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ABSTRACT

The present work investigates the structural stability of a three-phase-lag
thermal conduction model for a rigid conductor, using the integral inequal-
ities techniques as a mathematical basis. A set of mathematical estimates
are established to describe the influence of variations in the external given
data (boundary and initial conditions, and heat supply), as well as in intrin-
sic data of the model (material thermal characteristics, as well as relaxation
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times), on the material behavior response (that is the solutions to the asso-
ciated initial boundary value problems). The convergence issue is also
established by means of an integral inequality that provides an estimate of
the difference between the solutions to the initial boundary value prob-
lems associated with the initial model and the one obtained by making
one of the characteristic coefficients of the equation tend to zero. All pre-
sented results concern the structural stability and they allow for the con-
clusion that the model of the three-phase-lag is well posed.

phase-lag heat conduction
model
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1. Introduction

The classical theory of thermoelasticity, which is based on Fourier’s law of heat conduction, implies
the paradox that thermal signals propagate instantaneously, leading to an unrealistic infinite speed of
heat propagation. This paradox is addressed by generalized thermo-elasticity theories that incorporate
finite-wave speeds. Generalized thermal models are advanced frameworks used to describe the behav-
ior of materials under thermal loads, extending beyond classical thermoelasticity.

Thus, Cattaneo [1,2] proposed replacing the Fourier constitutive relation with an evolution
equation of the form 14,4+ q; = k0 ;, where the superposed dot indicates the material-time
derivative, and 7 is an intrinsic relaxation time. Later, Lord-Shulman theory [3] introduces a sin-
gle relaxation time to account for the finite speed of heat propagation, while Green-Lindsay the-
ory [4] incorporates two relaxation times, providing a more accurate description of heat
conduction in materijals subjected to rapid thermal changes. In addition, the Green-Naghdi theory
[5-8] proposes three types of thermoelastic models (type I, II and III), each with different
assumptions about the heat flux and temperature gradient relationship. The dual-phase-lag model
proposed by Tzou [9] accounts for both the lag in the heat flux and the temperature gradient,
offering a more comprehensive approach to modeling heat conduction in materials with complex
thermal responses, while three-phase-lag model extends the dual-phase-lag model by introducing
an additional phase lag, further refining the description of heat transfer processes. Roy
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Choudhuri [10] developed the three-phase-lag model by incorporating phase lags in the heat flux
vector, the temperature gradient, and the thermal displacement gradient.

Several other constitutive relations for the heat flux vector have been discussed by
Chandrasekharaiah [11], Hetnarski and Ignaczak [12,13], Straughan [14] and Tzou [15].

On the other side, the structural stability in this context often refers to the continuous depend-
ence of solutions on the constitutive parameters of the material. This means that small changes in
the properties of the material or external conditions result in small changes in the response of
the material. The stability of thermoelastic structures can be significantly influenced by boundary
conditions, such as fixed or free edges, and the type of thermal loading applied. Stability analysis
in this context often focuses on ensuring that small perturbations in the system do not lead to
large deviations in behavior. Understanding the stability of thermoelastic materials is crucial for
designing components that can withstand thermal and mechanical loads without failure. This is
particularly important in industries such as aerospace, automotive, and civil engineering.

The importance of studying the structural stability of a mathematical model, as well as related
continuous dependence on given data, has been emphasized in several excellent textbooks, as for
example those written by Hirsch and Smale [16], Bellomo and Preziosi [17], Straughan [18,19]
and Flavin and Rionero [20].

In order to establish continuous dependence and convergence results for the solutions of ther-
moelastic models, differential inequality techniques are used. These techniques were also used to
study the structural stability in various fields of continuum mechanics in many works like: Knops
and Payne [21,22], Ames and Hughes [23], Chirifa et al. [24], Chirifa and Ciarletta [25], Castro
et al. [26], Harfash [27], Celebi and Kalantarov [28], Hill et al. [29], Markowich et al. [30], Otani
and Uchida [31], Celik and Hoang [32], Eltayeb [33], Liu [34], Varsakelis and Papalexandris [35]
and de Castro Motta et al. [36].

The present paper considers the three-phase-lag thermal theory developed by Roy Choudhury [10]
and contributes to the study of the well-posedness of the model itself. In fact, we first establish an
integral inequality that provides a mathematical estimate describing the continuous dependence on all
external given data for the solution of the inhomogeneous Dirichlet problem associated with the
model under study. This first result relies on material characteristics and relaxation time assumptions
that align with the Second Law of Thermodynamics. On this basis, we approach the problem of struc-
tural stability in the sense of the continuous dependence of the solutions with respect to the changes
that may occur in the constitutive coefficients or relaxation times involved in the model in concern.
Thus, we provide a series of three precise mathematical estimates that describe the continuous
dependence of the solution of the initial boundary value problems with respect to small variations in
the relaxation times, variations that do not affect the formulated positive definiteness restrictions.
Furthermore, we provide three other explicit mathematical estimates that describe the continuous
dependence of the solutions with respect to small variations in the other material characteristics of
the model: the conductivity tensors and the specific heat. We also show how the solution to the dif-
ferential problem converges, in an appropriate measure, to the solution of the reduced differential
problem, as the respective material coefficients tend to zero.

