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Abstract This paper establishes spatial estimates in a prismatic (semi-infinite) cylin-
der occupied by an anisotropic homogeneous linear elastic material, whose elasticity
tensor is strongly elliptic. The cylinder is maintained in equilibrium under zero
body force, zero displacement on the lateral boundary and pointwise specified
displacement over the base. The other plane end is subject to zero displacement
(when the cylinder is finite, say). The limiting case of a semi-infinite cylinder is
also considered and zero displacement on the remote end (at large distance) is not
assumed in this case. A first approach is developed by considering two mean-square
cross-sectional measures of the displacement vector whose spatial evolution with
respect to the axial variable is studied by means of a technique based on a second-
order differential inequality. Conditions on the elastic constants are derived that
show the cross-sectional measures exhibit alternative behaviour and in particular
for the semi-infinite cylinder that there is either at least exponential growth or
at most exponential decay. A second approach considers cross-sectional integrals
involving the displacement and its gradient and furnishes information upon the
spatial evolution, without restricting the range of strongly elliptic elastic constants.
Such models are principally based upon a first-order differential inequality as well as
on one of second order. The general results are explicitly presented for transversely
isotropic materials and graphically illustrated for a cortical bone.

S. Chiriţă (B)
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1 Introduction

We consider a prismatic cylinder occupied by an anisotropic homogeneous com-
pressible linear elastic material having an elasticity tensor that is strongly elliptic.
The cylinder is maintained in equilibrium under zero body force, zero displacement
on the lateral boundary and pointwise specified displacement over the base. The
other plane end is subject to zero displacement (when the cylinder is finite, say).
The limiting case of a semi-infinite cylinder is also considered and zero displacement
on the remote end (at large distance) is not assumed in this case.

The main purpose of this paper is to examine how certain cross-sectional and
volume integral measures of the displacement vector evolve with respect to the axial
variable, provided that the strong ellipticity of the elasticity tensor is assumed. To this
end we develop two approaches based on the technique of first-order and second-
order differential inequalities.

A first approach is developed by considering two mean-square cross-sectional
measures of the displacement vector whose spatial evolution with respect to the axial
variable is studied by means of a technique based on a second-order differential
inequality. Conditions on the elastic constants are derived that show the cross-
sectional measures exhibit alternative behaviour and in particular for the semi-
infinite cylinder that there is either at least exponential growth or at most exponential
decay.

The results are specialized for the isotropic materials and the dependence of the
decay rate with respect to the parameter of the measure is studied and graphically
illustrated for some well-known materials.

Furthermore, we are interested to find appropriate measures whose study can
offer information on the spatial evolution of the displacement for the whole class
of strongly elliptic anisotropic materials. To this end we develop a second approach
which considers cross-sectional integrals involving the displacement and its gradient
and furnishes information upon the spatial evolution, without restricting the range
of strongly elliptic elastic coefficients. Such models are principally based upon a
first-order differential inequality, but the technique of second-order differential
inequality can also be used. The explicit results are presented for transversely
isotropic materials and graphically illustrated for a cortical bone.

Our study in the present work was inspired by the fundamental paper of Flavin
et al. [1] where such investigations were initiated for a constrained cylinder made
of a homogeneous isotropic compressible linear elastic material. Two methods
are developed there in order to study the spatial behaviour of the solution in a
constrained elastic cylinder of variable cross section. The first method reduces the
problem to a nonautonomous second-order differential inequality for the mean-
square cross-sectional integral of the displacement, but it is valid only for a restricted
range of the elastic moduli, which in terms of Poisson’s ratio ν is characterized
by the inequality ν < 0.396. The second approach, which relies upon a first-order
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differential inequality for a cross-sectional integral involving the displacement and
its gradient, does not restrict the range of elastic moduli.

We have to recall that Biollay [2] has studied a similar problem for a semi-infinite
isotropic elastic cylinder in which displacements are specified on the end and are
required to vanish on the lateral surface. A spatial decay estimate is established
for the cross-sectional mean square of the displacement vector and the decay
rate depends only on Poisson’s ratio and the smallest eigenvalue of the clamped
membrane. Energy decay estimates have been established by Oleinik and Yosifian
[3, 4] for certain problems involving the three-dimensional elasticity operator in
noncylindrical regions in which the displacement is prescribed to vanish over part or
all of the boundary. For the state of art on the Saint Venant principle we recommend
the review papers by Horgan and Knowles [5] and Horgan [6, 7]. For a more recent
review concerned with the effects of anisotropy, we refer to [8].

2 Formulation of the Problem

Let � denote a prismatic cylinder whose base, supposedly planar, is selected to lie in
the x1 Ox2-coordinate plane of a three-dimensional rectangular Cartesian coordinate
system and to contain the origin.

We suppose that the length of the cylinder is L and that Dx3 ⊂ R
2 represents

the uniform bounded cross-section at distance x3 from the origin. The boundary
∂ D of each cross-section is assumed sufficiently smooth to admit application of the
divergence theorem in the plane of the cross-section. The cylinder consists of an
anisotropic and homogeneous linear elastic material maintained in equilibrium under
zero body-force. Therefore, the equilibrium equations yield

Cijkluk,l j = 0, x ∈ �, (2.1)

where the components Cijkl of the elasticity tensor possess the major and minor
symmetries

Cijkl = Cklij = C jikl, (2.2)

and are assumed to be prescribed constant coefficients. The subscripts i, j, k, l take
values 1, 2, 3 and summation is implied by index repetition.

We recall that the elasticity tensor is positive definite if (Cf. Gurtin [9, p. 69,86])

Cijklφijφkl > 0 (2.3)

for every non-zero symmetric tensor φij. Further, Cijkl is strongly elliptic if

Cijklξiξkη jηl > 0 (2.4)

for every non-zero vectors ξi and η j.
For an isotropic elastic material the components of the elasticity tensor are given

by

Cijkl = λδijδkl + μ
(
δikδ jl + δilδ jk

)
, (2.5)
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where λ and μ are the Lamé moduli. In this case the elasticity tensor is positive
definite if and only if the Lamé moduli obey the inequalities

μ > 0, 3λ + 2μ > 0; (2.6)

while the elasticity tensor is strongly elliptic if and only if

μ > 0, λ + 2μ > 0. (2.7)

Throughout the paper, zero body force is assumed, and it is supposed that the
cylinder is in equilibrium under prescribed displacement on the end x3 = 0 and zero
displacement on the lateral surface. The other plane end x3 = L is subject to zero
displacement (when L is finite, say). The limiting case L → ∞ is also considered and
zero displacement on the remote end (at large distances) is not assumed in this case.

