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Abstract: This paper investigates the propagation of in-plane surface waves in a coated thermoelastic
half-space. First, it investigates a special case where the surface layer is described by the Maxwell—-
Cattaneo thermoelastic approach, while the half-space is filled by a thermoelastic material described
by the classical Fourier law for the heat flux. The contact between the layer and the half-space is
assumed to be welded, i.e., the displacements and the temperature, as well as the stresses and the
heat flux are continuous through the interface of the layer and the half-space. The boundary and
continuity conditions of the problem are formulated and then the exact dispersion relation of the
surface waves is established. An illustrative numerical simulation is presented for the case of an
aluminum thermoelastic layer coating a thermoelastic copper half-space, highlighting important
aspects regarding the propagation of Rayleigh waves in such structures. The exact effective boundary
conditions at the interface are also established replacing the entire effect of the layer on the half-space.
The general case of the problem is also investigated when both the surface layer and the half-space are
described by the Maxwell-Cattaneo thermoelasticity theory. This study helps to further understand
the propagation characteristics of elastic waves in layered structures with thermal effects described
by the Maxwell-Cattaneo approach.

Keywords: Rayleigh waves; exact secular equation; isotropic thermoelastic half-space; Maxwell-
Cattaneo thermoelastic layer; welded contact; exact effective boundary conditions
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1. Introduction

The technique of covering a material substrate with a layer made of a material with
superior characteristic properties is widely used in order to improve the protection against
chemical corrosion, degradation of any kind, and, in particular, against thermal effects.
The measurement of thermomechanical properties of thin elastic layers deposited over
the substrate is very important in modern engineering and technology. There was a great
interest in studying the influence of the characteristic properties of the layer on the material
substrate. An efficient tool in this study is represented by the approach of Rayleigh-type
surface waves which is the most versatile mechanism due to its wide range of advantages
non-destructive nature in testing materials, laboratory simulations, measurements of the
mechanical properties of the covering layer, reduced material costs, as well as less time
required for inspections.

Achenbach and Keshava [1] used the plate theory in order to study a layer and a
supporting half-space of different elastic properties and so they furnished the dispersion
equation for free waves in the form of a sixth-order determinant equation in terms of
the non-dimensional-phase velocity. Tiersten [2] investigated the influence of thin film on
guided wave propagation in the joined structure of a film over a half-space with comparison
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to experiment data. He introduced an approximate procedure in which the entire effect
of the plating is treated as a non-zero homogeneous boundary condition at the surface of
the substrate.

By considering the overlying material to be very thin, the entire effect of the thin
elastic layer on the elastic half-space is approximately replaced by means of so-called
effective boundary conditions. This way provides a relationship between the displacement
components and the stress components of the half-space at the interface between the
elastic layer and the elastic half-space. There are several approaches for obtaining these
effective boundary conditions in order to extract the material properties of the thin layers
from experimental data. Bovik [3] made a comparison between the boundary conditions
derived by Tiersten [2] and the so-called boundary conditions for elastic surface waves
guided by thin films. He also expanded the stress components at the upper surface of a
thin layer using the Taylor series in terms of the thickness of the layer. This approach of
Taylor series expansion was further employed by several researchers in order to obtain the
required boundary conditions. Thus, Vinh and Anh [4-6] and Vinh et al. [7,8] explored
the approximate secular equation and the velocity formula for guided wave propagation
in an orthotropic elastic half-space, which is coated by a thin orthotropic elastic layer
with welded or smooth contact. Other interesting studies were carried out by Haskell [9],
Achenbach and Epstein [10], Makarov et al. [11], Kuchler and Richter [12], Cai and Fu [13],
Sotiropolous [14], Every [15], and Chattopadhyay and Raju [16].

Mathematical modeling of the elastic surface waves guided by thin films in layered
structures was described in the books by Nayfeh [17] and Rose [18]. A comprehensive
review of established and promising technologies under development in the emerging area
of structural health monitoring of aerospace composite structures, as well as a study of
guided waves in thin-wall composite structures, is developed in the excellent textbooks
written by Nowinski [19] and Giurgiutiu [20].

Steigmann and Ogden developed a systematic approximation of the linear equations
for small-amplitude surface waves in an elastic half-space, interacting with a residually
stressed thin film of a different material bonded to its plane boundary [21]. Recently,
interesting results were obtained both in terms of establishing effective boundary condi-
tions and in terms of obtaining the exact secular equation for the propagation of Rayleigh
waves in half-spaces on which an elastic layer is laid in the various forms of contact. In
this connection, we mention the research developed by Dai et al. [22], Vinh et al. [23,24],
Kaplunov and Prikazchikov [25], Erbas et al. [26], Kaplunov et al. [27,28], Phan et al. [29],
Mubaraki et al. [30], and Kaur et al. [31]. These results were extended in [32,33] by combin-
ing the weakly nonlocal elasticity theory with the impedance boundary conditions that are
formulated using nonlocal stresses. Moreover, the authors of [34] focused on an amplitude
versus offset (AVO) method for analyzing the reflection and transmission of elastic waves
at an interface between two fluid-saturated thermo-poroelastic media.

The thermal effects are totally neglected in all research from the specialized literature
on the argument of Rayleigh wave in a coated half-space, although they are present in
most practical situations of interest. Various researchers have explored the characteristics
of Rayleigh/Rayleigh-like surface waves in different thermoelastic half-space models, such
as those by Lockett [35], Chadwick [36], Deresiewicz [37], Chirita [38,39], and the chapter
titled Rayleigh’s Waves in The Encyclopedia of Thermal Stresses [40]. Recently, Zampoli and
Chiritd [41] demonstrated that by considering thermal effects, the propagation speed of
Rayleigh waves tends to decrease compared to the purely elastic case. Additionally, they
highlighted the time-dependent damping of the wave amplitude.