The present work is motivated by the recent research activity on the Moore-Gibson-Thompson
equation, see for example the works [37-43]. It constitutes a continuation of the research presented
in the paper by Chirita and D’Apice [44] on the same three-phase-lag model of a rigid thermal con-
ductor. Both works together provide the structural stability of the model in question.

The plan of the work is the following. Section 2 presents the basic system of differential equations
describing the evolutionary behavior of the three-phase-lag model in the line described by Roy
Choudhury [10]. Section 3 formulates the initial boundary value problem associated with the model
and it states the main constitutive hypotheses on the material characteristics. Section 4 defines a class
of auxiliary elliptic boundary value problems with their appropriate estimates of solutions in terms of
the boundary given data. Section 5 treats the continuous dependence of solution with respect to all
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external given data (initial and boundary data as well as the external supply loads). Section 6 estab-
lishes appropriate estimates describing continuous dependence with respect to the variation of delay
times. Section 7 establishes appropriate estimates describing continuous dependence with respect to
the other thermal coefficients. Section 8 shows that the solution of the considered initial boundary
value problem converges to the solution of the corresponding initial boundary value problem when
the conductivity rate tensor in an appropriate measure tends to zero.

2. The three-phase-lag heat conduction model for rigid conductor

We assume that a regular region B is filled by an inhomogeneous and anisotropic conductor
material with three-phase-lag times. We suppose that the rigid conductor material is bounded by
the piecewise smooth surface JB, which is star-shaped with respect to the origin of a Cartesian
coordinate system and therefore, we have

xeng > ho >0, |xte| <99 on OB, (1)

where hy and J, are appropriate positive constants, x; are the components of the vector x, ny are
the components of unit outward normal vector n to B and #; are the components of a unit tan-
gent vector to OB.

We consider the basic constitutive equation for the generalized heat conduction as proposed
by Roy Choudhuri [10]

(% 0) + 74 (x,1) = =kj0)001) = (ky(0) + 7k 2,0 0) = k@m0 (2)

for all (x,t) € B x (0, 00).
The three-phase-lag model for a rigid conductor as proposed by Roy Choudhuri [10] is based
on the constitutive equation (2) and the well-known heat equation:

—qi.i(x ) + R(x,t) = c(x)T(x,t), (%t) € B x (0,00). 3)

In the above equations we have used the following notations: g; are the components of the

heat flux vector, T is the temperature variation from the constant absolute reference temperature
Ty > 0, o is the thermal displacement defined by (see e.g., [6-8])

t
a(x, t) = J T(x,z)dz, 4)
0
kij are the components of the thermal conductivity tensor, kj; are the components of the conduct-
ivity rate tensor, R represents the heat source acting per unit volume, and ¢ is the specific heat
per unit volume. Moreover, the delay time 7, > 0 is the phase-lag of the heat flux, the delay time
tr > 0 is the phase-lag of the temperature gradient and 7, > 0 is the phase-lag of the thermal
displacement gradient.
In terms of the thermal displacement o, the three-phase-lag model for a rigid conductor as
proposed by Roy Choudhuri [10] is based upon the following differential equation:

CTq8 + cit — (k;;.oc,j) T [(kij + T“k;;-) dc,j] T ‘CT(kij&,]‘)’i =R+ 14R, (5)

where we assumed that the dependence on the independent variables x and t was suppressed, but
implicitly understood.

We have to mention that Chiritfa and D’Apice [44] have shown that the constitutive equation
(2) is compatible with the second law of thermodynamics if:

(R(i)) the tensor k; is positive semi-definite;
(R(ii)) the tensor K = kij + (7, — rq)k; is positive semi-definite.
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Remark 1. In the particular case of an isotropic and homogeneous rigid conductor, for which
k; = k"0, kij = ko, 1y =1 and tr =1, =0, the differential equation (5) reduces to the well-
known Moore-Gibson-Thompson equation (see e.g., Quintanilla [45])

ot +8) — k' Ao — kAd = 0. (6)

Results on the continuous dependence and convergence with respect to different parameters in
the Moore-Gibson-Thompson heat equation (6) have been established recently by Pellicer and
Quintanilla [46].

3. Statement of the initial boundary value problem and some constitutive
hypotheses

Throughout this paper, we consider the initial boundary value problem P defined by the consti-
tutive equation (2) and the energy equation (3), the initial conditions

a(x,0) =0, &(x0)=24"x), qix0)=¢q’(x), foral xE€B, (7)
and the following boundary condition
a(x,t) = A(x,t) for all (x,t) € OB x (0,00), (8)
where 4°(x), q°(x) and A(x, t) are prescribed smooth functions.

Remark 2. It should be noted that the prescribed initial condition q;(x,0) = q°(x), x € B, allows
us to prescribe the initial condition for (x,0) as determined from relation (3) as c(x)d(x,0) =
R(x,0) — q) ,(x), and this is useful when referring to the differential equation (5). In particular, in
the absence of heat supply (R(x,t) =0), the initial conditions q;(x,0) =0, x € B, implies that

5(x,0) = 0, x € B.

By a solution of the initial boundary value problem P, corresponding to the external given
data D= {R;3’,q%;A} and to the material characteristics C = {c,kj,k; 74 75 Tr}, We mean
the ordered array S¢ = {o,q;} defined on B X (0,00) with the properties that o(x,t) €
C>%(B x (0,00)), qi(x,t) € C**}(B x (0,00)) and which satisfy the field equations (2) and (3),
the initial conditions (7), and the boundary condition (8). Otherwise, when we refer to the three-
phase-lag thermal conductor described by equation (5) we will understand by the solution of the
problem P a function S¢ = {a(x,t)} defined on B x (0,00) for which a(x,t) € C*3(B x (0,00))
and which satisfies the differential equation (5), the boundary condition (8) and the initial condi-
tions (8), , and &(x,0) = &°(x), x € B.

