following theorem. 
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THEOREM 1. Suppose that p > 0 and the relaxation tensor G(e) is symmetric and of positive 
type, and that -G(e) is of positive type. Then the initial boundary value problem associated to 
the linear viscoelastodynamics has at most one solution. 

THEOREM 2. Suppose p > 0 and that the relaxation tensor is symmetric and -G(s) is of positive 
type. Then the initial boundary value problem associated to the linear viscoelastodynamics has 
at most one solution. 

PROOF. Because of linearity it is clearly sufficient to show that the only solution of the dynamic 
viscoelastic boundary value problem for B co~es~nding to {G, p, 0; 0,O; [0, 0, 0]} is the 
following 

[u, E, Sl = [a, 0, 01. (4.1) 

This is clearly implied by Z(t) = 0 for all t E [0, T). Hence, we assume, as in [IS], that there is 
an interval 0 c r1 < t C t2 G T, on which, for example, r(t) > 0. On this interval we show that the 
function 

G(t) = In I(t), c, < c < t*, (4.2) 

is a convex function of t, i.e. we show 

r= Cl < t < t*. 

Obviously, without loss of generality, we may take Z(ti) = 0. Now, by means of the relations 
(3.4), (3.5), (3.6) and (3.11) and the hypotheses of theorem, we find 

E(z) . G(2F - z - r)[l!@)] dV dz dr] d.s, (4.4) 

d21 
dr2 (t) = 21. pir(t) . i(t) dV - 21’ (1’ 

0 

j+ j- k(z) * c;(2.s - z - r)@(r)] dV dz dr d.s, (4.5) 
-m --cc B I 

so that, by means of the Schwarz inequality, we deduce the inequality (4.3). Together with the 
~ntinuity of Z(f) this implies, after integration, 

1(t) < [I(t,)l’-“‘~“-“[l(rl)]~~-~‘~~-~~, tl=s#Gt‘p (4.6) 

But it has been assumed already that 1(ti) = 0, so that (4.6) immediately shows that l(t) = 0 for 
tl d t d tZ, contrary to hypothesis. Hence, I(f) = 0 for all t < T. Finally, since p is strictly 
positive and -G(s) is of positive type, we may conclude that (4.1) holds in B x [0, T), and 
uniqueness is proved. 

REMARK. The above theorem was proved in [4] by using the identity (3.16). It is easy to see 
that a similar argument may be used to prove the above theorem by means of the identity 
(3.19). 

5. STABILITY RESULTS 

We come now to a consideration of the stability of motions in linear viscoelasticity. A 
Liapunov stability theorem is established from the conservation law of energy (3.7) by means 
of the Gronwall’s lemma and under the hypothesis that the strain energy is positive. 

We also obtain a priori estimates describing continuous dependence of the solution with 
respect to body force, initial and boundary data. The approach based upon the identity (3.11) 
and the convexity arguments yield the Holder continuity valid on all compact sub-intervals of 
the maximal interval of existence [O, T), while the method based on the identity (3.16) leads in 
the first instance to continuity only on the half interval [0, T/2). However, this second method 
possesses a distinct advantage in the extension to weak solutions since it is unnecessa~ 
separately to postulate conservation of energy. 



1188 S. CHIRITA and S. RIONERO 

Other estimates may be obtained by using the identities (3.19) and (3.20). The main 
differences between the respective estimates are to be found in the measure of continuity and 
the constraint sets on which they are valid. 

We now proceed to obtain the results. 

THEOREM 3. (Liapunov stability)., Suppose that p > 0 and that the relaxation tensor G(e) is 
symmetric and that G(e) and -G(e) are of positive type. Let [u,E,S] be a solution to the 
dynamic viscoelastic boundary value problem corresponding to (G, p, b; 0,O; [w, R, T]). Then 

where 

%+)“‘< S(O)“2 + -& ,; Ilb(s)ll ds, J t E: [0, T), (5.1) 
IIWII’ = /- P IWfl’dV, lb(s)]’ = b(s) * b(s). (5.2) 

JB 

PROOF. In view of the boundary conditions, from the identity (3.7) we obtain, by means of the 
Schwarz’s inequality and the inequality K(t) s 8(t), that 

%5’(t) =s 8(O) + t/z j’ %‘(s)“~ Ilb(s)ll ds, t E [O, T). 
0 

(5.3) 

Therefore, the Gronwall’s lemma [19] applied to Gronwall-type inequality (5.3) gives the 
estimate (5.1). 

