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Rayleigh waves in symmetry planes of orthotropic
thermoelastic layered structures: Explicit secular equations

Catalin Gales @ and Stan Chirita

Faculty of Mathematics, University Alexandru loan Cuza of lasi, lasi, Romania

ABSTRACT

The present work studies the propagation of Rayleigh waves in a layered
structure consisting of an orthotropic thermoelastic layer of arbitrary thick-
ness covering an orthotropic thermoelastic half-space. The layer and the
half-space are in welded contact with each other along one of the ortho-
tropic symmetry planes. The outer surface of the layer is free of traction,
and no heat transfer with the environment is allowed. When passing
through the contact surface, the plane displacements and temperature
fields, as well as the stress and heat flux fields, are assumed to vary con-
tinuously, with no jumps being allowed. First of all, the free wave solutions
in the orthotropic thermoelastic layer are established in an explicit form
for the plane displacements and temperature fields, as well as for the
stresses and heat flux fields. Further, these explicit expressions are used to
obtain the so-called effective boundary conditions, i.e., linear combinations
of values for the displacements and temperature variation fields, as well as
for the stresses and heat flux fields on the interface surface between the
layer and the half-space. On this basis and by using the free wave solu-
tions in the half-space, the general exact secular equation is established
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orthotropic layered structure. Numerical results reveal the impact of anisot-
ropy and thermal effects on the dispersion properties of Rayleigh-type sur-
face waves in orthotropic thermoelastic layered structures, that is, upon
the wave propagation speed and on the rate of damping in time of the
wave amplitude. In particular, the present paper provides secular equations
for the propagation of Rayleigh waves in orthotropic elastic layered struc-
tures as well as in isotropic thermoelastic layered structures.

1. Introduction

The wave propagation problem in layered structures is a fundamental problem in dynamics of
continua. The propagation of free guided waves in layered structures is theorized in many impor-
tant textbooks, as, for example, those written by Ewing et al. [1], Achenbach [2], Nayfeh [3],
Kundu [4] and Rose [5]. The purpose of using layered structures is to improve the engineering
properties of the material substrate to resist external damage that may come from weather condi-
tions, uncontrolled friction, chemical corrosion or high temperature barriers. This interesting
topic is investigated by means of guided waves in numerous research articles. In this sense, we
mention here the studies carried out by Sezawa [6], Sezawa and Kanai [7], Haskell [8],
Achenbach and Epstein [9], Tiersten [10], Makarov et al. [11], Kuchler and Richter [12], Cai and
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Fu [13], Sotiropolous [14], Every [15] and Chattopadhyay and Raju [16]. Furthermore, an inter-
esting treatment of aerospace composite structures as well as a study of guided waves in thin-
walled composite structures can be found in the excellent textbooks written by Nowinski [17]
and Giurgiutiu [18].

Other recent and interesting results have been obtained both in terms of establishing effective
boundary conditions and in terms of obtaining the exact secular equation for the propagation of
Rayleigh waves in elastic half-spaces on which an elastic layer is laid in the various forms of con-
tact: Steigmann and Ogden [19], Dai et al. [20], Vinh and Anh [21], Vinh et al. [22], Kaplunov
and Prikazchikov [23], Erbas et al. [24], Kaplunov et al. [25,26], Mubaraki et al. [27] and Kaur
et al. [28].

Orthotropic materials are used in designs of various real-world applications, particularly in
civil and aerospace engineering. Thus, many modern aircraft wings are designed using ortho-
tropic composite materials. These materials provide the necessary strength and stiffness while
minimizing weight, which is crucial for flight efficiency and performance. Orthotropic materials
are also used in various components of spacecraft, where directional strength and lightweight
properties are essential for withstanding the harsh conditions of space. In this connection, we
note that Destrade [29] established the explicit secular equation for surface waves propagating in
any direction of a plane of symmetry for crystals possessing at least one plane of symmetry.

On the other hand, it is well known that the problem of Rayleigh wave propagation in a ther-
moelastic medium has been a topic of major interest investigated by numerous researchers start-
ing with Lockett [30], Chadwick [31], Deresiewicz [32] and continuing with Iesan [33], Iesan and
Scalia [34], Brock [35], Lykotrafitis and Georgiadis [36,37], Iesan [38], Chirita [39,40], Zampoli
and Chirifa [41] and the Chapter Rayleigh’s Waves of the Encyclopedia of Thermal Stresses [42].
In-plane surface wave propagation in a thermoelastic isotropic half-space covered with an iso-
tropic thermoelastic layer was recently studied by Chirita [43]. The problem of a layered structure
consisting of an isotropic thermoelastic half-space and a welded isotropic Maxwell-Cattaneo ther-
moelastic layer was treated by Chirita and D’Apice [44].

