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Structural stability of a three-phase-lag heat conduction model 
for a rigid conductor

Stan Chiriţ�aa and Michele Ciarlettab 

aFaculty of Mathematics, Al. I. Cuza University of Iaşi, Iaşi, Romania; bDepartment of Civil Engineering, 
University of Salerno, Fisciano, Italy 

ABSTRACT 
The present work investigates the structural stability of a three-phase-lag 
thermal conduction model for a rigid conductor, using the integral inequal
ities techniques as a mathematical basis. A set of mathematical estimates 
are established to describe the influence of variations in the external given 
data (boundary and initial conditions, and heat supply), as well as in intrin
sic data of the model (material thermal characteristics, as well as relaxation 
times), on the material behavior response (that is the solutions to the asso
ciated initial boundary value problems). The convergence issue is also 
established by means of an integral inequality that provides an estimate of 
the difference between the solutions to the initial boundary value prob
lems associated with the initial model and the one obtained by making 
one of the characteristic coefficients of the equation tend to zero. All pre
sented results concern the structural stability and they allow for the con
clusion that the model of the three-phase-lag is well posed.
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1. Introduction

The classical theory of thermoelasticity, which is based on Fourier’s law of heat conduction, implies 
the paradox that thermal signals propagate instantaneously, leading to an unrealistic infinite speed of 
heat propagation. This paradox is addressed by generalized thermo-elasticity theories that incorporate 
finite-wave speeds. Generalized thermal models are advanced frameworks used to describe the behav
ior of materials under thermal loads, extending beyond classical thermoelasticity.

Thus, Cattaneo [1,2] proposed replacing the Fourier constitutive relation with an evolution 
equation of the form s _qi þ qi ¼ kh, i, where the superposed dot indicates the material-time 
derivative, and s is an intrinsic relaxation time. Later, Lord-Shulman theory [3] introduces a sin
gle relaxation time to account for the finite speed of heat propagation, while Green-Lindsay the
ory [4] incorporates two relaxation times, providing a more accurate description of heat 
conduction in materials subjected to rapid thermal changes. In addition, the Green-Naghdi theory 
[5–8] proposes three types of thermoelastic models (type I, II and III), each with different 
assumptions about the heat flux and temperature gradient relationship. The dual-phase-lag model 
proposed by Tzou [9] accounts for both the lag in the heat flux and the temperature gradient, 
offering a more comprehensive approach to modeling heat conduction in materials with complex 
thermal responses, while three-phase-lag model extends the dual-phase-lag model by introducing 
an additional phase lag, further refining the description of heat transfer processes. Roy 
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Choudhuri [10] developed the three-phase-lag model by incorporating phase lags in the heat flux 
vector, the temperature gradient, and the thermal displacement gradient.

Several other constitutive relations for the heat flux vector have been discussed by 
Chandrasekharaiah [11], Hetnarski and Ignaczak [12,13], Straughan [14] and Tzou [15].

On the other side, the structural stability in this context often refers to the continuous depend
ence of solutions on the constitutive parameters of the material. This means that small changes in 
the properties of the material or external conditions result in small changes in the response of 
the material. The stability of thermoelastic structures can be significantly influenced by boundary 
conditions, such as fixed or free edges, and the type of thermal loading applied. Stability analysis 
in this context often focuses on ensuring that small perturbations in the system do not lead to 
large deviations in behavior. Understanding the stability of thermoelastic materials is crucial for 
designing components that can withstand thermal and mechanical loads without failure. This is 
particularly important in industries such as aerospace, automotive, and civil engineering.

The importance of studying the structural stability of a mathematical model, as well as related 
continuous dependence on given data, has been emphasized in several excellent textbooks, as for 
example those written by Hirsch and Smale [16], Bellomo and Preziosi [17], Straughan [18,19] 
and Flavin and Rionero [20].

In order to establish continuous dependence and convergence results for the solutions of ther
moelastic models, differential inequality techniques are used. These techniques were also used to 
study the structural stability in various fields of continuum mechanics in many works like: Knops 
and Payne [21,22], Ames and Hughes [23], Chiriţ�a et al. [24], Chiriţ�a and Ciarletta [25], Castro 
et al. [26], Harfash [27], Celebi and Kalantarov [28], Hill et al. [29], Markowich et al. [30], Otani 
and Uchida [31], Celik and Hoang [32], Eltayeb [33], Liu [34], Varsakelis and Papalexandris [35] 
and de Castro Motta et al. [36].

The present paper considers the three-phase-lag thermal theory developed by Roy Choudhury [10] 
and contributes to the study of the well-posedness of the model itself. In fact, we first establish an 
integral inequality that provides a mathematical estimate describing the continuous dependence on all 
external given data for the solution of the inhomogeneous Dirichlet problem associated with the 
model under study. This first result relies on material characteristics and relaxation time assumptions 
that align with the Second Law of Thermodynamics. On this basis, we approach the problem of struc
tural stability in the sense of the continuous dependence of the solutions with respect to the changes 
that may occur in the constitutive coefficients or relaxation times involved in the model in concern. 
Thus, we provide a series of three precise mathematical estimates that describe the continuous 
dependence of the solution of the initial boundary value problems with respect to small variations in 
the relaxation times, variations that do not affect the formulated positive definiteness restrictions. 
Furthermore, we provide three other explicit mathematical estimates that describe the continuous 
dependence of the solutions with respect to small variations in the other material characteristics of 
the model: the conductivity tensors and the specific heat. We also show how the solution to the dif
ferential problem converges, in an appropriate measure, to the solution of the reduced differential 
problem, as the respective material coefficients tend to zero.

The present work is motivated by the recent research activity on the Moore-Gibson-Thompson 
equation, see for example the works [37–43]. It constitutes a continuation of the research presented 
in the paper by Chiriţ�a and D’Apice [44] on the same three-phase-lag model of a rigid thermal con
ductor. Both works together provide the structural stability of the model in question.

The plan of the work is the following. Section 2 presents the basic system of differential equations 
describing the evolutionary behavior of the three-phase-lag model in the line described by Roy 
Choudhury [10]. Section 3 formulates the initial boundary value problem associated with the model 
and it states the main constitutive hypotheses on the material characteristics. Section 4 defines a class 
of auxiliary elliptic boundary value problems with their appropriate estimates of solutions in terms of 
the boundary given data. Section 5 treats the continuous dependence of solution with respect to all 
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external given data (initial and boundary data as well as the external supply loads). Section 6 estab
lishes appropriate estimates describing continuous dependence with respect to the variation of delay 
times. Section 7 establishes appropriate estimates describing continuous dependence with respect to 
the other thermal coefficients. Section 8 shows that the solution of the considered initial boundary 
value problem converges to the solution of the corresponding initial boundary value problem when 
the conductivity rate tensor in an appropriate measure tends to zero.