We next discuss the method based on the identity (3.11). We obtain estimates of sort given 
by Knops and Payne [20] by means of logarithmic convexity for linear elasticity. 

THEOREM 4. (Continuous dependeqce upon body force). Suppose that p > 0 and the relaxation 
tensor G(e) is symmetric and -G(v) is of positive type. Let [u, E, S] be a solution to the 
dynamic viscoelastic boundary value problem corresponding to {G, p, b; 0,O; 10, 0, O]}, in the 
constraint set for which there exists T1 E [0, T) so that 

I 

TI 
Z(t) dt 6 MI, &-positive constant. 

0 
If 

F(t) = /‘r(s) ds + 2T;/’ Ilb(sjll” ds, t E [O, &I, 
0 0 

and 
F(t) s eS”-“‘~F(~)]“fF(0)l’_“, 6 = t/l;, f E [O, q. 

PROOF. In view of the hypotheses of the theorem, we have 

Z(0) = i(0) = 8(O) = 0. 

Obviously, by means of (3.4) and (5.7), from (5.5) and (3.11), we get 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

~(1) = l(t) = J’ i(s) ds = J’ J pu(s) . i(s) dV ds 
0 0 B 

(5.8) 

and 

r’(t) = i(t) = 2 i’J pi+> - xi(s) dV d.s 
08 

k(t). e(2~ -2 -r)[k(r)] dV dz dr 
I 

dv d.s 

f 
+ 

J-l 
&x(s) - b(s) - 2(t - s)&(s) - b(s)] dV d.s. 

0 B 

15.9) 
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Therefore, from (5.5), (5.8), (5.9) and the Schwa&s inequality, we deduce 

f 
+F If p[u(s) . b(s) - 2(t - s)i(s) . b(s)] dV ds; 

0 B , 
-F If ,ou(s) . b(s) dV ds d T ;‘F’; 

0 B 

2F (t - s)@(s) . b(s) dV dr s TF2F2 

+ T;4 (IT’ 
0 

IlWl12~)(f IIWII’~)~ 
0 

(5.10) 

We are thus led to the inequality 

FF - F2 B -2TT2F2. (5.11) 

Since F(t) is strictly positive unless b(s) = 0 (except possibly on a set of measure zero), we 
may divide (5.11) by F2 to obtain 

-$ [ln F(t)] > -2T;*, (5.12) 

which yields the inequality (5.6). Thus, the proof is complete. 

REMARK. Let [u, E, S] be a solution to the dynamic viscoelastic boundary value problem 
corresponding to {G, p, 0; i, I; [0, 0, 0]}, in the constraint set for which there exist Tl E [0, T) 
and the positive constants M,, M2, M3 and M4 so that the condition (5.4) is satisfied and, 
moreover, we have 

G 

If c p(s)12dA ds a@, If c lu(s)l’ dA ds s M$, If Iil(s dA ds c A4;. 
0 =I 0 as2 0 

as * 
(5.13) 

In this class, the continuous dependence upon the boundary data is described by the estimate 

F,(t) d e”(‘-“)[F,(T,)]G[F,(0)]1-6, 6 = t/T,, t E 1% T,], (5.14) 

where 

F,(t) = lI(s) ds +; T:[M4’ I,., Ifi(s)l’dA 41n + zT,M,(l’ I,., I&di2~ h)ln 

+ (~T,M, + A&)(!’ j- lQ)l’dA dz)l”]. (5.15) 
0 =2 

THEOREM 5. (Continuous dependence upon initial data.) Suppose that p > 0 and the relaxation 
tensor G(a) is symmetric and -G(s) is of positive type. Let [u, E, S] be a solution to the 
dynamic viscoelastic boundary value problem corresponding to {G, p, 0; 0,O; [o, R, T]} in the 
class A of the viscoelastic processes for which 

Z(t) s M, t 6 P, T,l, M-positive constant. 