We have to note that a thermoelastic orthotropic layered structure combines the principles of
thermoelasticity with the directional properties of orthotropic materials, making it highly useful
in various engineering applications from aerospace, civil engineering and electronics.
Understanding and managing these effects is essential for the successful design and application of
thermoelastic orthotropic layered structures.

In this paper, we investigate the motion of Rayleigh surface waves in a layered structure mod-
eled as an orthotropic thermoelastic layer overlying an orthotropic thermoelastic half-space. The
layer and the half-space are in welded contact with each other along one of the planes of ortho-
tropic symmetry. The explicit expressions of free Rayleigh waves in the orthotropic thermoelastic
layer are provided, and then they are invoked to derive the effective boundary conditions in
terms of values of the displacements and temperature fields, as well as the stresses and the heat
flux of the half-space at its surface. Using these effective boundary conditions on the interface
and the free Rayleigh wave solutions in the half-space, the exact secular equation of Rayleigh
waves is provided. In this way, the effects of the thermoelastic layer on the material substrate are
taken into account, and thus the problem of Rayleigh wave propagation in a layered structure
reduces in determining the half-space-free waves that satisfy the effective boundary conditions,
now ignoring the existence of the coated thermoelastic layer. As a normal consequence of our
analysis, we establish the exact secular equation for an elastic orthotropic layered structure in the
absence of any thermal effects, as well as for a layered structure in which the layer and the half-
space are made of different isotropic thermoelastic materials. Finally, an illustrative numerical
analysis is carried out on a model of a layered structure consisting of a layer and a half-space
made of different thermoelastic orthotropic materials, highlighting the behavior of the two
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characteristic parameters of Rayleigh wave propagation: the dimensionless speed of wave propaga-
tion and the rate of damping in time of the wave amplitude.

The plan of the work is the following. Section 2 presents the basic differential equation systems
that describe the evolutionary thermoelastic behavior of orthotropic materials in the layer and the
half-space, respectively. Section 3 introduces the classes of wave solutions in the thermoelastic
layer, and this allows us to establish the exact effective boundary conditions in the Section 4.
Section 5 treats the propagating Rayleigh wave problem in the thermoelastic half-space and then
establishes the corresponding exact secular equation. Subsection 6.1 treats the limiting case when
the layer and the half-space are both elastic, that is, thermal effects are absent, while Subsection
6.2 provides an exact secular equation for the propagation of the Rayleigh wave in an isotropic
thermoelastic layered structure. Section 7 provides a numerical simulation that exemplifies the
analysis developed in the previous sections.

2. The orthotropic thermoelastic layered structure

Throughout this paper, we will consider a thermoelastic layered structure consisting of an ortho-
tropic thermoelastic layer, of constant thickness ki, which is welded on an orthotropic thermoelas-
tic half-space, the contact surface coinciding with one of the orthotropic symmetry planes.
Furthermore, we will choose a Cartesian system of coordinate axes Ox;x,x; whose planes coin-
cide with the planes of orthotropic symmetry and so that the plane x, = 0 coincides with the flat
surface of contact between the layer and the half-space, see Figure 1.

Therefore, the layered thermoelastic structure consists of the orthotropic thermoelastic half-
space 0 < x, < oo overlaid by an orthotropic thermoelastic layer with uniform thickness h occu-
pying the domain —h < x, < 0. The layer is assumed to be perfectly bound to the half-space in
the symmetry plane x, = 0. We are interested in the plane motion in the (x;,x,) plane with dis-
placement components (u, 4, u3) and the temperature variation 6 such that

ur = u(x1,%2,1), Uy = (X1, %2, ), Uz =0,

0=0(x1,x,t), x €ER,x, € (=h,00), >0, (1)

where ¢ is the time variable.