We assume the existence of a sufficiently smooth displacement vector ui(x)

satisfying the equilibrium Eq. (2.1) and the following boundary conditions of our
problem:

ui (x) = 0 for x ∈ ∂ Dx3 , x3 ∈ [0, L], (2.8)

ui (x) = gi (x) , x ∈ D0, (2.9)

ui (x) = 0, x ∈ DL, (2.10)

in the case where L is finite (say). In the limiting case L → ∞ a condition of the type
(2.10) is unnecessary. In the above relations, gi(x1, x2) are specified functions.

3 Some Displacement Cross-Sectional Measures

Throughout this paper we will consider the class of elastic materials whose elasticity
tensor is strongly elliptic. We will specify some subclasses of elastic materials for
which it is possible to study the spatial behaviour by using an appropriate displace-
ment cross-sectional measure. In fact, we will discuss spatial decay estimates for the
displacement vector measured by an L2−norm over a plane cross-section of the
cylinder. To this end we note that the strong ellipticity condition (2.4) implies that

Ci3k3ξiξk > 0 (3.1)

for all non-zero vectors ξi and

Ciαkβξiξkηαηβ > 0 (3.2)

for all non-zero vectors ξi and ηα . The Greek subscripts α and β take values 1, 2 and
summation is implied by index repetition. In what follows we will denote by κm and
κM the minimum and maximum eigenvalues of the tensor Ci3k3 so that we have

κmξiξi ≤ Ci3k3ξiξk ≤ κMξiξi. (3.3)
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Moreover, in view of the assumption (3.2) and by using the Gärding inequality
(cf. Fichera [10, p. 366]), it follows that there exists a constant γ0 > 0 such that

∫

Dx3

Ciαkβvi,αvk,βda ≥ γ0

∫

Dx3

vi,αvi,αda, (3.4)

for every vector field vi satisfying the boundary condition (2.8).

3.1 Monoclinic Materials with x1 Ox2 as a Plane Elastic Symmetry

In this subsection we consider elastic materials with

Cα333 = 0, C3αβγ = 0, (3.5)

which include the monoclinic systems (with 13 elasticities) having x1 Ox2 as a plane of
elastic symmetry, the rhombic system (with nine elasticities), the tetragonal system
(with six and seven elasticities), the cubic system (with three elasticities) and the
hexagonal systems (with five and six elasticities), (cf. Gurtin [9, p. 87]). In order to
study the spatial behaviour of the solution we introduce the following displacement
cross-sectional measure

I (x3) =
∫

Dx3

(
Cα3β3uαuβ + δC3333u2

3

)
da, x3 ≥ 0, (3.6)

with δ a strictly positive parameter at our disposal. This is, indeed, an acceptable
cross-sectional measure as the integrand is positive definite in ui, in view of Eq. (3.1).

By direct differentiation we obtain

I′ (x3) = 2
∫

Dx3

(
Cα3β3uαuβ,3 + δC3333u3u3,3

)
da (3.7)

and

I′′ (x3) = 2
∫

Dx3

(
Cα3β3uα,3uβ,3 + δC3333u2

3,3

)
da

+2
∫

Dx3

(
Cα3β3uαuβ,33 + δC3333u3u3,33

)
da. (3.8)

Now, with the assumption (3.5), from the equilibrium Eq. (2.1) we deduce that

Cα3β3uβ,33 = − (
Cαβμλuμ,λ

)
,β

− (
Cαβ33u3,3

)
,β

− Cα33λu3,3λ, (3.9)

C3333u3,33 = − (
C3α3βu3,β

)
,α

− (
C3α3λuλ,3

)
,α

− C33βαuβ,3α. (3.10)
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If we substitute the relations (3.9) and (3.10) into Eq. (3.8) and then we use
integration by parts and the boundary condition (2.8), we deduce that

I′′ (x3) = 2
∫

Dx3

[
δC3333u2

3,3 + (
Cαβ33 + C3α3β

)
u3,3uα,β

+ Cαβλμuα,βuλ,μ

]
da + 2

∫

Dx3

[
Cα3β3uα,3uβ,3

+δ
(
C3α3β + C33αβ

)
u3,αuβ,3

+δCα3β3u3,αu3,β

]
da. (3.11)

Further, in view of the assumption (3.2) and the boundary condition (2.8), by the
Gärding inequality (Cf. Fichera [10, p. 366]) it follows that there exists a constant
γ0 > 0 such that

∫

Dx3

Cαβλμuα,βuλ,μda ≥ γ0

∫

Dx3

uα,βuα,βda. (3.12)

Therefore, by choosing the parameter δ to satisfy

δ >

(
Cαβ33 + C3α3β

) (
Cαβ33 + C3α3β

)

4C3333γ0
(3.13)

we can determine the constant c1 > 0 so that

2
∫

Dx3

[
δC3333u2

3,3 + (
Cαβ33 + C3α3β

)
u3,3uα,β

+Cαβλμuα,βuλ,μ

]
da ≥ c1

∫

Dx3

uα,βuα,βda. (3.14)

Moreover, we choose the parameter δ to satisfy

0 < δ <
4κ̂

2
m(

Cαβ33 + C3α3β

) (
Cαβ33 + C3α3β

) , (3.15)

where κ̂m is the minimum eigenvalue of the tensor Cα3β3. Then, we can determine
the constant c2 > 0 so that

2
∫

Dx3

[
Cα3β3uα,3uβ,3 + δ

(
C3α3β + C33αβ

)
u3,αuβ,3

+δCα3β3u3,αu3,β

]
da ≥ c2

∫

Dx3

u3,αu3,αda. (3.16)

Concluding, we can see that, at least in the class of strongly elliptic materials
characterized by the inequality

(
Cαβ33 + C3α3β

) (
Cαβ33 + C3α3β

)
< 4κ̂m

√
γ0C3333, (3.17)
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the choices (3.13) and (3.15) are simultaneously possible and hence with δ satisfying
(
Cαβ33 + C3α3β

) (
Cαβ33 + C3α3β

)

4C3333γ0
< δ <

4κ̂
2
m(

Cαβ33 + C3α3β

) (
Cαβ33 + C3α3β

) , (3.18)

the relations (3.11), (3.14) and (3.16) furnish

I′′ (x3) ≥ c1

∫

Dx3

uα,βuα,βda + c2

∫

Dx3

u3,αu3,αda. (3.19)

In what follows, we shall assume that the constants δ, c1 and c2 are chosen so that
the inequalities (3.14) and (3.16) hold true and therefore, the estimate (3.19) is true.

