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Abstract In the present study we derive some unique-
ness criteria for solutions of the Cauchy problem for
the standard equations of dynamical linear thermoelas-
ticity backward in time. We use Lagrange-Brun identi-
ties combined with some differential inequalities in or-
der to show that the final boundary value problem as-
sociated with the linear thermoelasticity backward in
time has at most one solution in appropriate classes of
displacement-temperature fields. The uniqueness re-
sults are obtained under the assumptions that the den-
sity mass and the specific heat are strictly positive and
the conductivity tensor is positive definite.

Keywords Linear thermoelasticity backward in
time · Uniqueness results · Lagrange-Brun identity
method

1 Introduction

The uniqueness and continuous dependence of the
thermoelastic processes forward in time have been ex-
tensively studied in literature (see, e.g. Brun [1, 2],
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Knops and Payne [3], Levine [4], Wilkes [5], Rionero
and Chiriţă [6], Ieşan [7, 8]).

On the other hand, the backward in time prob-
lems in thermoelasticity have been considered in many
studies (see, for example, Ames and Payne [9], Ciar-
letta and Chiriţă [10, 11], Ciarletta [12], Iovane and
Passarella [13] and Passarella and Tibullo [14]). The
question of determining suitable constraint restrictions
that will stabilize the problem against errors in the fi-
nal data was treated firstly by Ames and Payne [9] un-
der a class of restrictive assumptions placed on the
thermoelastic coefficients. More contribution in this
connection was given by Ciarletta [12], where sev-
eral uniqueness results for the backward in time ther-
moelastic problems are established. The main argu-
ments are based on a combination of some Lagrange
identities with a Gronwall type inequality and, among
other hypotheses, on the assumption of negativeness
of the specific heat. We have to outline that Koch and
Lasiecka [15] establish backward uniqueness results
for thermoelastic plates and thermoelastic waves with
time dependent coefficients by means of appropriate
Carleman estimates.

As it is well known the final boundary value prob-
lems associated to the linear thermoelasticity lead to
so-called ill posed problems. In order to stabilize such
kind of problems many different techniques have been
developed in literature such as those of “solving” ill
posed problems for equations of evolution. Some of
these involve the altering of the governing equations
in such a way as to make such problems well posed.
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Others involve changing the initial and/or boundary
conditions again in such a way as to make the prob-
lems well posed. This last technique consists in intro-
ducing a combination of the initial values with those
at a later time. By changing the initial conditions one
meet the so-called nonstandard problems and in the re-
cent years such problems are intensively studied in lit-
erature. To this end we have to cite the papers concern-
ing the study of the heat equation (see, for example,
Ames and Payne [16], Ames, Payne and Schaefer [17,
18], Ames, Payne and Song [19] and Song [20]) and
those concerning the generalized heat equation (see,
for example, Payne, Schaefer and Song [21]) and those
regarding fluid flows (see, e.g. Ames, Payne and Song
[19], Payne, Schaefer and Song [22] and Quintanilla
and Straughan [23]) as well as those related to linear
thermoelasticity (see, e.g. Chiriţă [24] and Chiriţă and
Ciarletta [25]). Still others involve constraining solu-
tions to lie in a certain constraint set. It is this latter
method which we apply in the present study.

More precisely, here we study the uniqueness for
the thermoelastic processes backward in time. We de-
rive uniqueness criteria for solutions of the Cauchy
problem for the standard equations of dynamical lin-
ear thermoelasticity backward in time. To this end we
use the Lagrange-Brun identities combined with some
differential inequalities in order to show that the fi-
nal boundary value problem associated with the lin-
ear thermoelasticity backward in time has at most one
solution in some appropriate classes of displacement-
temperature fields, provided mild hypotheses upon the
thermoelastic coefficients are assumed. In fact, we as-
sume that the density mass and the specific heat are
strictly positive and the conductivity tensor is positive
definite and then we establish uniqueness results in an
appropriate class of displacement-temperature fields.
This class of displacement-temperature fields is con-
sistently enlarged when the negative semi-definiteness
of the elasticity tensor is assumed. The results pre-
sented here complete those reported by Ciarletta
in [12].

