
International Journal of Engineering Science 51 (2012) 117–127
Contents lists available at SciVerse ScienceDirect

International Journal of Engineering Science

journal homepage: www.elsevier .com/locate / i jengsci
Rayleigh waves in Cosserat elastic materials
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The present paper gives explicit solutions for surface waves propagation in a homogeneous
half space filled with an isotropic Cosserat elastic material. Such solutions are important in
the study of seismic waves in an earthquake, supposing that the bottom land is modeled as
having a microstructure. To construct explicit expressions for the possible surface waves
under consideration, we use the Stroh formalism. These solutions are further used to study
the Rayleigh waves and to give the explicit equation for the Rayleigh surface wave speed
(secular equation). Numerical calculations and graphics corresponding to the analytical
solution are given for aluminium-epoxy composite.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

This paper is concerned with the seismic waves propagation in Cosserat elastic materials. The theory of elastic materials
with microstructure goes back to the book of Cosserat and Cosserat (1909). After that, the theory of materials with micro-
structure became a subject of intensive study in literature (see, for example, Eringen & Suhubi, 1964a, 1964b; Mindlin, 1963,
1964; Toupin, 1962). Eringen (1966) introduced the concept of micropolar continua, which is similar with Cosserat continua;
additionally he introduced a conservation law for the microinertia tensor, as a special case of micromorphic continua
(Eringen & Suhubi, 1964a, 1964b).

It is well-known that the response of the material to external stimuli depends heavily on the motions of its inner struc-
ture. Classical elasticity ignores this effect by ascribing only translation degrees of freedom to material points of the body. In
the micropolar continuum theory, the rotational degrees of freedom play a central role. Thus, we have six degrees of free-
dom, instead of the three ones considered in classical elasticity. Moreover, in micropolar theories, in order to characterize
the force applied on the surface element, two tensors are used: an asymmetric stress tensor and a couple stress tensor. Crys-
tals, composites, polymers, suspensions, blood, grid and multibar systems can be considered as examples of media with
microstructure. In fact, nature abounds with many substances which point out the necessity for the considering of micro-
motions into the mechanical studies. A review of the historical developments as well as references to various contributions
on the subject may be found in the monographs by Truesdell and Noll (1965), Nowacki (1986), Eringen (1999) and Ies�an
(2004).

The classical theory of elasticity does not explain certain discrepancies that occur in the case of problems involving elastic
vibrations of high frequency and short wavelength, that is, vibrations generated by ultrasonic waves. According to the book
of Eringen (1999), if the ratio of the characteristic length associated with the external stimuli and the internal characteristic
length is in the neighborhood of 1, then the response of constituent subcontinua becomes important. This is the reason why
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Table 1
Surface wave speed.

k v
ffiffiffiffiffi
c4
p

k v
ffiffiffiffiffi
c4
p

0.001 0.870495 0.923901 1 0.873217 0.925689
0.01 0.870519 0.923914 2 0.873242 0.925707
0.05 0.870979 0.92419 3 0.873246 0.92571
0.1 0.871755 0.924683 4 0.87324783 0.925711
0.2 0.872616 0.925264 5 0.87324857 0.92571154
0.3 0.872926 0.925481 6 0.87324898 0.92571183
0.4 0.873058 0.925575 7 0.87324922 0.92571201
0.5 0.873124 0.925622 8 0.87324968 0.92571234
0.6 0.873161 0.925649 9 0.87324949 0.92571220
0.7 0.873184 0.925665 10 0.87324957 0.92571226
0.8 0.873199 0.925676 50 0.87324988 0.92571249
0.9 0.87321 0.925684 105 P k P 102 0.87324990 0.92571249
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the short wavelength behavior departs drastically from experimental observations in classical elasticity. The micropolar ef-
fects become important in high-frequency and short wave-length regions of waves.