On the other hand, by using the Cauchy–Schwarz inequality, from Eq. (3.6) we
deduce that

I (x3) ≤ κ̂M

∫

Dx3

uαuαda + δC3333

∫

Dx3

u2
3da, (3.20)

where κ̂M is the maximum eigenvalue of the tensor Cα3β3. Further, the boundary
condition (2.8) allows us to write the following inequalities:

λ0

∫

Dx3

uαuαda ≤
∫

Dx3

uα,βuα,βda, (3.21)

λ0

∫

Dx3

u2
3da ≤

∫

Dx3

u3,βu3,βda, (3.22)

where λ0 > 0 is the first eigenvalue in the two-dimensional clamped membrane
eigenvalue problem for the cross section Dx3 . Thus, by combining the relations (3.20)
to (3.22) we deduce that

I (x3) ≤ κ̂Mλ−1
0

∫

Dx3

uα,βuα,βda + δC3333λ
−1
0

∫

Dx3

u3,βu3,βda. (3.23)

Moreover, from the relations (3.19) and (3.23) we deduce the following second-order
differential inequality

I′′ (x3) − k2
1 I (x3) ≥ 0 for all x3 ≥ 0, (3.24)

with

k1 =
√

λ0 min
{

c1

κ̂M
,

c2

δC3333

}
. (3.25)

We now proceed to integrate the differential inequality (3.24). To this end we
use a well-known Comparison Principle (a generalisation of the curve under chord
property for convex functions; e.g., [11, p. 124]). On this basis we conclude that I (x3)

is bounded above by H (x3), the solution of the differential equation corresponding
to the differential inequality (3.24) with the same boundary conditions, that is

H′′ (x3) − k2
1 H (x3) = 0 for all x3 ∈ [0, L], (3.26)

and

H (0) = I (0) , H (L) = I (L) . (3.27)
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This yields

I (x3) ≤ 1 − e−2k1(L−x3)

1 − e−2k1 L
I (0) e−k1x3 + 1 − e−2k1x3

1 − e−2k1 L
I (L) e−k1(L−x3) ≤

≤ I (0) e−k1x3 + I (L) e−k1(L−x3) for all x3 ∈ [0, L]. (3.28)

The following result is a direct consequence of the estimate (3.28).

Theorem 1 In the context of the finite cylinder consisting of homogeneous monoclinic
material and subject to the end condition (2.10), or for the semi-infinite cylinder, for
which L → ∞, with

lim
L→∞

I (L) e−k1 L = 0, (3.29)

the cross-sectional measure (3.6) satisfies the decay law

I (x3) ≤ I (0) e−k1x3 , x3 ≥ 0, (3.30)

where k1 is given by Eq. (3.25).

Remark 1 The decay estimate (3.30) may be made fully explicit by expressing I (0) in
terms of the given data. In fact, if we substitute the end condition (2.9) into relation
(3.6), then we have

I (0) =
∫

D0

(
Cα3β3gαgβ + δC3333g2

3

)
da. (3.31)

It is instructive to specialize our results to the case of an isotropic material. Then
κ̂m = μ, κ̂M = μ, C3333 = λ + 2μ, γ0 = min (μ, 2λ + 3μ) for μ > 0, λ + 2

3μ > 0 and
γ0 = min (λ + 2μ,−λ) for λ < 0, λ + 2μ > 0. Moreover, by means of the arithmetic-
geometric mean inequality we obtain

2
∫

Dx3

[
δ (λ + 2μ) u2

3,3 + μuα,βuα,β + (λ + μ) u3,3u, + (λ + μ) uα,αu,

]
da ≥

≥ [2δ (λ + 2μ) − |λ + μ| ε1]
∫

Dx3

u2
3,3da + (2μ − ε2)

∫

Dx3

uα,βuα,βda +

+
∫

Dx3

{
ε2uα,βuα,β +

[
2 (λ + μ) − 1

ε1
|λ + μ|

]
uα,αu,

}
da, (3.32)

where ε1 > 0 and ε2 are constants at our disposal. If we use the inequality (as in the
paper by Flavin et al. [1])

∫

Dx3

uα,βuα,βda ≥
∫

Dx3

uα,αu,da, (3.33)
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then Eq. (3.32) yields

2
∫

Dx3

[
δ (λ + 2μ) u2

3,3 + μuα,βuα,β + (λ + μ) u3,3u, + (λ + μ) uα,αu,

]
da ≥

≥ [2δ (λ + 2μ) − |λ + μ| ε1]
∫

Dx3

u2
3,3da + (2μ − ε2)

∫

Dx3

uα,βuα,βda +

+
[
ε2 + 2 (λ + μ) − 1

ε1
|λ + μ|

] ∫

Dx3

uα,αu,da. (3.34)

Thus, if we set

ε1 = 2δ (λ + 2μ)

|λ + μ| , ε2 = 2 (λ + μ)

δ

[
−δ + λ + μ

4 (λ + 2μ)

]
, (3.35)

then the relation (3.14) will hold with

c1 = 2μ − ε2 = 2 (λ + 2μ) − (λ + μ)2

2δ (λ + 2μ)
> 0, (3.36)

provided

δ >
(λ + μ)2

4 (λ + 2μ)2 . (3.37)