Note that the same quantities related to the half-space and the layer have the same symbol but
are systematically distinguished by a star if pertaining to the half-space 0 < x, < oco. In accord-
ance with what was said above and with the linear theory of orthotropic thermoelasticity, in the
half-space x, > 0 we have the basic motion equations

1+ 612 = otity,
tho1 + 1, = 0"l - (2)
‘ff,l +q5,+ Toﬁf’;‘il + TOﬁ;u;,z = Toa"0 ,

with the constitutive equations

Half-space

Figure 1. Thermoelastic layered structure.
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* — % * £ * * )k
th = cjyuyy +cpus, + B0

¥k % * % * )k
B, = ety + Gy 5 + B0,

t], = Cg (”Tz + ”3,1)’ (3)
q; = kTO:kl’
4 = k305

while in the layer —h < x, < 0 we have
ti,1 + tar,2 = oty,
tia,1 + ta2,2 = Qi (4)
qu1+ g2 + ToPyin,y + Tofyitn, = Toal),
with the constitutive equations
tin = cuty,1 + citan + B0,

by = ciauy,1 + etz + P50,

tfiz = ces(U1,2 + Uz, 1), (5)
q1 = ki01,
Q2 = k29,2-

In the above relations we have used the following notations: ¢i1, 22, ce6 and c¢;, are the elastic
constant characteristics satisfying the necessary and sufficient conditions for the strain energy of
the material to be positive definite

a1 >0, >0, c>0, ¢y <ccn. (6)

Note that because of the restriction to plane strain and a plane of symmetry, the usual nine
constants of orthotropy reduce to the four considered here. Furthermore, k; and k, are the com-
ponents of the constant conductivity tensor, satisfying

ki >0, k,>0; (7)

moreover, f#; and f§, are the components of the stress-temperature constant tensor, a > 0 is the
constant mass specific heat, ¢ is the density mass, while u; and u, are the components of the dis-
placement vector and 0 is the temperature variation from the absolute temperature Ty > 0, i1,
ty; and t, are the components of the stress tensor, q; and ¢, are the components of the heat flux
vector.

In terms of the displacements and temperature variation fields, the above equations can be

written as follows
(C’fluiu + C&”T,zz) + (el + cge) 15,01 + B0 = 0"t}
(€ly + cge )ty 12 + (Céﬁuin + 632”;,22) + B507, = o"it;, (8)
k10 + k3075, + TO(ﬁTi’T,l + Byt ) = Toa"0’,

within the half-space x, > 0 and
(crithy, 11+ Costh1,22) + (€12 + Ce6) iz, 21 + 10,1 = oity,
(c12 + co6)ur, 12 + (CosUz, 11 + €22z, 22) + 20,2 = oiis, 9)
k1011 + kz0 55 + To(Pyit1,1 + Paitan) = Tyal),

in the layer —h < x; < 0.
The contact between the thermoelastic layer and the semi-space is supposed to be welded, and
there are no temperature changes or heat transfer at the contact interface. This means that the
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displacement and temperature fields, as well as the stresses and heat flux, are continuous through the
interface of the layer and the half-space. Therefore, we must have the following conditions fulfilled

uj(x1,0,1) = u1(x1,0,8),  t3(x1,0,8) = uz(x1,0, 1),
o (x1,0,8) = t12(x1,0, 1), £5,(x1,0, 1) = t2(x1,0,1),

1
9*(x1$07 t) = O(XI)O) t)) q;(xl)o) t) = CI2(X1,O) t)) ( 0)
for all x; € R,t> 0.
Further, we assume that the surface x, = —h of the thermoelastic layer is free of traction and
that there are no thermal exchanges with the outside, that is we have
tia(x1, =h,t) =0, t3(x;, —=h,t) =0,
12(%1 ) 2(x1 ) (11)

¢ (x1, —h,t) =0, forall x; €R,t>0.
Alternatively, we can consider that the free surface of the layer is thermally insulated, when
the condition (11), is replaced by the following one
0(x;, —h,t) =0, forall x €R,t>0. (12)
Finally, because we intend to talk about surface waves, we will have to impose zero asymptotic

conditions on the mechanical and thermal quantities in the depth of the half-space, that is we
will assume that

lim wy(x1,%,¢) =0, lim t;ﬁ(xl,xz,t) =0,

X —00 Xp—00

lim 0" (x;,2,t) =0, lim g (x1,%,t) =0, (13)
X —00 X —00

forall x;€R, >0, of=12.