We have to outline that Kulesh, Matveenko and Shardakov (2005, 2006) have studied the propagation of elastic surface
waves in Cosserat medium and have sought the solutions in the form of wave packets determined by an arbitrary-shape Fou-
rier spectrum. So, the solution is given in the form of Fourier integrals. In some previous papers (see, for example, (Eringen,
1999) and the papers cited therein) the authors have considered some lower bounds for the frequency and also for the wave-
number; also, the attenuating coefficient and some conditions upon wave speed and upon wave-number are not explicitly
given in the previous papers (see (Erofeyev, 2003; Kulesh, Matveenko, & Shardakov, 2006)). These are consequences of the
methods used in their approaches. For the gradient type approach of microstructured solids the propagation of surface waves
was studied by (Georgiadis & Velgaki, 2003; Georgiadis, Vardoulakis, & Velgaki, 2004). Moreover, the class for which the gen-
eralized form of the secular equation has an admissible solution does not established yet.

Our main purpose is to construct new solutions for the waves propagation problem in a micropolar half space. In fact, we
use the Stroh formalism (Destrade, 2007; Stroh, 1962) in order to obtain explicit expressions for the possible surface waves
in concern and, moreover, we obtain a sextic equation with real coefficients for the propagation condition. Further, we give
explicit expressions of the attenuating coefficients and explicit conditions upon wave speed. After that we give the exact
expressions of three linear independent amplitude vectors. These amplitudes are characteristic for the coupled case of the
elastic and microstructure effects. In the last part of the paper, these inhomogeneous plane wave solutions are used to study
the Rayleigh surface waves (Rayleigh, 1885) in an isotropic Cosserat elastic half space. An explicit equation is also established
for the Rayleigh wave speed (secular equation). This equation has a simple form, it is not a generalization of the secular equa-
tion from the classical elasticity and it is a special one valid for the genuine micropolar model. Moreover, by comparing it
with other generalized forms of the secular equation (Eringen, 1999; Erofeyev, 2003; Koebke & Weitsman, 1971; Kulesh
et al., 2006) (see, also, (Chirit�ă & Ghiba, 2010)) this equation does not involve the complex form of the attenuating coeffi-
cients, and for this reason we consider that it has to be most appropriate for considerations in further studies. For a specified
class of materials we prove that this equation always has at least one admissible solution. The conditions imposed upon the
constitutive quantities are in concordance with those expressed by the positive definiteness of the internal energy and in-
clude the materials considered by Gauthier and Jahsman (1975) and Gauthier (1982) (see also (Eringen, 1999), Sections
5.11–5.13) in their experiments. In fact, from the illustrative graphics which we give within this paper one can see that it
is possible to have only one admissible wave speed for each material. To obtain such solutions we do not impose any lower
bounds to the frequency or to the wave-number. Moreover, the Rayleigh wave solution is also valid for a complementary
class of materials with respect to those previously considered in the literature.

We have to notice that the Rayleigh wave problem in the classical theory of linear elasticity has been a subject of great
interest in literature on the field (see, for example, the article by Hayes and Rivlin (1962) and the monographs by Jeffreys
(1952) and Achenbach (1973)). Important contributions on this argument have been reported recently by Rahman and
Barber (1995), Nkemzi (1997, 2008), Malischewsky (2000), Vinh and Ogden (2004), Li (2006), Destrade (2007), Vinh and
Malischewsky (2007, 2008) and Ting (2011a, 2011b).

2. Basic equations of the Cosserat elastic model

Throughout this section B is a bounded regular region of three-dimensional Euclidean space. We let @B denote the bound-
ary on B, and designate by n the outward unit normal on @B. We assume that the body occupying B is a linearly Cosserat
elastic material. The body is referred to a fixed system of rectangular Cartesian axes Oxi (i = 1,2,3). Throughout this paper
Latin indices have the range 1, 2, 3, Greek indices have the range 1, 2 and the usual summation convention is employed.
We use a subscript preceded by a comma for partial differentiation with respect to the corresponding coordinate and a
superposed dot represents the derivative with respect to time variable.
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The deformation of such a medium is described by two fields, namely, the displacement field u and the microrotation
field u over B� ½0;1Þ.