In order to be able to conveniently deal with topics relating the structural stability regarding
the continuous dependence of solutions with respect to characteristic material coefficients, it is
useful to define a modified initial boundary value problem 7P associated with the problem in
question P. In this sense we introduce the notations

9; =qi +Tqqp =0+ T4 ©)

and note that the heat equation (3) implies
-3,;+R=cx in Bx(0,00), (10)

while the constitutive equation (2) becomes

g, =~k - (kij+r“k;;)a,j—ka,-j&,j in B x (0,00), (11)

where
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R =R+ 1R (12)

Furthermore, in view of the initial conditions (7) and the heat equation (3) and the constitu-
tive equation (11), we have

a(x,0) = 7,6°(x), % (x,0) = &°(x) + 740(x,0),
q;(x,0) = —(kj + t.k};) dcf)j(x) — 17k j(x, 0), (13)
c(x)3(x,0) = R(x,0) — g7 (),
while the boundary condition (8) furnishes
a(x,t) = A(x,t) on OB x (0,00), (14)

with A = A + 7,A.
It is worth noting for later that the constitutive equation (11) can be written in the following

form
q; = =k — K%, — Tk, ;. (15)

Further we note that the relations (9) and (15) imply

. 1
J %,iq;dv = _E%J (k};&,i&)j + Tgkiitt, 0, ; + TTkijd,idﬂ,j>dV
B B (16)
- J (K[jd(’,'d(,j + TqTTkij&,i&,j)dV-
B
Moreover, we introduce
1 . e L
ESCl(H) =5 j (650 + Kifa(0)2,(0) + (zqicy + ey, (0)3,(1) | v
(17)

+ JO JB [K"jd:i(s)&»j@) + TqTTkij.O.C,i(S>&,j(S)]dVds.

To study the structural stability of the three-phase-lag model of the rigid conductor we need a
mathematical relationship that expresses the continuous dependence of the solutions with respect
to the variations (measurement errors) of the thermal characteristic coefficients of the material
and the characteristic relaxation times. Thus, we will establish a quantitative estimate of the solu-
tion to the initial boundary value problem P in terms of the external data of this problem (initial
and boundary data, as well as the supply loads). In light of this challenge and in accordance with
the thermodynamic constraints (R(i)) and (R(ii)) we have to make the following assumptions on
the material characteristics C = {c, kij, ky; 74, 7o T1}:

(H1) the specific heat per unit volume c is strictly positive and

0<cw<c<cy (cmem prescribed constants), (18)

(H2) the conductivity tensor is positive definite and
0 < kmli&i < k& < kméiCin  (£1,62,83) #0,  (km,km  prescribed constants); (19)

(H3) the conductivity rate tensor is positive definite and

0 <k ¢ < k;}f,ﬁj <Iky&én (€1,8,&)#0, (K, ky prescribed constants), (20)

(H4) x;; is a positive definite tensor and

0 < Kkm&i&i <8¢ < kMl (61,65,83) #0, (Kmo Ky prescribed constants). (21)



6 S. CHIRITA AND M. CIARLETTA

It can be easily seen that these assumptions cause E[S¢](t) to be viewed as a measure of the
solutions. In fact, we have

lscl(t) > 5 J [0 (0 + K3 (0)2,1(0) + (s + k) (0 o(0)]

. (22)

+J J [remde,i(s)2,i(s) + TqTrkmd i(s)8,(s)] dvds.
B

0
Furthermore, from the constitutive equation (15) and by using the Cauchy-Schwarz inequality
and the assumptions (19) to (21), we can deduce that

[@(0a(0]"” < [kkia(0)3,(0)]

P a0 (0] + o ki, (0, (0] 2. (23)

Remark 3. Inequality (23) shows us that any estimate in terms of thermal displacement allows a
corresponding estimate for the heat flux. This means that in all our analysis it is sufficient to estab-
lish estimates in terms of thermal displacement.

4. An auxiliary elliptic boundary value problem and related estimates

In this section we will recall an elliptic boundary value problem associated with the region B and
the boundary surface 0B, which is assumed to be star-shaped with respect to the origin of the
Cartesian coordinate system, such that the relation (1) is fulfilled. Therefore, we recall [36] and
we consider the following Dirichlet boundary value problem Py(¢*) in terms of the unknown ¢,
defined by

Ap=0 in B,
¢=¢" on OB,
where A is the Laplace operator. We note that the existence of the solution ¢ of the problem

Po(¢p™) is assured by means of the existence theory developed by Fichera [47].
We now multiply the relation (24), by xx¢ ; to obtain the identity

0= | sourode=3 | opdve| mospmda=g | wmd e 09)
B OB 2 OB

(24)

Furthermore, we use the decomposition V¢ = (0¢/0n)n+ V¢ t, on the boundary surface
OB, where n is the outward unit normal vector to 0B, t is a unit tangent vector to the boundary
surface, V is the gradient operator, (0/0n) is the normal derivative and V, is the tangential
derivative. Thus, from relation (25) we get

2
! J b9 ,-dv+l J xk”k<a¢> da
2 )p T o8 9 (26)
= —J Xtk =— 99 Vipda + = J xk”k(vt¢)2da’
OB on 0B

and hence, by using of the relation (1) and the Cauchy-Schwarz and arithmetic-geometric mean
inequalities, we obtain the following estimate

2| ot | (g_‘f’> da

IN

1 25;
- Vo) da. (27)
2 JOB (xknk * ho >( 2
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Finally, we recall the Poincaré inequality

;,IJ PPdv < J b ¢ dv+ CIJ ¢*2da,
B B OB

with 4; and C; positive constants.