It is well known that the classical Fourier constitutive law for heat flux g;, namely
g; = k6 ; where 0 denotes the absolute temperature and k denotes heat conductivity, leads to
the parabolic heat conduction equation. This implies that heat pulses propagate with infinite
speed. To overcome this limitation of classical theory, Cattaneo [42] proposed replacing the
Fourier constitutive relation with an evolution equation of the form t4; + g; = kf ; where
the superposed dot indicates the material time derivative, and 7 is an intrinsic relaxation
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time. This revised constitutive relation, known as the Maxwell-Cattaneo equation, leads to
hyperbolic-type heat conduction and predicts thermal waves, also referred to as second
sound. For an overview of thermoelasticity with second sound, we recommend the papers
by Chandrasekharaiah [43,44].

In this paper, we study the problem of Rayleigh surface wave propagation in a thermo-
mechanical system consisting of a Fourier thermoelastic half-space covered by a different
thermoelastic layer modeled by the Maxwell-Cattaneo theory. The contact between the
layer and the half-space is assumed to be welded, i.e., the displacements and temperature,
as well as the stresses and heat flux, are continuous across the interface of the layer and
the half-space. The explicit expressions of free in-plane Rayleigh waves in both the layer
and the half-space are first established. Then, by using the boundary conditions on the
free surface and the continuity conditions at the interface, the exact secular equation for
Rayleigh waves is derived. A numerical simulation of this secular equation is presented
for the case of a thermoelastic layer made of aluminum covering a thermoelastic copper
half-space, highlighting important aspects of Rayleigh wave propagation in such structures.

Furthermore, the entire effect of the thermoelastic layer on the half-space is replaced
by the so-called effective boundary conditions, which relate the displacements and the
temperature fields, as well as the stresses and the heat flux of the half-space at its surface.
Thus, the wave is then considered a Rayleigh wave propagating in the half-space, without
a coating layer, which is subjected to the effective boundary conditions.

We also consider the case where both the (thermoelastic) half-space and coating
(thermoelastic) layers are filled by two different Maxwell-Cattaneo thermoelastic materials.
When the thickness of the thermoelastic layer tends to zero (h — 0), i.e., there is no one
thermoelastic layer, then our exact secular equation furnishes the secular equation for
Rayleigh waves in a Maxwell-Cattaneo thermoelastic half-space.

The objective of this work is as follows. Section 2 presents the basic systems of
differential equations describing the evolutionary thermoelastic behavior of the mate-
rials in the Maxwell-Cattaneo thermoelastic layer and those of the half-space filled by
a Fourier thermoelastic solid, respectively. Section 3 establishes the classes of in-plane
wave solutions that allow us to solve the Rayleigh surface wave problem. Section 4
treats the propagating Rayleigh wave problem and establishes the exact secular equation.
Section 5 illustrates the Rayleigh wave problem for the structure consisting of an aluminum
layer coating a copper half-space with welded contact. Section 6 establishes the exact
effective boundary conditions. Section 7 treats the problem of Rayleigh surface wave
propagation for the thermomechanical system based on the Maxwell-Cattaneo theory.

2. Formulation of the Rayleigh Wave Propagation Problem

We consider the half-space 0 < x, < oo filled by a thermoelastic material modeled
according to the classical Fourier’s law for heat conduction. The half-space is covered by a
layer of uniform thickness, h, occupying the domain —h < xp < 0, which is filled with a
thermoelastic material modeled with the Maxwell-Cattaneo law for heat flux; see Figure 1.

Note that the same quantities related to the half-space and the layer have the same
symbol but are systematically distinguished by a tilde if pertaining to the half-space
0 < x2 < co. In accordance with what was said above and with the classical linear theory
of isotropic thermoelasticity, in the half-space x, > 0, we have the basic motion equations:

S~rs,r = éﬁSr . (1)
‘77,7 + Tomﬁr,r - TOﬁQ/
with the following constitutive equations:
SNrs :N;}ap,p(srs + ,ﬁ(ﬂr,s + ﬂs,r) + mg&rs/ (2)
G = kO
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In the above relations, we use the following notations: A and ji are the elastic Lamé
constants, k > 0 is the constant thermal conductivity, 4 > 0 is the constant mass specific
heat, /it = —&(3A + 2j1) is the stress-temperature constant modulus, & is the coefficient
of thermal expansion, § is the density mass, i, are the components of the displacement
vector, 0 is the temperature variation from the absolute temperature Ty > 0, S,s are the
components of the stress tensor, and 4, are the components of the heat flux vector.

h|  thermoelastic layer

half-space substrate

Figure 1. Layered structure.

According to the Maxwell-Cattaneo model for the heat flux vector, in the thermoelastic
layer, —h < x3 < 0, we have the following:

Srs,r = Qiis, ) (3)
Grr + Tomiiy , = Toab,
and
Srs = )\up,pérs + ,u(ur,s + us,r) + m0Oys, 4)

T4y + qr = ke,r/

where T > 0 is the relaxation time.

The contact between the thermoelastic layer and the semi-space is supposed to be
welded and there are no temperature changes or heat transfer at the contact interface. This
means that the displacement and temperature fields, as well as the stresses and the heat
flux, are continuous through the interface of the layer and the half-space. Therefore, we
must have the following conditions fulfilled:

Eis (xll OI X3, t) = Us (xl/ 0/ X3, t)r 525 (xll 01 X3, t) = SZS(xlr Or X3, t)/
0(x1,0,x3,t) = 0(x1,0,x3,t), §2(x1,0,x3,t) = q2(x1,0,x3, ), 5)
forall xq,x3 €R,t>0.