Within the framework of the linear theory, the constitutive equations for a homogeneous and isotropic Cosserat elastic
solid are (Eringen, 1999; Ies�an, 2004)
tij ¼ kerrdij þ ðlþ jÞeij þ leji;

mij ¼ a,rrdij þ b,ji þ c,ij; ð2:1Þ
where tij are the components of the stress tensor, mij are the components of the couple stress tensor, k, l, j, a, b and c are
elastic moduli, dij is the Kronecker delta and the strain measures eij and ,ij are given by the geometrical equations
eij ¼ uj;i þ ejikuk; ,ij ¼ uj;i; ð2:2Þ
ui are the components of the displacement vector and ui are the components of the microrotation vector.
In the absence of the body force and the body couple, the equations of motion of the linear theory of Cosserat elastic

materials are given by Eringen (1999) and Ies�an (2004)
tji;j ¼ .€ui;

mji;j þ eirstrs ¼ .j €ui; ð2:3Þ
where . is the density mass and j is the inertia coefficient.
The surface force and the surface couple at a regular point x of the boundary @B are given by
ti ¼ tjinj; mi ¼ mjinj; ð2:4Þ
where nj = cos (nx,Oxj) and nx is the unit vector of the outward normal to @B at x.
In the case of isotropic linear micropolar elastic materials, the internal energy W per unit volume is given by
2Wðe;,Þ ¼ kerress þ ðlþ jÞeijeij þ leijeji þ a,rr,ss þ b,ji,ij þ c,ij,ij: ð2:5Þ
The necessary and sufficient conditions for the internal energy density W to be a positive definite quadratic form in terms of
eij and ,ij are
3kþ 2lþ j > 0; 2lþ j > 0; j > 0;
3aþ bþ c > 0; cþ b > 0; c� b > 0:

ð2:6Þ
Further, we also suppose that . and J = .j are strictly positive numbers. Our analysis is within this framework.
In the present paper, we shall consider the region B to be the half space R : x2 P 0 subject to a process of plane strain

parallel to the x1Ox2 plane, that is
ub ¼ ubðx1; x2; tÞ; u3 ¼ 0;
ub ¼ 0; u3 ¼ uðx1; x2; tÞ; ðx1; x2; x3Þ 2 R; t P 0:

ð2:7Þ
So, all the quantities defined above are independent of x3, and we have the relevant non-zero strain measures
eab ¼ ub;a þ eba3u; ,a3 ¼ u;a; ð2:8Þ
while the equations of motion (2.3) are reduced to
tba;b ¼ .€ua;

mb3;b þ t12 � t21 ¼ J €u; ð2:9Þ
where
tab ¼ ke..dab þ ðlþ jÞeab þ leba;

m.3 ¼ c,.3: ð2:10Þ
3. Stroh formalism for plane waves

We will treat the system of partial differential equations S defined by (2.8)–(2.10) in the considered homogeneous micro-
polar elastic half space by means of the plane waves. Without loss in generality we will study the waves propagating along
the x1-axis with speed v and wave-number k in the x1-direction. Thus, we seek solutions of the above half space problem of
the form
fu1;u2;ugðx1; x2; tÞ ¼ fU1;U2;/gðx2Þeikðx1�vtÞ ð3:1Þ
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and
ft11; t22; t12; t21;m13;m23gðx1; x2; tÞ ¼ ifT11; T22; T12; T21;M13;M23gðx2Þeikðx1�vtÞ; ð3:2Þ
where i ¼
ffiffiffiffiffiffiffi
�1
p

is the unit complex.
The system S leads to a first-order differential system
U0ðx2Þ ¼ ikNUðx2Þ ð3:3Þ
for
Uðx2Þ ¼ fU1;U2;/; T21; T22;M23gTðx2Þ; ð3:4Þ
where
N ¼
N 1 N 2

N 3 N T
1

� �
; ð3:5Þ

N 1 ¼
0 �1þ j

c66

ij
kc66

� c12
c11

0 0
0 0 0

0
B@

1
CA; ð3:6Þ

N 2 ¼

1
kc66

0 0

0 1
kc11

0

0 0 1
kc

0
BB@

1
CCA; ð3:7Þ

N 3 ¼

�kðc0 � .v2Þ 0 0

0 �k j 2� j
c66

� �
� .v2

h i
�ij 2� j

c66

� �
0 ij 2� j

c66

� �
�ck� j

k 2� j
c66

� �
þ Jv2k

0
BB@

1
CCA ð3:8Þ
and
c11 ¼ kþ 2lþ j; c12 ¼ k; c66 ¼ lþ j; c0 ¼ c11 �
c2

12

c11
: ð3:9Þ
Here, N T
1 denotes the transposed matrix of the complex conjugate of the matrix N 1.