Furthermore, we have

2
∫

Dx3

[
μuα,3uα,3 + δ (λ + μ) uα,3u3,α + δμu3,αu3,α

]
da ≥

≥ [2μ − δ |λ + μ| ε3]
∫

Dx3

uα,3uα,3da

+
[

2δμ − δ |λ + μ|
ε3

] ∫

Dx3

u3,αu3,αda, (3.38)

with ε3 a strictly positive constant at our disposal. If we set

ε3 = 2μ

δ |λ + μ| , (3.39)

then the relation (3.16) will hold with

c2 = 2δμ − δ |λ + μ|
ε3

= 2δμ − δ2 |λ + μ|2
2μ

> 0, (3.40)

provided

δ <
4μ2

(λ + μ)2 . (3.41)
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Figure 1 Dependence of
the decay rate k1 on the
parameter δ.
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Concluding, the estimate (3.30) holds true with

k1 =
√

λ0

2δμ (λ + 2μ)
min

{
4δ (λ + 2μ)2 − (λ + μ)2 , 4δμ2 − δ2 (λ + μ)2}, (3.42)

in the class of elastic materials characterized by

(λ + μ)2

4 (λ + 2μ)2 <
4μ2

(λ + μ)2 , (3.43)

and with δ taking any value in the interval
(

(λ + μ)2

4 (λ + 2μ)2 ,
4μ2

(λ + μ)2

)

. (3.44)

It is worth pointing out that the relation (3.43) characterizes the class of elastic
materials considered in [1] (that is the class of elastic materials with the Poisson’s
ratio ν < 0.396).

The dependence of the decay rate k1 with respect to the parameter δ is graphically
illustrated in Figure 1 for platinum (with the Poisson ratio ν = 0.39), alluminum 2024-
T3 (with ν = 0.33), steel AISI 304 (ν = 0.29) and beryllium QMV (ν = 0.03).

3.2 General Anisotropic Materials

In this subsection we consider the class of anisotropic materials referred to as triclinic
materials (cf. Gurtin [9]). Essentially in this subsection we consider the case when

Cα333 	= 0 or Cαβγ 3 	= 0. (3.45)

If we set

m2 = (Ciαk3 + Ci3kα) (Ciαk3 + Ci3kα) , (3.46)
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then, by means of the arithmetic-geometric mean inequality and the Schwarz inequal-
ity, we get

∫

Dx3

[
Ci3k3vi,3vk,3 + Ciαkβvi,αvk,β + (Ciαk3 + Ci3kα) vi,αvk,3

]
da ≥

≥
∫

Dx3

[(
κm − ε4

2
m

)
vi,3vi,3 +

(
γ0 − 1

2ε4
m

)
vi,αvi,α

]
da, (3.47)

for every strictly positive constant ε4 at our disposal. Thus, if we set ε4m = 2κm then
we get

∫

Dx3

[
Ci3k3vi,3vk,3 + Ciαkβvi,αvk,β + (Ciαk3 + Ci3kα) vi,αvk,3

]
da ≥ C0

∫

Dx3

vi,αvi,αda,

(3.48)
where

C0 = γ0 − m2

4κm
> 0, (3.49)

provided the constitutive restriction

m2 < 4γ0κm (3.50)

is assumed. On this basis we will assume that there is a positive constant c0 such that
∫

Dx3

[
Ci3k3vi,3vk,3 + Ciαkβvi,αvk,β + (Ciαk3 + Ci3kα) vi,αvk,3

]
da ≥ c0

∫

Dx3

vi,αvi,αda,

(3.51)
for every vector field vi satisfying a homogeneous boundary condition of type
described by the relation (2.8).

On this basis we will consider the function J (x3) defined by

J (x3) =
∫

Dx3

Ci3k3uiukda, (3.52)

which is an acceptable measure because the integrand is positive definite in ui. We
derive a second-order differential inequality for Eq. (3.52) and derive the evolution
properties of the measure by integration of the inequality.

Successive differentiation of Eq. (3.52) gives

J′ (x3) = 2
∫

Dx3

Ci3k3uiuk,3da, (3.53)

and

J′′ (x3) = 2
∫

Dx3

Ci3k3ui,3uk,3da + 2
∫

Dx3

Ci3k3uiuk,33da. (3.54)

Further, the equilibrium Eq. (2.1) gives

Ci3k3uk,33 = − (
Ciαkβuk,β

)
,α

− (
Ciαk3uk,3

)
,α

− Ci3kβuk,3β, (3.55)
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so that the relation (3.54) becomes

J′′ (x3) = 2
∫

Dx3

Ci3k3ui,3uk,3da

−2
∫

Dx3

ui

[(
Ciαkβuk,β

)
,α

+ (
Ciαk3uk,3

)
,α

+ Ci3kβuk,3β

]
da. (3.56)

By using an integration by parts and the lateral boundary conditions (2.8), from (3.56)
we get

J′′ (x3) = 2
∫

Dx3

[
Ci3k3ui,3uk,3 + Ciαkβui,αuk,β + (Ciαk3 + Ci3kα) ui,αuk,3

]
da (3.57)

and hence, by means of the relation (3.51), we obtain

J′′ (x3) ≥ 2c0

∫

Dx3

ui,αui,αda. (3.58)

On the other hand, by using the relation (3.3), from (3.52) we deduce that

J (x3) ≤ κM

∫

Dx3

uiuida. (3.59)

Thus, by combining the relations (3.21), (3.22) and (3.59) we deduce that

J (x3) ≤ κMλ−1
0

∫

Dx3

ui,αui,αda. (3.60)

Moreover, from the relations (3.58) and (3.60), we deduce the following second-order
differential inequality

J′′ (x3) − k2
2 J (x3) ≥ 0 for all x3 ≥ 0, (3.61)

with

k2 =
√

2c0λ0

κM
. (3.62)

The differential inequality (3.61) gives spatial estimates of the general type (3.30) for
the spatial behaviour of the displacement in the class of anisotropic elastic materials
for which (3.51) holds true.