2. The three-phase-lag heat conduction model for rigid conductor

We assume that a regular region B is filled by an inhomogeneous and anisotropic conductor 
material with three-phase-lag times. We suppose that the rigid conductor material is bounded by 
the piecewise smooth surface @B; which is star-shaped with respect to the origin of a Cartesian 
coordinate system and therefore, we have

xknk � h0 > 0, jxktkj � d0 on @B, (1) 

where h0 and d0 are appropriate positive constants, xk are the components of the vector x; nk are 
the components of unit outward normal vector n to @B and tk are the components of a unit tan
gent vector to @B:

We consider the basic constitutive equation for the generalized heat conduction as proposed 
by Roy Choudhuri [10]

qiðx, tÞ þ sq _qiðx, tÞ ¼ −k�ijðxÞa, jðx, tÞ − kijðxÞ þ sak�ijðxÞ
� �

_a , jðx, tÞ − sTkijðxÞ€a , jðx, tÞ, (2) 

for all ðx, tÞ 2 B� ð0,1Þ:
The three-phase-lag model for a rigid conductor as proposed by Roy Choudhuri [10] is based 

on the constitutive equation (2) and the well-known heat equation:

−qi, iðx, tÞ þ Rðx, tÞ ¼ cðxÞ _Tðx, tÞ, ðx, tÞ 2 B� ð0,1Þ: (3) 

In the above equations we have used the following notations: qi are the components of the 
heat flux vector, T is the temperature variation from the constant absolute reference temperature 
T0 > 0; a is the thermal displacement defined by (see e.g., [6–8])

aðx, tÞ ¼
ðt

0
Tðx, zÞdz, (4) 

kij are the components of the thermal conductivity tensor, k�ij are the components of the conduct
ivity rate tensor, R represents the heat source acting per unit volume, and c is the specific heat 
per unit volume. Moreover, the delay time sq > 0 is the phase-lag of the heat flux, the delay time 
sT > 0 is the phase-lag of the temperature gradient and sa > 0 is the phase-lag of the thermal 
displacement gradient.

In terms of the thermal displacement a; the three-phase-lag model for a rigid conductor as 
proposed by Roy Choudhuri [10] is based upon the following differential equation:

csqa
:::
þ c€a − k�ija, j

� �

, i
− kij þ sak�ij
� �

_a , j

h i

, i
− sT kij€a , j

� �

, i ¼ Rþ sq _R, (5) 

where we assumed that the dependence on the independent variables x and t was suppressed, but 
implicitly understood.

We have to mention that Chiriţ�a and D’Apice [44] have shown that the constitutive equation 
(2) is compatible with the second law of thermodynamics if:

(R(i)) the tensor kij is positive semi-definite;
(R(ii)) the tensor jij ¼ kij þ ðsa − sqÞk�ij is positive semi-definite.
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Remark 1. In the particular case of an isotropic and homogeneous rigid conductor, for which 
k�ij ¼ k�dij; kij ¼ kdij; sq ¼ s and sT ¼ sa ¼ 0, the differential equation (5) reduces to the well- 
known Moore–Gibson–Thompson equation (see e.g., Quintanilla [45])

c sa
:::
þ €að Þ − k�Da − kD _a ¼ 0: (6) 

Results on the continuous dependence and convergence with respect to different parameters in 
the Moore–Gibson–Thompson heat equation (6) have been established recently by Pellicer and 
Quintanilla [46].

3. Statement of the initial boundary value problem and some constitutive 
hypotheses

Throughout this paper, we consider the initial boundary value problem P defined by the consti
tutive equation (2) and the energy equation (3), the initial conditions

aðx, 0Þ ¼ 0, _aðx, 0Þ ¼ _a0ðxÞ, qiðx, 0Þ ¼ q0
i ðxÞ, for all x 2 B, (7) 

and the following boundary condition

aðx, tÞ ¼ Aðx, tÞ for all ðx, tÞ 2 @B� ð0,1Þ, (8) 

where _a0ðxÞ; q0
i ðxÞ and Aðx, tÞ are prescribed smooth functions.

Remark 2. It should be noted that the prescribed initial condition qiðx, 0Þ ¼ q0
i ðxÞ; x 2 B, allows 

us to prescribe the initial condition for €aðx, 0Þ as determined from relation (3) as cðxÞ€aðx, 0Þ ¼
Rðx, 0Þ − q0

i, iðxÞ, and this is useful when referring to the differential equation (5). In particular, in 
the absence of heat supply (Rðx, tÞ ¼ 0), the initial conditions qiðx, 0Þ ¼ 0; x 2 B, implies that 
€aðx, 0Þ ¼ 0; x 2 B:

By a solution of the initial boundary value problem P; corresponding to the external given 
data D ¼ fR; _a0, q0

i ; Ag and to the material characteristics C ¼ fc, kij, k�rs; sq, sa, sTg; we mean 
the ordered array SC ¼ fa, qig defined on B� ð0,1Þ with the properties that aðx, tÞ 2
C2�2ðB� ð0,1ÞÞ; qiðx, tÞ 2 C1�1ðB� ð0,1ÞÞ and which satisfy the field equations (2) and (3), 
the initial conditions (7), and the boundary condition (8). Otherwise, when we refer to the three- 
phase-lag thermal conductor described by equation (5) we will understand by the solution of the 
problem P a function SC ¼ faðx, tÞg defined on B� ð0,1Þ for which aðx, tÞ 2 C2�3ðB� ð0,1ÞÞ
and which satisfies the differential equation (5), the boundary condition (8) and the initial condi
tions ð8Þ1, 2 and €aðx, 0Þ ¼ €a0ðxÞ; x 2 B:

In order to be able to conveniently deal with topics relating the structural stability regarding 
the continuous dependence of solutions with respect to characteristic material coefficients, it is 
useful to define a modified initial boundary value problem ~P associated with the problem in 
question P: In this sense we introduce the notations

~qi ¼ qi þ sq _qi, ~a ¼ aþ sq _a, (9) 

and note that the heat equation (3) implies

−~qi, i þ
~R ¼ c€~a in B� ð0,1Þ, (10) 

while the constitutive equation (2) becomes

~qi ¼ −k�ija, j − kij þ sak�ij
� �

_a , j − sTkij€a , j in B� ð0,1Þ, (11) 

where
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~R ¼ Rþ sq _R: (12) 

Furthermore, in view of the initial conditions (7) and the heat equation (3) and the constitu
tive equation (11), we have

~aðx, 0Þ ¼ sq _a0ðxÞ, _~aðx, 0Þ ¼ _a0ðxÞ þ sq€aðx, 0Þ,
~qiðx, 0Þ ¼ − kij þ sak�ij

� �
_a0

, jðxÞ − sTkij€a , jðx, 0Þ,

cðxÞ€aðx, 0Þ ¼ Rðx, 0Þ − q0
i, iðxÞ,

(13) 

while the boundary condition (8) furnishes

~aðx, tÞ ¼ ~Aðx, tÞ on @B� ð0,1Þ, (14) 

with ~A ¼ Aþ sq _A:
It is worth noting for later that the constitutive equation (11) can be written in the following 

form

~qi ¼ −k�ij~a , j − jij _a , j − sTkij€a , j: (15) 

Further we note that the relations (9) and (15) imply
ð

B

_~a , i~qidv ¼ −
1
2

d
dt

ð

B
k�ij~a , i~a , j þ sqjij _a , i _a , j þ sTkij _a , i _a , j

� �
dv

−
ð

B
jij _a , i _a , j þ sqsTkij€a , i€a , j
� �

dv:
(16) 

Moreover, we introduce

E SC½ �ðtÞ ¼
1
2

ð

B
c _~aðtÞ2 þ k�ij~a , iðtÞ~a , jðtÞ þ sqjij þ sTkij

� �
_a , iðtÞ _a , jðtÞ

h i
dv

þ

ðt

0

ð

B
jij _a , iðsÞ _a , jðsÞ þ sqsTkij€a , iðsÞ€a , jðsÞ
� �

dvds:
(17) 