For our further analysis, we introduce the speed of the longitudinal wave in the direction of
the axis Ox;, c;, the speed of the longitudinal wave in the direction of the axis Ox,, c,, and the
speed of the transverse wave, c¢s, defined by the relation

1 €22 Ce6

d=—, o=—, d=—, (14)
1 2 6
4 Y
and the corresponding
* * *
c c ¢
*«2 _ “11 x2 __ 722 *2 __ Z66

' =— G ===, ¢ == (15)

3. Free wave solutions of the basic equations in the thermoelastic layer

Throughout this paper we will study the propagation of a Rayleigh wave, traveling along the
interface between the layer and the half-space with velocity ¢ and wave-number » > 0 in the
x;-direction and decaying in the x,-direction. To solve the Rayleigh surface wave problem for the
considered layered structure, we are looking for wave solutions of basic equations (9) in the form
of waves with assigned wavelength, that align with those presented in [41]:

1 1%
ul(xl:XZa t) = Re{_ U, (Xz)el/”(xl_a) },
X

! " 16
U (X1, %5, 1) = Re{; Uz(xz)el‘(xl_a)}, (16)

0(x1,x2,t) = Re{ToT(xz)ei”<x1_Ct)}, x1 €ER, —h<x,<0,t>0,

leading to the following differential system for the unknown dimensionless vector (U (x,),U>(x2),

7 (x2))
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cos Un, 2o + in(c12 + o6 )Ua, 2 — #* (et — 02Uy + 2Ty T =
U2 — % (Cﬁﬁ - QCZ)Uz + in(c12 + ce6)Ur,2 + #Tof, T, =0,

iTyac (17)
ky T 2 — 32 (kl 0 > —ifl,cls, + 2ficly = 0.
Further, we seek for solutions of the differential system (17) in the form
(Ui (%2),Uz(x2), T (x2)) = (Uy, Uy, T) €72, (18)

with (U, U,, T) a non-zero constant complex vector and ¢ a dimensionless constant parameter.
Consequently, the differential system (17) leads to the homogeneous algebraic system

2 _ 2 2
(62 LAy )Ul 42 oy iy T =0,
Cs

Ce6
_ *2
b o (o SV g et —o, (49
€22 C2
N N,
161¢U1 2C1t//aU +<0 +K - ’Cllp)Tzo,
C1’C2
where
T T
Ml = Oﬁzl) Nl m) M2 = 0[)2)27 N2 :ﬁzcl’
ce %kz 96 %kz (20)
kl %kz ¢
IC =7 ’C = > =
ks 27 Toac v ¢

Since we have (U, Up, T) # 0, it is necessary that the determinant of the algebraic system (19)
to be zero, that is

DetA<3X3>(O', lp) =0, (21)
where
* 2
o2 + - 5212‘// €12 + Ce6 o —iM,
Cs Ce6
2 x22
Aixz)(o,) = (}vpr(a, np)) = 12 + Ges o o + M —iMy o . (22)
C2 CZ
_c’le " _c’{Nz " N iy
(51 51 alkly

Thus, we obtain the following cubic equation in terms of unknown © = ¢?,

w4+ AT+ A+ Ay =0, (23)
where
E -y E - (e + cg)? ict *
A, =4 21‘//+6 21¢_(12+ 66)+’C_ lw—zMzNztp—l,
ce c €22C66 all, a
E-cyy E-c? 12 + ces)’ ict 2 —c?
A, = d U4 n d Y~ (c12 + ceo) (IC— ﬂP) + g lﬁ
Cs G €22C66 ak, 1o 04
i)y | c12 + ce6 A=y’
+—1= 17(@2]\/121\]1 + ce6M1N2) — MiN; — ! 21 M;N, |,
a €22C66 (o7

iciy ay c6—c1 tp

2 2
e 5

_ %212
Pl Cl‘p(lc

iM; N
CllCz) LS c%
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Let us denote by 7y, m, and 75 the three roots of the cubic Equation (23). Consequently, there
exist the following admissible values for the dimensionless parameter o:

g1 = él) 02 = 52’ 03 = é?ﬂ

(25)
04 = _él’ 05 = —52; O = _53’
with
L=Van H=ym &L= (26)

For writing the wave solutions, corresponding to the six roots of Equation (23), it is useful to
introduce the adjunct matrix adj(A) = (Ay(0.)),<, <3 associated with the matrix A, whose ele-
ments are given in Appendix 1. o

Then the corresponding vector solutions of the differential system (17) are

(ugn), ugmj(n))(xz) _ (U£n),U§n),T(n)) N w126 @)
where
( ) = (An(on¥), Aa(o, ), Asi (o1, 4)),
( ) = (Aus(o200) Asa(20 ) A ) 28)
(Uis)’ U§3)’ T(3)> = (A13(a3, lﬁ), /\23(03, lﬂ)> A33(03’ lp)),
( )
( )
)