Then, for initial data with initial total energy g(O) d 0, we have 

J(t) ~J(T,)6.qo)‘-6, s=t/T,, t E W, T,l, 

J(t) = Z(t) -i ( TI - t)I” 1” / E(z) * 6(-z - r)[E(r)] dV dz dr; 
-m -m B 

(5.16) 

(5.17) 

(5.18) 
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and, for initial data with 8(O) > 0, we have 

J(t) + T:%(O) G e ( b ‘-“‘[J(T,) + T:qo)]“[J(O) + T:i%(o)]‘-“, s=t/T,, t E [Or Cl. 

(5.19) 

PROOF. We first note that a straightforward calculation gives 

E(z) . i;(2t - z - r)[E(r)] dV dz dr 

E(z) * 6(2t - z - r)@(r)] dV dz dr. (5.20) 

Further, since -e(e) is of positive type, from (2.10), (3.4) and (5.18), we get 

J(t) 2; i, ,ou(t) . u(t) dV - ; l {I’ i’ j- E(z). i;(2s - z - r)[E(r)] dV dz dr (5.21) 
-a -_ B 

Moreover, from (5.18) and (5.20), we deduce 

(5.22) 

Finally, from the identity (3.11), we deduce 

I(t) = 2 
I 

pi(t) - i(t) dV - 2 
B 

_/’ (i’ 
0 

1’ 1 J?(z) * &(2.r - z - r)@(r)] dV dz dr} ds - 2$(O). 
-0z -r B 

(5.23) 

Now, by Schwarz’s inequality, from (5.21)-(5.23), we get 

.U - j* > -28(O)J, t e [O, T,]. (5.24) 

Further, the discussion cannot be conducted simultaneously for all types of initial data, 
however, so we separate accordingly the situations in which the initial total energy is 
respectively negative, zero or positive. 

We begin by proving the Holder stability of the solution assuming firstly that 8(O) =S 0. By 
hypothesis J(t) > 0, t E [0, T,], and therefore, the inequality (5.24) may be immediately 
rewritten as 

$# [ln J(t)] 3 0. (5.25) 

By Jensen’s inequality, we obtain from (5.25) the inequality (5.17). Thus, the inequality (5.17) 
establishes that for processes of class A the solution is Holder stable on compact sub-intervals 
of [0, T) in the norm .I for initial data with non-positive total energy. 

When the initial data produces a positive total energy, we use a similar argument applied to 
the function, J(t) + T:%(O). The previous manipulations then result in the inequality (5.19), so 
that now the solution is Holder stable on compact sub-intervals of [0, T) in the norm 
J(t) + T:%(O) for initial data with positive total energy. Thus, the proof is complete. 

Continuous dependence based on the identity (3.16) was discussed in [4]. Here, we indicate a 
new way to establish continuous dependence upon initial data. Therefore, we introduce the 
class of viscoelastic processes for which there exist Tl E [0, T) and the positive constants MS and 
M6 so that 

E(z) * k(2t - z - r)[E(r)] dV dz dr G I#, t E [O, &I, (5.26) 

I 
pu(t) + u(t) dV s M;, t E [O, T,l, (5.27) 

B 
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THEOREM 6. Suppose that p > 0 and the relaxation tensor G(e) is symmetric and -G(e) is of 
positive type. Let [II, E, S] be a solution to the dynamic viscoelastic boundary value problem 
corresponding to {G, p, 0; 0,O; [o, W, T]} in the class of the viscoelastic processes for which 
(5.26) and (5.27) hold. Then we have 

Io4; Ilu(O)ll~+~& Ilu(wl +$ T&i IlW)II 

E(z) .6(--z - r)[E(r)] dV dz dr)“‘, t E [ 0, ;] . (5.28) 

PROOF. In view of the hypotheses of the theorem, from (3.16) we deduce 

E(z) * &(-z - r)[E(r + 2t)] dV dz dr 

- i(2t) + i(0) - u(2t)] dV, 

Since -G(m) is of positive type, we have 

E(s) . k( --z - r)[E(r + 2t)] dV dz dr 

l/Z 

E(z) * 6(-z - r)[E(r)] dV dz dr 

(5.29) 

