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In this paper we present inhomogeneous plane wave solutions within the context of linear
theory of poroelastic materials. We consider the class of strongly elliptic homogeneous
poroelastic materials with a center of symmetry. To construct the solutions in concern,
we use the ‘‘directional-ellipse” method, which reduces the propagation problem to a sec-
ular equation for wave speeds and gives further on the algebraic system which furnishes
the slowness and amplitude bivectors. Explicit expressions for all possible inhomogeneous
plane waves are presented in the case of isotropic poroelastic materials. These solutions are
further used to study the Rayleigh waves in an isotropic poroelastic half-space. The explicit
equation for the Rayleigh surface wave speed is established.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

The propagation of elliptically polarised inhomogeneous time-harmonic plane waves has applications in many areas
including Rayleigh, Love and Stoneley waves in classical linear elasticity theory. The inhomogeneous plane waves are known
as evanescent waves and they represent those waves for which the planes of constant phase are not the same as the planes of
constant amplitude. These types of waves are described in terms of two complex vectors or bivectors: the slowness bivector
and the amplitude bivector. Hayes [1] has developed the directional-ellipse method for a systematic study of all inhomoge-
neous plane waves that may propagate in the classical linear elasticity. By means of this method, in classical elasticity,
the propagation problem leads to an eigenvalue problem for a complex 3� 3 matrix, namely the complex symmetric acous-
tical tensor [2].

On the other hand, wave propagation in an elastic material containing voids is an area with immense potential for prac-
tical applications. Many theories which describe the behaviour of materials with voids are developed and they proved to be
useful in practice. In seismic zones buildings are constructed with much lighter porous materials and typically have thinner
walls. As a consequence, there is a great need to study the acoustic properties of porous materials including the nature of the
solid elastic matrix and the gas filling the pores, and the influence of temperature on these quantities. But seismology rep-
resents only one of the many fields where the theory of materials with voids is applied. Medicine, various branches of biology
and oil exploration industry are other important fields of application.

In this paper we consider the theory of materials with voids introduced by Cowin and Nunziato [3]. The theory of
elastic materials with voids is the simplest extension of the classical theory of elasticity. The basic idea of this theory
is to suppose that there is a distribution of voids throughout the elastic body. Consequently, the bulk density is written
. All rights reserved.
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as the product of two fields: the matrix material density field and the volume fraction field. This representation intro-
duces an additional degree of kinematic freedom and it was employed previously by Goodman and Cowin [4] to develop
a continuum theory of granular materials. The first investigations in the theory of thermoelastic materials with voids are
due to Nunziato and Cowin [5] and Ies�an [6]. The Nunziato–Cowin theory has enjoyed much success in predicting var-
ious effects especially within the remit of linear theory, see e.g. Ciarletta and Ies�an [7], Ies�an [8] and the recent work of
Quintanilla [9], Casas and Quintanilla [10], Magaña and Quintanilla [11,12] and Chirit�ă and Ghiba [13] and references
therein. The intended applications of the theory concern the manufacture of building materials, e.g. plasterboard, brick,
concrete.

The purpose of this paper is to study the inhomogeneous plane wave solutions for the equations of motion within
the framework of the linear theory of poroelastic materials. We consider a strongly elliptic homogeneous poroelastic
material with a center of symmetry. Then we use the directional-ellipse method developed by Hayes [1] in order to
obtain the generalized form of the secular equation and the algebraic system which furnishes information upon the
slowness bivectors and the corresponding amplitude bivectors. Thus, the propagation problem is reduced to an alge-
braic equation for wave speed. Explicit expressions for all possible inhomogeneous plane waves are further obtained
for strongly elliptic isotropic elastic materials with voids. Finally, these inhomogeneous plane wave solutions are used
to study the Rayleigh surface waves in an isotropic poroelastic half-space. An explicit equation is also established for
the Rayleigh wave speed.