2 Formulation of problem

Throughout this paper we assume that the properly
regular region B ⊂ R

3 is filled by an inhomogeneous
and anisotropic thermoelastic material. We denote by
∂B the boundary surface of B . Further, we consider

the final boundary value problems associated with the
linear theory of thermoelasticity on the time interval
(−∞,0]. The governing equations of the linear the-
ory of anisotropic and inhomogeneous thermoelastic-
ity are given by

– the evolution equations

Sji,j + bi = �üi, (2.1)

– the equation of energy

−qi,i + h + θ0Mij ėij = cθ̇ (2.2)

in B × (−∞,0),
– the constitutive equations

Sij = Cijklekl + Mijθ,

qi = −Kijgj ,
(2.3)

and
– the geometrical relations

eij = 1

2
(ui,j + uj,i),

gi = θ,i

(2.4)

in B × (−∞,0].
Here ui are the components of the displacement

vector, θ is the temperature variation from the uniform
reference temperature θ0, eij are the components of
the strain tensor, gi are the components of the thermal
gradient vector, Sij are the components of the stress
tensor, qi are the components of the heat flux vector,
bi represent the components of the external body force
vector per unit volume and h is the heat supply per unit
volume. Furthermore, � is the mass density, Cijkl are
the components of the elasticity tensor, Mij are the
components of the stress-temperature tensor, c is the
specific heat, and Kij are the components of the con-
ductivity tensor. In what follows we assume that the
mass density � and the specific heat c are continuous
functions of x on B . Moreover, we assume that the
elasticity tensor, the stress-temperature tensor and the
conductivity tensor are continuous differentiable func-
tions of x on B and satisfy the symmetry relations

Cijkl = Cklij = Cjikl,

Mij = Mji, Kij = Kji.
(2.5)

The subscripts i, j , k, l take values 1, 2, 3 and sum-
mation is implied by index repetition. Moreover, a su-
perposed dot denotes differentiation with respect to
time and a subscript comma indicates partial differ-
entiation.
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Since we are considering the coupled theory of
thermoelasticity, it follows that we have

m = (MijMij )
1/2 > 0. (2.6)

Further, we set

m∗ = (Mij,kMij,k)
1/2 ≥ 0. (2.7)

In this paper we consider the final boundary value
problem (P ) defined by relations (2.1)–(2.4), the final
conditions

ui(x,0) = u0
i (x), u̇i(x,0) = u̇0

i (x),

θ(x,0) = θ0(x), x ∈ B,
(2.8)

and the boundary conditions

ui(x, t) = ũi (x, t) on Σ1 × (−∞,0],
si(x, t) = s̃i (x, t) on Σ2 × (−∞,0],
θ(x, t) = θ̃ (x, t) on Σ3 × (−∞,0],
q(x, t) = q̃(x, t) on Σ4 × (−∞,0],

(2.9)

where u0
i , u̇0

i , θ0, ũi , s̃i , θ̃ and q̃ are prescribed func-
tions and

si(x, t) = Sji(x, t)nj ,

q(x, t) = qi(x, t)ni,
(2.10)

ni are the components of the outward unit normal vec-
tor to the boundary surface and Σ1, Σ2, Σ3 and Σ4 are
subsurfaces of ∂B , such that Σ1 ∪ Σ2 = Σ3 ∪ Σ4 =
∂B and Σ1 ∩ Σ2 = Σ3 ∩ Σ4 = ∅.

In the present paper we are interested to establish
the uniqueness of solutions of the final boundary value
problem (P ) under mild conditions upon the thermo-
elastic coefficients. To this end, as in [12], we trans-
form (P ), by making t → −t and by using appropriate
notations, in the initial boundary value problem (P ∗)
defined by the equations

(Cjikluk,l + Mjiθ),j + bi = �üi,

(Kij θ,j ),i − θ0Mij u̇i,j + h = −cθ̇,
(2.11)

in B × (0,∞), with the initial conditions

ui(x,0) = u0
i (x), u̇i(x,0) = u̇0

i (x),

θ(x,0) = θ0(x), x ∈ B,
(2.12)

and the boundary conditions

ui(x, t) = ũi (x, t) on Σ1 × [0,∞),

si(x, t) = s̃i (x, t) on Σ2 × [0,∞),

θ(x, t) = θ̃ (x, t) on Σ3 × [0,∞),

q(x, t) = q̃(x, t) on Σ4 × [0,∞).