4 Some Measures Involving the Displacement and its First Gradient

Throughout this section we will consider the most general anisotropic materials
satisfying the strong ellipticity condition. Unlike the approach considered in the
previous section, the argument used, while in passing involves volume integrals of
the displacement and its first gradient, do not further restrict the elastic constants.
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4.1 First Measure

Let us introduce the cross-sectional function

K1 (x3) = −
∫

Dx3

τ3iuida, x3 ∈ [0, L], (4.1)

with τij the stress components, that is

τij = Cijkluk,l. (4.2)

Thus, we have

K1 (x3) = −
∫

Dx3

Ci3kluk,luida, x3 ∈ [0, L], (4.3)

and hence, by direct differentiation, we obtain

K′
1 (x3) = −

∫

Dx3

(
Ci3kluk,l3ui + Ci3kluk,lui,3

)
da, x3 ∈ [0, L]. (4.4)

By using the equilibrium Eq. (3.55) and by an integration by parts with the use of the
lateral boundary condition (2.8), we deduce that

K′
1 (x3) = −

∫

Dx3

Cijklui, juk,lda. (4.5)

For later convenience, we integrate the relation (4.5) with respect to x3 over the
interval [x3, L], to obtain

K1 (L) − K1 (x3) = −
∫

�x3

Cijklui, juk,ldv, (4.6)

where �x3 = �\ {
Dx3 × [0, x3]

}
.

We suppose that there is a positive constant γ1 such that
∫

Dx3

Cijklui, juk,lda ≥ γ1

∫

Dx3

ui, jui, jda (4.7)

and hence Eq. (4.5) gives

−K′
1 (x3) ≥ γ1

∫

Dx3

ui, jui, jda. (4.8)

By means of the Cauchy–Schwarz inequality and the arithmetic-geometric mean
inequality, from the relations (3.21), (3.22) and (4.3), we deduce that

|K1 (x3)| ≤ M1√
λ0

∫

Dx3

ui, jui, jda, (4.9)

where

M1 = (Ci3klCi3kl)
1/2 . (4.10)
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Therefore, the relations (4.8) and (4.9) lead to the following first-order differential
inequality:

|K1 (x3)| + 1
ν1
K′

1 (x3) ≤ 0, (4.11)

where

ν1 = γ1
√

λ0

M1
. (4.12)

Let us consider the case of the finite cylinder. In view of the end boundary
condition (2.10) and the relation (4.1), we obtain

K1 (L) = 0. (4.13)

Then, the relation (4.6) gives

K1 (x3) =
∫

�x3

Cijklui, juk,ldv, (4.14)

so that, in view of the assumption (4.7), we can conclude that

K1 (x3) ≥ 0 for all x3 ∈ [0, L]. (4.15)

Thus, K1 (x3) appears as an acceptable measure of the displacement.
Moreover, by integrating the differential inequality (4.11), we obtain, for the finite

cylinder, the following spatial decay estimate

K1 (x3) ≤ K1 (0) e−ν1x3 for all x3 ∈ [0, L], (4.16)

where ν1is given by the relation (4.12).
Let us now study the case of a semi-infinite cylinder (that is the case when

L → ∞). In view of the relation (4.6) we can conclude that K1 (∞) ≡ limL→∞ K1 (L)

exists and is finite if and only if there is finite the energy E1 (x3) associated with the
displacement vector ui, that is

E1 (x3) =
∫

�x3

Cijklui, juk,ldv < ∞. (4.17)

We further recall the relation (4.8) so that K1 (x3) is a non-increasing function with
respect to x3 on the interval [0, ∞). Consequently, we distinguish the following cases:
(1) K1 (∞) ≥ 0 and (2) K1 (∞) < 0.

Since 0 ≤ K1 (∞) ≤ K1 (x3) for all x3 ∈ [0,∞), in the case (1) we deduce that
K1 (x3) satisfies a decay law of the type described into relation (4.16). In the case
(2) we deduce that there exists x0

3 ∈ [0, ∞) such that K1
(
x0

3

)
< 0. Then we conclude

that

K1 (x3) < 0 for all x3 ∈ [x0
3,∞), (4.18)

and hence the differential inequality (4.11) gives

d
dx3

[
e−ν1x3K1 (x3)

] ≤ 0 for all x3 ∈ [x0
3, ∞), (4.19)
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which, by an integration, furnishes

−K1 (x3) ≥ −K1
(
x0

3

)
eν1(x3−x0

3) for all x3 ∈ [x0
3,∞). (4.20)

As a direct consequence, from the relation (4.20) we obtain that K1 (∞) = −∞, a
conclusion that proves that the energy E1 (x3) is infinite.

We may summarize the result obtained in the following theorem.

Theorem 2 Suppose that the hypothesis (4.7) holds true. For the finite cylinder
consisting of a monoclinic material, the function K1 (x3) defined by Eq. (4.3) represents
a measure that satisfies the decay law described by the relation (4.16). In the context of
the monoclinic semi-infinite cylinder we have

E1 (x3) ≤ E1 (0) e−ν1x3 for all x3 ∈ [0, ∞), (4.21)

provided that the displacement has a finite energy, E1 (0) < ∞.

Remark 2 Notice that the hypothesis (4.7) characterizes a class of strongly elliptic
elastic materials. It has to be considered as a restriction on the elastic constants in the
sense in which we have considered the relations (3.14), (3.16) or (3.51). An inequality
of this sort will be considered later for elastic materials with transverse isotropy which
will be proved to be a consequence of the strong ellipticity condition.

Remark 3 The estimates (4.16) and (4.21) may be made fully explicit by obtaining an
explicit upper bound for K1 (0) or E1 (0) in terms of the given data. This problem can
be handled in a number of ways. In what follows we use an idea devised by Flavin
[12] in the study of the spatial decay for a generalized biharmonic equation.

Let v and w be any two smooth vector fields having the same boundary values as
u. In view of the assumption (4.7) we can define the following scalar product

(v, w) =
∫

�

Cijklvi, jwk,ldv (4.22)

and note that the equilibrium Eq. (2.1) and the boundary conditions (2.8) to (2.10)
imply that

(u, v) = (u, u) = E1 (0) = −
∫

D0

Ci3kluk,lgida. (4.23)

By using the Schwarz inequality, from the relation (4.23) we can establish the
following estimate:

E1 (0) ≤
∫

�

Cijklvi, jvk,ldv, (4.24)

where v is a smooth vector field satisfying the same boundary conditions as u.
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4.2 Second Measure

In this subsection we introduce the following function

K2 (x3) = −
∫

Dx3

(
Ci3k3uk,3 + Ciαk3uk,α

)
uida, x3 ∈ [0, L], (4.25)

so that we obtain

K′
2 (x3) = −

∫

Dx3

(
Ci3k3ui,3uk,3 + Ci3k3uiuk,33 + Ciαk3ui,3uk,α + Ciαk3uiuk,3α

)
da.