Consequently, we can see that the estimates (27) and (28) furnish a priori bounds for

JB¢2dV’ JB¢’i¢’idV’ L)B (g—f)zda,

in terms of the given data ¢* on the boundary surface JB.

5. A general estimate for the inhomogeneous Dirichlet problem P

(28)

(29)

Let us first consider the boundary value problem P, (A) and denote its solution by G. In view of

the analysis of the above section, it results that

1 ho G\’ 1 26, <,
— — - < — —
5 JB G,G dv+ 1 JOB (311) da < 5 LB <xknk—|— o (VA) da,

)
AIJ G?dv < J G,G dv + Clj A da.
B B OB

and

Then we multiply the equation (10) by G — & to get

Jg(éi‘i+C& —ﬁ)(G—&)dv: 0,

(30)

(31)

(32)

so that, by means of the divergence theorem and the boundary condition G—% =0 on 9B x

(0,0), we get
J (c&& - Eji&,i)dv _dij o Gdv = —J caGdv — J RGdv + J Radv — J q,G idv.
B t)s B B B B
In view of the relations (16) and (17), from (33) we get

E[Se)(t) = JBC&(t)G(t)dv - J Lc& (s)G(s)dvds + J L&(s)iz(s)dvds

0 0

t t

0 0 B

- r ‘[qu(s)G)i(s)dvds - Jt JBR(S)G(s)dvds + E[Sc](0) - J ¢ (0)G(0)dv.

(33)

(34)

Now we use the Cauchy-Schwarz and arithmetic-geometric mean inequalities in order to get

J ca (t)G(t)dv

< J; (Lc& (s)zdv> v (JBCG(S)zdv>1/2ds;

1( -
< —J ca (1) dv + J cG(t)*dv;
4Jp B

(35)

(36)

(37)
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Moreover, by using the estimate (23), we have

<[ (qus)ai

—~

Jt Léi(s)G,i(s)dvds S)dv) v (JBG,,(S)G,,(s)dv> l/zds

0

sﬂﬁl

N\
—_—
o]
=
>~
=¥
R
PN
“
S~—
IS}
~.
—
“
N
Q
<
~
=
[\S]
+
N
%
[sS]
k)
=
ke
=
K
:\
w
<
KR
~
N
“
N—
QU
<
~_
=
[\S]
[

(38)

X

and

= (quwki;&,i<s>ac,j<s>dv)1/2 (LG,As)GJ(s)dv)mds

fa o (39)

3‘CTkM Jt

1 t
< —J J TTrkit, i(s)a, j(s)dvds +
2)o 8 0

J G.i(5)G,i(s)dvds.
Tq B

At this stage we introduce the function
1 1 . - - . .
F[Sc)(t) = 3 J {5 ca(t)” + kio,i(t)a,j(t) + (tqrii + erij)oc,i(t)a,j(t)] dv
B
(40)

! 1
—|—J J [Kljd(,,»(s)dc,j(s) + 3 Tq‘crkl-j&,i(s)b'c,j(s)}dvds, t €0, 1],
B

0

and note that the use of the estimates (35) to (39) in the identity (34) makes possible to obtain
the following integral inequality

Flsilo < [ & /Fiselas+6 1< o) (41)
where
Et) = Zl(JBcG(t) dv)l/z + <JB% R(t)zdv)l/Z]
610 12 “
N ( 6k + ?) (JBG,,-(t)G,(t)dv> ,
and
6= | rpca + 6[sc1<f)>—j3c&<o>c<o>dv -
+ max LCG(t)ZdV + % JOO JBG)i(s)G)i(s)dvds.

We now handle the integral inequality (41) to obtain the sought continuous dependence esti-
mate. In this connection we introduce the function

t

Alt) = \/J Es)\/FISel(s) ds+ G, te (0,1), (44)

0
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and note that we have

F[Sc](t) < A(t) for all t € (0,t). (45)
Moreover, we get
2A()A(t) = E()\/ F[Sc](t) < E(H)A(t) for all t € (0,t), (46)
so that we obtain
A1) g% J; E(s)ds + A(0) for all t € (0,ty). (47)

Consequently, from the relations (45) and (47), we obtain the expected continuous dependence
estimate

t
FSel(1) §% J E(s)ds+ /G for all t € (0,1). (48)
0

It is important to note that, based on the assumptions described in relations (18) to (21), it
can be seen that [44], F[Sc|(t) represents a measure of the solution S¢ = {®,¢,} of the initial
boundary value problem P. On the other hand, through relations (42) and (43), we can see that
the right member of the estimate (48) represents a measure of all data of the initial boundary
value problem P.