To study the structural stability of the three-phase-lag model of the rigid conductor we need a 
mathematical relationship that expresses the continuous dependence of the solutions with respect 
to the variations (measurement errors) of the thermal characteristic coefficients of the material 
and the characteristic relaxation times. Thus, we will establish a quantitative estimate of the solu
tion to the initial boundary value problem P in terms of the external data of this problem (initial 
and boundary data, as well as the supply loads). In light of this challenge and in accordance with 
the thermodynamic constraints (R(i)) and (R(ii)) we have to make the following assumptions on 
the material characteristics C ¼ fc, kij, k�rs; sq, sa, sTg:

(H1) the specific heat per unit volume c is strictly positive and

0 < cm � c � cM , ðcm, cM prescribed constantsÞ, (18) 

(H2) the conductivity tensor is positive definite and

0 < kmnini � kijninj � kMnini, ðn1, n2, n3Þ 6¼ 0, ðkm, kM prescribed constantsÞ; (19) 

(H3) the conductivity rate tensor is positive definite and

0 < k�mnini � k�ijninj � k�Mnini, ðn1, n2, n3Þ 6¼ 0, ðk�m, k�M prescribed constantsÞ, (20) 

(H4) jij is a positive definite tensor and

0 < jmnini � jijninj � jMnini, ðn1, n2, n3Þ 6¼ 0, ðjm, jM prescribed constantsÞ: (21) 
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It can be easily seen that these assumptions cause E SC½ �ðtÞ to be viewed as a measure of the 
solutions. In fact, we have

E SC½ �ðtÞ �
1
2

ð

B
cm _~aðtÞ2 þ k�m~a , iðtÞ~a , iðtÞ þ sqjm þ sTkm

� �
_a , iðtÞ _a , iðtÞ

h i
dv

þ

ðt

0

ð

B
jm _a , iðsÞ _a , iðsÞ þ sqsTkm€a , iðsÞ€a , iðsÞ
� �

dvds:
(22) 

Furthermore, from the constitutive equation (15) and by using the Cauchy-Schwarz inequality 
and the assumptions (19) to (21), we can deduce that

~qiðtÞ~qiðtÞ
� �1=2

� k�Mk�ij~a , iðtÞ~a , jðtÞ
h i1=2

þ jMjij _a , iðtÞ _a , jðtÞ
� �1=2

þ sT kMkij€a , iðtÞ€a , jðtÞ
� �1=2

: (23) 

Remark 3. Inequality (23) shows us that any estimate in terms of thermal displacement allows a 
corresponding estimate for the heat flux. This means that in all our analysis it is sufficient to estab
lish estimates in terms of thermal displacement.

4. An auxiliary elliptic boundary value problem and related estimates

In this section we will recall an elliptic boundary value problem associated with the region B and 
the boundary surface @B; which is assumed to be star-shaped with respect to the origin of the 
Cartesian coordinate system, such that the relation (1) is fulfilled. Therefore, we recall [36] and 
we consider the following Dirichlet boundary value problem P0ð/

�Þ in terms of the unknown /;
defined by

D/ ¼ 0 in B,
/ ¼ /� on @B, (24) 

where D is the Laplace operator. We note that the existence of the solution / of the problem 
P0ð/

�Þ is assured by means of the existence theory developed by Fichera [47].
We now multiply the relation ð24Þ1 by xk/, k to obtain the identity

0 ¼
ð

B
xk/, kD/dv ¼

1
2

ð

B
/, i/, idvþ

ð

@B
xk/, k/, inida −

1
2

ð

@B
xknk/, i/, ida: (25) 

Furthermore, we use the decomposition r/ ¼ ð@/=@nÞnþrt/ t; on the boundary surface 
@B; where n is the outward unit normal vector to @B; t is a unit tangent vector to the boundary 
surface, r is the gradient operator, ð@=@nÞ is the normal derivative and rt is the tangential 
derivative. Thus, from relation (25) we get

1
2

ð

B
/, i/, idvþ

1
2

ð

@B
xknk

@/

@n

� �2

da

¼ −
ð

@B
xktk

@/

@n
rt/daþ

1
2

ð

@B
xknk rt/ð Þ

2da,
(26) 

and hence, by using of the relation (1) and the Cauchy-Schwarz and arithmetic-geometric mean 
inequalities, we obtain the following estimate

1
2

ð

B
/, i/, idvþ

h0

4

ð

@B

@/

@n

� �2

da �
1
2

ð

@B
xknk þ

2d2
0

h0

 !

rt/ð Þ
2da: (27) 
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Finally, we recall the Poincar�e inequality

k1

ð

B
/2dv �

ð

B
/, r/, rdvþ C1

ð

@B
/�2da, (28) 

with k1 and C1 positive constants.
Consequently, we can see that the estimates (27) and (28) furnish a priori bounds for

ð

B
/2dv,

ð

B
/, i/, idv,

ð

@B

@/

@n

� �2

da, (29) 

in terms of the given data /� on the boundary surface @B:

5. A general estimate for the inhomogeneous Dirichlet problem P

Let us first consider the boundary value problem P0ð
_~AÞ and denote its solution by G. In view of 

the analysis of the above section, it results that

1
2

ð

B
G, rG, rdvþ

h0

4

ð

@B

@G
@n

� �2

da �
1
2

ð

@B
xknk þ

2d2
0

h0

 !

ðrt
_~AÞ2da, (30) 

and

k1

ð

B
G2dv �

ð

B
G, rG, rdvþ C1

ð

@B

_~A
2
da: (31) 

Then we multiply the equation (10) by G − _~a to get
ð

B
~qi, i þ c€~a − ~R
� �

G − _~að Þdv ¼ 0, (32) 

so that, by means of the divergence theorem and the boundary condition G − _~a ¼ 0 on @B�
ð0,1Þ; we get

ð

B
c _~a€~a − ~qi

_~a , i

� �

dv −
d
dt

ð

B
c _~aGdv ¼ −

ð

B
c _~a _Gdv −

ð

B
~RGdvþ

ð

B
~R _~adv −

ð

B
~qiG, idv: (33) 

In view of the relations (16) and (17), from (33) we get

E SC½ �ðtÞ ¼
ð

B
c _~aðtÞGðtÞdv −

ðt

0

ð

B
c _~aðsÞ _GðsÞdvdsþ

ðt

0

ð

B

_~aðsÞ~RðsÞdvds

−
ðt

0

ð

B
~qiðsÞG, iðsÞdvds −

ðt

0

ð

B
~RðsÞGðsÞdvdsþ E SC½ �ð0Þ −

ð

B
c _~að0ÞGð0Þdv:

(34) 

Now we use the Cauchy-Schwarz and arithmetic-geometric mean inequalities in order to get
ð

B
c _~aðtÞGðtÞdv

�
�
�
�

�
�
�
� �

1
4

ð

B
c _~aðtÞ2dvþ

ð

B
cGðtÞ2dv; (35) 

ðt

0

ð

B
c _~aðsÞ _GðsÞdvds

�
�
�
�

�
�
�
� �

ðt

0

ð

B
c _~aðsÞ2dv

� �1=2 ð

B
c _GðsÞ2dv

� �1=2

ds; (36) 

ðt

0

ð

B

_~aðsÞ~RðsÞdvds
�
�
�
�

�
�
�
� �

ðt

0

ð

B
c _~aðsÞ2dv

� �1=2 ð

B

1
c

~RðsÞ2dv
� �1=2

ds: (37) 
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Moreover, by using the estimate (23), we have
ðt