(2.13)

In order to establish uniqueness of solutions to
the initial boundary value problem (P ∗) it is suffi-
cient to prove that the zero external given data, that
is D = {bi, h;u0

i , u̇
0
i , θ

0; ũi , s̃i , θ̃ , q̃} = 0, implies that
the corresponding solution U = {ui, θ}(x, t) is vanish-
ing on B × [0,∞). To prove this we note that for any
solution U = {ui, θ}(x, t) of the initial boundary value
problem (P ∗) corresponding to D = 0, we have the
following identities (see, for example, Ciarletta [12],
relations (42) to (46)):∫

B

[
�u̇i(t)u̇i(t) + Cijkleij (t)ekl(t)

]
dv

= −2
∫ t

0

∫
B

Mij θ(s)ėij (s)dvds, (2.14)

∫
B

1

θ0
cθ2(t)dv − 2

∫ t

0

∫
B

1

θ0
Kijgi(s)gj (s)dvds

= 2
∫ t

0

∫
B

Mij θ(s)ėij (s)dvds, (2.15)

∫
B

[
�u̇i(t)u̇i(t) + Cijkleij (t)ekl(t) + 1

θ0
cθ2(t)

]
dv

− 2
∫ t

0

∫
B

1

θ0
Kijgi(s)gj (s)dvds = 0, (2.16)

∫
B

�u̇i(t)u̇i (t)dv

=
∫

B

[
Cijkleij (t)ekl(t) + 1

θ0
cθ2(t)

]
dv, (2.17)

∫
B

�u̇i(t)u̇i (t)dv =
∫ t

0

∫
B

1

θ0
Kijgi(s)gj (s)dvds,

(2.18)

for all t ∈ [0,∞).

3 Uniqueness results

The uniqueness results established in the present sec-
tion are based in principal on the assumption that the
specific heat is strictly positive in B . The case when
the specific heat is non-positive in B was studied by
Ciarletta [12]. For convenience, we first recall the
uniqueness results established by Ciarletta [12].

Theorem 3.1 Suppose that the density mass � is
strictly positive on B and Kij is a positive definite ten-
sor and measΣ4 = 0. Moreover, we assume one of the
following hypotheses:
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(i) the elasticity tensor is a positive semi-definite ten-
sor;

(ii) c ≤ 0.

Then the final boundary value problem (P ∗) has at
most one solution.

Our main result concerning the uniqueness problem
is embedded in the next two theorems.

Theorem 3.2 Suppose that the density mass � is
strictly positive on B , Kij is a positive definite ten-
sor, Cijkl is a negative semi-definite tensor and c > 0
in B . Then there exists a strictly positive constant α

so that, in the class of displacement-temperature fields
{ui, θ}(x, t) defined on B × [0,∞), that satisfy∫ t

0

∫
B

1

θ0
Kijgi(s)gj (s)dvds ≤ M2

1eαt , (3.1)

for all t ∈ [0,∞), with M1 = constant, the initial
boundary value problem (P ∗) has at most one solu-
tion, provided measΣ3 �= 0.

Proof Since Kij is a positive definite tensor it follows
that

κ0ξiξi ≤ Kij ξiξj , (3.2)

for all vectors (ξ1, ξ2, ξ3), with κ0 a strictly positive
constant related to the minimum eigenvalue of the con-
ductivity tensor.

Let us consider {ui, θ}(x, t) be a solution of the
initial boundary value problem (P ∗) corresponding to
zero external given data, that is D = {bi, h;u0

i , u̇
0
i , θ

0;
ũi , s̃i , θ̃ , q̃} = 0. We have to prove that {ui, θ}(x, t) =
0 in B × [0,∞). To this end we note that the iden-
tities (2.14)–(2.18) hold true. Then by combining the
identities (2.17) and (2.18), we have
∫

B

[
Cijkleij (t)ekl(t) + 1

θ0
cθ2(t)

]
dv

=
∫ t

0

∫
B

1

θ0
Kijgi(s)gj (s)dvds, (3.3)

for all t ∈ [0,∞).
Further, we note that in the case when measΣ3 �= 0,

we have∫
B

θ,i(t)θ,i(t)dv ≥ λ

∫
B

θ2(t)dv, (3.4)

where λ > 0 is the smallest eigenvalue for the fixed
membrane problem for B .