In view of the hypotheses described in (18) to (21) and by calling the relation (40), we can see
that the inequality (48) furnishes a priori estimates for the following quantities

t
.. .. . 22 -~
J o, 6 dv, J J & i(s)d, i(s)dvds, J o dv, J o, 0 dv. (49)
B 0JB B B

Furthermore, it is worth to outline that the above procedure allows us to obtain a priori
bounds for

t
J &2dv, J J 5(s)*dvds, J&Zdv. (50)
B B B

0

6. Some mathematical estimates related to the variation of the delay times

In this section we study the structural stability of the mathematical model of the three-phase-lag
heat conduction when the delay times undergo small variations. Generally, the thermal structural
stability refers to the ability of a material or structure to maintain its integrity and performance
under varying temperature conditions. This is crucial in many engineering applications, such as
aerospace, automotive, and construction, where materials are often exposed to extreme
temperatures.

In our context, the study of the structural stability of the three-phase-lag model consists in
showing that the solutions of the initial boundary value problems depend continuously on the
material characteristic coefficients (relaxation times and conductivity coefficients and specific
heat), which may be subjected to measurement errors, perturbations in the mathematical model-
ing process, or even decay and degradation phenomena. This means that small variations in the
characteristic coefficients entering into equation (5) and which do not affect the basic constitutive
assumptions (H1) to (H4), lead to small variations in the solutions to the initial boundary value
problem, that is, these small variations do not destroy the structure of the model.

The estimates of continuous dependence reported in this section can play a central role in
obtaining numerical approximations to these kinds of problems.
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6.1. Continuous dependence on the delay time of the temperature gradient

Throughout this subsection we investigate the continuous dependence of the solution of the initial
boundary value problem P in the situation when all the characteristic coefficients of the model remain
unchanged, only the delay time of the temperature gradient 7 undergo a variation. That means we
consider two material characteristics C(lﬁ ) = {c, k,-j, Kk T Tos T(Tﬁ )}, f = 1,2, satisfying the constitutive
assumptions (18) to (21) and we consider that ng ) = {a®), qgﬂ >}, p = 1,2, are the corresponding sol-
utions of the initial boundary value problem P under the same initial, boundary and body loads data,
and to the same material characteristics excepting the relaxation time ty. We should note that the
relaxation time 77 does not affect the thermodynamic compatibility conditions (R(i)) and (R(ii)).
If we set

St = Sen =S = (o) o, q) =g} = {a.q)

=) ) ey
then the following initial conditions
%(x,0) =0, &(x,0)=0, ¢q(x,0)=0, (or a(x,0)=0), forall x€B, (52)
and the boundary condition
a(x,t) =0, on OB x (0,00), (53)

are fulfilled.
In terms of the difference thermal displacement o« = a{!) — ¢(?), the basic differential equation is

¢ - (k;&,j) = (i) - o) (ky ) , = IT(k,-jazf?) . (54)

1
>

We now multiply equation (54) by &, then integrate result over B x (0,t) and finally use the
initial conditions (52) and the boundary condition (53), to find

5[541)] (t) = —11 Jt

0

t
J i, ikl dvds — rquJ J i, ki dvds, (55)
B ' 0JB '

where

€[S :% JB e ()2 4 kg (0 (0) + (e + 130k ) (1) (1)

¢ : (56)
+J J [Kijo'(,,-(s)d,j(s) + rqr(T)k,-jb'c,,-(s)'oZ,j(s)} dvds.
0JB
By applying the Cauchy-Schwarz and arithmetic-geometric mean inequalities, we have
t t 1/2 1/2
TTJ J i, ki dvds| < |rT|J (J k,jac,io'c,jdv) (J kzjaz%(j)dv) ds
0Js ' o \JB B~
(57)

1/2 1/2
r;”k,-ja,,-a,jdv) <J kijazfl?)&fj)dv) ds,
B

< ml J (J
T(Tl) 0o \JB

and

t
‘chTJ J b'c,,vk,-jb'c?)dvds
0JB '

, 12/, 1/2
< 1qlt7] (L Lk,-jb'c,,-&,jdvds> (Jo JBklj&ff)&f;)dvds> 8
58

LM T [ [ 5@
< EL JqurT ko 00 jdvds + ZT(TI) JO Jgkija’i & ; dvds.
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Now we use the estimates (57) and (58) into identity (55) to obtain the following
integral inequality

t
Fi[Sep] 1) < |TT|J 60\ [F1[Sep | s+ 3G e (O, (59)

1 0 1

where
1 -
V2 [de} (t) = g{scm} (t) - EJ J T, ki 6 dvds, (60)
1 1 0JB

and

2 ) 172
&) = ,/@(Lkgaf?<r>af§><t>dv) ,

T, [P
QIZ%J Jkua a 2) dvds.
2ty Jo JB

(61)

Furthermore, we can treat this inequality by the same procedure like that for (41), to obtain

(3 J; 51(5)‘1”\/97), £ € (0,t). (62)

By virtue of the results described in (49) and (50), as well as those described by the relation
(61), we can say that the term in the parentheses on the right-hand side is bounded, so the
inequality (62) shows that small variations 1 of the relaxation time for the temperature gradient
lead to small variations of the thermal displacement as measured by F; {S Cgl)] (1).