U U, TO ) = (A1 (64 ¥), Asi (64 1), Asi (64, 10)),
U, UL TO) ) = (Ao, ), Asa (05, 1), Asa (a5, 1)), (29)

Finally, we note that
6
U U, T)(x2) = B, (U1, U, 70 ) g, (30)

with By, B, ..., Bg arbitrary dimensionless constant parameters, represents a solution of the dif-
ferential system (17). Consequently, in view of relations (16) and (30), we have that

S )
ul(xl,xz, t) = Re{; elr{(xl Cll/lt)ZBn U§n) eion2 },

n=1

1 . " 6 (n) i
s (x1, %, 1) = Red — e#i=a¥)N"g i) ginowe § (31)
sty = e L 5,

6
0(x1, %2, t) = Re{ T, e*x=cwt) ZB” (") gixonx: },

n=1

is a solution of the differential system (9) in the layer —h < x, < 0. In view of the constitutive
Equations (5), from (31) we get
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n=1

6
tlz(xl, X2, t) = Re{ iC66 em(xl—cf wt) ZB,, fg) ei%o'nxz },

6
(X1, %2, 1) = Re{iczz em(xl_cwt) ZB,, tgg) eone } (32)

n=1
6 .
G2 (x1, %3, 1) = Red ik Ty =W S "B, ") v
n=1
where
9 = a, 0" + U,

n n n ] T
) =2 g 4 g, u — PaTo g, (33)
(%) (%))

@ =6, T™, n=12.,6.
Further, on the basis of the relations (28), (29) and (33), we have

) = ciAn(on ) + Au(on ), @) = aiAsi(on ),

c ip, T
tﬁ? =22 A (o, ¥) + o1Az (o1, ¥) — PaTo As1(o1,¥);

(%5 22
tg) = O'ZAIZ(O'Z’W + Azz(“zﬂﬁ), qu) = 0'2/\32(0'2,lﬁ)>

c iB, T, (34)
tg) = CE A2(020) + 62A%(02,) — ﬂcz  Asy(aa )

2 2

tﬁ) = 03A13(03,Y) + Aps(03, ), qf) = 03A33(03, ¥),

c if, T
tﬁ? =2 Ai3(03, %) + 03A53(03, ) — Pl As3(03,¥),
(%)) 22

and
4) _ A A 4 _ A
) = oA (00 ¥) + An(osn ), q = 0ahsi(0a, V),
c i3, T,
(9 =2 A (ga ) + ashon(on ) — 210 Ay (00
(%)) (%]
1y = 05A12(05,0) + Ana(os.0), g5 = o5As(as,9),
c if,T (35)
tg) =2 A12(0'5: ‘//) + 0’5/\22(0'5, lﬁ) - '82 0 A32(05, lﬂ)§
€2 (%))
1S = 06Ais(06 %) + As(06, ), 45 = dsAss(06 1),

c i3, T
tg) =2 Ai3(06, %) + 06A2 (06, ) — PTo As3(06, V).
22 22

4. Exact effective boundary conditions

The entire effect of the thermoelastic layer on the half-space should be replaced by the exact
effective boundary conditions at the interface. Thus the wave should be then considered as a
Rayleigh wave propagating in the half-space, without the coating layer, that is subjected to the
effective boundary conditions. In fact, the wave solutions in the half-space x, > 0 are searched in
the following form
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1 . .
u;(x1, %, 1) = Re{— U“f(xz)e”"(xl_clw },

uy (1, %2, t) = { U (x,) e CW)})
0 (xl,xz, t) = Re{TO’]'* Xz)e“{ xl—cfllxt)}’

(36)

with the stresses and the heat flux given by
th (%1, %, 1) = Re{icz6 71, (xz)ei”(x‘_qw) },
t5,(x1, %2, 1) = Re{icz2 75, (xz)ei"‘(x‘_cwt) }, (37)
4i(x1, x5, t) = Re{ink Ty Q3 (x,)e =iV},

and satisfying the asymptotic conditions

Jim (U; (32, U (x2), T (x2), T, (32), Ty (32), Q5 (x2)) = 0. (38)

In this idea we note that the relations (31), (32) and (36) and (37), when replaced in the con-
ditions on the interface (10) lead to

6 6 6
2B U U0, 3B U =130, 3B T =T°(0)