Moreover, we require that the solutions to be attenuated in the direction x2, so that they are decaying with distance from
the plane surface x2 = 0, that is we require that
lim
x2!1

u1;u2;u; t11; t22; t12; t21;m13;m23f gðx1; x2; tÞ ¼ 0; ð3:10Þ
for all x1 2 R and t 2 ½0;1Þ.
Thus, we seek solutions of the above differential system in the form
Uðx2Þ ¼ Veikrx2 ð3:11Þ
with
ImðrÞ > 0; ð3:12Þ
where V ¼ v1; v2;v; S21; S22;N23f gT is a constant vector and r is a complex parameter. Therefore, V and r satisfy the following
eigenvalue problem
NV ¼ rV: ð3:13Þ
The inequality (3.12) ensures that (3.10) holds true.
The characteristic equation corresponding to the above eigenvalue problem is
r6 þ P1r4 þ P2r2 þ P3 ¼ 0; ð3:14Þ
where
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P1 ¼ C1 þ C2 þ C3;

P2 ¼ C1C2 þ C2C3 þ C3C1 �
.j2v2

ck2c2
66

;

P3 ¼ C1C2C3 �
.j2v2

ck2c2
66

C1;

C1 ¼ 1� .v2

c11
; C2 ¼ 1� .v2

c66
;

C3 ¼ 1þ jð2c66 � jÞ
ck2c66

� Jv2

c
:

ð3:15Þ
It is easy to see that the characteristic equation can be written in the following form
ðr2 þ C1Þ ðr2 þ C2Þðr2 þ C3Þ �
.j2v2

ck2c2
66

" #
¼ 0; ð3:16Þ
whose solutions satisfy
r2
1 ¼ �C1;

r2
2;3 ¼

1
2
�ðC2 þ C3Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC2 � C3Þ2 þ

4.j2v2

ck2c2
66

s" #
:

ð3:17Þ
The above quantities are admissible roots if and only if the inequality (3.12) is satisfied. So, we must have
C1 > 0; C2 þ C3 > 0; C2C3 >
.j2v2

ck2c2
66

: ð3:18Þ
These conditions are equivalent with
C1 > 0; C2 > 0; C3 > 0; C2C3 >
.j2v2

ck2c2
66

; ð3:19Þ
and further they are satisfied if and only if the wave speed v is so that
v2 < minfc1; c2; c3; c4g ð3:20Þ
or
c5 < v2 < minfc1; c2; c3g; ð3:21Þ
where
c1 ¼
c11

.
;

c2 ¼
c66

.
;

c3 ¼
c
J

1þ jð2c66 � jÞ
ck2c66

" #
;

ð3:22Þ

c4 ¼
1
2

c2 þ c3 þ
,2

k2Jc66

�
ffiffiffiffi
D
p

 !
; ð3:23Þ

c5 ¼
1
2

c2 þ c3 þ
,2

k2Jc66

þ
ffiffiffiffi
D
p

 !
; ð3:24Þ
and
D ¼ ðc2 � c3Þ2 þ 2ðc2 þ c3Þ
,2

k2Jc66

þ ,2

k2Jc66

 !2

> 0: ð3:25Þ
Furthermore, it follows from the relations (3.22)–(3.25) that
c4 < c2 < c5 ð3:26Þ
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and hence the possibility that (3.21) be true is avoided. Moreover, we have
c3 � c4 ¼
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2 � c3Þ2 þ

,2

k2Jc66

 !2

þ 2ðc2 þ c3Þ
,2

k2Jc66

vuut � ðc2 � c3Þ �
,2

k2Jc66

0
B@

1
CA > 0; ð3:27Þ
and, therefore, we obtain
c3 > c4: ð3:28Þ
Concluding, from (3.20), (3.26) and (3.28), we deduce that the wave speed v is admissible if
v2 < c � minfc1; c4g: ð3:29Þ
In the present paper we consider a homogeneous and isotropic body and so we have explicit expressions for the coeffi-
cients of the sextic equation. So we can obtain the eigenvalue r and we can find explicit conditions upon the wave speed v by
direct calculation. However, we have to mention that for more complex situations (as, for example, an inhomogeneous or
anisotropic body), the method described in (Ting, 2011a, 2011b) can be used to prove that the propagation condition has
real coefficients. Moreover, if the case of exponentially graded materials is considered, the impedance matrix method of Bar-
nett and Lothe (Ting, 2011a, 2011b) is highly recommended.