We have to outline that the problem of homogeneous and acceleration waves propagation in materials with voids was
studied in various works (see, e.g. Nunziato and Walsh [14,15]; Nunziato et al. [16]; Cowin and Nunziato [3]; Ciarletta
and Straughan [17,18]; Ciarletta et al. [19]) and a comprehensive review of the results can be found in the book by Straughan
[20]. The use of acceleration waves and related analysis have proved extremely useful in recent investigations of wave mo-
tion in various dispersive and random media, in a variety of thermodynamic states, see e.g. Ostoja-Starzewski and Trebicki
[21], Puri and Jordan [22], Quintanilla and Straughan [23], Christov and Jordan [24], Jordan and Christov [25]; Jordan and Puri
[26], Christov et al. [27]. In [13] we have studied the non-dispersive behaviour of homogeneous progressive waves. In the
present paper we study the dispersive characteristic behaviour of inhomogeneous plane waves. We show how the theory
of complex vectors, or bivectors as Hamilton and Gibbs called them, may be used in the study of inhomogeneous plane
waves propagation in poroelastic materials. The use of the directional-ellipse method leads to a simple direct formulation
of an algebraic equation for the wave speed of these waves.

The present mathematical results can be used in laboratories for studying the specific properties of materials with voids.

2. Basic equations. Preliminary results

Throughout this section B represents a bounded regular region of the three-dimensional Euclidean space. We denote by B
the closure of B and by @B the boundary of B. We assume that the body occupying B is a linearly elastic centro-symmetric
solid with voids. The body is referred to a fixed system of rectangular Cartesian axes Oxi ði ¼ 1; 2; 3Þ. Throughout this paper
Latin indices have the range 1–3 and the usual summation convention is employed. Typical conventions for differential oper-
ations are implied such as a superposed dot or comma followed by a subscript to denote the partial derivative with respect to
the time or the corresponding cartesian coordinate variable.

In this paper we use the following notations:

(i) u is the displacement field over B;
(ii) u is the volume fraction field over B;

(iii) trs are the components of the stress tensor;
(iv) hr are the components of the equilibrated stress vector;
(v) g is the intrinsic equilibrated body force;

(vi) . is the density mass;
(vii) , is the equilibrated inertia.

The components ers of the linear strain tensor are given by
ers ¼
1
2
ður;s þ us;rÞ ð1Þ
and the constitutive equations for a homogeneous and anisotropic centro-symmetric elastic material with voids are [3]
trs ¼ Crsmnemn þ Brsu;
hr ¼ Arsu;s;

g ¼ �Brsers � nu;
ð2Þ
where Ars; Brs; Crsmn and n are constant constitutive coefficients satisfying the following symmetries:
Ars ¼ Asr; Brs ¼ Bsr ; Cmnrs ¼ Crsmn ¼ Cnmrs:
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The specific internal energy W is given by
Wðe;u; graduÞ ¼ 1
2

Cmnrsemners þ
1
2

nu2 þ 1
2

Arsu;ru;s þ Brsersu:
The specific internal energy W0 for an isotropic and homogeneous elastic material with voids is defined by
W0ðe;u; graduÞ ¼ lersers þ
1
2

kerress þ
1
2

nu2 þ 1
2
au;ru;r þ buerr;
where k; l; a; b and n are constant constitutive coefficients.
We will say that the poroelastic material is strongly elliptic if
WðA;g; fÞ > 0; for all ðA;u; fÞ– 0; ð3Þ
with A ¼m� n; m; n and f arbitrary vectors and g an arbitrary scalar.
The strong ellipticity condition has been studied by Chirit�ă and Ghiba [13]. They prove that a centro-symmetric elastic

material with voids is strongly elliptic if and only if Ars is a positive definite tensor, n > 0 and Cmnrs ¼ nCmnrs � BmnBrs is a
strongly elliptic tensor, that is,
Cmnrsfmfrgngs > 0 for all non-zero vectors f; g:
In the absence of the body force and the extrinsic equilibrated body force, the equations of motion of the elastic material
with voids are given by Cowin and Nunziato [3]
trs;r ¼ .€us;

hr;r þ g ¼ .,€u:
ð4Þ
If we substitute (1) and (2) into (4) we obtain the basic equations in terms of the displacement and volume fraction fields
in the form
Crsmnum;nr þ Brsu;r ¼ .€us;

Amnu;nm � Brsur;s � nu ¼ .,€u:
ð5Þ
For isotropic materials with voids the equations of motions (5) become
lDur þ ðkþ lÞus;sr þ bu;r ¼ .€ur ;

aDu� nu� bur;r ¼ .,€u;
ð6Þ
where D is the Laplace operator.
The isotropic elastic material with voids is strongly elliptic if and only if the elastic coefficients satisfy the following

inequalities (see [13]):
l > 0; n > 0; a > 0; nðkþ 2lÞ > b2: ð7Þ
Throughout this paper we will assume that the elastic material with voids is strongly elliptic and, therefore, the condi-
tions (3) and (7) hold true.