E(z) - e(4t - z - r)[E(r)] dV dz dr 

s M,( - i I:_ I:_ I, E(z) . i;(-z - r)[E(r)] dV dz dr}i”. tE o,y . [ “1 (5.30) 

An integration over (0, s), 0 < 2,~ s T,, gives 

Z(s) s Z(0) + ; TIM, ( 2/~W/~_~~E(z)*G(-z-r)[E(r)]dVdzdr)” - 1 

+ + B p[u(O) . ~(2s) - u(O) . u(O)] dV +; 
I 

’ If @r(O) . u(2t) dV dt. (5.31) 
0 B 

Further, the inequality (5.28) follows from (5.31) by means of the Schwarz’s inequality. 

REMARK. Alternatively, we may constrain the solution to lie in the set defined by (5.26) and 

f 
F 

IIWII’~ 6 N, MT--positive constant. (5.32) 
0 

Then, inequality (5.31) becomes after an integration over (0, t), t E [0, T,/2], 

f 

I 

0 

- 5 ]:m /:_ fB E(z) * c(-z - r)[E(r)] dV dz dr)ln 

I 

If pu(0) . ~(2s) dV ds + ; ’ If (t -s)@(O) . ~(2,s) dV CIY. 
0 B 0 B 

(5.33) 

By means of the Schwa&s inequality and the relation (5.32) we get 

f ‘l(s) ds S: Tl llu(0)l12 + a TfM5( - k f:_ _f:_ fB E(z) .6(-z - r)[E(r)] dV dz dr)li2 
0 

+; T:“W Il@Nl +; T:“W IIWII, tE o,z . [ T1] (5.34) 

The last inequality provides a second estimate for continuous dependence on initial data. 
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Obviously, the inequalities (5.28) and (5.34) lead in the first instance to continuity only on 
the half interval. One can extend the interval of ~ntinuous dependence by using one of the 
methods described in [21]. 

6. RECIPROCAL RELATIONS 

In the remainder of this paper we shall assume that T is i~nity. We show how the identities 
(Al)-(A9) may be used in order to obtain reciprocal relations. The approach based on the 
identity (A7) leads to the classical reciprocal relations established in [6]; while the method 
based on the identity (A4) leads to the reciprocal relations estalished in [4]. 

Let ft and g, be scalar fields continuous in time. We denote by fi *g, the convolution of ft 
and gi 

(fi *g,)(x, 0 = J$xY t - s)g,(x, s) h. 

We also introduce the functions 

(6.1) 

E(t) = 1, g(t) = (I *Z)(t) = t, t E [O, m). (6.2) 

THEOREM 7. Let B be a regular region of space and let G(e) be symmetric. Let [u,, E,, S,], 
(a = 1, 2), be the solutions to the dynamic viscoelastic boundary value probIem for B, 
corresponding to (G, p, b,; ii,, Se; [tea, %, T,]}, (a = 1,2), respectively. Then for each time 
t B 0, 

I 
,oul*bzdV+ ui*edA - El *e dV + &r,(t) * i&(O) + k(t) * uZ(0)] dV 

B I B f B 

= 
I 

puz*b, dV+ uz*s, dA- 
B s ae i 

E2 *q dV + &r,(O) * i&) -I- ir(0) . u,(t)] dV, (6.3) 
B I B 

pul*i&dV + g*u1*sz&4 = pu&irdV + 
_I” 

g*u**S1 dA, (6.4) 
as 

where 

p&, = pg * b, + g * div pe + ~(~*(O)~ + u,(O)), 

TO,(t) = li’ i;(t - z)[E&)] dz, %x = s, - pi!. 
--m 

PROOF. We first set 

v(t) = u&), w(t) = u*(t), 

so that, by mean of the basic equations, from (A7) we get 

i, &I&) b ii*(o) + i,(t) + uz(O)] dV = I, P[u,@) - hft) + k(O) - uAlf)l dV 

t 
+ 

if 
p[u2(t -s) . b,(s) - n,(s) * b& -s)] dV d.r 

0 8 

+ 
if 
; aB [u& -s) * .e) - Ul(S) * sztt - $11 dA ds 

+[jB{W1’l G(t -s - z)@,(z)] dz - E,(t - s) 

G(s - z)[&&)] dr ) dV d.s. 