Furthermore, we assume that the surface x, = —# of the thermoelastic layer is free of
traction and that there are no thermal exchanges with the outside; we have the following:

512 (xll _h/ X3, t) = 0/ 522(x1/ _h/ X3, t) = 0/ S32<x1/ _h/ X3, t) = 0/

qz(xl, —h, x3, t) =0, forall x;,x3€R,f>0. ©)

Alternatively, we consider the free surface of the layer to be thermally insulated when the
condition (6); is replaced by the following:

6(x1, —h,x3,t) =0, forall x1,x3 €R,f>0. (7)
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Finally, as we intend to talk about surface waves, we will have to impose zero asymp-
totic conditions on the mechanical and thermal quantities in the depth of the half-space; we
assume the following;:

lim ﬂ,(xl,xz,X3, f) =0, lim S~rs(x1,x2,x3, t) =0,
xz'—>oo ~ x‘z—>o<>~ (8)
lim 6(xq,x2,x3,¢) =0, lim §.(x1,x2,x3,¢t) =0, forall xq,x3€R,t>0.

Xp—00 Xp—00

Once the mathematical problem of the thermoelastic layer superimposed on a ther-
moelastic half-space is formulated, we are interested in the Rayleigh wave propagation in
such a material environment.

The following dimensionless coefficients are important in the study of thermoelastic
phenomena:

-2 2
E= s, = ——, Q)
aocy agcy
where <
A+ 2ji A+2
R e L S e s (10)
¢ Q
Moreover, we also need the following notations:
2 _B o _ M
Chr = —, CH = —. (11)
a7

3. Some Classes of In-Plane Wave Solutions of the Basic Equations

Throughout this paper, we study the propagation of a Rayleigh wave, traveling along
the interface between the layer and the half-space with velocity ¢ and wave-number 3¢
in the x;-direction and decaying in the x;-direction. To solve the Rayleigh surface wave
problem for the considered mechanical system, we look for x; Ox,—plane wave solutions
{ur,6;Srs,qr} of Equations (3) and (4) in the following form:

1 .
ur(x1,%2,%3,1) = Res — Uy (xp) 170 1,

Mz(xl,XZ, X3, t) = Re iUZ(XQ) et*(x1—ct) , (12)

uz(x1,x2,x3,t) =0,
0(x1,x2,x3,t) = Re{ToT(xz) el (xi—ct) },

and

S11(x1, %2, x3,t) = R ysﬂ(xz)eiwl—ct)},

( ) e
Saz(x1,x2,x3,t) = Reqip Sx(x2) ei%(xﬁcf)},
S12(x1,%2,x3,) = Re{ jt Sia(x2) 171§,
S33(x1, %2, x3,t) = Re y833(x2)gi%(x1—cf) , (13)
g1(x1, %2, x3,t) = Red sckTy Q1 (xp) €1 =)
G2(x1, X2, X3, 1) = Re{ »kTy Qp(xp) e*¥17) L

513(x1,x2,x3, t) = Sz3(X1,X2,X3,f) =0, qg(xl,xz,xg, t) =0,

in the layer —h < xp < 0.
Consequently, in view of the relations (12) and (13), the constitutive Equation (4) im-
plies the following:
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c? 1 imT
Sn(x) = 5 <U1 + Uz,z) —2Uy — — T,
) < 0¢;
1
Sip(x2) = S — U, (14)
1
Q(x2) = (1= i) T2,
and )
. c 1 2 imT,
—iSi1(x2) = 5 (Ul + Uz,z) — ZlUpy—— T,
2 .
1 T
—iSp(x) = [ 4 - 2) <M1 + Uz,z) -0, (15)
) » Q¢
Q1 (x2) = 1= itsc
The basic Equation (3) is as follows:
c% imTys 2c?
S — 5y +Upp) +2Upp + ———T = ——5 U,
&) ¢ &)
2c?
#8120+ Spp = 2 Uy, (16)
2
» mc 1 _ iTpac
Qz,z—m +k(U1+%U2,2> = r T.

Further, we seek solutions of the differential systems (14) and (16) in the following
form: '
{U, Uz, T S12, S22, Q2 }(x2) = {Uy, Uz, T; 512,520, Q2 } €772, (17)
with {Uy, Uy, T; 512, 522, Q2) being a non-zero constant dimensionless complex vector and r
dimensionless constant parameter. Therefore, we have the following:

s1p = irly — Uy,
s %(u +irlly) — 2ty — Mo g
2= o \H 2) =2t — ,
G 0c3 (18)
ir
Q= T
and ) .
) c . ) imT, c
Irsip — %(Ul +irly) + 2ir Uy + —20 T+ U =0,
© Qe &)
19)

. C
S1p +1r sy + 7U2 =0,
)
iT()ﬂC

mc .
T+ (U +irlly) + — =T =0.