F [chn} (t) < |ty

6.2. Continuous dependence on the phase-lag of the thermal displacement

We proceed now to investigate the continuous dependence of the solution of the initial boundary
value problem P in the situation when all the material characteristic coefficients of the three-
phase-lag model remain unchanged, excepting the delay time 7, for the thermal displacement,
which undergo a varlatlon

Let S(ﬁ {a®) (ﬁ }, = 1,2, be the solution of the initial boundary value problem P corre-
spondlng to the same initial, boundary and body loads data, and to the same material characteris-
tics excepting the delay time for thermal displacement: C = {¢ kij, k5 7y ) T}, f=1,2,
satisfying the constitutive assumptions (18) to (21). Then the difference o = oV — o(?) satlsﬁes
the initial conditions described by (52) and the boundary condition (53) and the following differ-
ential equation

(k;f,) ‘ (;cf]”oc,) (ki) , rx(k:; y )l (63)

with
KTEJD = kij + ( )k;, 7, =tV — ¢, (64)
In view of the initial conditions (52) and the boundary condition (53), we have
¢ t
5[8(121)} (t) = -1, L La k; J>dvds TqTy L JBoc k; N dvds, (65)

where
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S[Sc;1>](t) == J [ (1)? + kyoi(t)o,(t) + (rq;cgjw +erij)dc,,-(t)a,j(t)}dV
t B (66)
+J L |:K(])0( i(8)6,;(s) + tqrkyoe, i(s)a, (s )} dvds.

0

By applying the Cauchy-Schwarz and arithmetic-geometric mean inequalities, we have

t k* t 1/2 1/2
TJJ J Ko dvds| < |74 M J J trkis 6 jdv Jk*oc oc Ddav)  ds, (67)
b trkm Jo \Js B

0Js
and
t 1 t
TqTs Jo La kac y ) dvds < EL Jquerij&,i&,jdvds
21k, ([t (68)
_e9TM 5
+ 2k, LJ k; oc oc 2) dvds.
Therefore, we obtain the following integral inequality
t
Fa [Scm} () < |l j &(s), | Fa [Scm] (s)ds + 3G, t € (0,1p), (69)
2 0 2
where
1 t
F) [chn} (t) = 5[5@1)] (t) — EL Jqusz,ja,i&, jdvds, (70)
and
2kt 1/2
) =2 [ ke s o)
TrKkm \JB (71)
_ T‘]k;ﬂ\/f o *
G, = Yok, L Lk 0 oc 2 dvds.
Concluding, we obtain the estimate
1 t
Fa {Sal)} (1) <z (2 J &(s)ds + v gz>’ t € (0, %), (72)
2 0

which describes the continuous dependence of solution with respect to the variation 7, of the
delay time for the thermal displacement.

6.3. Continuous dependence on the phase-lag of the heat flux

In this subsection we consider the following two material characteristics C’ = {c ki, ky;
réﬂ ),‘ca, rh, f=1,2 satlsfymg the constltutlve assumptions (18) to (21). Then the difference
between the solutions S = {aP q } p = 1,2, of the initial boundary value problem P corre-
sponding to the same 1n1t1al boundary and body loads data, that is o = al!) — a(?) satisfies the

null initial and boundary conditions and the following differential equation
o — (kl](x ]) } (ngl)dc,j),i - TT(kij&,j),i = —c1q0 (2), (73)

where now we have set
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g=a+ila ) =k+ (0K

i Tq= rél) - ’L'éz). (74)

Furthermore, by taking into account null initial and boundary conditions, from (73) we obtain

t
5[360)} (1) = 1, L Lc&'oz @ dyds, (75)

3

where

S[Scm}(t):% L (6502 + Ky ()3 (0) + (D) + ks ) 3,1(00,5(0) v

3

t (76)
+UB {K(]>O( i()6,5(5) + Werkyii, i(s)3, ()}dvds
From the identity (75), we deduce the following integral inequality
[Sep]® < I J; &), fe[Sa |0 te ©m), (77)
where

& (1) = (ch'oz <2)(t)2dv> 1/2, (78)

s0 that we get the following estimate
S[SC;D](t) |2q| Jfg()ds, t € (0,1). (79)

It is worth to outline that the procedure of Section 5 allows us to obtain a priori bounds for

t
J J 5 dvds, (80)
0Js
in terms of the given data. In fact, by direct differentiation with respect to time variable in (5), it
follows that & satisfies a differential equation like (5) with the body loads R —|—qu with the
boundary data A and the initial conditions &(x,0) = &°(x), 6(x,0) = &°(x) and % (x,0) = & O(X)
as result calculated from the relation (13),; and from the equation (5) when we set t — 0.
Consequently, the inequality (79) provide an estimate describing the continuous dependence of o
with respect to the delay time 7.

7. Mathematical estimates related to the other material characteristics

In this section we will study the continuous dependence of the solution of the initial boundary
value problem P with respect to the conductivity rate tensor, with respect to the conductivity ten-
sor, and with respect to the specific heat coefficient.

