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Abstract. We investigate the spatial behaviour of the steady state and transient elastic processes in an 
anisotropic elastic body subject to nonzero boundary conditions only on a plane end. For the transient 
elastic processes, it is shown that at distance x3 > ct from the loaded end, (c is a positive computable 
constant and t is the time), all the activity in the body vanishes. For x3 < ct, an appropriate measure 
of the elastic process decays with the distance from the loaded end, the decay rate of end effects 
being controlled by the factor (1 - ~).  Next, it is shown that for isotropic materials, in the case of 
a steady state vibration, an analogue of the Phragm6n-LindelOf principle holds for an appropriate 
cross-sectional measure. One immediate consequence is that in the class of steady state vibrations 
for which a quasi-energy volume measure is bounded, this measure decays at least algebraically with 
the distance from the loaded end. 
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1. Introduction 

Saint-Venant's principle was originally formulated within the context of  linear 
elastostatics and hence properly belongs to a study of elliptic partial differential 
equations. The principal analytic feature shared by most of the approaches is the 
attempt to carry out the assessment of the principle by studying the decay of  
strain energy away from the loaded end of the cylinder (or other body) under 
consideration. The two papers in which this idea was first exploited in connection 
with Saint-Venant's principle were those of  Toupin [1], who treated the cylinder 
problem, and Knowles [2], who dealt with similar issues in the theory of  plane 
strain. Since then there has been a great deal of  work on this problem and related 
ones. The subject has been comprehensively surveyed by Gurtin [3], Horgan and 
Knowles [4] and Horgan [5]. 

As discussed in [4], it is natural to ask whether principles of the Saint-Venant 
type also apply to parabolic differential equations. Boley [6], [7] was apparently 
the first to address such a question. A spatial decay estimate for transient heat con- 
duction was first given by Edelstein [8]. The result has been consistently improved 
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by the studies completed by Knowles [9], Horgan, Payne and Wheeler [10] and 
Chiri~ [11] (see also, [12]-[16]). 

Very little attention has been devoted to the study of hyperbolic differential 
equations. Horgan and Knowles [4] and Horgan [5] pointed out the paucity of  
Saint-Venant type results for a hyperbolic system of the kind describing elastic 
wave propagation. Only recently, does a series of papers help to fill the gap alluded 
to above. We mention the works by Flavin and Knops [17] and Flavin, Knops 
and Payne [18] as pioneering contributions for this kind of system. Two main 
approaches have been used. One of them investigates decay estimates for the steady 
state solutions, while the other investigates energy bounds for the transient solutions 
of the hyperbolic equations. Thus, Flavin and Knops [!7] have studied the damped 
wave equation for a bounded cylinder and the problem of a homogeneous linearly 
elastic damped cylinder. One of the plane ends is subjected to a displacement 
which varies harmonically in time and the remainder boundary is clamped. The 
existence of damping gives rise ultimately to a steady state oscillation. Concerning 
the steady state solutions, results are proved which suggest exponential decay of 
activity away from the excited end provided that the exciting frequency is less than 
a certain critical frequency. This line of research was further developed by Chirit~ 
[19] for linear thermoelasticity and by Ie§an and Quintanilla [20] for the linear 
theory of elastic materials with voids. 

Flavin, Knops and Payne [18] study the transient solutions of the equations of 
linear and nonlinear elastodynamics. Their investigations yield inequalities which 
provide meaningful bounds at all times for the energy contained in that part of the 
beam whose minimum distance from the loaded end is z. The estimates depend 
upon z but are independent of time variable t. The results are extended by Ie~an 
and Quintanilla [20] to the theory of elastic materials with voids. In a recent paper, 
Quintanilla [21] considers the transient solutions of the damped wave equation and 
establishes a spatial decay estimate of the kind described by Knowles [9] for the 
heat conduction equation. The existence of the damping term is essentially in order 
to establish the result. 

In a series of papers, Chirit/i [22]-[24] treats the issue of exponential spatial 
decay for elastodynamics, viscoelastodynamics and thermoelastodynamics. With 
attention confined to linear elastodynamics, results are proved which show that end 
effects decay spatially with the distance z3 from the loaded end, the decay rate 
being controlled by the factor exp(-z3/¢t), where the positive constant e depends 
on the elastic coefficients and the mass density of the material. 

The present paper considers the linear theory of elastodynamics for a non- 
prismatic body subjected to non-zero boundary data only on a plane end of its 
boundary surface. We establish results which describe the spatial behaviour of the 
transient elastic processes, as well as for steady state vibrations, away from the 
loaded end. 