Q2 = 1—itsc
By replacing the relation (18) in the equations described by (19), we obtain the following:

2 . 2
c T
ir(irtl; + Up) — —;(Ul +irlp) + lm720 T+ % U; =0,
c oc c
2 2 2
. . lc . imT, C
—(irUy + Up) + ir | 2 (Uy +irll) — — T | + - Up =0, (20)
) ocy )

mc . r?+1 iTpac
ﬁ(ul+lru2) B (1—1’1’%(: ok >T_O'
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and, moreover,
, 2\ .
s°— — |(irly + U2) =0,
)
2 imT, 2
25 (W +irt) - 7= T =0, 21)
1 1 .
Zii (1 — iTsec) (U + irlly) + |52 — CZ—CK (1 —itsc)|T=0,
where
s2=r"+1,
_ xk (22)
-~ Toac;’

Since we have {Uy, Uy, T; s12, 522, Q2} # 0, it follows that the determinant of the
algebraic system (21) has to be zero; we have the following;:

( Cl c2>{ {Cz Ig(l —ixC)(e+1)|s* + i (1 —1Xc)} 0, (23)

2

with the following roots:

s%zzzcz,
S%:% 2+ E(l—ixC)(s—i—l)—l—\/K , (24)
sgzé 2 +l§(1fixc)(s+1)f\/g ,
where
iC e

(1—ixC)?, (25)

A= |C*+ K(l—l)(C)(s—l) -

and the dimensionless parameters C and yx are defined by the following:

C= i, X = Txc,. (26)
€1

Consequently, there exist the following admissible values for the dimensionless pa-
rameter r: )
ry =iy, 1o =18y, 13 =1(3,
1 gl 2 CZ ) 3 63 ) (27)
ry = —iG1, 15 = —iCy, r1¢ = —il3,

Cl = 1- S%/ 62 = 1- S%/ 63 =\ 1- S%/ (28)

and the corresponding vector solutions of the differential system defined by (14) and (16)
as follows:

with

{u1( ", u u", T, 1(2)1 Sy 192 }(XZ) = {ul("),uén)’T(n);sgg)lsg)lan)}eimnle (29)
forn =1,2,...,6. Moreover, we have the following:

Deg, u=1, 1W=0 s=c2—2 =—25, Q=0  ©0
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C ) [ iC )
U =53 - % (1=ixC), U = &2|s3 - x - IXC)]'
. L, iC
T® =y Ccs3(1 —ixC), sg) =-2& {S% - ? (1- sz)] (31)
c? iC . iec?
sg) = <; s% — 2) {s% - X (1- sz) — —1 C52(1 —ixC), Qéz) = —Y Céys5,
) c3K
u® —ix, ul) —ixg, 1O =5 -2
2
() _ G) _ix( L2 G __ =8B (2 (32)
5, = —2iX {83, sy, —1X<C%C —2), Q; 1—ixC(S3_C)'
=g, uUW=1, tW=0, sW=c2-2 W20, Q=0 (33
iC iC .
uf =3 - -0, uf =g [s% - -0,
6) = yCs3(1—ixC), s = 262[ (1 —iXC)}/ (34)
O _ (A 2 iC . . ' C? 200 ) 2
S = 29272 1% (1—ixC)| = 5 Cs3(1—ixC), Q" =YChas,
2 K
ul® —ix, ul® =—ixg, TO =3-C2
2
(6) _ o ©6) _ ix [ 1 2 _ G 2 2 (35)
512 —21X§3/ 522 —lX(C%C 2), Q2 —W(S:}*C),
where we use the following dimensionless parameters:
X — ’”L;O _ me (36)
ocy »k
Finally, we note the following:
{Uh,Un, T 812, S22, 2} (32) Z Bo{ Uy, ug”, ;{3 s, Q" e, (37)

with By,By,...,Bg as arbitrary dimensionless constant parameters, representing a solution
of the differential system described by relations (14) and (16). Consequently, in view of
relations (12), (13), and (37), we note the following:

6
u1(x1,x2,x3,t) = Re #(x1—ct) ol#TnX2
1(x1,x2, x3, ) e ;
Dy g
up(xq,x2,x3,t) = Re s(xy—c u ol# X2 38
2(x1, X2, x3, ) e n; (38)
6
9(x1/x2/x3/t):Re Toe xl Ct 2 l%rnxz ,
together with
, 6 (n)
512(x1,x2,x3,t) = Re ‘uem(mfct) Z anlg e Y
n=1
6
Sy (x1,x2,x3,t) = Re iye (x1—ct) Zanz el%rnxz}/ (39)
n=1

n=1

6
qZ(Xl,xz,x:),,t):Re{%kTOe (xq—ct) ZB

1%rn X2
7
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and
u3(x1, X2, X3, t) =0, 513(X1, X2, X3, t) =0, 523(X1,X2,X3, f) =0, Q3(JC1,X2,X3, t) =0,

6
; i > —ct (n) P n
S11(x1,x2,x3,t) = Re{ ipe*(1=ct) Y~ B st gz &
n=1

) 6 )
q1(x1, X0, x3,F) = Re{i%kTo et (a—ct) Z B, T gixrnx2 },
n=1
imTO
ac3

2
C
s = é(u{”) iU ) = 2ir U = 0T, = 1,26,

fulfills the basic Equations (3) and (4).

(40)

Herewith, we write the corresponding wave solutions for the differential system
described by (1) and (2), in the half-space x; > 0, and we take into account the asymptotic

conditions (8) as follows:

)3

1 . 3
ﬁl (xll X2, X3, t) = Re{ il el%(xl —ct)
P =

D, afﬂ) eimpxz}

. 3 i o
ilp(x1, X0, x3,t) = Re{ i ol (x1—ct) Z D, uép) RS }/
p=1

. 3 . o
g(xl,xz, X3, t) = RE{TO em(x1fct) Z Dp T(p) oy %2 }/
p=1

. 3 . ~
S1a(x1, %2, x3,t) = Re{ﬂemmd) Y ngg) €W”xz},
p=1

. 3 . ~
§22(x1, X2, X3, f) = Re{iﬁ e”‘(xl —ct) 2 DpSég) et X2 },
p=1

. 3 _ o
672(x1,x2, X3, t) = Re{%I?TO ew(:q—ct) Z Dp Qép) ol Tpx2 },
p=1

(41)