Since the elasticity tensor Cijkl is a negative semi-
definite tensor, it follows, from the identity (3.3), that∫ t

0

∫
B

1

θ0
Kijgi(s)gj (s)dvds ≤

∫
B

1

θ0
cθ2(t)dv, (3.5)

for all t ∈ [0,∞) and hence, by the use of (3.2) and
(3.4), we obtain∫ t

0

∫
B

1

θ0
Kijgi(s)gj (s)dvds

≤ ω2
∫

B

1

θ0
Kijgi(t)gj (t)dv, (3.6)

for all t ∈ [0,∞), with

ω2 = supB c

λκ0
. (3.7)

Further, we set

ϕ2(t) =
∫ t

0

∫
B

1

θ0
Kijgi(s)gj (s)dvds, (3.8)

for all t ∈ [0,∞), and note that (3.6) becomes

ϕ2(t) ≤ 2ω2ϕ(t)ϕ̇(t), t ∈ [0,∞). (3.9)

Now, it is clear that if ϕ(t) = 0 for all t ∈ [0,∞),
then it follows that

gi(x, t) = 0 in B × [0,∞) (3.10)

and hence, recalling that measΣ3 �= 0, we deduce that

θ(x, t) = 0 in B × [0,∞). (3.11)

Furthermore, by substituting (3.10) into (2.18) and
then by using the zero initial conditions, we get

ui(x, t) = 0 in B × [0,∞), (3.12)

that is the required uniqueness result.
Let us now suppose that there exists τ ∈ (0,∞) so

that ϕ(τ) > 0 and hence we have

ϕ(t) > 0 for all t ∈ [τ,∞). (3.13)

Then (3.9) gives

d

dt

[
ϕ(t)e−t/(2ω2)

] ≥ 0 for all t ∈ [τ,∞), (3.14)

and hence, we deduce that

ϕ(τ)e−τ/(2ω2) ≤ ϕ(t)e−t/(2ω2)

≤ lim
t→∞

[
ϕ(t)e−t/(2ω2)

]
(3.15)

for all t ∈ [τ,∞). Consequently, if we choose

0 ≤ α <
1

ω2
, (3.16)
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then the hypothesis expressed by (3.1) implies that

lim
t→∞

[
ϕ(t)e−t/(2ω2)

] = 0 (3.17)

and therefore, (3.15) gives

ϕ(t) = 0 for all t ∈ [τ,∞), (3.18)

a relation that proves that the relation (3.13) cannot
hold true. Thus, we have only the possibility expressed
by (3.10) and so we have the uniqueness result and the
proof is complete. �

Remark 1 It can be seen that this theorem completes
the study made by Ciarletta [12]. The novel contri-
bution here is that our uniqueness result is obtained
without recourse to the assumption that c ≤ 0 in B .
Instead we assume that the solution of the initial
boundary value problem (P ∗) belongs to the class of
displacement-temperature fields {ui, θ}(x, t) that sat-
isfy the constraint (3.1).

Remark 2 The negative semi-definiteness condition
on the elasticity tensor Cijkl can be removed from the
above theorem. Instead we have to restrict the con-
straint set defined by (3.1). The corresponding unique-
ness result is embedded in the following theorem.

Theorem 3.3 Suppose that the density mass � and the
specific heat c are strictly positive on B and Kij is a
positive definite tensor and measΣ4 = 0. Then, in the
class of displacement-temperature fields {ui, θ}(x, t)

defined on B × [0,∞), that satisfy

lim
t→∞

∫ t

0

∫ s

0

∫
B

1

θ0
Kijgi(τ )gj (τ )dvdτds = 0, (3.19)

the initial boundary value problem (P ∗) has at most
one solution.

Proof Let {ui, θ}(x, t) be a solution of the initial
boundary value problem (P ∗) corresponding to zero
external given data, that is D = {bi, h;u0

i , u̇
0
i , θ

0; ũi ,

s̃i , θ̃ , q̃} = 0. Following Ciarletta [12], by means of
the Cauchy-Schwarz inequality and the arithmetic-
geometric mean inequality, we obtain the following
estimate

−2
∫ t

0

∫
B

Mij θ(s)ėij (s)dvds

≤ M2

ε
√

κ0

∫ t

0

∫
B

�u̇i(s)u̇i(s)dvds

+ 4θ0M2√
κ0

ε

∫ t

0

∫
B

1

θ0
Kijgi(s)gj (s)dvds, (3.20)

for all t ∈ [0,∞), with the constant M2 defined by

M2 = max

{
sup
B

m√
�

, sup
B

m∗
√

λ�

}
(3.21)

and ε is a positive constant which arises through use
of the arithmetic-geometric mean inequality and may
be selected judiciously. The quantity λ is the smallest
eigenvalue for the fixed membrane problem for B .