0

ð

B
~qiðsÞG, iðsÞdvds

�
�
�
�

�
�
�
� �

ðt

0

ð

B
~qiðsÞ~qiðsÞdv

� �1=2 ð

B
G, rðsÞG, rðsÞdv

� �1=2

ds

�

ðt

0

ffiffiffi
3
p

ð

B
k�Mk�ij~a , iðsÞ~a , jðsÞdv

� �1=2

þ

ð

B
jMjij _a , iðsÞ _a , jðsÞdv

� �1=2
" #

�

ð

B
G, rðsÞG, rðsÞdv

� �1=2

dsþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3sTkM

sq

s ðt

0

ð

B
sqsTkij€a , iðsÞ€a , jðsÞdv

� �1=2

�

ð

B
G, rðsÞG, rðsÞdv

� �1=2

ds,

(38) 

and
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3sTkM

sq

s ðt

0

ð

B
sqsTkij€a , iðsÞ€a , jðsÞdv

� �1=2 ð

B
G, rðsÞG, rðsÞdv

� �1=2

ds

�
1
2

ðt

0

ð

B
sqsTkij€a , iðsÞ€a , jðsÞdvdsþ

3sTkM

2sq

ðt

0

ð

B
G, iðsÞG, iðsÞdvds:

(39) 

At this stage we introduce the function

F SC½ �ðtÞ ¼
1
2

ð

B

1
2

c _~aðtÞ2 þ k�ij~a , iðtÞ~a , jðtÞ þ sqjij þ sTkij
� �

_a , iðtÞ _a , jðtÞ
� �

dv

þ

ðt

0

ð

B
jij _a , iðsÞ _a , jðsÞ þ

1
2

sqsTkij€a , iðsÞ€a , jðsÞ
� �

dvds, t 2 0, t0½ �,
(40) 

and note that the use of the estimates (35) to (39) in the identity (34) makes possible to obtain 
the following integral inequality

F SC½ �ðtÞ �
ðt

0
nðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F SC½ �ðsÞ
q

dsþ G, t 2 ð0, t0Þ, (41) 

where

nðtÞ ¼ 2
ð

B
c _GðtÞ2dv

� �1=2

þ

ð

B

1
c

~RðtÞ2dv
� �1=2

" #

þ
ffiffiffiffiffiffiffiffi
6k�M

p
þ

ffiffiffiffiffiffiffiffiffi
6jM

sq

s0

@

1

A
ð

B
G, iðtÞG, iðtÞdv

� �1=2

,

(42) 

and

G ¼

ðt0

0

ð

B
~RðsÞGðsÞdvds

�
�
�
�

�
�
�
�þ E SC½ �ð0Þ −

ð

B
c _~að0ÞGð0Þdv

�
�
�
�

�
�
�
�

þ max
t2 0, t0½ �

ð

B
cGðtÞ2dvþ

3sTkM

2sq

ðt0

0

ð

B
G, iðsÞG, iðsÞdvds:

(43) 

We now handle the integral inequality (41) to obtain the sought continuous dependence esti
mate. In this connection we introduce the function

KðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt

0
nðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F SC½ �ðsÞ
q

dsþ G

s

, t 2 ð0, t0Þ, (44) 
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and note that we have
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F SC½ �ðtÞ
q

� KðtÞ for all t 2 ð0, t0Þ: (45) 

Moreover, we get

2KðtÞ _KðtÞ ¼ nðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F SC½ �ðtÞ
q

� nðtÞKðtÞ for all t 2 ð0, t0Þ, (46) 

so that we obtain

KðtÞ �
1
2

ðt

0
nðsÞdsþ Kð0Þ for all t 2 ð0, t0Þ: (47) 

Consequently, from the relations (45) and (47), we obtain the expected continuous dependence 
estimate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F SC½ �ðtÞ
q

�
1
2

ðt

0
nðsÞdsþ

ffiffiffi
G

p
for all t 2 ð0, t0Þ: (48) 

It is important to note that, based on the assumptions described in relations (18) to (21), it 
can be seen that [44], F SC½ �ðtÞ represents a measure of the solution SC ¼ fa, qrg of the initial 
boundary value problem P: On the other hand, through relations (42) and (43), we can see that 
the right member of the estimate (48) represents a measure of all data of the initial boundary 
value problem P:

In view of the hypotheses described in (18) to (21) and by calling the relation (40), we can see 
that the inequality (48) furnishes a priori estimates for the following quantities

ð

B
_a , i _a , idv,

ðt

0

ð

B
€a , iðsÞ€a , iðsÞdvds,

ð

B

_~a
2
dv,

ð

B
~a , i~a , idv: (49) 

Furthermore, it is worth to outline that the above procedure allows us to obtain a priori 
bounds for

ð

B
_a2dv,

ðt

0

ð

B
€aðsÞ2dvds,

ð

B
~a2dv: (50) 

6. Some mathematical estimates related to the variation of the delay times

In this section we study the structural stability of the mathematical model of the three-phase-lag 
heat conduction when the delay times undergo small variations. Generally, the thermal structural 
stability refers to the ability of a material or structure to maintain its integrity and performance 
under varying temperature conditions. This is crucial in many engineering applications, such as 
aerospace, automotive, and construction, where materials are often exposed to extreme 
temperatures.

In our context, the study of the structural stability of the three-phase-lag model consists in 
showing that the solutions of the initial boundary value problems depend continuously on the 
material characteristic coefficients (relaxation times and conductivity coefficients and specific 
heat), which may be subjected to measurement errors, perturbations in the mathematical model
ing process, or even decay and degradation phenomena. This means that small variations in the 
characteristic coefficients entering into equation (5) and which do not affect the basic constitutive 
assumptions (H1) to (H4), lead to small variations in the solutions to the initial boundary value 
problem, that is, these small variations do not destroy the structure of the model.

The estimates of continuous dependence reported in this section can play a central role in 
obtaining numerical approximations to these kinds of problems.
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6.1. Continuous dependence on the delay time of the temperature gradient

Throughout this subsection we investigate the continuous dependence of the solution of the initial 
boundary value problem P in the situation when all the characteristic coefficients of the model remain 
unchanged, only the delay time of the temperature gradient sT undergo a variation. That means we 
consider two material characteristics CðbÞ1 ¼ fc, kij, k�rs; sq, sa, sðbÞT g; b ¼ 1, 2; satisfying the constitutive 
assumptions (18) to (21) and we consider that SðbÞC1

¼ faðbÞ, qðbÞr g; b ¼ 1, 2; are the corresponding sol
utions of the initial boundary value problem P under the same initial, boundary and body loads data, 
and to the same material characteristics excepting the relaxation time sT : We should note that the 
relaxation time sT does not affect the thermodynamic compatibility conditions (R(i)) and (R(ii)).