(42)

where D1, Dy, and D3 are complex arbitrary dimensionless parameters, not all zero, and

we have the following:

F1 =i, Fo=iCy, F3=1iC3,

L=\1-% &=\1-% &=\1-%

2
C
si=42¢C
2
g_1)]9c, i CE+1)+4| |22+ L cE-1)| - 44
22 K¢y &2 Ré R22 (7
1])c ic c ic 4&c?
2 1~2 1 = 12 1 = 1 2
FG=-2C+CE+1)— C2+—-C(—1 _
P2 & R (E+1) & Ré (E-1) R

(43)
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Moreover, we have the following:
2
~(1 ~(1 e (1 c (1 & (1
V=g w1 W0 ) =502 &) =8, ¢ =0
. ) 2
52 _ 2 72 _ =z (2 _ 1 #(2) _ v 2
=5-—=0C, = - —= , T\ =YC(Css5,
! 2 &K 2 2( 2 &Kk ) 2
2 . -~ o~
2)  az (o 0 @ [ o i iEc101 0
S —_22<S —~~C>, S — —2 ( —N_..,C)_N.VCS,
12 27 ER 22 <c§ 2 ) 27 HR R 2 (45)
(2 C g
QY = Y&, i
a® =ix, 0¥ =ixg, T =8%-Lc2 Y= 2xg,
“
2
<3 (€ ~(3 2 ¢
%}:m(éc%4>,gg)=—@<§—écﬁ,
& &
where T ~
x=20 y-Td (46)
0c7 wk

4. Explicit Secular Equation for Rayleigh Waves

In the previous section, we established the in-plane wave solutions in the thermoelastic
layer as well as in the thermoelastic half-space in the form of relations (38), (39), (41), and
(42), respectively. Now we will use these wave solutions to establish the secular equation
for a Rayleigh wave propagating in the considered structure: the thermoelastic layer of
thickness 1 welded over the thermoelastic half-space. For this purpose, we will replace the
relations (38), (39), (41), and (42) in the compatibility relations described by (5), as well as
the boundary conditions described by (6). Thus, for arbitrary constants By, By,...,Bg and D,

D,, and D3, we obtain the following homogeneous algebraic system:

S )

Z B,U;™ — Z DpUy™ =0,
Vlzl p;l

S Bl - ¥ D,aY —o
n=1 p=1

6 3 y

2 B, T — Z DPT(P) =0,
n=1 p=1

S )

Z Busyy” — v Z nglg =0,
n=1 p=1

S )

Z Busyy” —r 2 ngzg =0,
n=1 p=1

& o sy AW

3 5,01 53, D,0F o,
n=1 p=1

Bt =0,

g

3
Il
—_

Bt =0,

gl

3
I
—_

B,P{" =0,

™=

3
I
—_

(47)

(48)

(49)
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where
t%g) _ Sg)e zlyr,,h,
tég) — Sg;)efl}trnh, (50)
pim = QlWe—immal = 1,2,.6,
and -
fi k
= -, (5 = —. 51
Y i p (51)

Since not all arbitrary constants By, By,...,B¢ and D1, D, and D3 can be zero, it follows
that the determinant of the homogeneous algebraic system described by relations (47) to (49)
must vanish; we have the following;:

Det A(9><9) (amn) = 0, (52)

where the elements a,,,, of the matrix A are described in Appendix A.

Relation (52) explicitly represents the exact secular equation of the Rayleigh wave in
an isotropic thermoelastic half-space overlaid by an isotropic thermoelastic layer, which
is used for determining the dimensionless parameter C; this is a complex parameter so
that Re(c;C) > 0 represents the wave speed and Im(c;C) < 0 is related to the rate of
decay over time of the wave’s amplitude. It should be noted that when Re(c;C) > 0, we
have a genuine wave, while for Re(c;C) = 0, we have a standing mode. Moreover, when
Im(c;C) > 0, we have the phenomenon of damping in time, while Im(¢;C) = 0 results in
undamped waves over time. Therefore, it is necessary to obtain solutions of Equation (52),
satisfying the following conditions:

Re(C) >0, Im(C)<o0. (53)

Usually Equation (52) is solved numerically to find dispersion phase velocities and
rates of damping in time versus wavenumbers.

Remark 1. We can use Laplace’s cofactor expansion along the last three rows of the matrix A g9)
in order to write the exact secular Equation (52) in the following form:

M3 Nypge G1t8at8a)st o pf, o Nysce(G1H8283)5 | Ao NogyeG1 82— 83) R
+My56Ny5662T3 767N 4 M2 Nyg5e(627658)%H o Mo ye Npage(63 61 —82) %M
+M126N126€(§3_€1_§2)”h + M345N3458(§1+€2—§3)%h

+(Mi25N125 + Mi3Nize)e 57" + (MagsNags + MageNage et
+(Mi24N124 + Ma3gNase e 2" + (M35 N145 + M5 Nas et
+(Mi3aN134 + MazsNogs)e 87 + (M6 N1 + MoseNoss ) et = 0,

(54)

where M123, M124, Mi25, M126, Mi34, M13s, Mi3s, M1as, Miss, Mise, Maza, Mozs, Maze, Moss,
Maae, Moss, M3as, M3ag, M3se, and Mysg are the minors of the third-order of the matrix, as follows:

1 2 3 4 5 6
o B h B B
Sy Sy Sy Sy Sy Sy ’ (55)

le) ng) Qé?a) le) QéS) Q§6)

and Ni23, N124, N125, N126, N13a, N13s5, N13g, N1ss, N1as, Nise, N23a, Nozs, Noze, Nogs, Noge,
Noasg, N3as, Naag, Nase, and Nyse are their corresponding signed complementary co-factors in the
matrix A9y, described in Appendix A, respectively.
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Remark 2. When the thickness of the thermoelastic layer tends to zero (h — 0), i.e., there is no one
thermoelastic layer, then the secular Equation (52) reduces to the following:

s 52 B8 | —o (56)

which, by means of relation (45), can be brought to the following form:
2 ; 2 2
= %) C %) 1c = = C Cl )
C(‘) (32 [#- ( ‘2> (‘Zﬂ

2
. 2 2 2 2 2
ics5 | (o c c . c . =

+ s (2 (S 2] +6 (S —2) —4 —0,
N 535% ( 3 E%) (5% > ) <é’% ) G183

which resonates with the secular equation presented by Chiritid and Zampoli [41] for the propagation
of Rayleigh waves in isotropic linear thermoelastic half-space.

(57)

5. Numerical Simulation

For the numerical illustration of the previous results, we consider that the thermoelastic
layer is occupied by an aluminum material with the following characteristics:

0=2700kgm 3, ¢; =6317.01ms™!, ¢, =311028ms™!, =265 K=1272,

58
a =23 x10"®Kelvin~!, Ty = 293 Kelvin, (58)
while the half-space is made of copper with the following characteristics
0=28940kg m~>3, & =4641.67ms !, & =228540ms~!, §=190, K=2.108, (59)
& =17 x 10 °Kelvin™!, T, = 293 Kelvin,
where a is the coefficient of thermal expansion and m = —a(3A +2p) = —a(30c? — 4oc3).

Moreover, we take the wavenumber to be » = 1m™1.

For the above data, we solve Equation (52) in terms of dimensionless parameter C,
and we consider various values of the thickness h of the thermoelastic layer and highlight
the dimensionless speed coefficient Re(C) > 0 and the dimensionless decreasing-in-time
coefficient Im(C) < 0, as well as their dependence on the relaxation time 7 (by means of
the dimensionless parameter x = Tszc1). To solve the dispersion Equation (52), we used
the software package Wolfram Mathematica; the results are presented in Tables 1 and 2.

Table 1. For the fixed value of the relaxation time T = 0 s, the values of the two dimensionless
characteristics Re(C) > 0 and Im(C) < 0 are presented by solving the secular equation for various
values of the thickness F.

h 0 103 m 5x1073m 10 2m
Re(C) 0.33943 0.339262 0.338584 0.337723
Im(C) —0.00250732 —0.00252427 —0.00259316 —0.00268182

Table 2. For the fixed value of the relaxation time T = 1072 s, the values of the two dimensionless
characteristics Re(C) > 0 and Im(C) < 0 are presented by solving the secular equation for various
values of the thickness F.

h 0 103 m 5x1073m 102 m
Re(C) 0.33943 0.339263 0.338589 0.337733
Im(C) —0.00250732 —0.0025248 —0.00259589 —0.00268751
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Table 1 presents the behaviors of the two characteristic coefficients Re(C) and Im(C)
for the situation when the layer and the half-space are modeled by the classical Fourier’s
law for the heat flux (when T = 0). This table expresses the decreasing tendency of the
dimensionless speed of propagation of the Rayleigh wave in relation to the increase in the
thickness of the protective layer of the half-space. This fact is supported by an increase in
the rate of decrease in time of the Rayleigh wave amplitude corresponding to an increase
in the thickness of the layer.

Comparatively, Table 2 shows similar effects with the presence of a Maxwell-Cattaneo
thermoelastic layer of thickness i = 103, but the tendency to decrease the dimensionless
speed Re(C) is more moderate, while the decrease in time of the Rayleigh wave amplitude,
Im(C), is more pronounced.

To highlight how the dimensionless speed coefficient Re(C) > 0 and the dimensionless
decreasing in time coefficient Im(C) < 0 vary with the relaxation time, we considered a
hypothetical scenario where the layer and the half-space share the same material charac-
teristics but are governed by the Maxwell-Cattaneo law with different 7. Thus, Figure 2
illustrates the behavior of the dimensionless propagation speed Re(C) > 0 in relation to
the increase of the relaxation time T € [0,1072s], while Figure 3 shows the behavior of
the Rayleigh wave amplitude decreasing over time with respect to the same relaxation
time, being the Maxwell-Cattaneo thermoelastic layer of thickness # = 1072 m. They are
obtained through the Mathematica Plot3D tool. It is important to emphasize that the images
presented in Figures 2 and 3 have a prospective character, as our simulations across various
relaxation time intervals yield quite different results.

Re[C]

0330263}~ --------- LT '

mEEmEmmsmgE .

0.339262f====-gf === duuammaaaaaas

i
i

0.339262f-- - f= === === .E ............
N

0.339262}-f - == e e e i
I Jeeimmaaanan [, R deccccmaanan J
: i .
f 0.002 0.004 0.006 0.008 0.010

Figure 2. The variation in the dimensionless propagation speed Re(C) > 0 with respect to the
relaxation time T € [0,1072s], (the thickness of the layer is fixed at 1 = 1073 m).