3. Inhomogeneous plane waves

In this section we deduce the equations for the slowness and for the amplitude of inhomogeneous plane waves. In what
follows, the superscripts + and � denote the real and imaginary parts of a complex quantity. Thus, we consider solutions of
(5) in the form
u ¼ A exp½ixðS � x� tÞ�;
u ¼ / exp½ixðS � x� tÞ�;

ð8Þ
where x is a real representing the angular frequency, S ¼ Sþ þ iS� is the slowness bivector (see [1] or [2]), A ¼ Aþ þ iA� is
the amplitude bivector and i ¼

ffiffiffiffiffiffiffi
�1
p

is the complex unit. The relation (8) represents an infinite train of elliptically polarised
plane waves. The waves travel in the direction of Sþ with slowness jSþj and they are attenuated in the direction of S�. For any
fixed x the displacement vector uþ lies on an ellipse which is similar and similarly situated to the ellipse of A, namely the
ellipse whose conjugate semi-diameters are Aþ expð�xS� � xÞ and A� expð�xS� � xÞ.

A solution of the form (8) is called an inhomogeneous plane wave when S� is not parallel to Sþ. When S� is parallel to Sþ

we have attenuated homogeneous plane waves.
The planes Sþ � x ¼ constant are called planes of constant phase and the planes S� � x ¼ constant are called the planes of

constant amplitude. We observe that in the case of an inhomogeneous plane wave, the planes of constant amplitude are dif-
ferent from the planes of constant phase. The phase speed is v ¼ jSþj�1 and jS�j is the attenuation coefficient. If A � S ¼ 0 then
the wave is called transverse and if A� S ¼ 0 then the wave is called longitudinal.
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In the directional-ellipse method developed by Hayes [1] and Boulanger and Hayes [2], the slowness bivector S is written
in the form
S ¼ NC; ð9Þ
where N is a complex number and C is so-called directional bivector and it has the form
C ¼ qm̂þ in̂; m̂ � n̂ ¼ 0; jm̂j ¼ jn̂j ¼ 1; q P 1: ð10Þ
The direction of the unit vector n̂, the magnitude q and direction of m̂, which is orthogonal to n̂, are specified.
By the directional-ellipse method, prescribing the directional bivector C ¼ qm̂þ in̂, we can determine the corresponding

value for N and then, consequently, we can determine the slowness S and the amplitude bivector A.
If we substitute the plane inhomogeneous wave described by (8) into basic Eq. (5) and then we take into consideration the

assumptions described into (9) and (10), we can see that such waves are possible in an elastic material with voids if and only
if
ðN2CrsmnCnCr � .dmsÞx2Am � iNxBrsCr/ ¼ 0;

iNxBrsCsAr þ ½ðN2AmnCmCn � .,Þx2 þ n�/ ¼ 0:
ð11Þ
Such linear algebraic system admits a non-zero solution ðA1; A2; A3; /Þ if and only if N satisfies the following algebraic
equation:
det

Q11ðN;C;xÞ Q 12ðN;C;xÞ Q 13ðN;C;xÞ Q 14ðN;C;xÞ
Q21ðN;C;xÞ Q 22ðN;C;xÞ Q 23ðN;C;xÞ Q 24ðN;C;xÞ
Q31ðN;C;xÞ Q 32ðN;C;xÞ Q 33ðN;C;xÞ Q 34ðN;C;xÞ
Q41ðN;C;xÞ Q 42ðN;C;xÞ Q 43ðN;C;xÞ Q 44ðN;C;xÞ

0
BBB@

1
CCCA ¼ 0; ð12Þ
where
Q smðN;C;xÞ ¼ ðN2CrsmnCnCr � .dsmÞx2;

Q s4ðN;C;xÞ ¼ �Q4sðN;C;xÞ ¼ �iNxBrsCr ;

Q 44ðN;C;xÞ ¼ ðN2ArsCrCs � .,Þx2 þ n:

ð13Þ
Thus, for any prescribed directional bivector C ¼ qm̂þ in̂, the values of the complex number N are obtained by solving the
generalized form (12) of the secular equation, while the corresponding non-zero solutions ðA1; A2; A3; /Þ are obtained by
solving the corresponding system (11). We have to note that we retrieve the case of homogeneous plane waves by taking
C to be a unit vector n along the propagation direction. Then, N�2 becomes the squared wave speed of homogeneous plane
waves propagating along n [13].