If we set

SC1 ¼ SCð1Þ1
− S

C
ð2Þ
1
¼ fað1Þ − að2Þ, qð1Þi − qð2Þi g ¼ fa, qig

sT ¼ s
ð1Þ
T − s

ð2Þ
T ,

(51) 

then the following initial conditions

aðx, 0Þ ¼ 0, _aðx, 0Þ ¼ 0, qiðx, 0Þ ¼ 0, ðor €aðx, 0Þ ¼ 0Þ, for all x 2 B, (52) 

and the boundary condition

aðx, tÞ ¼ 0, on @B� ð0,1Þ, (53) 

are fulfilled.
In terms of the difference thermal displacement a ¼ að1Þ − að2Þ; the basic differential equation is

c€~a − k�ij~a , j

� �

, i
− jij _a , j
� �

, i − s
ð1Þ
T kij€a , j
� �

, i ¼ sT kij€a
ð2Þ
, j

� �

, i
: (54) 

We now multiply equation (54) by _~a ; then integrate result over B� ð0, tÞ and finally use the 
initial conditions (52) and the boundary condition (53), to find

E S
C
ð1Þ
1

h i
ðtÞ ¼ −sT

ðt

0

ð

B
_a , ikij€a

ð2Þ
, j dvds − sqsT

ðt

0

ð

B
€a , ikij€a

ð2Þ
, j dvds, (55) 

where

E S
C
ð1Þ
1

h i
ðtÞ ¼

1
2

ð

B
c _~aðtÞ2 þ k�ij~a , iðtÞ~a , jðtÞ þ sqjij þ s

ð1Þ
T kij

� �

_a , iðtÞ _a , jðtÞ
h i

dv

þ

ðt

0

ð

B
jij _a , iðsÞ _a , jðsÞ þ sqs

ð1Þ
T kij€a , iðsÞ€a , jðsÞ

h i

dvds:
(56) 

By applying the Cauchy-Schwarz and arithmetic-geometric mean inequalities, we have

sT

ðt

0

ð

B
_a , ikij€a

ð2Þ
, j dvds

�
�
�
�

�
�
�
� � sTj j

ðt

0

ð

B
kij _a , i _a , jdv

� �1=2 ð

B
kij€a

ð2Þ
, i €a

ð2Þ
, j dv

� �1=2

ds

�
jsT j
ffiffiffiffiffiffiffi

s
ð1Þ
T

q

ðt

0

ð

B
s
ð1Þ
T kij _a , i _a , jdv

� �1=2 ð

B
kij€a

ð2Þ
, i €a

ð2Þ
, j dv

� �1=2

ds,
(57) 

and

sqsT

ðt

0

ð

B
€a , ikij€a

ð2Þ
, j dvds

�
�
�
�

�
�
�
� � sqjsT j

ðt

0

ð

B
kij€a , i€a , jdvds

 !1=2 ðt

0

ð

B
kij€a

ð2Þ
, i €a

ð2Þ
, j dvds

 !1=2

�
1
2

ðt

0

ð

B
sqs
ð1Þ
T kij€a , i€a , jdvdsþ

s2
Tsq

2s
ð1Þ
T

ðt

0

ð

B
kij€a

ð2Þ
, i €a

ð2Þ
, j dvds:

(58) 
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Now we use the estimates (57) and (58) into identity (55) to obtain the following 
integral inequality

F 1 SCð1Þ1

h i
ðtÞ � jsT j

ðt

0
n1ðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F 1 SCð1Þ1

h i
ðsÞ

r

dsþ s2
TG1, t 2 ð0, t0Þ, (59) 

where

F 1 SCð1Þ1

h i
ðtÞ ¼ E S

C
ð1Þ
1

h i
ðtÞ −

1
2

ðt

0

ð

B
sqs
ð1Þ
T kij€a , i€a , jdvds, (60) 

and

n1ðtÞ ¼
ffiffiffiffiffiffiffi
2

s
ð1Þ
T

s ð

B
kij€a

ð2Þ
, i ðtÞ€a

ð2Þ
, j ðtÞdv

� �1=2

,

G1 ¼
sq

2s
ð1Þ
T

ðt0

0

ð

B
kij€a

ð2Þ
, i €a

ð2Þ
, j dvds:

(61) 

Furthermore, we can treat this inequality by the same procedure like that for (41), to obtain
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F 1 SCð1Þ1

h i
ðtÞ

r

� jsT
1
2

ðt

0
n1ðsÞdsþ

ffiffiffiffiffi
G1

p
 !

, t 2 ð0, t0Þ:

�
�
�
�
�

(62) 

By virtue of the results described in (49) and (50), as well as those described by the relation 
(61), we can say that the term in the parentheses on the right-hand side is bounded, so the 
inequality (62) shows that small variations sT of the relaxation time for the temperature gradient 
lead to small variations of the thermal displacement as measured by F 1 SCð1Þ1

h i
ðtÞ:

6.2. Continuous dependence on the phase-lag of the thermal displacement

We proceed now to investigate the continuous dependence of the solution of the initial boundary 
value problem P in the situation when all the material characteristic coefficients of the three- 
phase-lag model remain unchanged, excepting the delay time sa for the thermal displacement, 
which undergo a variation.

Let SðbÞC2
¼ faðbÞ, qðbÞi g; b ¼ 1, 2; be the solution of the initial boundary value problem P corre

sponding to the same initial, boundary and body loads data, and to the same material characteris
tics excepting the delay time for thermal displacement: CðbÞ2 ¼ fc, kij, k�rs; sq, sðbÞa , sTg; b ¼ 1, 2;
satisfying the constitutive assumptions (18) to (21). Then the difference a ¼ að1Þ − að2Þ satisfies 
the initial conditions described by (52) and the boundary condition (53) and the following differ
ential equation

c€~a − k�ij~a , j

� �

, i
− j

ð1Þ
ij _a , j

� �

, i
− sT kij€a , j

� �

, i ¼ sa k�ij _a
ð2Þ
, j

� �

, i
, (63) 

with

j
ð1Þ
ij ¼ kij þ sð1Þa − sq

� �

k�ij, sa ¼ sð1Þa − sð2Þa : (64) 

In view of the initial conditions (52) and the boundary condition (53), we have

E S
C
ð1Þ
2

h i
ðtÞ ¼ −sa

ðt

0

ð

B
_a , ik�ij _a

ð2Þ
, j dvds − sqsa

ðt

0

ð

B
€a , ik�ij _a

ð2Þ
, j dvds, (65) 

where
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E S
C
ð1Þ
2

h i
ðtÞ ¼

1
2

ð

B
c _~aðtÞ2 þ k�ij~a , iðtÞ~a , jðtÞ þ sqj

ð1Þ
ij þ sTkij

� �

_a , iðtÞ _a , jðtÞ
h i

dv

þ

ðt

0

ð

B
j
ð1Þ
ij _a , iðsÞ _a , jðsÞ þ sqsTkij€a , iðsÞ€a , jðsÞ

h i

dvds:
(66) 

By applying the Cauchy-Schwarz and arithmetic-geometric mean inequalities, we have

sa

ðt

0

ð

B
_a , ik�ij _a

ð2Þ
, j dvds

�
�
�
�

�
�
�
� � jsaj

ffiffiffiffiffiffiffiffiffiffi

k�M
sTkm

s
ðt

0

ð

B
sTkij _a , i _a , jdv

� �1=2 ð

B
k�ij _a

ð2Þ
, i _a

ð2Þ
, j dv

� �1=2

ds, (67) 

and

sqsa

ðt

0

ð

B
€a , ik�ij _a

ð2Þ
, j dvds

�
�
�
�

�
�
�
� �

1
2

ðt

0

ð

B
sqsTkij€a , i€a , jdvds

þ
s2
asqk�M

2sTkm

ðt

0

ð

B
k�ij _a

ð2Þ
, i _a

ð2Þ
, j dvds:

(68) 

Therefore, we obtain the following integral inequality

F 2 SCð1Þ2

h i
ðtÞ � jsaj

ðt

0
n2ðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F 2 SCð1Þ2

h i
ðsÞ

r

dsþ s2
aG2, t 2 ð0, t0Þ, (69) 

where

F 2 SCð1Þ2

h i
ðtÞ ¼ E S

C
ð1Þ
2

h i
ðtÞ −

1
2

ðt

0

ð

B
sqsTkij€a , i€a , jdvds, (70) 

and

n2ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffi

2k�M
sTkm

s
ð

B
k�ij _a

ð2Þ
, i ðtÞ _a

ð2Þ
, j ðtÞdv

� �1=2

,

G2 ¼
sqk�M

2sTkm

ðt0

0

ð

B
k�ij _a

ð2Þ
, i _a

ð2Þ
, j dvds:

(71) 

Concluding, we obtain the estimate
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F 2 SCð1Þ2

h i
ðtÞ

r

� jsaj
1
2

ðt

0
n2ðsÞdsþ

ffiffiffiffiffi
G2

p
 !