Corresponding to the eigenvalue r1 of the matrix N , we find the eigenvector
v ð1Þ1 ¼
1
k
;

v ð1Þ2 ¼
1
k

r1;

vð1Þ ¼ 0;

Sð1Þ21 ¼ ðc11 � c12Þr1;

Sð1Þ22 ¼ c11r2
1 þ c12;

Nð1Þ23 ¼ 0;

ð3:30Þ
while, corresponding to the wave speeds r2,3, we find the following sets of eigenvectors
v ð2;3Þ1 ¼ j
c66k

r2;3;

v ð2;3Þ2 ¼ � j
c66k

;

vð2;3Þ ¼ �iðr2
2;3 þ C2Þ;

Sð2;3Þ21 ¼ j
c66

c12 � C1c11ð Þ;

Sð2;3Þ22 ¼ j
c66

c12 � c11ð Þr2;3;

Nð2;3Þ23 ¼ �ikcr2;3 r2
2;3 þ C2

� �
:

ð3:31Þ
4. Rayleigh waves

In this section we consider that the Cosserat elastic material occupying the half space x2 P 0 is homogeneous and isotro-
pic and we consider Rayleigh waves on the Earth’s surface. We assume that the body force and the body couple are absent
and the boundary x2 = 0 is traction free and couple traction free, that is, we assume
t21ðx1;0; x3; tÞ ¼ 0; t22ðx1;0; x3; tÞ ¼ 0;
m23ðx1;0; x3; tÞ ¼ 0 for all x1; x3 2 R; t 2 ½0;1Þ:

ð4:1Þ
Moreover, we require that the solutions be attenuated in the direction x2, so that they are decaying with the distance from
the plane surface, that is we require that (3.10) holds true.

Without loss of generality we will study the waves propagating along the x1-axis. We will treat the above problem by
means of the inhomogeneous plane waves as developed in the previous section. Thus, we seek solutions of the above free
half space problem as a linear combination of the eigenvectors VðjÞ ¼ v ðjÞ1 ;v

ðjÞ
2 ;vðjÞ; S

ðjÞ
21; S

ðjÞ
22;N

ðjÞ
23

n oT
; j ¼ 1;2;3, that is we seek

a solution in the following form
V ¼ a1Vð1Þ þ a2Vð2Þ þ a3Vð3Þ; ð4:2Þ
where a1, a2 and a3 are parameters which will be determined in order that the boundary conditions (4.1) to be satisfied. More
exactly, these unknown parameters are solutions of the following algebraic system
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S21 ¼ a1Sð1Þ21 þ a2Sð2Þ21 þ a3Sð3Þ21 ¼ 0;

S22 ¼ a1Sð1Þ22 þ a2Sð2Þ22 þ a3Sð3Þ22 ¼ 0;

N23 ¼ a1Nð1Þ23 þ a2Nð2Þ23 þ a3Nð3Þ23 ¼ 0:

ð4:3Þ
This homogeneous algebraic linear system has non-trivial solutions, if and only if
D0 ¼
ðc11 � c12Þr1 jðc12 � c11C1Þ jðc12 � c11C1Þ
c11r2

1 þ c12 jðc12 � c11Þr2 jðc12 � c11Þr3

0 �ikcc66r2ðr2
2 þ C2Þ �ikcc66r3ðr2

3 þ C2Þ

�������
������� ¼ 0: ð4:4Þ
On the other hand, in view of the condition (3.29), the roots rs, s = 1, 2, 3, can not be equal. So, the relation (4.4) implies
r1r2r3ðr2 þ r3Þðc11 � c12Þ2 þ ðr2
2 þ r2