4. Isotropic poroelastic materials

In this section we find inhomogeneous plane wave solutions for the equations of motion (6).
To this end we note that (13) becomes
Q smðN;C;xÞ ¼ ½N2ðkþ lÞCsCm þ ðlN2CrCr � .Þdsm�x2;

Q s4ðN;C;xÞ ¼ �Q4sðN;C;xÞ ¼ �iNxbCs;

Q 44ðN;C;xÞ ¼ ðN2aCrCr � .,Þx2 þ n;

ð14Þ
and the Eq. (12) gives the following generalized form of the secular equation:
ðlX2 � .x2Þ2fðaX2 þ n� .,x2Þ½ðkþ 2lÞX2 � .x2� � b2X2g ¼ 0; ð15Þ
where
X2 ¼ x2ðC � CÞN2: ð16Þ
This equation has the double root given by
lX2 � .x2 ¼ 0 ð17Þ
and the corresponding amplitude and slowness bivectors are orthogonal, that is
A � S ¼ 0: ð18Þ
So this corresponds to the transverse wave.
The other two roots are given by
aðkþ 2lÞX4 þ ½nðkþ 2lÞ � b2 � ðaþ ,ðkþ 2lÞÞ.x2�X2 � .x2ðn� .,x2Þ ¼ 0; ð19Þ
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and the corresponding amplitude and slowness bivectors are parallel, that is
A� S ¼ 0: ð20Þ
In the linear theory of elastic materials with voids there is the coefficient b which couples the equations describing the
elastic behaviour of the material with the porosity equation. When b ¼ 0 we have the uncoupled case and the study of equa-
tions which arise is similar with the studies presented in [1] and [2, pp. 116–124]. In what follows we will consider the prop-
agation of inhomogeneous waves in the coupled case ðb – 0Þ. In this case we will discuss how the effect of porosity affects
the elastic inhomogeneous waves and vice versa.

4.1. Transverse waves

Corresponding to the double root
X2 ¼ .x2

l
; ð21Þ
we have
/ ¼ 0; ð22Þ
and in consequence we can say that the corresponding transverse wave is not affected by the presence of voids.
We remark that, for propagating transverse waves, the bivector C may not be isotropic (this means that C � C – 0). From

(7), (16) and (21) we deduce that, in the case of transverse waves, the plane of constant amplitude is orthogonal to the plane
of constant phase ðSþ � S� ¼ 0Þ.

As in classical elasticity [2], we choose
A ¼ dC? þ cm̂� n̂; ð23Þ
where
C? ¼ q�1m̂þ in̂ ð24Þ
is the reciprocal of the bivector C and d and c are arbitrary scalars. Hence, for a given non-isotropic directional bivector C, the
displacement is
u ¼ ½dðq�1m̂þ in̂Þ þ cm̂� n̂� exp ix �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

.
lðq2 � 1Þ

r
qm̂ � x� t

� �� �
exp �x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
.

lðq2 � 1Þ

r
n̂ � x

� �
: ð25Þ
If we take q!1 in the above relation, then the attenuation effect is vanishing and
S ¼ �
ffiffiffiffi
.
l

r
m̂: ð26Þ
We obtain in this way the ordinary unattenuated transverse wave.
All remarks regarding the transverse inhomogeneous waves from classical elasticity [1] are also true for the propagation

of transverse inhomogeneous waves in poroelastic materials. Let us remind just the fact that the wave is circular polarized
when the scalars d and c are such that
cd�1 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � 1

p
q�1: ð27Þ
Thus, in the case of circularly polarized waves, we have the amplitude [2]
A ¼ dðq�1m̂þ in̂�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � 1

p
q�1m̂� n̂Þ: ð28Þ
4.2. Longitudinal waves

In this subsection, we study the inhomogeneous waves corresponding to the other two roots of the Eq. (15). Thus, we
consider the solutions of the Eq. (19), that is
X2
1;2 ¼ T1;2ðx2Þ; ð29Þ
where
T1;2ðx2Þ ¼ 1
2aðkþ 2lÞ b2 � ðn� .,x2Þðkþ 2lÞ þ ax2.�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ax2b2.þ ½�b2 þ ax2.þ ðn� .,x2Þðkþ 2lÞ�2

q� �
:

ð30Þ
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We define the quantity
x2
2 ¼

n
.,

: ð31Þ
For x2 < x2
2, we have
T1ðx2Þ < 0; T2ðx2Þ > 0; ð32Þ
while for x2 > x2
2 we have
T1ðx2Þ > 0; T2ðx2Þ > 0: ð33Þ
Moreover, we can view that
T1 x2
2

	 

¼ 0; T2 x2

2

	 

¼ naþ b2,

a,ðkþ 2lÞ > 0: ð34Þ
The wave solutions corresponding to (8) and (29) represent longitudinal waves.
If x2 – x2

2 then, for propagating longitudinal waves the bivector C may not be isotropic.
If x2 ¼ x2

2 and the bivector C is not isotropic, then we have only an admissible value of N2 corresponding to T2 x2
2

	 

.

If x2 ¼ x2
2 and the bivector C is isotropic then, in view of (16), the admissible values of N2 correspond to T1 x2

2

	 

¼ 0. In

this case N – 0 can be arbitrary and, up to a multiplying scalar factor, the corresponding amplitude is A ¼ ibN
.x C and / ¼ �1.

We can remark that the amplitude A depends only on b and ., while the porosity becomes independent of the material
characteristics.

In what follows we consider that C is not isotropic.
In conclusion, we have
N1 ¼

1
x
ffiffiffiffiffiffiffiffi
q2�1
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T1ðx2Þ

p
; if x2 > x2

2;

i
x
ffiffiffiffiffiffiffiffi
q2�1
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�T1ðx2Þ

p
; if x2 < x2

2;

8><
>:

N2 ¼
1

x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2ðx2Þ

q
:

ð35Þ
For these values of N, we find that, up to a multiplying scalar factor, the amplitude is given by
Að1;2Þ ¼ ibN1;2

.x
C ð36Þ
and
/ð1;2Þ ¼ N2
1;2

kþ 2l
.
ðq2 � 1Þ � 1: ð37Þ
From (16) and (29) we remark that, for every frequency x the longitudinal waves are so that the plane of constant ampli-
tude is orthogonal to the plane of constant phase.

To obtain the case of unattenuated wave we take q!1 in relations (36) and (37) and in the expression of S. Thus we
have
Að1Þ ¼
ib

.x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T1ðx2Þ

p
m̂; if x2 > x2

2;

ib
.x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�T1ðx2Þ

p
m̂; if x2 < x2

2;

8<
:

/ð1Þ ¼ kþ 2l
.x2 T1ðx2Þ � 1; ð38Þ

Sð1Þ ¼
1
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T1ðx2Þ

p
m̂; if x2 > x2

2;

i
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�T1ðx2Þ

p
m̂; if x2 < x2

2;

8<
: ð39Þ
and
Að2Þ ¼ ib
.x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2ðx2Þ

q
m̂; /ð2Þ ¼ kþ 2l

.x2 T2ðx2Þ � 1;

Sð2Þ ¼ 1
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2ðx2Þ

q
m̂:

ð40Þ
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5. Rayleigh waves

In this section we consider that the material with voids occupying the half-space x3 P 0 is homogeneous and isotropic.
We assume that the body force and the equilibrated force are absent and the boundary x3 ¼ 0 is traction free and equili-
brated traction free, that is we assume
ti3 ¼ 0; h3 ¼ 0 for x3 ¼ 0: ð41Þ
Moreover, we require that the solutions be attenuated in the direction x3, so that they are decaying with distance from the
plane surface x3 ¼ 0, that is we require that
lim
x3!1
ðu1;u2;u3;uÞ ¼ 0: ð42Þ
Without loss in generality we will study the waves propagating along the x1-axis.
We will treat the above problem by means of the inhomogeneous plane waves. Thus, we seek solutions of the above free

half-space problem of the form (see, for example [28])
u ¼ fA expð�rx3Þ exp½ijðx1 � ctÞ�gþ;
u ¼ f/ expð�rx3Þ exp½ijðx1 � ctÞ�gþ; r > 0; j > 0:

ð43Þ
According with the Eq. (8), by (43) we have
x ¼ jc
and the slowness bivector is given by
xS ¼ ji1 þ iri3: ð44Þ
Then, in view of the relations (9), (10), (16) and (44), we have
X2 ¼ j2 � r2: ð45Þ
Corresponding to the double root given in (21), by (45) we have for the S-wave solution
r2
s ¼ j2 1� c2

v2
s

� �
; ð46Þ
where
vs ¼
ffiffiffiffi
l
.