, t 2 ð0, t0Þ, (72) 

which describes the continuous dependence of solution with respect to the variation sa of the 
delay time for the thermal displacement.

6.3. Continuous dependence on the phase-lag of the heat flux

In this subsection we consider the following two material characteristics CðbÞ3 ¼ fc, kij, k�rs;

s
ðbÞ
q , sa, sTg; b ¼ 1, 2 satisfying the constitutive assumptions (18) to (21). Then the difference 

between the solutions SðbÞC3
¼ faðbÞ, qðbÞi g; b ¼ 1, 2; of the initial boundary value problem P corre

sponding to the same initial, boundary and body loads data, that is a ¼ að1Þ − að2Þ; satisfies the 
null initial and boundary conditions and the following differential equation

c€~a − k�ij~a , j

� �

, i
− j

ð1Þ
ij _a , j

� �

, i
− sT kij€a , j

� �

, i ¼ −csqa
::: ð2Þ, (73) 

where now we have set
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~a ¼ aþ sð1Þq _a, j
ð1Þ
ij ¼ kij þ sa − sð1Þq

� �
k�ij, sq ¼ sð1Þq − sð2Þq : (74) 

Furthermore, by taking into account null initial and boundary conditions, from (73) we obtain

E S
C
ð1Þ
3

h i
ðtÞ ¼ −sq

ðt

0

ð

B
c _~aa

::: ð2Þdvds, (75) 

where

E S
C
ð1Þ
3

h i
ðtÞ ¼

1
2

ð

B
c _~aðtÞ2 þ k�ij~a , iðtÞ~a , jðtÞ þ sð1Þq j

ð1Þ
ij þ sTkij

� �

_a , iðtÞ _a , jðtÞ
h i

dv

þ

ðt

0

ð

B
j
ð1Þ
ij _a , iðsÞ _a , jðsÞ þ sð1Þq sTkij€a , iðsÞ€a , jðsÞ

h i

dvds:
(76) 

From the identity (75), we deduce the following integral inequality

E S
C
ð1Þ
3

h i
ðtÞ � jsqj

ðt

0
n3ðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E S
C
ð1Þ
3

h i
ðsÞ

r

ds, t 2 ð0, t0Þ, (77) 

where

n3ðtÞ ¼ 2
ð

B
ca::: ð2ÞðtÞ2dv

� �1=2

, (78) 

so that we get the following estimate
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E S
C
ð1Þ
3

h i
ðtÞ

r

�
jsqj

2

ðt

0
n3 sð Þds, t 2 0, t0ð Þ: (79) 

It is worth to outline that the procedure of Section 5 allows us to obtain a priori bounds for
ðt

0

ð

B
a
::: 2dvds, (80) 

in terms of the given data. In fact, by direct differentiation with respect to time variable in (5), it 
follows that _a satisfies a differential equation like (5) with the body loads _R þ sq€R; with the 
boundary data _A and the initial conditions _aðx, 0Þ ¼ _a0ðxÞ; €aðx, 0Þ ¼ €a0ðxÞ and a::: ðx, 0Þ ¼ a

::: 0
ðxÞ

as result calculated from the relation ð13Þ3 and from the equation (5) when we set t ! 0:
Consequently, the inequality (79) provide an estimate describing the continuous dependence of a 

with respect to the delay time sq:

7. Mathematical estimates related to the other material characteristics

In this section we will study the continuous dependence of the solution of the initial boundary 
value problem P with respect to the conductivity rate tensor, with respect to the conductivity ten
sor, and with respect to the specific heat coefficient.

7.1. Continuous dependence on the conductivity rate tensor

Consider two sets of material characteristics CðbÞ4 ¼ fc, kij, k�ðbÞrs ; sq, sa, sTg; b ¼ 1, 2; satisfying the 
constitutive assumptions (18) to (21). Let að1Þ and að2Þ be the corresponding solutions of the ini
tial boundary value problem P with the same external given data. Then the difference a ¼

að1Þ − að2Þ satisfies the following differential equation

c€~a − k�ð1Þij ~a , j

� �

, i
− j

ð1Þ
ij _a , j

� �

, i
− sT kij€a , j

� �

, i ¼ k�ij a
ð2Þ
, j þ sa _a

ð2Þ
, j

� �h i

, i
, (81) 
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with null external given data and now we have set

k�ij ¼ k�ð1Þij − k�ð2Þij , j
ð1Þ
ij ¼ kij þ sa − sqð Þk

�ð1Þ
ij : (82) 

Therefore, from the differential equation (81) we obtain the following identity

E S
C
ð1Þ
4

h i
ðtÞ ¼ −

ðt

0

ð

B
k�ij _a , i a

ð2Þ
, j þ sa _a

ð2Þ
, j

� �

dvds

−sq

ðt

0

ð

B
k�ij€a , i a

ð2Þ
, j þ sa _a

ð2Þ
, j

� �

dvds ¼ I1 þ I2,
(83) 

where

E S
C
ð1Þ
4

h i
ðtÞ ¼

1
2

ð

B
c _~aðtÞ2 þ k�ð1Þij ~a , iðtÞ~a , jðtÞ þ sqj

ð1Þ
ij þ sTkij

� �

_a , iðtÞ _a , jðtÞ
h i

dv

þ

ðt

0

ð

B
j
ð1Þ
ij _a , iðsÞ _a , jðsÞ þ sqsTkij€a , iðsÞ€a , jðsÞ

h i

dvds:
(84) 

Now we use the inequality

k�ijaibj

�
�
�

�
�
� � k�ijk

�
ij

� �1=2
arbsarbsð Þ

1=2
� K� ararð Þ

1=2 bsbsð Þ
1=2, for all ar, bs, (85) 

with

K� ¼ max
x2B

k�ijk
�
ij

� �1=2
, (86) 

and then we combine it with the Cauchy-Schwarz and arithmetic-geometric mean inequalities in 
order to get

I1j j � K�
ðt

0
f1ðsÞ

1
2

ð

B
sqj
ð1Þ
ij þ sTkij

� �

_a , iðsÞ _a , jðsÞdv
� �1=2

ds,

I2j j �
1
2

ðt

0

ð

B
sqsTkij€a , iðsÞ€a , jðsÞdvdsþ K�2G3,

(87) 

where

f1ðtÞ ¼
ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sqj
ð1Þ
m þ sTkm

q

ð

B
a
ð2Þ
, i ðtÞ þ sa _a

ð2Þ
, i ðtÞ

� �

a
ð2Þ
, i ðtÞ þ sa _a

ð2Þ
, i ðtÞ

� �

dv
� �1=2

,

G3 ¼
sq

2sTkm

ðt0

0

ð

B
a
ð2Þ
, j ðsÞ þ sa _a

ð2Þ
, j ðsÞ

� �

a
ð2Þ
, j ðsÞ þ sa _a

ð2Þ
, j ðsÞ

� �

dvds:

(88) 

On this basis, the identity (83) implies

H1 SCð1Þ4

h i
ðtÞ � K�

ðt

0
f1ðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H1 SCð1Þ4

h i
ðsÞ

r

dsþ K�2G3, t 2 ð0, t0Þ, (89) 

where

H1 SCð1Þ4

h i
ðtÞ ¼ E S

C
ð1Þ
4

h i
ðtÞ −

1
2

ðt

0

ð

B
sqsTkij€a , iðsÞ€a , jðsÞdvds, (90) 

so that we get the following estimate
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H1 SCð1Þ4

h i
ðtÞ

r

� K�
1
2

ðt

0
f1 sð Þdsþ

ffiffiffiffiffi
G3

p
 !

, t 2 0, t0ð Þ: (91) 

It now becomes clear how the estimate (91) describes the continuous dependence of the solu
tion a on the variation of the conductivity rate tensor: K�; as defined in (86), measures the vari

ation of the conductivity rate tensor, 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H1 SCð1Þ4

h i
ðtÞ

r

represents the measure of the solution, while 

the parenthesis on the right-hand side of the estimate is a bounded quantity based on the results 
in Section 5.

7.2. Continuous dependence on the conductivity tensor

Let us now consider two sets of material characteristics that satisfy the constitutive hypotheses 
(18) to (21) and differ only in the conductivity tensor, let them be CðbÞ5 ¼ fc, kðbÞij , k�rs; sq, sa, sTg;

b ¼ 1, 2: Then the difference a ¼ að1Þ − að2Þ satisfies the following differential equation

c€~a − k�ij~a , j

� �

, i
− j

ð1Þ
ij _a , j

� �

, i
− sT kð1Þij €a , j

� �

, i
¼ kij _a

ð2Þ
, j þ sT€a

ð2Þ
, j

� �h i

, i
, (92) 

where

kij ¼ kð1Þij − kð2Þij , j
ð1Þ
ij ¼ kð1Þij þ sa − sqð Þk�ij: (93) 

Moreover, we have the following identity

E S
C
ð1Þ
5

h i
ðtÞ ¼ −

ðt

0

ð

B
kij _a , i _a

ð2Þ
, j þ sT€a

ð2Þ
, j

� �

dvds

−sq

ðt

0

ð

B
kij€a , i _a

ð2Þ
, j þ sT€a

ð2Þ
, j

� �

dvds ¼ J1 þ J2,
(94) 

where

E S
C
ð1Þ
5

h i
ðtÞ ¼

1
2

ð

B
c _~aðtÞ2 þ k�ij~a , iðtÞ~a , jðtÞ þ sqj

ð1Þ
ij þ sTkð1Þij

� �

_a , iðtÞ _a , jðtÞ
h i

dv

þ

ðt

0

ð

B
j
ð1Þ
ij _a , iðsÞ _a , jðsÞ þ sqsTkð1Þij €a , iðsÞ€a , jðsÞ

h i

dvds:
(95) 

Further, we have

J1j j � K
ðt

0
f2ðsÞ

1
2

ð

B
sqj
ð1Þ
ij þ sTkð1Þij

� �

_a , iðsÞ _a , jðsÞdv
� �1=2

ds,

J2j j �
1
2

ðt

0

ð

B
sqsTkð1Þij €a , iðsÞ€a , jðsÞdvdsþ K2 G4,

(96) 

where

K ¼ max
x2B

kijkij
� �1=2,

f2ðtÞ ¼
ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sqj
ð1Þ
m þ sTkð1Þm

q

ð

B
_a
ð2Þ
, i ðtÞ þ sT€a

ð2Þ
, i ðtÞ

� �

_a
ð2Þ
, i ðtÞ þ sT€a

ð2Þ
, i ðtÞ

� �

dv
� �1=2

,

G4 ¼
sq

2sTkð1Þm

ðt0

0

ð

B
_a
ð2Þ
, j ðsÞ þ sT€a

ð2Þ
, j ðsÞ

� �

_a
ð2Þ
, j ðsÞ þ sT€a

ð2Þ
, j ðsÞ

� �

dvds:

(97) 
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On this basis, the identity (94) implies

H2 SCð1Þ5

h i
ðtÞ � K

ðt

0
f2ðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H2 SCð1Þ5

h i
ðsÞ

r

dsþ K2G4, t 2 ð0, t0Þ, (98) 

where

H2 SCð1Þ5

h i
ðtÞ ¼ E S

C
ð1Þ
5

h i
ðtÞ −

1
2

ðt

0

ð

B
sqsTkð1Þij €a , iðsÞ€a , jðsÞdvds, (99) 

so that we get the following estimate
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H2 SCð1Þ5

h i
ðtÞ

r

� K
1
2

ðt

0
f2ðsÞdsþ

ffiffiffiffiffi
G4

p
 !

, t 2 ð0, t0Þ: (100) 

Since K ¼ maxx2B kijkij
� �1=2 represents a measure of the conductivity tensor, H2 SCð1Þ5

h i
ðtÞ rep

resents a measure for the variation a ¼ að1Þ − að2Þ and the parenthesis on the right-hand side rep
resents a bounded quantity, it follows that the estimate (100) describes the continuous 
dependence of the solution of the initial boundary value problem P on the variation of the con
ductivity tensor.

7.3. Continuous dependence on the specific heat coefficient

We consider now the following two material characteristics CðbÞ6 ¼ fcðbÞ, kij, k�rs; sq, sa, sTg; b ¼

1, 2; satisfying the constitutive assumptions (18) to (21). Then the difference between the two cor
responding solutions, a ¼ að1Þ − að2Þ; satisfies the null initial and boundary conditions and the 
following differential equation

cð1Þ€~a − k�ij~a , j

� �

, i
− jij _a , j
� �

, i − sT kij€a , j
� �

, i ¼ −c€~a
ð2Þ

, (101) 

where now we have set

c ¼ cð1Þ − cð2Þ: (102) 

Furthermore, we have the following identity

E S
C
ð1Þ
6

h i
ðtÞ ¼ −

ðt

0

ð

B
c _~a€~a

ð2Þ
dvds, (103) 

where

E S
C
ð1Þ
6

h i
ðtÞ ¼

1
2

ð

B
cð1Þ _~aðtÞ2 þ k�ij~a , iðtÞ~a , jðtÞ þ sqjij þ sTkij

� �
_a , iðtÞ _a , jðtÞ

h i
dv

þ

ðt

0

ð

B
jij _a , iðsÞ _a , jðsÞ þ sqsTkij€a , iðsÞ€a , jðsÞ
� �

dvds:
(104) 

From the identity (103), we deduce the following integral inequality

E S
C
ð1Þ
6

h i
ðtÞ � C

ðt

0
f3ðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E S
C
ð1Þ
6

h i
ðsÞ

r

ds, t 2 ð0, t0Þ, (105) 

where

f3ðtÞ ¼

ffiffiffiffiffiffiffi
2

cð1Þm

s ð

B

€~a
ð2Þ
ðtÞ2dv

� �1=2

, C ¼ max
x2B
jcj, (106) 
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so that we get the following estimate
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E S
C
ð1Þ
6

h i
ðtÞ

r

�
C
2

ðt

0
f3 sð Þds, t 2 0, t0ð Þ: (107) 

It is worth to outline that the procedure of Section 5 allows us to obtain a priori bounds for
ð

B

€~a
2
dv, (108) 

in terms of the given data.