(4.26)

By using the equilibrium Eq. (3.55) and by an integration by parts with the use of the
lateral boundary condition (2.8), we further deduce that

K′
2 (x3) = −

∫

Dx3

Cijklui,luk, jda. (4.27)

Now we assume that there exists a positive constant γ2 such that
∫

Dx3

Cijklui,luk, jda ≥ γ2

∫

Dx3

ui, jui, jda, (4.28)

so that the relation (4.27) furnishes

−K′
2 (x3) ≥ γ2

∫

Dx3

ui, jui, jda. (4.29)

Proceeding as in the above subsection we can see thatK2 (x3) represents a measure
satisfying a differential inequality of the same type like K1 (x3). Thus, for the measure
K2 (x3) we can establish some spatial estimates of the types described by the relations
(4.16) and (4.21).

It is evident from the above analysis that one can define other measures of the
same types as K1 and K2. Thus, it appears as possible to get information upon the
spatial evolution of the displacement in the whole class of strongly elliptic materials
by means of a set of measures of the type considered above. Our task is to find a
measure (or a couple of measures) that are able to furnish information on the spatial
evolution of the displacement for the entire class of anisotropic and strongly elliptic
elastic materials. However, this task can be too complex for general anisotropic
elastic materials. One of the reasons for this is that, actually, we do not know explicit
necessary and sufficient conditions for the strong ellipticity to hold in anisotropic
materials other than those with transverse isotropy. We proceed to pursue such a
direction in the next subsection for a particularly important class of anisotropic elastic
materials, namely that of transversely isotropic solids.

4.3 Transversely Isotropic Materials

Many natural and man-made materials are classified as transversely isotropic (or
hexagonal). Such materials are characterized by the fact that one can find a line that
allows a rotation of the material about it without changing its properties. The plane,
which is perpendicular to this line (the axis of rotational symmetry) is called a plane
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of elastic symmetry or plane of isotropy. A modern example for such a material is
a laminate made of randomly oriented chopped fibers that are in general placed in
a certain plane. The effective material properties for a bundled structure have no
profound direction in that plane, which then becomes a plane of elastic symmetry.
Hence, each plane that contains the axis of rotation is a plane of symmetry, and
therefore, a transversely isotropic material admits an infinite number of elastic
symmetries.

Necessary and sufficient conditions for strong ellipticity to hold for a transversely
isotropic linearly elastic solid are established by Merodio and Ogden [13]. In this
connection we recall the standard notation

cij = Ciijj, i, j ∈ {1, 2, 3}, (not summed), c22 = c11, c23 = c13,

c44 = c55 = C2323 = C1313, c66 = C1212 = 1
2

(c11 − c12) , (4.30)

corresponding to the direction of transverse isotropy coinciding with the x3 coordi-
nate axis. Apart from terms obtained by use of the symmetries Eq. (2.2), these are
the only non-zero components of Cijkl . Then the necessary and sufficient conditions
for strong ellipticity to hold are [13]

c11 > 0, c33 > 0, c55 > 0, c11 > c12, (4.31)

|c13 + c55| < c55 + √
c11c33. (4.32)

Now we note that the relations (3.52) and (3.57) give

d2

dx2
3

∫

Dx3

[
c55

(
u2

1 + u2
2

) + c33u2
3

]
da = 2

∫

Dx3

[
c11

(
u2

1,1 + u2
2,2

) + 2c12u1,1u2,2+

+ (c13 + c55)
(
u1,1 + u2,2

)
u3,3 + c33u2

3,3 + c66
(
u2

1,2 + u2
2,1 + 2u1,2u2,1

)]
da +

+2
∫

Dx3

[
c55

(
u2

1,3 + u2
3,1 + u2

2,3 + u2
3,2

) + (c13 + c55)
(
u1,3u3,1 + u2,3u3,2

)]
da.

(4.33)

Furthermore, we use integration by parts and the lateral boundary condition (2.8) in
order to establish the following identity:

∫

Dx3

uα,αu3,3da =
(∫

Dx3

uα,αu3da

)

,3

+
∫

Dx3

uα,3u3,αda. (4.34)
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By combining the identities (4.33) and (4.34) we can generate identities of the
following type:

d2

dx2
3

{∫

Dx3

[
c55

(
u2

1 + u2
2

) + c33u2
3

]
da + 2

∫

�x3

(c55 − c13 − 2κ) uα,αu3dv

}

=

= 2
∫

Dx3

[
c11

(
u2

1,1 + u2
2,2

) + 2c12u1,1u2,2

+2 (c13 + κ) uα,αu3,3 + c33u2
3,3 + c66

(
u1,2 + u2,1

)2
]

da

+2
∫

Dx3

[
c55

(
u2

1,3 + u2
3,1 + u2

2,3 + u2
3,2

)+

+2 (c55 − κ)
(
u1,3u3,1 + u2,3u3,2

)]
da, (4.35)

with κ a parameter at our disposal. Thus, we can introduce the following measure:

Kκ (x3) = −
∫

Dx3

{
c55uαuα,3 + [

c33u3,3 − (c55 − c13 − 2κ) uα,α

]
u3

}
da, (4.36)

so that the relation (4.35) becomes

K′
κ (x3) = −

∫

Dx3

[
c11

(
u1,1 + u2,2

)2 + 2 (c13 + κ)
(
u1,1 + u2,2

)
u3,3 + c33u2

3,3+

+ c66
(
u1,2 − u2,1

)2
]

da

−
∫

Dx3

[
c55

(
u2

1,3 + u2
3,1 + u2

2,3 + u2
3,2

) + 2 (c55 − κ)
(
u1,3u3,1 + u2,3u3,2

)]
da.