(39)
ZB Y =77 ( ZBtz—éT ZB g\ = (Q3(0),
where
=S, 5= (K (40)
Co6 €22 k,
Therefore, we can write
[ (6x6) X B(sx1) = D6x1)> (41)
where
U{l) U;z) Uf) U§4> U{5> Uf6)
Uz(l) Uéz) U§3) U§4> UZ(S) Uf)
T 7@ TG T@W TG T6)
Loxe) = 1 2 3 4 5 6 | (42)
R O
1 2 3 4 5 6
O SO
1 2 3 4 5 6
¢ & & 3 & 4
and
Bisx1) = (B1.B,. B3, By Bs. Bs)", (43)

Disx1) = (U} (0).U;5(0). T(0).777},(0). 7 5,(0).£Q;(0)) "

On the other hand, based on relation (32), the boundary condition on the free surface of the
layer, that is relation (11), can be written in the following matrix form

IMi3x6)Bsx1) = O3x1)s (44)

where
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n 2 B @ <? (6)

1
S;2 Sz Sz Sz S

S12
Hoce) = | s s s o & s | (45)

p p® P P p® pl

with
sg) = tg) gxonh sg? = g? g~k pgn) = qé’o ety —1,2,...,6. (46)

By eliminating the dimensionless parameters Bg.;) = (Bl,Bz,B3,B4,BS,B6)T between the rela-
tions (41) and (44), we obtain the so-called exact effective boundary condition

IM3.6) % F(_61x6) X Dgx1) = 0@3x1)s (47)

a relation involving D g ), that is the values of the displacements and the temperature variation,
as well as the values of the stress and the heat flux on the interface x, = 0.

Consequently, we can now proceed to determine the exact secular equation for the Rayleigh
wave propagating in the direction of the Ox; axis, with a decrease in the depth of the half-space
X3 > 0, under the effective boundary condition (47) on the surface x, = 0, without taking into
consideration the existence of the thermoelastic layer —h < x, < 0, but only its influence
described by relation (47) through the matrices IT and I

5. Explicit secular equation of Rayleigh waves

In Section 3, we establish the free wave solutions in the thermoelastic layer in the form of rela-
tions (31) and (32). Herewith, we use our analysis in Section 3 in order to establish the corre-
sponding wave solutions for the differential system (8), in the thermoelastic half-space x, > 0.
Thus, we take into account the asymptotic conditions (13), to write

3
1.
ul(x1, X2, t) = Re{ — e’”<"1_”1‘m§ E, Uj?) ¢
V4
p=1

| () ot
us(x1,%2,t) = Re - e"‘(x‘_cl‘/’OZEP U2<‘D) e (48)

p=1

3
o (xl,xz, t) =Re! T, eix(xl—cfl//t)ZEp T*(p) %02
p=1
where E;, E, and E; are complex arbitrary dimensionless parameters, not all zero. Further, in

view of the constitutive Equations (3) and by using relation (48), we have

3
£y (61,30, £) = Re icge (770 S, 1) e
p=1
. 3 o
£, (0,2, 1) = Red ey, W) N ) e 8 (49)
p=1

3
g5 (x1, %2, 1) = Re{ ixk3 Ty ei”(xl‘cf'/’t>ZEp g, ®) g |
=

where
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G0 = o Ui 4 Uy,

* * *T

g9 = G2 g0 4 g gy _BTo p) (50)
2 €2

q;@ =0, TP, p=1,2,3.

At this instant, we must note that the quantities n}, 75 and 7} are the roots of equation (23),
where the material characteristics of relation (24) must be taken as those corresponding to the mater-
ial of the half-space x, > 0. Furthermore, the quantities o7, ¢; and ¢} are calculated usmg the rela-
tions (25) and (26), with these values thus calculated, we obtain the values U*(p) *(p and T*®),
p =1,2,3, based on the relation (28), which are involved in the relations (48) and (49)

Corroborating now with what was said in Section 4, it follows that

:iEP UP,u( ZE u?, T ZE ),

(51)
71,(0) ZEP t12 )’ 75,(0) ZEP tzz )’ Q9,(0 ZEP b ’
and hence, in view of relation (43),, we have
Dsx1) = Qex3) X Exr)s (52)
where
™1 @ 7*3)
Qex3) = +(1) +(2) .3 |» Eexy) = (Ev.ExEs)". (53)

Yt Vi Vi
stV sl oul

*(1 *(2 *(3
C‘b() C%U C‘h()

If we now use the effective boundary conditions (47) for the free wave solution (48) and (49),
we obtain the following homogeneous algebraic system

IMzx6) X r<_61><6) X Qsx3) X Eixr) = 0x1), (54)

which must admit a non-zero solution E 3,y # 0. Therefore, we obtain the exact secular equation
in the following form

Det(l_[(3><6) X r(_61><6) X Q<6><3>> =0. (55)

Consequently, the wave solution represented by the relations (48) and (49) represents the
Rayleigh wave propagating in the half-space x, > 0, assuming that the effective boundary condi-
tions (47) are fulfilled on its surface x, = 0, as if the thermoelastic layer was absent!