With a view towards improving the results established by Chiri~i [22] we 
develop another technique based on an idea originally proposed byFlavin, Knops 
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and Payne [18]. Thus, we consider a body subjected to time-dependent tractions 
only on a plane end So, the remainder of the boundary being free of loads. We choose 
a cartesian coordinate frame with the origin O in So and the x3-axis perpendicular 
to the plane end. We assume that the prescribed tractions are sufficiently smooth 
and compatible with null initial conditions. Then we prove that the velocity of 
propagation of the end effects in the direction of x3-axis is less than c (where c 
depends on the elastic coefficients and the mass density); that is, in front of the 
surface of propagation (x3/> ct), all the activity vanishes. In other words, for fixed 
time t, at distances x3 >/ct from the loaded end So, the end effects are not felt yet. 
However for x3 ~< ct, an appropriate measure of the elastic process decays with the 
distance x3 from the loaded end So, the decay rate being described by the factor 
( 1 - x3/ct) .  We have thus established a decay rate of end effects faster than that 
described in [22] for the same measure of the elastic processes. In order to get such 
conclusions, we first establish some useful bounds for the total energy associated 
with that part of the body beyond a distance x3 from the loaded end. 

Returning to steady state vibrations, we consider an isotropic and homogeneous 
elastic material occupying a region unbounded in the direction of x3-axis, with 
a plane end So in the plane x3 = zo, zo > 0 and whose lateral surface is the 
portion of a conical surface with the top into the origin and which is contained 
in the half-space x3 i> z0. Suppose that the body is subjected to a boundary load 
on the end So varying harmonically in time, while the lateral surface is clamped. 
Based on a conservation law of the type used recently by Quintanilla [25] (see also 
Olver [26]) for elastostatics on unbounded domains, we introduce a cross-sectional 
measure. Then we establish an analogue of the Phragm~n-Lindel6f principle which 
leads to a complete description of the asymptotic behaviour of either the volume 
measure of quasi-energy or alternatively cross-sectional measure associated with 
the amplitude of the steady state vibration. Specifically, it is shown that the quasi- 
energy of the body contained in that part at an axial distance not less than x3 from the 
base either asymptotically grows faster than (x3/zo) ~, (7 > 0), or asymptotically 
decays slower than ( x 3 / zo )-'Y, ( 7 > 0). 

2. Results Describing the Behaviour of Transient Elastic Processes 

Let _R be a closed, bounded, regular region in three-dimensional space whose 
boundary OR includes a plane portion So. Choose cartesian coordinates Xl, z2, z3 
so that So lies in the plane x3 = 0, and suppose that R lies in the half-space x3 > 0. 
Let Sz be the intersection with R of a plane x3 = z, let 

Rz = {~ ~ R: x3 > z}, (2.1) 

and let L be the maximum value of x3 on R. We also use cartesian tensor notation 
and the summation convention for repeated indices. 

We suppose that the region R is occupied by an anisotropic and homogeneous 
elastic medium. In the absence of body forces, the fundamental system of field 
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equations describing the motion of a linear elastic body consists of the strain- 
displacement relation 

1 U (2.2) 

the stress-strain relation 

= (2.3) 

and the equations of motion 

S j i , j (u )  = piii. (2.4) 

Here ui are the components of displacement, eij are the components of the strain 
tensor and Sij are the components of the stress tensor. Further, p is the constant 
mass density and Cijkt are the components of the constant elasticity tensor and 
satisfy the symmetry relations 

Ci~kl = Cji~l = Cka~. (2.5) 

The strain energy density corresponding to the displacement u is 

w ( , , )  = ½C jk eij(,,)ekl(,,). (2.6) 

We assume that W ( u )  is a positive definite quadratic form in the components of 
the strain measures eij (u) .  

It was shown by Toupin [1] that there exists a positive constant #* so that the 
inequality 

(2.7) 

holds true. Toupin [1] and Gurtin [3] employ the terminology maximum elastic 
modulus for #*. A full discussion on upper and lower bounds for the magnitude of 
the strain energy density in linear anisotropic elastic materials is given in a recent 
paper by Mehrabadi, Cowin and Horgan [27]. The explicit values for the maximum 
elastic modulus #* are given there for different elastic symmetries. 