(6-5) 

(6.6) 

(6.7) 
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By a straightforward calculation we get successively 

[I, (E,(s) . I+’ G(t - s - z)@(z)] dz - E& - s) + j-’ G(s - z)[k,(z)] dz) dV ds 

=lb$(lS -~=~‘-~d~f~~,(z~.~(~-z-r)[El(r)ldV}* 

=Ld*~d~i,k,(i)G(I-z-I)[En(r)ldV 

-~~~dr~~~dr~~E,(z).~(r-z-r)lE,(rfJdV 

, 
=I 

II{ 
E,(t -s) . G(s) - E& -s) . ?;(s)} dV &. (6.8) 

0 B 

If we substitute (6.8) into (6.7) and use the notation of (6.1) we easily get the relation (6.3). 
Taking the convolution of relation (6.3) with g, we conclude, by means of the divergence 

theorem and relation (6.5), that the relation (6.4) holds. Thus, the proof is complete. 

REMARK. If we use the identity (A4) we get the reciprocal relations established in [4]. Other 
reciprocal relations may be found by using the identities (A6), (A8) and (AS). 

7. CESARO MEANS AND AUTOCORRELATIONS 

In this last section we assume that the relaxation tensor G(s) is symmetric, -G(e) is of 
positive type and G(m) satisfies the condition 

II I 

If A(z). G(2t - z - r)@(r)] dz dr 2 &A(t) - A(t), &-positive constant, (7.1) 
-m -19 

for every symmetri! tensor A(.) in C’ on (-03, m). 
If A(m) = 0 and G(m) = 0, then a straightforward calculation proves that 

t I 

!.I- 
A(t) - G(2t - z - r)[A(r)] dz dr = A(t) l G(m)[A(t)f 

-co -a 
t f 

+ 
ii 

[A(t) - A(z)]. G(2r - z - r)[A(t) - A(r)] dz dr, (7.2) 
-cc’ -m 

so that the inequality (7.1) may be satisfied if, for example, G(m) is a positive definite tensor 
and G(q) is of positive type. 

Let [II,, E,, S,], (IX = 1, 2), be two viscoelastic processes corresponding to 
{G, P, b,; L k; b,, R,, T,]}, (a = 1,2), respectively. Guided by the above results and the 
results of [22], for each real number r, we introduce the functions l&r, s), K&r, s), 
U&r, e), B&t, a) and 8,(x, a), which are defined on (-m, m) by setting 

Z&, t) = ; pu& + z) l us(t) dV 

- 2’ 1 (j;:‘dzj:, drI, E,(t). &(2s + z - z - r)[E,(r)] dV} d.s, (7.3) 

,oi,(t + t) + tip(f) dV, (7.4) 

(7.5) 

(7.61 
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We shall write 

L(t) = LY(O, t), KS) = &JO, t), U&) = U&O, t), 

%X(t) = 9&O, t), KY(t) = %:,,(O, t). (7.8) 

so that K,, U,, 9* and ‘&,, are, respectively, the kinetic energy, the strain energy, the 
dissipation energy and the total energy associated with the viscoeiastic process fu,, E,, S,], 
Then, we introduce the autocorrelations of the velocity field and the strain field by 

and the Cesaro means of the kinetic and strain energies by 
T 

K,(r) dt, 
I- 

U,(t) dt. 