Relation (55) represents explicitly the exact secular equation of the Rayleigh wave in an ortho-
tropic thermoelastic half-space overlaid by an orthotropic thermoelastic layer for determining the
dimensionless parameter { or for determining ¢ = cji. In general, the parameter | is a complex
number, so Re(y) > 0 will represent the dimensionless wave speed and Im(y) < 0 will be related
to the decay rate in time of the wave amplitude. We must note that for Re(y) > 0, we will have
a genuine wave, while for Re(i/) = 0, we will have a standing mode. Moreover, when Im(y) > 0,
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we will have the phenomenon of damping in time of the amplitude, while for Im(i) = 0, we will
have undamped in time waves. Consequently, there have to get solutions of the exact secular
Equation (55) satisfying conditions

Re(y) =0, Im(y)<0. (56)

Remark 1. We can avoid calculating the inverse of the I'(.¢) matrix, obtaining an equivalent
form of the exact secular equation (55). In fact, we will replace the relations (31), (32), (48) and
(49) in the compatibility relations described by (10), as well as in the boundary conditions
described by (11). Thus, we obtain for the arbitrary constants By, B, ..., B¢ and E;, E, and Ej,
the following homogeneous algebraic system

6 3 6 3
S U =Y EUY =0, Y B,UY - Y EUY =0,
n=1 p=1 n=1 p=1

P 5 (57)
ZBnT(n) _ ZEPT*(P) =0,
n=1 p=1
)N ) ) s\ )
D Batiy =Y Eptid) =0, ) Buty, =6 Et5 =0,
Vl:l p:31 n=1 p=1 (58)
S Bl 0> B o,
n=1 p=1
6 6 6
STBusly =0, Y Busiy =0, Y By’ =o. (59)
n=1 n=1 n=1
Since not all arbitrary constants By, B,, ..., Bs and E;, E, and E; can be zero, it follows that

the determinant of the homogeneous algebraic system described by relations (57) to (59) must be
vanishing, that is

Det (KP(gxg) (lpmn)) = 0, (60)

where V., m,n =1,2,...,9, are defined in the Appendix 2.

mn?

6. Some interesting limiting cases

In this section we will use our analysis from the previous sections to establish the exact secular
equation for the situation where the thermal effects are canceled, as well as the one where both
the thermoelastic layer and the thermoelastic half-space are isotropic.

6.1. Elastic orthotropic layered structure

In this subsection, we will eliminate the thermal effects both in the thermoelastic layer and in the
half-space, that is, we will consider that they are filled with orthotropic elastic materials so that
the matrix A in relation (22) becomes
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* 2
pEan - 5212‘ﬁ €12 + Co6
AS (o) = G Ces ) 61
(2><2)( ) s + cos , +C§ —C’leﬁz (61)
t12 T t66 S
Thus, we have 2 2
1 .
ny, = 5 [(612 + 666)2 — e — chzlpz) — Ce6(Co6 — QCTZ‘pZ)i\/K} , (62)
€22C66

where

2
A= [(612 + ce6)” — e (11 — oY) + cos(cos — oY) | — dees(crn + cos)” (Cos — oY), (63)

Therefore, now we have
ol = (i 05 = (o
— _Cl’ O‘i = _C2> (64)
L=+ §=+/n5 with Im({;) >0, Im({) >0

and the wave solution (31), in the layer —h < x, < 0, is now as follows

R B
U (xl,xz, t) = Re{; Pl cl‘//t)ZFm V1<m> AT })

m=1

4 (65)
| . ) e
uz(xl,x2,t) = Re{; em(xl—cﬁ//t)ZFm Vz( )ew'arnXZ})
m=1
where
22
v =24 % Cl v v;w:_mgb
S czz
)
yo — et oy o c1 w
Co6 C6 o
(3) 2 Cé - C*Zl/j2 (3) c12 + Cos
V] :(1+721, V2 :—€l3
(%3 C22
v = €12 1 Ces L, v =p249= C21 l//
Ce6 c