Throughout this section by an admissible process [3] we mean an ordered array 
p = [ui, eij, Sid] with the following properties: 

(i) ui, iq, ~i~, (ui,j + Uj,i), ( {ti,j "[- Qj,i) are continuous on/~ x [0, oo); 
(ii) eli is a continuous symmetric tensor on/~ x [0, oo); 
(iii) Sij is a continuous symmetric tensor and Sjl,j is continuous on/~ × [0, oo). 
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Further, we say that p = [ui, eij, Sij] is an elastic process on/~ corresponding to 
null body force i fp  is an admissible process and satisfies the equations (2.2)--(2.4) 
in R × [0, oc). 

To the elastic process p = [ui, eij, Sij] w e  associate the surface force tractions 
8i defined at every regular point of the boundary surface by 

s i (~ ,  t) = Sji(~e, t ) n j ( x ) ,  (2.8) 

where nj  are the components of the unit normal vector to the boundary surface of 
a region, outward to that region. Since nini  = 1, the relations (2.7) and (2.8) give 

sisi  <~ 2#*W(u) .  (2.9) 

Given an elastic process p = [ui, eij, Sij], we call the function Ep on [0, L) × 
[0, oc) defined by 

E p ( z , t )  = K p ( z , t )  + Up(z , t )  (2.10) 

the total energy associated with the portion Rz of R at time t. Here Kp is the kinetic 
energy associated with p on Rz, 

Kp(z ,  t) = ~ piziiti dv; (2.11) 

Up is the strain energy associated with p on Rz,  

Up(z, t) = W ( u )  dv = ~ Ci jk te i j (u)ek l (u)  dv. (2.12) 
z Z 

THEOREM 2.1 Let p = [ui, eij, Sij] be an elastic process corresponding to null 
initial conditions 

ui(~e, O) = O, i~i(x, O) = 0 on R,  (2.13) 

to zero body force and to a surface force traction that satisfies 

si(~e,t) = 0 on (OR\So)  x [0, oo). (2.14) 

Let (zo, to) bef ixed so that zo E [0, L], to E [0, oo). Then 

(i) f o r  0 <~ z <~ zo and max[0, to + c - l ( z  - zo)] <. t <~ to - e - l ( z  - zo), we have 

Ep(z,t) >. Ep(zo, to); (2.15) 

(ii) while f o r  zo <<. z <<. L andmax[O, to - e - l ( z  - z0)] <<. t <~ to + e - l ( z  - zo), 
we have 
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(2.16) 

and 

and 

OI z t  f 
- ~ (  ' ) = - Js~ s i ( t )~i ( t )da .  (2.21) 

Use of Schwarz's inequality, the arithmetic-geometric mean inequality and the 
estimate (2.9) leads to 

OI z, 1 1 

where e is an arbitrary positive constant. Now, we equate the coefficients of the 
energetic terms in the integral from (2.22) so that we choose 

e = , (2.23) 

and then we use the relation (2.20). Thus, we obtain 

c-  10 I  0 I  
~ -  + ~z  ~< 0, (2.24) 

- c -  l OI OI ~+~<~o, 

OI t) = 1 fs~ -~z(Z, - ~  {piti(t)iti(t) + Cijktei j ( t )ekt( t )}da (2.20) 

(2.25) 

E~(~,O < E~(zo, to), 

where 

Proof. We first define the function 

I ( z ,  t) = - ~ si(a)i~i(s) da ds, (2.18) 

and observe that, for 0 ~< z* ~< z ~< L, the relations (2.2)-(2.4), (2.13) and (2.14) 
give 

I(z , t )  - I(z*,t)  = - g  . {p~ i ( t )~ ( t )  + C~kze~j(t)ek~(t)} dr. (2.19) 

Direct differentiation of the relations (2.18) and (2.19) gives 
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where c is defined by the relation (2.17). 
Let us fix (zo, to) E [0, L] x [0, oo). If we set t = to + c - 1 ( z  - zo) in (2.24), 

we deduce that 

I(Z,  t O + C-I(z  -- ZO) ) is a non-increasing 
(2.26) 

function of z on [0, L]; 

while if we set t = to - e - l ( z  - zo) in (2.25), it results that 

l ( z ,  to - e - l ( z  - zo) )  is a non-increasing 
(2.27) 

function of z on [0, L]. 

Finally, we note that the relation (2.20) shows that 

I ( z ,  t )  is a non-increasing function 
(2.28) 

of z on [0, L] for all fixed t/> 0. 

We have thus all the preliminary material requested in order to prove the relations 
(2.15) and (2.16). 