3 þ r2r3 þ C2Þðc12 � c11C1Þ2 ¼ 0: ð4:5Þ
In view of (3.12), (3.14)–(3.19), we have that
r1 ¼ i
ffiffiffiffiffiffi
C1

p
;

r2r3 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 � C1C2 � C1C3

p
;

r2
2 þ r2

3 ¼ �ðC2 þ C3Þ;

r2 þ r3 ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ C3 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 � C1C2 � C1C3

pq
;

r1r2r3 ¼ �i
ffiffiffiffiffi
P3

p
:

ð4:6Þ
It follows that the system (4.3) has a non-trivial solution if and only if the wave speed v satisfies the inequality (3.29) and
the following equation
RðvÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P3ðvÞ C2ðvÞ þ C3ðvÞ þ 2

ffiffiffiffiffiffiffiffiffiffi
PðvÞ

p� �r
ðc11 � c12Þ2 � C3ðvÞ þ

ffiffiffiffiffiffiffiffiffiffi
PðvÞ

p� �
ðc12 � c11C1ðvÞÞ2 ¼ 0; ð4:7Þ
where
PðvÞ ¼ P2ðvÞ � C1ðvÞC2ðvÞ � C1ðvÞC3ðvÞ: ð4:8Þ
In the Section 5 we exemplify the above analysis with some numerical results relating the materials considered by
Gauthier and Jahsman (1975) and Gauthier (1982) in their experiments. For the quantities which they have considered there
and for k = 1, the above function has the graphic given by Fig. 1. This graphic proves that for the respective micropolar elastic
material the wave speed is v � 0.873217.

Further, inspired by this graphic, we prove that the secular Eq. (4.7) has at least a solution for each isotropic micropolar
elastic material having a positive definite internal energy. To this end we first note that
lim
v! ffiffiffi

c1
p P3ðvÞ ¼ 0; lim

v! ffiffiffi
c4
p P3ðvÞ ¼ 0; ð4:9Þ
Fig. 1. The graphic of R(v) on the interval ½0;0:925689Þ.
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and further, we conclude from (4.7) that
lim
v! ffiffiffi

c1
p RðvÞ < 0; lim

v! ffiffiffi
c4
p RðvÞ < 0: ð4:10Þ
On the other hand, we have to remark that
Rð0Þ ¼ 0: ð4:11Þ
Let us now consider the function
QðvÞ � RðvÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P3ðvÞ C3ðvÞ þ C2ðvÞ þ 2

ffiffiffiffiffiffiffiffiffiffi
PðvÞ

p� �r
ðc11 � c12Þ2 þ C3ðvÞ þ

ffiffiffiffiffiffiffiffiffiffi
PðvÞ

p� �
ðc12 � c11C1ðvÞÞ2

� 	
: ð4:12Þ
In view of the relation (4.11) we deduce that Q(0) = 0. Moreover, if we develop Q(e), with e a very small parameter, then we
find
QðeÞ ¼ .ðj� 2c66Þ3

k4c2c11c2
66

f½jð2c66 � jÞ þ k2cc66�½ð2c66 � jÞðjð2c66 � jÞ þ 2k2cc66Þ � 2c11ðjð2c66 � jÞ þ k2cðj

þ 2c66ÞÞ� þ 2k2cc66½�c11ð2jð2c66 � jÞ þ k2cðjþ 2c66ÞÞ þ ð2c66 � jÞðjð2c66 � jÞ þ k2cc66Þ�
ffiffiffiffiffiffiffiffiffiffiffiffi
C3ð0Þ

p
ge2

þ Oðe3Þ: ð4:13Þ
It is easy to see that, if
kþ l > 0; ð4:14Þ
then, Q(e) is a positive quantity for any e > 0 sufficiently small. Let e0 > 0 be so that Q(e0) > 0. Then, for materials characterized
by the inequality (4.14), we have
Rðe0Þ > 0: ð4:15Þ
On the other hand, in this case, we have
c4 < c1: ð4:16Þ
The function R is continuous on ðe0;
ffiffiffiffi
c4
p Þ and hence, in view of the relations (4.10) and (4.15), we can conclude that there

is at least one admissible solution of the Eq. (4.7) in the interval ðe0;
ffiffiffiffi
c4
p Þ.