Im[C]
0.902 0.004 0.006 0.008 0.(]'10I

-0.0025244¢

-0.0025246

-0.0025248

-0.0025250

Figure 3. The variation in the dimensionless dumping in time Im(C) > 0 of the amplitude of wave,
with respect to the relaxation time 7 € [0, 102 8], (the thickness of the layer is fixed at h = 1073 m).
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6. Exact Effective Boundary Conditions

We establish effective boundary conditions that could be very useful in deriving
approximate explicit secular equations for Rayleigh waves in thermoelastic half-spaces
covered with a thin film. It should be noted that the entire effect of the thermoelastic layer
on the half-space is replaced by the exact effective boundary conditions at the interface.
Consequently, the wave can be envisioned as a Rayleigh wave propagating in the thermoe-
lastic half-space, uncoated but subject to the effective boundary conditions. Following this
idea, we should establish boundary surface conditions at x, = 0 for the displacements and
temperature fields, as well as for traction and heat flux.

In this connection, we consider the propagation of a Rayleigh wave, traveling along
surface x; = 0 of the isotropic thermoelastic half-space with velocity c and wavenumber
» in the xj-direction, decaying in the xp-direction. Consequently, for x, > 0, we have
the following:

1 . .
ii1(x1,x2, x3,t) = Re ;e”‘("lf‘:t)ul(xz) ,

iy(x1, X2, %3,t) = Re iei%(xl_d) Up(x2) ¢, (60)
ii3(x1,x2,x3,1) =0,
0(x1,x2,x3,1) = Re{TO 1=t T (xy) },
and ‘
S12(x1, X, x3,t) = Re{ jre*(1=¢t) Slz(xz)},
§2z(x1, X2, X3, t) = Re l‘ﬂ ei%(xlid) Szz(Xz)},
Ssa(x1,x2,x3,t) =0, ‘
Go(x1, x2,x3,1) = Re{i%f(TO el(xi—ct) Q(xz)}

(61)

In view of the continuity conditions (5), from relations (38), (39), (60), and (61), we
obtain the following matrix equation:

A(6x6)B(6x1) = D(6x1)/ (62)
where
ul(1) ul(z) UF) ul(4) ul(5) u;e)
Gy Up U U U
T T T T T T
Axe) = 1 2 3 4 5 6 |- (63)
B A
52(21 5222 5223 52(24 5225) 5226
Q) o o) oV o QF
and

B(6X1) = (Bl/BZ/ B3r B4r B5/ B6)Tr ;
D gx1) = (Uh(0),U2(0),T(0),7512(0), ¥522(0),622(0)) "

On the other hand, the boundary condition on the free surface of the layer in the
form (49) can be written in the following matrix form:

(64)

L' 3x6)B(ex1) = 03x1)/ (65)
where » @ B @ .6 .6
BB B B BB

Taxe) = | sy 537 s 8 Syp Sx . (66)
OERCING) GG

(4)
P P Py P2’ P2’ Pa
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Consequently, from relations (62) and (65), we can deduce that on the interface x, = 0
we have to fulfill the following condition:

F(3x6)A(61Xé)D(6x1) = 033x1)- (67)

As clearly indicated from relation (64), the matrix D 4, 1) includes the values of the
displacement and temperature fields, as well as those of the traction and the heat flux
vector on the surface x; = 0 of the half-space x, > 0. This implies that in the Rayleigh wave
propagation problem for the half-space x, > 0, the boundary conditions at x, = 0 must be
specified as part of a linear combination. These conditions are described by relation (67),
which relates the values of the displacement and temperature fields, along with the values
of traction and heat flux.

7. Maxwell-Cattaneo Model for Both Layer and Half-Space

In this section, we assume that both the layer and the half-space are filled by two
different thermoelastic materials modeled by the Maxwell-Cattaneo approach. In the
half-space x > 0, the free wave solutions are described by the same relations (41) to (43);
now we have to use the values furnished by the following relations:

2

2 _ 9 2

51:72(:,
)

g M9 9 o+ Va 68

222 K& A ’ (68)
1]c ic .~

2 1 ~2 1 o

=< =C —— C(1—1ixC 1) - VA,

5=5 2 +Kc”1 (1—igC)(+1) VA

with ¥ = Tscc;, where T represents the thermal relaxation time in the half-space x, > 0,
and we have the following;:

2

A= 2(:2 v 11<Cc11 C(1-igC)(E—-1)| — I‘fj% C2(1— ixC)?, (69)
moreover, we have the following:
aV =g, o’ =1, M=o, &)= 2(:2 —2, ) =28, oV =q,
af = - Fca-ic), o) =&|F- ca-io),

5|3

2 (70)
N . = ic . 80161 . ~ o e
sg) = (é s% —2) [s% - Cc(1- sz)} — ~21~1 C %(1 —ixC), Qg) = —YC@zs%,

& &1 &

2
~(3 N T = o C
a® =ix, 0 =ixg, 10 =3 écz,
2 3 2

B _ _owx 0B _ 12 @) _ 6 (2 2
512 ——21X§3, 522 —1X<E%C —2>, Q2 —1_1Xc(53_5%c>

The exact secular equation has the same formal aspect as that described by relation (52);
the last three columns of the matrix A must be written using the values described by the
relation (70).