Let us first consider that 0 ~< z ~< z0 and max[0,t0 + e - l ( z  - z0)] ~< t ~< to. 
Then we have z <~ Zl <~ zo, 21 - zo + e( t - to) so that the relation (2.28) implies 

I ( z ,  t) >1 I ( z l ,  t), (2.29) 

while the relation (2.26) implies 

I ( z l ,  t )  >1 I ( z o ,  to) .  (2.30) 

Thus, the relations (2.29) and (2.30) lead to 

I(z,  t) >1 I(zo, to). (2.31) 

Let us now consider that 0 <~ z <~ zo and to <~ t <<. to - c - l ( z -  zo). Then we have 
z <~ z2 <~ zo, z2 - zo - c ( t  - to) so that the relation (2.28) gives 

I ( z ,  t )  >1 I ( z 2 ,  t ) ,  (2.32) 

while the relation (2.27) gives 

I(z2, t) ~> I(z0, to). (2.33) 

On the basis of the relations (2.32) and (2.33) we conclude that the relation (2.31) 
again holds for the present case. 

Further, we see from the boundary conditions (2.14) that 

I ( L ,  t) = 0 for all t /> 0, (2.34) 
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so that the relations (2.10)-(2.12) and (2.19) give 

I ( z ,  t) = Ep(Z, t). (2.35) 

Therefore, the relations (2.31) and (2.35) lead to the relation (2.15). 
We proceed now to prove the relation (2.16). In this aim we consider first that 

zo <~ z <~ L and max[0 , t o -  c - l ( z -  zo) ] ~ t <~ to. Then we have z >/ z3 /> 
zo, z3 =- zo - c( t - to) so that the relation (2.28) implies 

I ( z ,  t) <<. I(z3, t), (2.36) 

while the relation (2.27) implies 

I(z3,  t) <<. I(zo,  to). (2.37) 

Thus, the relations (2.36) and (2.37) give 

I ( z ,  t) <<. I(zo,  to). (2.38) 

Let us now consider zo <. z <~ L and to <. t <. to + c - l ( z  - zo). Then we have 
z >i z4 >1 zo, z4 - zo + c(t - to) and hence the relation (2.28) gives 

I(Z, t) < I(24, t), (2.39) 

and the relation (2.26) gives 

I(z4, t) ~< I(z0, to). (2.40) 

On the basis of the relations (2.39) and (2.40) we conclude that the relation (2.38) 
remains valid in this case. Further, the relations (2.35) and (2.38) lead to the 
inequality (2.16) and the proof of the theorem is complete. 

On the basis of the above theorem we can establish a further result describing 
the spatial behaviour of the elastic processes: 

THEOREM 2.2 Assume p = [ui, eij, Sij] is an elastic process corresponding to 
null initiaI conditions and body forces and to a surface traction that satisfies (2.14). 
Then, we have 

Ep( z , t )  = O for  ct <~ z <~ L, t >. O, (2.41) 

and 

Ep(z,t)-<_ 1 - z  Ev(O, t  ) 

where 

/: E ; ( z , O  = Ep(z,r)d . 

for  0 "< z -< ct ~_ L, (2.42) 

(2.43) 
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Proof. If we set z0 = 0 and to = 0 in Theorem 2.1 and take into account the 
initial conditions (2.13), we deduce 

Ep(z, t) <~ Ep(O, 0) = 0 for 0 ~< ct <~ z. (2.44) 

Thus, from (2.44) we get the relation (2.41). 
Further, for convenience, let us fix t = T, T E [0, oo), and let Z <~ cT. Then, 

on the basis of the relations (2.41) and (2.43), we get 

Z Ep(Z, T) = Ep(Z, 7-) dr. (2.45) 
z/c) 

If we set 

s + --  (2.46) 
C 

in the integral on the right hand side of (2.45), we obtain 

Now, we set z0 = Z and to = (1 - Z/cT)s + Z/c in Theorem 2.1 and notice that 
to - Z/c <~ s <<. to. Then, we see that (i) implies 

Ep(O,s) >>. Ep (Z, [1- ---~] , + ~ )  (2.48) 

Thus, the relations (2.47) and (2.48) yield 

E~(Z,T)<<. (1 -c -~)  foTEp(O,v)dr. (2.49) 

Clearly, the estimate (2.42) follows now from the relations (2.43) and (2.49) and 
the proof is complete. 