In what follows we shall show that the above limits exist and are finite. In this aim, we set 

v(t) = ug (r) f w(t) = ua(t + z), (7.9) 

into the identities (A3), (A2) and (A4). As in deduction of the identities (3.7), (3.11) and 
(3.16), we get the following identities 

% (z, t) =; i, ,o[i&) . b&t + r) + ii& + t) * b&)] dV 

+ f i,, [Ii,(t) * s&t + z) + i,(t + z) * s&t)] dA, 

a”&$ 
F (G 4 = 2K&, t) - 2&&, t) 

+; 1 &us(t) 0 b,(t + r) + u&t + r) * b&l dV 
f3 

+; I,, ]u&) * s& + r) + u,(t + r) * s&r)] 64, 

(7.10) 

(7.11) 

2 (r, t) = - 2 j-;_ drj-1;’ dz j-- E,(z) - i;(2t + t - z - r)[E&)] dV 

+ ; j p[u,(2t + r) a is(O) + i,(2t + t) . ua(O)] dV 
B 

p[uw(t + z f S) * b,(t -s) - II& -s)) . b,(t + r f s)] dV ds 

ii 
' [u,(t+t+~)~s~(t--s)-II&-+s,(t+~+~)]dA&. (7.12) 
0 i3B 

Furthermore, we suppose that the viscoelastic processes futv, E,, S,], EY = 1,2, are compatible 
with the following boundary conditions 

i&(x, t) = 0 on 

Ux, t) = *,(x9 00) 

where the prescribed fields 0, are continuous 

ag1 x IO, a), (7.13) 

on dB2 X [0, m), (7.14) 

differentiable on B X [0, w). Concerning the 
external systems {b,, s,} we introduce the functions 

rpa(t) = { 21B ,%(t)12 dv)“‘. I,%&) = ( 21B ,&(t)i2 dV}l”, 

X,(t)={21 p /b,ft)+~div~,(r)12dV}“2. 
B 

(7.15) 
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THEOREM 8. Suppose that the viscoelastic processes [u,, E,, S,] are compatible with the 
~undary conditions (7.13) and (7.14), and that the foIlowing hypothesis holds 

q!~~, xp E L;‘[O, m) and am-+ 0 as t+ 03. (7.16) 

Then, for each r, the limits 

%+(r, 01) = lim g3,&r, 0, (7.17) 
f--r_ 

exists and are finite. 

PROOF. In view of the boundary conditions (7.13) and (7.14), the identity (7.10) can be written 
in the form 

(7.19) 

where 

I [*,(r + r) l E,(t) + #&) l E&t + r)] dV, 
B 

(7.20) 

I [&(t + t) . E@(t) + 4/r(t) . E,(t + r)] dV, 
3 

(7.21) 

b, t + t ( ) L + p div *,(t + ~)~ + &(t + r) * [be + i div bpcf)]} dV. 

(7.22) 

On the basis of the Schwa&s inequality, the relation (7.1) and the inequalities 

K;, g KY, Qc s %, 9Cr 6 8X* 

we obtain the following estimates 

(7.23) 

1 
JR&, t)l g - &Yqrpa(r + r)q(t)10 f @(f)%(f + q21, 

2 
(7.24) 

(7.25) 

I._et us first prove that the total energy & is bounded on [0, 43). Let T E [0, m) be arbitrary. If 
we set t = 0 and we make (Y = j3 in (7.19) and we integrate the result with respect to r, then we 

get 

zp,(t) = ~~(0) - O&O, 0) + Qa,(O, t) + 
J” 

f [-4p;& s) + a%#, s)] Q. (7.27) 
0 

By estimating the act-hand side of relation (7.27) with the help of relations (7.24)~(7.26), we 
deduce 

&(t) d C(O) - Q&%,(0,0) + G’ncp&)%(O1n 

[~~*nly,(s)+~~(s)]~~(s)"2dF G '&(O)- Qi,dO, 0)+ C max %y, 
K’. Tl 

(7.28) 

where 

(7.29) 
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Thus, 

and, hence, 

t$la.; Z& =Z 2[ ga(o) - Q&O, O)] + c2. (7.31) 

Because T E [0, ~0) is arbitrary, it follows that F&(t) is bounded on [0, 00). 
We now proceed to prove that, for each r, the limits (7.17) and (7.18) exist and are finite. 