7.1. Continuous dependence on the conductivity rate tensor

Consider two sets of material characteristics Ci = {c, i k rq,ra,rT}, p = 1,2, satistying the
constitutive assumptions (18) to (21). Let o and o®@ be the corresponding solutions of the ini-
tial boundary value problem P with the same external given data. Then the difference « =
oV — o2 satisfies the following differential equation

i - (k") = (s) = erlein), = [k (o] + )] (81)
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with null external given data and now we have set

k;} = k;.kj<1) - k;(z), KE]-U = kij + (Tx = Tq)kljm. (82)

Therefore, from the differential equation (81) we obtain the following identity

5[SC<1>](t) = J Jk* ( 2 4 1,50 )dvds
' 0 (83)
—qu Jk* ( )—i—ra )dvds-]1+12,
0

where

E[Scm} (t) :% JB [c&(t)Z + k:}(l)&,i(t)&,j(t) n (Tqu(jl) n TTkij> d,i(t)d()j(t)} "
t (84)
+J0 JB [K(] )oc (S) ( )+ ‘Cq‘ETkljoc i(s ) ( )}dvds

Now we use the inequality

* % 7 % 1/2 *
kijaibf’ < (k’fk’J) (afbsarbs)l/z <K (arar)l/z(bsbs)l/za for all a,, b, (85)
with
1/2
K" = ki k: , 86
max (k%)) )

and then we combine it with the Cauchy-Schwarz and arithmetic-geometric mean inequalities in
order to get

Yot ) v
‘Il| < K* J Cl(s) |:—J (‘L'inj + ‘L'Tkij) d’i(S)d)j(S)dV] dS,
0 2 B

L (87)
IL| < —J J tatrkit, i(s)d, j(s)dvds + K**Gs,
2)o)s
where
2 ) ) 1/2
0 ==L ([ (20 + a2 0) (210 + e 0)av)
rqrc,(n) + 1k, B (88)
_ o (" (@ () @ .2
G; = ek L JB (oc’j (s) + a0t (s)) (oc,j (s) + a0t (s))dvds.
On this basis, the identity (83) implies
t
Ml ] () <K [ 66, [1[S]00ds + K20 te (0.), (89)
4 0 4
where
1 N
H, [SCEI)} (t) = S{Sci”} (t) - EJ J TqTrkiio, i(s)a, j(s)dvds, (90)
0JB

so that we get the following estimate
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H, [scil)](t) <K G J;gl(s)ds+\/@§>, t € (0, ). (91)

It now becomes clear how the estimate (91) describes the continuous dependence of the solu-
tion o on the variation of the conductivity rate tensor: K*, as defined in (86), measures the vari-

ation of the conductivity rate tensor, , /H; [Sc(”} (t) represents the measure of the solution, while
4

the parenthesis on the right-hand side of the estimate is a bounded quantity based on the results
in Section 5.

7.2. Continuous dependence on the conductivity tensor

Let us now consider two sets of material characteristics that satisfy the constltutlve hypotheses
(18) to (21) and differ only in the conductivity tensor, let them be C ={c kl] K g Ton Tr )
B = 1,2. Then the difference o = al!) — a® satisfies the following dlfferentlal equation

e (g) - (), o (@n) - (@ +em)] o

where
k,] = kl] - kz] , i =K (‘Eo( T )kl] (93)

Moreover, we have the following identity

E{Scél)}(t):—ﬂj ki (55 + 10} ) dvds

t (94)
‘qu"’f“ (5 + x5 ) avds = 1y + 1o
where
1 -
£[Sew](0 =3 JB[ (0 + kit (1) (1) + (sl + ok (03, (0) | dv
t (95)
+JO JB (105, (5)it5) + 740k, (5)5) v
Further, we have
t 1 M WY5 (o 2
Il <K J 0(s) | J (‘cq;ci- + trk;; )oc,,'(s)ac,j(s)dv ds,
: N ! (96)
il <5 | | ek 08 )avds + K G,
where
K = max (kl—jkij)l/z,
XEB
2 . ) . ) 12
czmL(L(af?(rww,‘?(ﬂ) (af?><t>+wf?(t>)dv) S,

rqKS) + ‘chfyl,)
o (/. . .
Gi=—15 L JB (69(5) + 208 (9) (43(6) + 1257 (5) ) dvas.
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On this basis, the identity (94) implies
t
H, [sdn}(t) <K J AONGA [scgl)}(s)ds+1<2g4, t e (0,1), (98)
s 0

where

5

H, [SCM (t)=¢€ [sem} (t) - %JO JquszSj”a,i(s)az, j(s)dvds, (99)

so that we get the following estimate

H, {chn}(t) < KG J; &y (s)ds + \/gj) t € (0,1t). (100)

Since K = max, g (kijkij)l/ ? represents a measure of the conductivity tensor, H, chu (t) rep-

resents a measure for the variation o = ") — 2(?) and the parenthesis on the right-hand side rep-

resents a bounded quantity, it follows that the estimate (100) describes the continuous
dependence of the solution of the initial boundary value problem P on the variation of the con-
ductivity tensor.

7.3. Continuous dependence on the specific heat coefficient

We consider now the following two material characteristics Céﬁ ) = {P ki ks 1yt tr ), B=
1,2, satisfying the constitutive assumptions (18) to (21). Then the difference between the two cor-
responding solutions, o« = a(!) — ¢ satisfies the null initial and boundary conditions and the
following differential equation

Vi = (ki) = (wiy) = Tr(ky) = i (101)
where now we have set
c=c -2 (102)
Furthermore, we have the following identity
t
£[s0](0) = —J J ¢ dvds, (103)
0JB
where
1 z .~ -
E{Scén} (t) = 3 J {cma(t)z + ki i(1)2,j(t) + (Tgiij + trki) o i(t) e ](t)} dv
, ? (104)
+J J (it i(5)6 () 4 TqTrkydl i(s)d ;(s)] dvds
0Js
From the identity (103), we deduce the following integral inequality
t
g[scm] (t) < CJ 5(s) g{scm} (s)ds, te(0,ty), (105)
6 0 6
where
B 1/2
G(t) = %(J &(2)(1‘)2611/) . C=max|d|, (106)
Cm B xEB
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so that we get the following estimate
S[chn} (t) < g J; L3(s)ds, t € (0,tp). (107)
It is worth to outline that the procedure of Section 5 allows us to obtain a priori bounds for
J &’ dv, (108)
B

in terms of the given data.