Using (2.18) and (3.20) in (2.15), we are led to the
inequality(

2 − 4θ0M2√
κ0

ε

)∫
B

�u̇i(t)u̇i(t)dv

≤
∫

B

1

θ0
cθ2(t)dv

+ M2

ε
√

κ0

∫ t

0

∫
B

�u̇i(s)u̇i (s)dvds, (3.22)

for all t ∈ [0,∞). An appropriate choice for ε in in-
equality (3.22) is

ε =
√

κ0

4θ0M2
(3.23)

and then we have the following inequality

ψ(t) ≤ α(t) + M0

∫ t

0
ψ(s)ds, t ∈ [0,∞), (3.24)

where

ψ(t) =
∫

B

�u̇i(t)u̇i(t)dv, (3.25)

α(t) =
∫

B

1

θ0
cθ2(t)dv, (3.26)

M0 = 4θ0M
2
2

κ0
. (3.27)

Further, we set

χ(t) = e−M0tM0

∫ t

0
ψ(s)ds (3.28)

and note that

χ̇ (t) = M0e
−M0t

[
ψ(t) − M0

∫ t

0
ψ(s)ds

]

≤ M0e
−M0t α(t) (3.29)

and therefore, we have

χ(t) ≤ M0

∫ t

0
e−M0sα(s)ds, t ∈ [0,∞). (3.30)

Concluding, from (3.28) and (3.30) we obtain∫ t

0
ψ(s)ds ≤

∫ t

0
e−M0(s−t)α(s)ds, (3.31)

for all t ∈ [0,∞).
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On the other hand, by using (3.2), (3.4) and (3.26),
we have

α(t) ≤ supB c

λκ0

∫
B

1

θ0
Kijgi(t)gj (t)dv, (3.32)

which, when used in (3.31), furnishes∫ t

0
ψ(s)ds ≤ supB c

λκ0
eM0tψ(t), (3.33)

for all t ∈ [0,∞).
Furthermore, we set

φ(t) =
(∫ t

0
ψ(s)ds

)1/2

, t ∈ [0,∞), (3.34)

so that (3.33) becomes

φ2(t) ≤ 2 supB c

λκ0
eM0tφ(t)φ̇(t), t ∈ [0,∞). (3.35)

Let us first consider the case when

φ(t) =
(∫ t

0
ψ(s)ds

)1/2

= 0, t ∈ [0,∞). (3.36)

Then it follows from (3.25) and the zero initial data
that

ui(x, t) = 0 in B × [0,∞), (3.37)

and, moreover, by means of the identity (2.18) and the
fact that c > 0 in B , we have

θ(x, t) = 0 in B × [0,∞), (3.38)

that is we are led to the required uniqueness result.
Let us now consider that there exists τ ∈ (0,∞) so

that φ(τ) > 0 and hence we have

φ(t) > 0 for all t ∈ [τ,∞). (3.39)

Then (3.35) implies

d

dt

[
eξ(t)φ(t)

] ≥ 0 for all t ∈ [τ,∞), (3.40)

with

ξ(t) = λκ0

2M0 supB c

(
e−M0t − 1

)
. (3.41)

Thus, from (3.40) we deduce

eξ(τ)φ(τ ) ≤ eξ(t)φ(t) ≤ lim
t→∞

[
eξ(t)φ(t)

]
, (3.42)

for all t ∈ [τ,∞). In view of the hypothesis (3.19) and
by using (3.25), we obtain

lim
t→∞

[
eξ(t)φ(t)

] = e
− λκ0

2M0 sup
B

c

[
lim

t→∞

∫ t

0

∫ s

0

∫
B

1

θ0
Kij

× gi(τ )gj (τ )dvdτds

]1/2

= 0 (3.43)

and therefore, (3.42) implies that

φ(t) = 0 for all t ∈ [τ,∞), (3.44)

a relation that is in contradiction with our hypothesis
expressed in (3.39).

Concluding, we have only the possibility expressed
by (3.36), that is we have (3.37) and (3.38) and hence
the proof is complete. �

Remark 3 It can be easily seen that the assumption
embedded in (3.19) is more restrictive than that given
in (3.1) and so the class of displacement-temperature
fields {ui, θ}(x, t), where the uniqueness result holds
true, is essentially reduced.
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