r
:

On the other hand, by means of relations (18) and (44), we get
AðsÞ1 ¼ �irs; AðsÞ2 ¼ 0; AðsÞ3 ¼ j:
Thus, using (22) we deduce that, up to a multiplying scalar, the S-wave solution is given by
uðsÞ ¼ fAðsÞ expð�rsx3Þ exp½ijðx1 � ctÞ�gþ; ð47Þ
/ðsÞ ¼ 0; ð48Þ
where
AðsÞ ¼ �irsi1 þ ji3:
In the case of P-wave solutions, in view of (29) we obtain
r2
p1;2
¼ j2 1� T1;2

j2

� �
; ð49Þ
and in consequence, using (36) and (37), we have that, up to a multiplying scalar, the P-wave solutions are given by
uðp1;2Þ ¼ fAðp1;2Þ expð�rp1;2
x3Þ exp½ijðx1 � ctÞ�gþ; ð50Þ

/ðp1;2Þ ¼ .c2j2 � ðkþ 2lÞ j2 � r2
p1;2

� �h i
exp½ijðx1 � ctÞ�

n oþ
; ð51Þ
where
Aðp1;2Þ ¼ �ijbi1 þ rp1;2
bi3:
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In order to solve the problem of the free half-space, we seek the solution as a linear combination of the above waves, that
is we assume that
u1 ¼ fð�irsB1e�rsx3 � ijbB2e�rp1 x3 � ijbB3e�rp2 x3 Þeijðx1�ctÞgþ;

u2 ¼ 0;

u3 ¼ fðjB1e�rsx3 þ rp1
bB2e�rp1 x3 þ rp2

bB3e�rp2 x3 Þeijðx1�ctÞgþ;

/ ¼ ½B2½.c2j2 � ðkþ 2lÞðj2 � r2
p1
Þ� þ B3½.c2j2 � ðkþ 2lÞðj2 � r2

p2
Þ��eijðx1�ctÞ

n oþ
;

ð52Þ
where j is a prescribed real constant, c is the wave speed and Bi; i ¼ 1; 2; 3 are unknown parameters. In view of the above
discussion such solution verifies identically the equations of motion. We have to determine the parameters Bi; i ¼ 1; 2; 3
and the wave speed c in such way that the boundary conditions (41) are satisfied.

To this end, we first observe that, on the basis of relations (42), (46) and (49), we must have
c2 < v2
s and X2

1;2 < j2 ð53Þ
and therefore, rs and rp1;2 are positive real numbers.
To satisfy the second condition in (53), it is necessary and sufficient to have
c2 < c2
1 and 0 < c4j2.2,� c2.½nþ j2,ðkþ 2lÞ þ j2a� � b2 þ nðkþ 2lÞ þ j2aðkþ 2lÞ; ð54Þ
where
c2
1 ¼
ðkþ 2lÞn� b2 þ 2j2aðkþ 2lÞ

.j2½ðkþ 2lÞ,þ a� : ð55Þ
Since
½ðkþ 2lÞ,� a�2.,j4 þ 2½2b2,� ðkþ 2lÞn,þ na�j2 þ n2 > 0; ð56Þ
for all values of j, from the inequality (54)2 it follows that:
c2 < c2
2 or c2 > c2

3; ð57Þ
where
c2
2 ¼

1
2j2.,

nþ j2ðkþ 2lÞ,þ j2a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ j2ðkþ 2lÞ,þ j2aÞ2 � 4j2,½nðkþ 2lÞ � b2 þ j2aðkþ 2lÞ�

q� �
;

c2
3 ¼

1
2j2.,

nþ j2ðkþ 2lÞ,þ j2aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ j2ðkþ 2lÞ,þ j2aÞ2 � 4j2,½nðkþ 2lÞ � b2 þ j2aðkþ 2lÞ�

q� �
:

ð58Þ
On the other hand, for all values of k, we have
c2
1 > c2

2 and c2
1 < c2

3: ð59Þ
From (54) and (59), we deduce that the wave speed c is admissible if
c2 < min v2
s ; c