We have to outline that, in the classical elasticity, the solution of the corresponding equation for Rayleigh surface waves
speed (the secular equation) has been studied numerically by Rayleigh (1885). Jeffreys (1952) and Hayes and Rivlin also have
studied the secular equation (see also the recent works by Rahman and Barber (1995), Nkemzi (1997, 2008), Malischewsky
(2000), Vinh and Ogden (2004), Li (2006), Destrade (2007), Vinh and Malischewsky (2007), Vinh and Malischewsky (2008)
and Ting (2011a, 2011b)). The secular Eq. (4.7) also poses difficulties and the determination of the exact numerical solutions
can be obtained as in the next section. Because we have the exact analytical solutions, the errors which can appear in the
calculus become very small. But, by comparing with other generalized form of the secular equation ((Eringen, 1999), page
180) (see, also, (Chirit�ă & Ghiba, 2010)), this equation does not involve the complicated form of the attenuating coefficients,
and we consider that it will be more appropriate for considerations in further studies.
Fig. 2. The component u1 of the displacement vector for k = 1 and the time t = 10, on ðx1; x2Þ 2 ½0;7Þ � ½0;8Þ.



Fig. 4. The component u of the microrotation vector for k = 1 and the time t = 10, on ðx1; x2Þ 2 ½0;7Þ � ½0;8Þ.

Fig. 3. The component u2 of the displacement vector for k = 1 and the time t = 10, on ðx1; x2Þ 2 ½0;7Þ � ½0;8Þ.

Fig. 5. S21 for k = 1 and the time t = 10, on ðx1; x2Þ 2 ½0;7Þ � ½0;8Þ.
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Fig. 6. S22 for k = 1 and the time t = 10, on ðx1; x2Þ 2 ½0;7Þ � ½0;8Þ.

Fig. 7. N23 for k = 1 and the time t = 10, on ðx1; x2Þ 2 ½0;7Þ � ½0;8Þ.
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5. Some numerical applications for experimental data

In this section we give numerical computations and some representations for the quantities obtained in the previous sec-
tions associated with the aluminium-epoxy composite considered by Gauthier (1982) (see also (Eringen, 1999)). For such a
material we have
k ¼ 7:59 GPa; l ¼ 1:89 GPa;
j
l
¼ 0:00788;

j
q
¼ 0:0067 mm ðlsÞ�1

; j ¼ 0:0196 mm2;
c
lj
¼ 7;11:

ð5:1Þ
In what follows, we give first of all the table of values for the wave speed v, solution of the secular Eq. (4.7), for different
values of the wave number k and we identify in each case the value of the upper bound,

ffiffiffiffi
c4
p

(Table 1).



S. Chirit�ă, I.-D. Ghiba / International Journal of Engineering Science 51 (2012) 117–127 127
We can observe that for k greater than 4 the ratio vffiffiffi
c4
p is stabilized at a value around 0.943327. For large values of the wave

number we will have the largest possible wave speed and thus the largest frequency.
In the Section 4, we have proved that in general we have at least one solution of the Eq. (4.7). But from the Fig. 1, we can

see that for the materials considered by Gauthier (1982), we have only one solution of this equation. So, the speed is uniquely
determined.

The Figs. 2–4 provide the behavior of the displacement and the microrotation fields. Let us remark that we have maxi-
mum (minimum) values of the microrotation component in the neighborhood of minimum (maximum) values of the mac-
rodisplacement component u2.

A significant attenuation of the amplitude of the surface wave with respect to the deepness in the direction of the x2 can
be observed. If we look to the behaviour of the components u1, u2 and u, from the above figures we can see that u1 has a rapid
decay with depth while the decays of u2 of u are milder.

In the Figs. 5–7 we represent the behavior of the traction and of the couple traction.
A minimum of the couple traction occurs around a maximum value of the component S21 of the stress tensor and vice

versa. A similar decaying effect with respect to the deepness x2, like that for the displacement and microrotation compo-
nents, can be observed for the stress and couple stress components.
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