Remark 3. When the thickness of the thermoelastic layer tends to zero (h — 0), i.e., there is no one
thermoelastic layer, then the exact secular equation leads to the secular equation for the propagation
of the Rayleigh waves in a half-space filled by a Maxwell-Cattaneo thermoelastic material, as follows:
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(e G2\ (e ia o i & A4 G
Gl8-20)(8-pc0-n0))|46a - 5 -2)( g8 -2
2

2
1 ‘a1 )

2
- 22 ~2 2 2 2
ic185 . 0, G L\ [(F < (3 .
= C&(1 —ixC — ——=C —Cc =2+ —=—C*=-2] —4 =0.
Ak &1 —ixC) < C3 2 (Ss 2 ) (5% > & <5§ ) &1é3

(71)

+

8. Conclusions

This paper examines the propagation of Rayleigh waves in a classical isotropic ther-
moelastic half-space coated by an isotropic Maxwell-Cattaneo thermoelastic layer, with
the contact assumed to be perfectly welded. The explicit and compact expressions for
in-plane free Rayleigh waves propagating in the isotropic Maxwell-Cattaneo thermoe-
lastic layer —h < x, < 0 are established as in relations (38) and (39), while in the half-
space, xp > 0, modeled by classical Fourier thermoelasticity, they are established as
in relations (41) and (42). Using these explicit forms allows for a more convenient and
straightforward understanding of Rayleigh wave motions in the isotropic thermoelastic
layer/half-space system. The exact secular equation for Rayleigh waves in an isotropic
layered system is established in determinant form (52) or as expressed by relation (54). The
simulations conducted on the structure of an aluminum thermoelastic layer superimposed
on a copper thermoelastic half-space highlight interesting aspects regarding the speed of
propagation of Rayleigh waves and the rate of decrease in time of their amplitude, both in
relation to the increase in the thickness of the layer and the relaxation time.

By establishing the effective boundary conditions (67), the entire influence of the
thermoelastic layer on the substrate is captured. These relations, along with the expansion
of the stresses and the heat flux at the top surface of the layer into a Taylor series in terms
of its thickness, can provide approximate secular equations for the waves supported by
thin-film /substrate interactions. These equations can serve as theoretical bases for deriving
the thermomechanical properties of thin films from experimental data.

Finally, the relation (70), when coupled with relation (52), provides an explicit exact
secular equation for the propagation of Rayleigh waves supported by isotropic Maxwell-
Cattaneo thermoelastic layer/half-space interactions. Relation (71) provides the secular
equation for the propagation of Rayleigh waves in a half-space composed of Maxwell—-
Cattaneo thermoelastic material.

Our results highlight the importance of understanding the thermomechanics of layered
materials in both natural and engineered systems. Such analysis can be used in experi-
mental research in order to determine the material characteristics of the layer and, thus,
improve the material characteristics of the substrate itself. Researchers in the experimental
field can use these results to study the thermomechanical properties of composite materials,
where different layers may have different thermoelastic properties. This is important for de-
signing materials with specific properties, such as improved strength or thermal resistance,
which often involves studying how different layers interact. Engineers consider factors
like mechanical strength, thermal conductivity, and chemical resistance to ensure that the
layered structures meet the desired high-performance criteria.

On the other hand, the effective boundary condition method helps derive approximate
equations (secular equations) that describe the propagation of Rayleigh waves in such
layered structures.
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Appendix A

The elements of the matrix A are given by the following:
ay =8, ay=1, a5 =0 ay=C*"-2 c5=-28, ag=0, (A1)
ay = (Cz — 2) X egl”h, ag) = *261 X eg”‘h, ag] = 0,

i ) i . .
apy =s5— I C(1-ixC), ap=2¢ [s% X C(1—ixC)|, a3 =YCs5(1—ixC),
PN L
agp = —2§ {Sz ¢ IXC)], (A2)

2

2 , 2

c i ie ¢ .
asp = (Cé s — 2) {S% - c1 IXC)} Xz 3 CS%(l —ixC), ag = —YCls3,
a7 = agp x M, g = asy x 87, agy = 1162 x eb2h,

a3 =iX, ap=iXE, ap=s;— CZ, ay3 = —2iXq3,
C% 2
—ix[dc2-2]), -
as3 = i 2 C a63 sz Cs( ) (A3)

a73 = agy x e, agy = as3 x 653”]1, a9z = ag3 x €57,

amu=—8, au=1 a33=0 au=C>—-2, c54=28, ae =0, (Ad)
ayy = (Cz — 2) X E_glxh, agy = 261 X e_‘:”‘h, agy = O,
i . i . .
a5 =55 — — C(1 —ixC), ax»s=-0 {S% X c(1- ZXC)]/ azs = Y Cs3(1 — ixC),
ag5 = 2Gp {52 C(1- IXC)}
K (A5)
c 1 . ie ¢ .
as5 = (% s% - 2) |:S% -z Cc(1- sz)} - — —1 C (1 —ixC), ags = YCCZS%,
¢
75 = ag5 x e M, ags = as5 x e 6, ﬂ95 = a5 x e S,
Mg =iX, 6= —iX&, a3 =55—C% a4 =2iX,
2
ase = ix| Lc2-2), a%z;g( -@), (A6)
C% ixC

76 = g X e SN, agg = asg x e 8, agg = age x e~ SN,

ayy=—C6, apy=-1, a3y =0, ay= —’Y< - >' as7 = 2761, g7 =0, (A7)
2

a77 =0, ag; =0, ag7 =0,

ic = [ ic o
alng(z 1C), a28=7§2(3%7~1(:), agngYCs%,

SZ ~ ~
KCl KC1
. ) . v
e icy Lo o i iBc181 o (A8)
ayg = 2 &2 - —C |, asg=— —55 2|15 ——C|—— Cs55{,
48 7@2(2 ok ) 58 7[(5% 2 )(2 &k ) 2 }
agg = 8Y C§2§%, a3 =0, agg =0, agg =0,
o e o C o
a9 = —iX, a4y = —iXE, a3 =—(%- 5% C?|, ag =2iXvE,
2 cé (A9)
asg = 45(7(& c? —2>, g9 = 083 | 5 — 1 C*|, a7 =0, agg=0, agg=0.
€ &
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