We have not yet specified the boundary data on the end face So, and therefore 
the estimate (2.42) is not in an explicit form. In order to achieve this, we require 
bounds for E~(0, t) in terms of the end data. We assume that the end face So is 
subjected to tractions self-equilibrated at each instant, continuously differentiable 
with respect to the time variable. Therefore, we set 

s i = t i  on S 0 × [ 0 , ~ ) ,  (2.50) 

and assume that 

[ tida = O, f eijkxjtkda = O, t E [0.oo). (2.51) 
JSo JSo 
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Then, it was shown in [22] that 

{/(:z0 E;(0 ,  t) <. 8b -1 i~(r)ii(r)  da dr ds , (2.52) 

where b is a positive constant depending only on R, So and the elastic moduli. 
Obviously, the estimate (2.52) when it is used in the spatial decay estimate 

(2.42) leads to an explicit result describing the spatial decay of end effects in linear 
elastodynamics. 

Finally, we remark that the above analysis remains valuable for regions unbound- 
ed in the direction of the xa-axis (L is infinite). It is easy to see that the relation 
(2.34) is now replaced by 

lim I(z, t)  = O, (2.53) 
Z--'¢'O0 

for all fixed time t /> 0. In order to deduce the relation (2.53) we note that the 
relation (2.31), with to = 0 and z0 arbitrary, implies 

S(z, t )  I(zo, O) = 0, (2.54) 

for 0 ~< z ~< zo and 0 ~< t ~< C - I ( z 0  -- Z). We fix t and make z --+ oo in order to 
obtain 

lim I(z, t) ~_ O. (2.55) 
Z -"'+ ~ 

On the other hand, from the relation (2.38), with to = 0 and z0 arbitrary, we get 

Z(z,t)  <. Z(zo, O) = O, (2.56) 

for z0 ~< z and 0 ~< t ~< C - I ( z  -- 2:0). We fix t and make zo ~ oo in order to obtain 

lim I(z ,  t) <_ O. (2.57) 
2:---+00 

Thus, from the relations (2.55) and (2.57) it follows that the relation (2.53) is true. 
It is easy to see now that from the relations (2.19) and (2.53) it follows that the 
relation (2.35) is again true and the analysis from the above two theorems continues 
to hold true. 

3. Asymptotic Behaviour for Harmonic Vibrations 

Throughout this section we shall consider that R is a region unbounded in the 
direction of the x3-axis and suppose that it has a plane end So perpendicular to the 
x3-axis. Further, we suppose that the lateral surface ~ of the body is a portion of a 
conical surface with the top at the origin O of the cartesian coordinate frame. We 
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assume that the end So lies in the plane x3 = z0, z0 > 0 and suppose that R lies in 
the half-space x3/> z0. It follows then that we have 

x i n i = O  for all x E ) 2 .  (3.1) 

Let us suppose that the region R is filled with an isotropic and homogeneous 
linear elastic material so that the constitutive relations are now taken in the form 

(3.2) 

where A and # are the Lam6 moduli and ~ij is the Kronecker delta. 
We assume that the body is held at zero displacement on the lateral surface )2, 

that is 

u i (x , t )  = 0 on E x [O, oc), (3.3) 

and to a harmonic vibration on the end So. Therefore, in this section we study the 
harmonic vibrations of the elastic medium, that is we consider the elastic processes 
of the form 

[u~, e~ ,  S~](a~, t) = [Vr, e~s, S~](x) exp(iwt) ,  (3.4) 

where w is a strictly positive prescribed constant. Then, the amplitude v~ of the 
steady state vibration satisfies the system 

vT,~ + av~,~r +/3w2v~ = O, 

and the lateral boundary condition 

v,.(x) = 0 on )2, 

(3.5) 

(3.6) 

and some appropriate boundary conditions on the end So. In the above relations 
we have used the notations 

1 A + #  p,  
a -  - - - ,  / 3 = -  (3.7) 

1 - 2u # # 

and u is Poisson's ratio. 
At this time, we note that the boundary conditions (3.6) and the relation (3.1) 

imply that 

vr,sz~ = 0 on )2. (3.8) 

Moreover, in order to obtain our results, it is suitable to write the following two 
identities: 

[v,.(v,.,~ + a~r,Vm,m)],, = Vr,sV~,~ + C~V,.,,.V~,~ -- /3W2V~V,. (3.9) 
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(3.i0) 

It is worthy to mention that the identity (3.9) is one of the type used by Knops, 
Rionero and Payne [28] in order to establish decay estimates for linear isotropic 
elastostatics and by Flavin and Knops [17] in the study of harmonic vibrations in a 
cylindrical region, while the equality (3.10) is of the type used by Quintanilla [25] 
for cone-shaped domains in linearized elastostatics. 