8. Convergence as k�ijfi0

Convergence result in this section refers to the property that as a thermal characteristic of the dif
ferential equation (5) approach zero, its solution approaches the corresponding solution of the 
reduced differential equation. For the thermal model in discussion to be well-posed, it must be 
stable and convergent.

In this connection, as an example, we investigate here how the solution of the basic initial 
boundary value problem P behaves as the measure of the conductivity rate tensor tends to zero. 
In fact, if we set k�ij ¼ 0 within the basic equation (5) we obtain the following third order equa
tion

csqa
:::
þ c€a − kij _a , j

� �

, i − sT kij€a , j
� �

, i ¼ 0, (109) 

which, by setting w ¼ _a; can be reduced to a second-order partial differential equation of the 
Jeffreys type (see, for example, Joseph and Preziosi [48,49])

csq€c þ c _c − kijc, j
� �

, i
− sT kij _c , j

� �

, i
¼ 0: (110) 

Keeping in mind the Subsection 7.1, we take að1Þ be the solution of the initial boundary value 
problem P corresponding to the material characteristics Cð1Þ4 ¼ fc, kij, k�rs; sq, sa, sTg; satisfying the 
constitutive assumptions (18) to (21). We want to compare the solution að1Þ with the solution 
að2Þ of the reduced differential equation (109) which correspond to the material characteristics 
C
ð2Þ
4 ¼ C0 ¼ fc, kij, 0; sq, sa, sTg that also satisfies the hypotheses (H1) to (H4). It follows then that 

the difference

a ¼ að1Þ − að2Þ, (111) 

satisfies the following differential equation

csqa
:::
þ c€a − kij _a , j

� �

, i − sT kij€a , j
� �

, i ¼ k�ij a
ð1Þ
, j þ sa _a

ð1Þ
, j

� �h i

, i
, (112) 

and null initial and boundary data. Then we can obtain the following identity

E0 SC0½ �ðtÞ ¼ −
ðt

0

ð

B
k�ij€a , iðsÞ a

ð1Þ
, j ðsÞ þ sa _a

ð1Þ
, j ðsÞ

� �

dvds, (113) 

where

E0 SC0½ �ðtÞ ¼
1
2

ð

B
csq€aðtÞ2 þ kij _a , iðtÞ _a , jðtÞ
h i

dvþ
ðt

0

ð

B
c€aðtÞ2 þ sTkij€a , iðsÞ€a , jðsÞ
h i

dvds: (114) 

Further, we obtain the following integral inequality

F 0 SC0½ �ðtÞ � K�2G0, t 2 ð0, t0Þ, (115) 

where
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K� ¼ max
x2B

k�ijk
�
ij

� �1=2
,

G0 ¼
1

2sTkm

ðt0

0

ð

B
a
ð1Þ
, j ðsÞ þ sa _a

ð1Þ
, j ðsÞ

� �

a
ð1Þ
, j ðsÞ þ sa _a

ð1Þ
, j ðsÞ

� �

dvds,

F 0 SC0½ �ðtÞ ¼ E0 SC0½ �ðtÞ −
1
2

ðt

0

ð

B
sTkij€a , i€a , jdvds:

(116) 

Since Cð1Þ4 ¼ fc, kij, k�rs; sq, sa, sTg satisfies the constitutive assumptions (18) to (21), based on the 
results of Section 5 we can conclude that G0 is a bounded quantity. Then we can say that F 0 SC0½ �ðtÞ
can be viewed as a measure of the difference a ¼ að1Þ − að2Þ: Under these considerations we can con
clude that, as k�ij tends to zero (that is K� ! 0), the inequality (115) shows that a ¼ að1Þ − að2Þ tends 
to zero, that is the solution of the initial boundary value problem P converges to the solution of the 
initial boundary value problem associated with the differential equation (109).

9. Concluding remarks

The present study investigated the structural stability of the thermal model of a rigid conductor that 
is based on the existence of three relaxation times: a delay time for the heat flux, one for the tempera
ture gradient, and one for the thermal displacement gradient. It provides precise mathematical esti
mates that describe how the solution of the initial boundary value problem behaves at the limit when 
the prescribed external data or the relaxation times or other thermal coefficients of the model 
undergo small variations (due to measurements, environmental conditions, etc.). Thus, under the 
assumption that the material characteristics of the rigid conductor satisfy hypotheses (H1) to (H4), 
the following were provided:

i. the estimate (48) provides a continuous dependence result for the solution of the initial 
boundary value problem P in terms of all external given data;

ii. the estimates (62), (72) and (79) furnish continuous dependence of solution with respect to 
to small variations in relaxation times sT ; sa and sq; respectively;

iii. the estimates (91), (100) and (107) show the continuous dependence of the solution with 
respect the other material characteristics: the conductivity rate tensor k�ij and the conductiv
ity tensor kij and the specific heat a;

iv. the solution að1Þ of the initial boundary value problem P converges to að2Þ; the solution of 
the initial boundary value problem associated with (109), when k�ij tends to zero.

All these estimates show that suitably small variations of the material characteristics do not 
destroy the well definiteness of the thermal model, that is the structural stability of the thermal 
system is established.

These estimates are useful for experimental measurements and numerical treatments, ensuring 
that small errors in data do not lead to chaos and that numerical approximations remain close to 
exact values.

The thermal analysis of structures, often performed using finite element analysis, helps engi
neers understand how these respond to thermal loads. This involves studying temperature distri
bution, heat flow, and the resulting stresses and deformations.

Finally, we must note that the main objective of this comprehensive report is to ensure the 
mathematical theoretical fundamentals for justifying the thermal stability of the considered model, 
as well as its applicability in determining a suitability of materials for specific applications.
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[31] M. Ôtani and S. Uchida, “Attractors for autonomous double-diffusive convection systems based on 
Brinkman-Forchheimer equations,” Math Methods App Sci., vol. 39, no. 12, pp. 3328–3349, 2016. DOI: 10. 
1002/mma.3776.

[32] E. Celik and L. Hoang, “Maximum estimates for generalized Forchheimer flows in heterogeneous porous 
media,” J. Differential Equations, vol. 262, no. 3, pp. 2158–2195, 2017. DOI: 10.1016/j.jde.2016.10.043.

[33] I. A. Eltayeb, “Convective instabilities of Maxwell-Cattaneo fluids,” Proc. R Soc. A Math Phys. Eng. Sci., vol. 
473(2201), art 20160712, 2017. DOI: 10.1098/rspa.2016.0712.

[34] Y. Liu, “Continuous dependence for a thermal convection model with temperature-dependent solubility,” 
APPl. Mathematics Comput., vol. 308, pp. 18–30, 2017. DOI: 10.1016/j.amc.2017.03.004.

[35] C. Varsakelis and M. V. Papalexandris, “On the well-posedness of the Darcy-Brinkman-Forchheimer equa
tions for coupled porous media-clear fluid flow,” Nonlinearity, vol. 30, no. 4, pp. 1449–1464, 2017. DOI: 
10.1088/1361-6544/aa5ecf.
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