2
2

 �
: ð60Þ
With the aid of relations (46) and (49), we find that the boundary conditions (41) are satisfied if and only if the unknown
constants Bi are solutions of the following algebraic system:
2� c2

v2
s

� �
B1 þ 2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X2

1

j2

s
B2 þ 2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X2

2

j2

s
B3 ¼ 0;

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

v2
p

s
B1 þ b 2� c2

v2
s

� �
B2 þ b 2� c2

v2
s

� �
B3 ¼ 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X2

1

j2

s
X2

1

j2 �
c2

v2
p

 !
B2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X2

2

j2

s
X2

2

j2 �
c2

v2
p

 !
B3 ¼ 0;

ð61Þ
where
vp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ 2l

.

s
: ð62Þ
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Since we have assumed that b – 0 it follows that the above system has a nontrivial solution if and only if the wave speed c
satisfies the following equation:
RðcÞ 	 2� c2

v2
s

� �2

� 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

v2
s

� �
1� X2

1

j2

 !vuut
2
4

3
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X2

2

j2

s
� c2

v2
p
þ X2

2

j2

 !

� 2� c2

v2
s

� �2

� 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

v2
s

� �
1� X2

2

j2

 !vuut
2
4

3
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� X2

1

j2

s
� c2

v2
p
þ X2

1

j2

 !
¼ 0: ð63Þ
In view of relation (19), when c ¼ 0, we have
X2
1 ¼

b2 � nðkþ 2lÞ
aðkþ 2lÞ < 0 and X2

2 ¼ 0: ð64Þ
That proves that c ¼ 0 is solution of the Eq. (63).
From (16) and (37) we deduce that the effect of porosity vanishes when
X2

j2 ¼
c2

v2
p
: ð65Þ
Because X2
1 – X2

2 we can say that only one value of X can have the property (65). Thus, when we do not have the effect of
porosity, the Eq. (63) becomes the well known secular equation for Rayleigh surface waves:
2� c2

v2
s

� �2

¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

v2
s

� �
1� c2

v2
p

 !vuut : ð66Þ
We have to outline that, in classical elasticity, the solutions of the secular equation for Rayleigh surface waves are estab-
lished numerically by Rayleigh [29]. Jeffreys [30] and Hayes and Rivlin [31] also have studied the secular equation. For the
statement of the problem please see the book [28] and the recent works [32–39].

In the following we assume that
v2
s 6 v2

p �
b2

.n
and v2

s 6
a
.,

: ð67Þ
Let remark that, in this case,
v2
s < c2

2 ð68Þ
and
Rðv sÞ ¼ 1� v2
s

v2
p

 !
1� T2ðv2

s j2Þ
j2

� �1=2

� 1� T1ðv2
s j2Þ

j2

� �1=2
" #

� 1� T2ðv2
s j2Þ

j2

� �3=2

� 1� T1ðv2
s j2Þ

j2

� �3=2
" #

: ð69Þ
From (19) and (29), we have
T1ðv2
s j

2Þ þ T2ðv2
s j

2Þ ¼ � nðkþ 2lÞ � b2 � ðaþ ,ðkþ 2lÞÞ.v2
s j2

aðkþ 2lÞ ð70Þ
and hence the relation (69) becomes
Rðv sÞ ¼ 1� T2ðv2
s j2Þ

j2

� �1=2

� 1� T1ðv2
s j2Þ

j2

� �1=2
" #

�1� v2
s

v2
p
� nðkþ 2lÞ � b2 � ðaþ ,ðkþ 2lÞÞ.v2

s j2

aðkþ 2lÞ

"

� 1� T2ðv2
s j2Þ

j2

� �1=2

1� T1ðv2
s j2Þ

j2

� �1=2
#
: ð71Þ
In view of assumptions (67), we have that the above Rðv sÞ is a product of two negative numbers and thus Rðv sÞ > 0.
If we calculate Rðev sÞ , where e is a very small number, we find
Rðev sÞ ¼ �
4b2

ðkþ 2lÞn� b2 �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðkþ 2lÞn� b2

ðkþ 2lÞaj2

s0
@

1
Aþ 2½�b2 þ .nðv2

p � v2
s Þ�

.j2v2
s a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðkþ 2lÞn� b2

ðkþ 2lÞaj2

s8<
:

9=
;e2; ð72Þ
which is always negative. Hence Eq. (63) has at least one real root lying between 0 and v s if the conditions (67) are satisfied.
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