We first note that ?& is a nondecreasing function on [0, 00). Because %& is bounded on [0, m), 
the inequality (7.23) implies that 

%Z(m) = !Lit %X(t), (7.32) 

exists and is finite. Therefore, for each E > 0, we can choose to = &(E, (u) > 0 so that, if t; and t; 
are any numbers that satisfy to d t; d t; < 00, then we have 

%A&) - %(G) = - L:’ {II, JT, I, k,(z) . i;(zS - z - r)[li,(r)] dV dz dr d.r < E. 
1 

(7.33) 

Let ti and tz be two arbitrary numbers so that t,, + It] d ti 6 f2< m. Then the Schwarz 
inequality and the relation (7.33) lead to 

I%& t2) - s&9 h)l 

= 1 - j-‘* (I”‘dzl’ drj- &(z) . @A + z - z - r)&(r)] dV] d.s) 

+f’[/=dz/“‘dj &(z)~~(2.~+2r-z-r)[~,(r)]dV]d.s}*’~ 
-m 

. [ -‘it2 [ [ dzl’_i L,(z) .6(2s - z - r)[k,(r)] dV] d.s}“’ < E. 
I, -m -30 B 

(7.34) 

This proves that the limit in relation (7.17) exists and is finite. 
It is now possible for us to prove that, for each t, the limit (7.18) exists and is finite. Let 

E > 0 be arbitrary. Since Z&(t) is continuous on (- m, 00) and bounded on [0, m), it is bounded 
on the interval [-]tl, m) and the hypotheses on q, tj~ and x ensure that we can choose 
to* = ti(&, t, a, p) > 0 in such a way that 

p2 
[ 1 sup ‘i”? Q7,(t + t) + h, I%-) 
[&~“~&(t + z) + xa(t + t)] dt + 

(7.36) 

Let t1 6 t2 be two numbers in [to*, a~). We integrate both sides of relation (7.19) with respect to 
t, over the interval [ti, t2]. We find 

By means of the estimates (7.24)-(7.26) and by using the relations (7.35) and (7.36), we get 

Thus, the limit (7.18) exists and is finite. 
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THEOREM 9. Suppose that the viscoelastic processes [uo, E,, S,] are compatible with the 
boundary conditions (7.13) and (7.14) and the hypothesis (7.16) holds. Then, for each t, the 
autocorrelations of the velocity and strain fields exist and have the common value 

lim L 
I 

T 

T--t_ To 
KaP(r, t) dt = lim $ 

T-+m 
K&r, t> dt = ; [ gmP( r, ~0) - %+( r, m)]. (7.39) 

Moreover, the CL&o mean of the kinetic and strain energies exist and have the common value 

K&t) dt = lim $ 
T-+- 

l.&(t) dt =; [E+> - G&(cQ)]. (7.40) 

PROOF. On the basis of the hypothesis (7.1) and the Korn inequality [23], it is possible to 
determine the positive constant A so that 

; j. pu,(t) + u,(t) dV s AU,(t) 6 AS&(t). (7.41) 
B 

Now, let T > It/ be arbitrary. If we integrate both sides of relation (7.11) with respect to t 
over [0, Tf and we use the identity (7.12) and the bounda~ conditions (7.13) and (7.141, then 
we find 

2 
I 

;K,(r, t) - U&, t)] dt = - 
0 

%(r, 0) 

+ 
I 

=[L&, T, t) + X&, T, t)] dt + &&, T), 
0 

where 

X&r, T, 0 =; I, [EAT + t+t)*4$(T-t)-E@(T-t)*(P,(T+z+t) 

- E,(t + t) - @&) - E&t) l @,(t f t)] dV, 

X&,(z,T,t)=ij {p~,(T+r+t)*[b~(T-t)+idiv@p(T-t)] 
B 

- ,ous(T -t) l [b,(T + r+t)+idivaa(T+r+t) 1 

- pu,Jt + z) + [b&t) + i div O,(t)] 

b*(t+~)+~div~*(t+~) dV. 