(4.37)

We note that the relation (4.32) can be written in the equivalent form

−2c55 − √
c11c33 < c13 <

√
c11c33. (4.38)

Moreover, for any c13 which satisfies the inequality Eq. (4.38), it is possible to
determine κ ∈ (0, 2c55) so that

|κ + c13| <
√

c11c33. (4.39)

In fact, in view of the relation (4.38), the choice for κ must be such that

max
(−c13 − √

c11c33, 0
)

< κ < min
(
2c55,−c13 + √

c11c33
)
. (4.40)

Throughout in the remainder of this section we will assume that the arbitrary
parameter κ satisfies the relation (4.40).
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With this choice, the relation (4.39) implies that
∫

Dx3

[
c11

(
u1,1 + u2,2

)2 + 2 (c13 + κ)
(
u1,1 + u2,2

)
u3,3 + c33u2

3,3

]
da ≥

≥ ω1

∫

Dx3

[(
u1,1 + u2,2

)2 + u2
3,3

]
da, (4.41)

where

ω1 = 1
2

[
c11 + c33 −

√
(c11 − c33)

2 + 4 (c13 + κ)2
]

. (4.42)

By using the same choice, we deduce that

|c55 − κ| < c55 (4.43)

and hence we obtain that
∫

Dx3

[
c55

(
u2

1,3 + u2
3,1 + u2

2,3 + u2
3,2

) + 2 (c55 − κ)
(
u1,3u3,1 + u2,3u3,2

)]
da ≥

≥ ω2

∫

Dx3

(
u2

1,3 + u2
3,1 + u2

2,3 + u2
3,2

)
da, (4.44)

where

ω2 = min (κ, 2c55 − κ) . (4.45)

The estimates (4.41) and (4.44) when substituted into relation (4.37) give

−K′
κ (x3) ≥ mκ

∫

Dx3

uα,βuα,βda + ω2

∫

Dx3

(
u3,αu3,α + uα,3uα,3

)
da+

+ω1

∫

Dx3

u2
3,3da, for all x3 ∈ [0, L], (4.46)

where

mκ = min (ω1, c66) . (4.47)

On the other hand, by means of the Schwarz inequality and the arithmetic-
geometric mean inequality and the relations (3.21) and (3.22), from the relation
(4.36) we obtain

|Kκ (x3)| ≤ 1
2
√

λ0
(c55 + |c55 − c13 − 2κ|)

∫

Dx3

uα,βuα,βda +

+ 1
2
√

λ0
(c33 + |c55 − c13 − 2κ|)

∫

Dx3

u3,αu3,αda +

+ c55

2
√

λ0

∫

Dx3

uα,3uα,3da + c33

2
√

λ0

∫

Dx3

u2
3,3da. (4.48)
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Therefore, the relations (4.46) and (4.48) furnish the following first-order differ-
ential inequality:

|Kκ (x3)| + 1
νκ

K′
κ (x3) ≤ 0 for all x3 ∈ [0, L], (4.49)

where

1
νκ

= 1
2
√

λ0
max

[
c33

ω1
,

c55

ω2
,

1
mκ

(c55 + |c55 − c13 − 2κ|) ,
1
ω2

(c33 + |c55 − c13 − 2κ|)
]

.

(4.50)

We summarize the result obtained in the following theorem.

Theorem 3 Suppose that the cylinder consists of a transversely isotropic elastic mate-
rial. Then the function Kκ (x3) defined by Eq. (4.36) represents a measure that satisfies
a decay law of type described by the relation (4.16). In the context of the monoclinic
semi-infinite cylinder we have

Eκ (x3) ≤ Eκ (0) e−νκ x3 for all x3 ∈ [0, ∞), (4.51)

provided that the displacement has a finite energy, Eκ (0) < ∞, where

Eκ (x3) =
∫

�x3

[
c11

(
u1,1 + u2,2

)2 + 2 (c13 + κ)
(
u1,1 + u2,2

)
u3,3 + c33u2

3,3+

+ c66
(
u1,2 − u2,1

)2
]

dv

+
∫

�x3

[
c55

(
u2

1,3 + u2
3,1 + u2

2,3 + u2
3,2

) + 2 (c55 − κ)
(
u1,3u3,1 + u2,3u3,2

)]
dv.

(4.52)

Remark 4 The estimate (4.51) may be made fully explicit by obtaining an explicit
upper bound for Kκ (0) or Eκ (0) in terms of the given data. This problem can be
handled as in the Subsection 4.1.

Remark 5 The identity Eq. (4.33) allows us to consider the function

Kκ (x3) =
∫

Dx3

(
c55uαuα + c33u2

3

)
da + 2

∫

�x3

(c55 − c13 − 2κ) uα,αu3dv (4.53)

as a possible alternative measure for discussing the spatial behaviour of the displace-
ment. It is related to Kκ (x3) by

K′
κ (x3) = −2Kκ (x3) . (4.54)

Obviously, for the semi-infinite cylinder (i.e., when L → ∞, say) we have to
assume that the volume integral in Eq. (4.53) is convergent. In such case, it follows
that

lim
x3→∞

∫

�x3

(c55 − c13 − 2κ) uα,αu3dv = 0 (4.55)
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and hence

lim
x3→∞ Kκ (x3) = lim

x3→∞

∫

Dx3

(
c55uαuα + c33u2

3

)
da, (4.56)

that is, Kκ (x3) behaves at infinity like the measure I (x3) or J (x3). Thus, Kκ (x3) → 0
as x3 → ∞ implies that ui → 0 as x3 → ∞.

For convenience, in what follows we will consider the case of a semi-infinite
cylinder and we will assume that the displacement has a finite energy, Eκ (0) < ∞,
so that we have a spatial decay as described by the relation (4.51).