Further, we note that, from the relations (3.9) and (3.10), it follows that 

[- ½~j(v~,~,s + <~,,~,~ -/~w~v~vr) 

-t-Xk Yr,k( Vr,j -it" O~rjVm,m ) -t- Vr( Vr,j -t- Ot~rjVm,m )],j 

On the basis of the above identity, we introduce the functional 

(3.11) 

JSz 

+(xkv~,k + v~)(vT,3 + C~7i~3Vm,m)} da, z >1 zo. (3.12) 

By using the relations (3.1), (3.6) and (3.8) and the identity (3.11), we obtain 

J ( z ) -  J(zl)  

1[ ( 
= - vr,~vr,~ + avr,rv~,s + flw2vrv~) dr, z ) zl ) zo, (3.13) 

2 JR(~l,z) 

where 

R(Zl ,Z)  = {~ ~ R: zi <. x3 <~ z}. 

By a direct differentiation, we get 

j ' (z)  = ~ (v~,svr,s + ~vr,~vs,. + ~ w 2 v ~ )  da. 
z 

Then, from the relations (3.12) and (3.15) we deduce that 

l i J (z) l  ~< 7 J ' ( z ) ,  z >1 zo, 
z 

(3.14) 

(3.15) 

(3.16) 
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where 7 is the best positive constant in the inequality 

( Vr,sVr, s -'1- OlVr,r Vs, s -'1- /~W2Vr Vr ) da. 
z 

(3.17) 

J(z) J(z*) -;-: 

Further, this implies that 

lim J(z) = o c .  ( 3 . 2 2 )  
Z---+ OO 

for all z ~- z*. (3.21) 

Actually, by means of the Schwarz and arithmetic-geometric mean inequalities, a 
lower bound of the constant 7 may be taken as the following value: 

1 [ 1+° 1 
7 - = m a x  5 , 1 + m 2 ( l + a ) , l + f l w 2 z 2 ]  , (3.18) 

where 

XpXp 
m 2 = max (3.19) 

Sz Z 2 

In order to study the consequences of the first order differential inequality (3.16), 
it is useful to introduce the quasi-energy 

1 
fR [PW2V~vr + #vr,sv~,s + (A + #)v~,~vs,~] E(z) = dv. (3.20) 

Then we have the following: 

THEOREM 3.1 Let vr be a solution to the system (3.5) and (3.6). Then the corre- 
sponding quasi-energy E(  z ) does not exist, vanishes identically, or decays at least 
algebraically with z for all z >>. zo. 

Proof. For a solution v~ of the system (3.5) and (3.6), we have the following 
alternative: (a) either there exists z* /> z0 so that d(z*) > 0, or (b) for all z/> z0, 
we have J(z)  ~ O. 

Let us first suppose that there exists z*/> z0 so that J(z*) > 0. On the basis of 
the relation (3.15) we deduce that J'(z)  >1 O, for all z /> z*. It follows then that 
J(z)  >1 J(z*) > 0 for all z/> z*. Then, the differential inequality (3.16) implies 
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It follows from the relations (3.13) and (3.22) that the quasi-energy E(z) 
becomes infinite when J(z*) > 0. Thus, the above analysis shows that, when 
J(z) becomes positive at any point, no solution of (3.5) and (3.6) in the measure 
E(z) can exist. 

Let us now suppose that d(z) <~ 0 for all z ) z0. Insertion of this condition into 
(3.16) leads to the differential inequality 

zd'(z) + 7J(z) />  0 for all z >/z0, (3.23) 

which by integration gives 

- J ( z )  <~ -J(zo)  , z >>. zo. (3.24) 

Thus, we conclude that 

lim J ( z )  = O, (3.25) 
Z----~OO 

so that the relations (3.13) and (3.20) lead to the result 

E(z) : - . J ( z ) .  

Then, the spatial decay estimate (3.24) can be written in the form 

E ( z )  <. E( zo )  , z zo, 

and the proof is complete. 

(3.26) 

(3.27) 

Remark 3.1 The results described in the above proof are of the kind established 
by Knops, Rionero and Payne [28] for linearized and classical linear theories of 
elastostatics on unbounded regions. They are obtained without any restriction upon 
the exciting frequency of the type imposed by Flavin and Knops [17] for a bounded 
cylinder. However, the decay result described by the relation (3.27) is obtained in 
the class of steady state vibrations for which g(z)  is bounded. This implies that w 
does not coincide with certain critical, or resonant, frequencies. 
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