G(-r)[E,&)] dr dV 

&,(2T + t + z) 9 G(-z - r)[Ep(r)] dV 

+; j- p[u,(2T + z) * h@(O) + 1i*(2T + t) l us(O)] dV. 
B 

(7.42) 

(7.43) 

f7.44) 

(7.45) 

By using the Schwarz inequality and the relations (7.1), (7.23) and (7.41), we obtain the 

ES 29:10-B 
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E&z) * G(-z - r)[EB(r)J dV dz dr 

We now use the estimates (7.~)-(7.48) in the relation (7.42) in order to obtain 

(7.W 

(7.47) 

(7.48) 

(7.49) 

Further, we divide relation (7.49) by T and let T + m. Because %a is bounded, by means of the 
relations (7.16), we deduce 

(7.50) 

We proceed now to prove the relation (7.39). To do this, we shall use the relations (7.17), 
(7.18) and (7.50). We first note that the relation (7.17) implies 

$x&t, r) dr = %&, CQ). (7.51) 

Then, for every T > 0, we have 
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(7.52) 

Let E > 0 be an arbitrary number. We choose To = TO( E, r, 1y, /3) > 0 so large that 

I&&, t) - K& a3)l-c G I%&, 4 - %& @=9l< 6 t>T,. 

Then, we find that 

(7.54) 

for every T > To. Therefore, 

(7.55) 

for every E > 0, so that 

lim 1 
T-W= 

T oT K&r, 0 dt =; PL&, m) - %/r(r, m)]. 
I 

(7.56) 

By taking into account the relations (7.50) and (7.56) we deduce the relation (7.39). The 
relation (7.40) is a direct consequence of the relation (7.39). Thus, the proof is complete. 

REMARK. The relation (7.50) generalizes the one obtained in [24] for a homogeneous 
viscoelastic filament. 
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APPENDIX 

The Lagrange Identities 

It is not our intention to present an exhaustive description of the class of Lagrange identities but instead we confine 
ourselves to a sketch of some of types which we will use in this paper. 

Thus, we consider a real Hilbert space H endowed with an appropriate inner product ( ., .) Let v and w be arbitrary 
functions of class C2 on (-m, 00) whose values are contained into H. 

We start with the basic Lagrange identity 

(v(r), w(r)) - (G(t), w(t)) = (v(O), w(o)) - (v(o), w(0)) 

+ ‘~(v(s), Ws)) - (G(s), w(s))1 c-Is> (Al) 

where the superposed dot denotes the derivative with respect to the displayed time variable 
It is easy to see that the above identity may be written in the form 

(v(t), k(t)) = (v(O), k(O)) + j-1 [(v(s), w(s)) + (i(s), w(s))1 d.r. (A2) 

Further, we change v(s) in G(s) into (A2) in order to deduce 

(i(t), *V(r)) = (W, w9) + ~jMs), W)) + (i(s), *(s))l d.s. (A3) 

Special choices of the fields v and w in the above identities will lead to other particular forms of the basic Lagrange 
identity. Thus, for fixed I, we make the change v(s) -+ v(t -s) and w(s)+ w(t + s) into (Al)-(A3) in order to obtain 

(V(l), WI) + f+(t), w(t)) = (v(O), Wt)) + (W), WP)) 

+ ‘,(i’(r-s).w(t+s))-(v(t-s),ii(t+s)]ds. 
i 0 

(v(t), i(t)) = (v(O),i(2t)) + Ij(i+ -s), W+s)) - (v(t--s)> W+s))l~* I 
(G(t), b+(t)) = (i(O), iv(2t)) + 

J. 
” [(V(t - s), ti(t +s)) - (+(f -s), ti(t +s))] ds. 

Finally, we set v(s)+ v(s) and w(s)-+ w(t - s) so that we get 

(v(r), k(O)) + (G(r), w(0)) = (v(O), G(t)) + (i-(O), w(r)) + 1: [(8(s), w(t -s)) - (v(s), ++(r - 3))) d.r, 

(v(t), i(O)) = (v(O), a(t)) + I ’ [t+(s), i(r - s)) - (v(s), w -s))l d.s, 
0 

(G(f), k(O)) = (i(0),lqt)) + J)(qs), *(t -s)) - (i(s), iqt-s))]ds. 

Other forms of the basic Lagrange identity are presented by Tartar (251. 

(A4) 

(As) 

(A6) 

(A7) 

(A8) 

(A9) 