In view of the relations (4.37) and (4.54), we have

K′′
κ (x3) = 2

∫

Dx3

[
c11

(
u1,1 + u2,2

)2 + 2 (c13 + κ)
(
u1,1 + u2,2

)
u3,3+

+ c33u2
3,3 + c66

(
u1,2 − u2,1

)2
]

da +

+ 2
∫

Dx3

[
c55

(
u2

1,3 + u2
3,1 + u2

2,3 + u2
3,2

) +

+ 2 (c55 − κ)
(
u1,3u3,1 + u2,3u3,2

) ]
da. (4.57)

Moreover, on the basis of the relations (4.46) and (4.54), we obtain

K′
κ (x3) = −2Eκ (x3) , (4.58)

and

K′′
κ (x3) ≥ 2mκ

∫

Dx3

uα,βuα,βda + 2ω2

∫

Dx3

(
u3,αu3,α + uα,3uα,3

)
da+

+2ω1

∫

Dx3

u2
3,3da, for all x3 ∈ [0, L], (4.59)

−K′
κ (x3) ≥ 2mκ

∫

�x3

uα,βuα,βda + 2ω2

∫

�x3

(
u3,αu3,α + uα,3uα,3

)
da+

+2ω1

∫

�x3

u2
3,3da, for all x3 ∈ [0, L]. (4.60)

On the other hand, by means of the Schwarz inequality and the arithmetic-
geometric mean inequality and the relations (3.21) and (3.22), from the relation
(4.53) we find that

Kκ (x3) ≤ c55

λ0

∫

Dx3

uα,βuα,βda + c33

λ0

∫

Dx3

u3,αu3,αda+

+|c55 − c13 − 2κ|√
λ0

∫

�x3

(
uα,βuα,β + u3,αu3,α

)
dv. (4.61)
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Therefore, from the relations (4.59) to (4.61) we deduce the following second-
order differential inequality,

K′′
κ (x3) − aK′

κ (x3) − bKκ (x3) ≥ 0 for all x3 ∈ [0, L], (4.62)

where

a = �2

�1
, b = 1

�1
(4.63)

with

�1 = 1
2λ0

max
(

c55

mκ

,
c33

ω2

)
, �2 = |c55 − c13 − 2κ|

2
√

λ0
max

(
1

mκ

,
1
ω2

)
. (4.64)

By the Comparison Principle, from Eq. (4.62) it follows that Kκ (x3) is bounded
above by G (x3), the solution of the differential equation

G′′ (x3) − aG′ (x3) − bG (x3) = 0, for all x3 ∈ [0, L], (4.65)

with the boundary conditions

G (0) = Kκ (0) , G (L) = Kκ (L) . (4.66)

On this basis, we can write

Kκ (x3) ≤ 1 − e−(σ1+σ2)(L−x3)

1 − e−(σ1+σ2)L
Kκ (0) e−σ2x3 + 1 − e−(σ1+σ2)x3

1 − e−(σ1+σ2)L
Kκ (L) e−σ1(L−x3) ≤

≤ Kκ (0) e−σ2x3 + Kκ (L) e−σ1(L−x3), (4.67)

where

σ1 = 1
2

(
a +

√
a2 + 4b

)
, σ2 = 1

2

(
−a +

√
a2 + 4b

)
. (4.68)

This result is embodied in the following theorem.

Theorem 4 If

lim
L→∞

Kκ (L) e−σ1 L = 0 (4.69)

then

Kκ (x3) ≤ Kκ (0) e−σ2x3 for all x3 ∈ [0, ∞). (4.70)

Remark 6 From the relations (2.9) and (4.53) we deduce that

Kκ (0) =
∫

D0

(
c55gαgα + c33g2

3

)
da + 2

∫

�

(c55 − c13 − 2κ) uα,αu3dv. (4.71)

So, in order to make fully explicit the estimate (4.70), we note that the second integral
in Eq. (4.71) can be bounded above by Eκ (0), which further can be estimated in terms
of the given data.
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Figure 2 Dependence of the
decay rates νκ and σ2 on the
parameter κ .

2 4 6 8 10 12

0.1

0.2

0.3

0.4

0.5

Remark 7 It follows from the relations (4.51) and (4.58) that Kκ (x3) is an acceptable
measure of the displacement because we have

Kκ (x3) = 2
∫ ∞

x3

Eκ (η) dη. (4.72)

Remark 8 It is possible that the use of Kκ (x3) can predict a more accurate decay rate
than that obtained by the use of Kκ (x3), as the following particular example shows.

The dependence of the decay rates νκ and σ2 on the parameter κ is illustrated in the
Figure 2, where the transversely isotropic elastic constants used are those determined
by Yoon et al. [14, relation (33)] starting with the set of orthotropic elastic constants
for cortical bone measured by Ashman et al. [15]. That means we have considered the
values: c11 = c22 = 19.026, c33 = 27.524, c12 = 9.957, c13 = c23 = 10.441, c44 = c55 =
11.824, c66 = 9.069, in the dimension of GPa. In Figure 2 it is also obvious that, in
order to have a rapid decay we must take κ ≈ 6.149. Using this last value we obtain
the spatial decay of the measures Kκ and Kκ with respect to x3 as it is illustrated in
Figure 3, for the same material.

Figure 3 Spatial decay of Kκ

and Kκ with respect to x3.
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5 Concluding Comments

The spatial behaviour in the constrained elastic cylinder of variable cross-section
made by an isotropic and homogeneous linear elastic material is studied in [1].
The present purpose is to extend some of these studies to include a whole class of
anisotropic elastic materials under the assumption of strong ellipticity, instead of
the positive definiteness of the elasticity tensor. It is believed that the mean-square
cross-sectional measures I(x3) and J(x3) as defined by the relations (3.6) and (3.52),
respectively, or those obtained from them by particularizing to various classes of
symmetric systems, can be used to obtain spatial evolution of the displacement for
important classes of anisotropic materials.

On the other hand, measures containing the displacement and its first gradient
corresponding to the functions of type K1, K2 are intended to be used in order to
obtain information upon the spatial behaviour under the strong ellipticity condition.
In the present paper we have used the results by Merodio and Ogden [13], concerning
the strong ellipticity for transversely isotropic materials, in order to specify measures
able to furnish information on the spatial behaviour of the displacement in the whole
class of strongly elliptic transversely isotropic materials. The situation appears to be
much more complicated for less symmetric materials where characterization of the
strong ellipticity is not yet explicitly known.

Acknowledgements The authors are very grateful to the reviewers for their suggestions and
observations which led to an essential improvement of the paper.
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