8. Convergence as k*—>0

Convergence result in this section refers to the property that as a thermal characteristic of the dif-
ferential equation (5) approach zero, its solution approaches the corresponding solution of the
reduced differential equation. For the thermal model in discussion to be well-posed, it must be
stable and convergent.

In this connection, as an example, we investigate here how the solution of the basic initial
boundary value problem P behaves as the measure of the conductivity rate tensor tends to zero.
In fact, if we set kj; = 0 within the basic equation (5) we obtain the following third order equa-
tion

C‘L'q& + o — (kijdc,j))i =TT (kij&’j),i =0, (109)

which, by setting W = &, can be reduced to a second-order partial differential equation of the
Jeftreys type (see, for example, Joseph and Preziosi [48,49])

C‘Eq:)} + C'i) - (kyy,]) = ‘L'T(kij'?, ) =0. (110)

Keeping in mind the Subsection 7.1, we take o) be the solutlon of the initial boundary value
problem P corresponding to the material characteristics C = {c kij, ki3 14, 755 T1}, satisfying the
constitutive assumptions (18) to (21). We want to compare the solution «M) with the solution
a® of the reduced differential equation (109) which correspond to the material characteristics
Ciz) = Co = {6 kij, 0; 74, T, Tr} that also satisfies the hypotheses (H1) to (H4). It follows then that
the difference

o =ol) —g®, (111)

satisfies the following differential equation
ctq0 + i — (kl]zx ]) (kl]zx ]) [k*( + T, (1 )ﬂ > (112)

and null initial and boundary data. Then we can obtain the following identity

EolSe,) (1) = —“ k) ((6) + 7,8 () v, (113)

0JB

where

t

QlSa)(t) =5 | [exab" + k)i 0)] v+ |

2 OL[ (1) + Trkii,i(s)3, ()}dvds. (114)

Further, we obtain the following integral inequality
Fo[Se](t) < K?Go, 1€ (0,1), (115)

where
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* * 1% 1/2
K* = max (kijkij) ,

x€B

__1 o (1) - (1) (1) . (1)
Go = ek L L (oc,j (s) + a0t (s)) (cx’j (s) + st (s))dvds, (116)
t

FalSel(t) = EalSe(6) =5 |

J ‘ETkij&)i(')'C)jdVdS.
0Js

Since Cil) ={c ki, ks g T4, Tr} satisfies the constitutive assumptions (18) to (21), based on the
results of Section 5 we can conclude that G, is a bounded quantity. Then we can say that F[Sc,](t)
can be viewed as a measure of the difference & = oY) — 2(2). Under these considerations we can con-
clude that, as kl’-‘j tends to zero (that is K* — 0), the inequality (115) shows that o = oM — 5@ tends
to zero, that is the solution of the initial boundary value problem P converges to the solution of the
initial boundary value problem associated with the differential equation (109).

9. Concluding remarks

The present study investigated the structural stability of the thermal model of a rigid conductor that
is based on the existence of three relaxation times: a delay time for the heat flux, one for the tempera-
ture gradient, and one for the thermal displacement gradient. It provides precise mathematical esti-
mates that describe how the solution of the initial boundary value problem behaves at the limit when
the prescribed external data or the relaxation times or other thermal coefficients of the model
undergo small variations (due to measurements, environmental conditions, etc.). Thus, under the
assumption that the material characteristics of the rigid conductor satisfy hypotheses (H1) to (H4),
the following were provided:

i. the estimate (48) provides a continuous dependence result for the solution of the initial
boundary value problem P in terms of all external given data;

ii. the estimates (62), (72) and (79) furnish continuous dependence of solution with respect to
to small variations in relaxation times 77, 7, and 14, respectively;

iii. the estimates (91), (100) and (107) show the continuous dependence of the solution with
respect the other material characteristics: the conductivity rate tensor kj; and the conductiv-
ity tensor kj; and the specific heat a;

iv. the solution ! of the initial boundary value problem P converges to «(?), the solution of
the initial boundary value problem associated with (109), when kj; tends to zero.

All these estimates show that suitably small variations of the material characteristics do not
destroy the well definiteness of the thermal model, that is the structural stability of the thermal
system is established.

These estimates are useful for experimental measurements and numerical treatments, ensuring
that small errors in data do not lead to chaos and that numerical approximations remain close to
exact values.

The thermal analysis of structures, often performed using finite element analysis, helps engi-
neers understand how these respond to thermal loads. This involves studying temperature distri-
bution, heat flow, and the resulting stresses and deformations.

Finally, we must note that the main objective of this comprehensive report is to ensure the
mathematical theoretical fundamentals for justifying the thermal stability of the considered model,
as well as its applicability in determining a suitability of materials for specific applications.
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