and F,,, m =1,2,3,4, are arbitrary dimensionless constant parameters, not all zero. Moreover,
we have

c12 + oc¢ [ C12 Ce6 — OC
f(f(zl)=§1<ﬁ— 12 Hﬂ)) l‘zgl):—cﬂil €12 Ces 1‘P

€22 22 2 2

e(2)
ty' =—— Cz > Iy
Co6 Co6 €22C66

C12 c1 — oc) l// e(2) ¢ (Cz n C11 — chzlﬁz C12(Clz + C66))
= 2 2 - 5

(67)
t113(3) =t (Cf 2 + 0c] 2y >’ t§<3) _ _C66 2 Cl €12 Ce6 — oc] ‘//

2 2
22 €22 €22 22

e(d) (12 11 — QC1 l// e(4) 2 €11 — QCl l,b C12(C12 + 666)
ty' =—— Cz s Iy = —Cz Cz .
Ce6 Co6 €22Ce6
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Furthermore, in the half-space x, > 0 and by taking into account the asymptotic conditions
(13), we have

uf{ (xl,xz, t) — Re{T ezn(xl—cll//t) |:G1 Vl(l) P + Gz V1 (2) %% xz} }7
o (68)

M; (xl’xz, t) _ Re{l ei;t(xl—ql//t) |:G1 V;(l) ei%oTexz + G2 V;(Z) ei%agexz:| })
X

where G; and G; are complex arbitrary dimensionless parameters, not both zero. Moreover, there
exists

>

* * %202 * * * * k2.2
e — e g2 T 0 g pre() _ _ Ces £ L 2% 00
12 1 4 22 - * 1

! % 22 o5 o
2 2 (69)
(@) _ _Ch e QG @) _ oo = QY chy(chy + )
t —_Té’z t——— > In —Cz )+ " - w :
Co6 Ce6 Co6 22666
Consequently, the secular equation is
Vl(l) V1(2> V1(3) V1(4) _Vf(l) —Vf(z)
V2(1> VZ(Z) V2(3) V2(4) _V;(l) _V;(z)
1 2 3 4 1 2
Tl I o
R e
N
s osa) s s o 0
where
si(zm) = t‘fgm)e_"””f"h, s;gm) = tg(zm)e_""‘”f"h, m=1,2,3,4. (71)

The relationship (70) provides the exact secular equation for the propagation of a Rayleigh
wave in an orthotropic elastic layered structure and represents an alternative to the exact secular
equation established by Vinh etal. [22].

6.2. Isotropic thermoelastic layered structure

Throughout this subsection, we will consider that both the layer and the half-space are filled with
isotropic thermoelastic materials so that we have

1] =Cp = A —+ 2,[,1, Ce6 — U, C12 = }”’

(72)
ki=ky=k>0, py=p=58
where A and u are Lamé constants satisfying the restrictions
>0, A42u>0. (73)
We shall use the following wave speeds
A2 A+ 2u *
o O ke Lo C (74)
e e 4 o

and note that
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* *
a=6=C, =0, c¢=¢=C, c¢=0C.
We further introduce the following non-dimensional parameters

S VI R o)

&= > - > — T — >
aoC? ToaC, oC} xk
B e AL BT BG
CagrC’ ~ Tea*Cl’ - C’ okt

Then the Equation (21) becomes
C;? cr [c i(14¢) iC3
2 2 1 1 2 13
bt VA -0,
(5 czlp){ cl’/’{cl‘wr x |° ok

S=n4+1=0c>+1.

with

Therefore, the roots of the Equation (76) are

C*Z
S% CZ l//
i —1)\° 4e
2_ 1 1 .
2_2C1 lp W \/ > K2 >
; i(e— 1) 2 4
2_ 1 1 I
EAbYoN v ‘p \/ ) K|’

and, moreover, there corresponding values for ¢ are

G, = iél’ Gy = iéZ) 5-3 = ié_?,,
4 =-ily, 05 =—ily, G = —il3,
Ei=1-8, &H=/1-9, &E=,/1-5.

Then the wave solution in the thermoelastic layer —h < x, < 0 is

”1(X1,x2, t) = Re {,_ in(x1=Cly1) ZG W t,«r,,xz}
up(x1,%2,t) = Re {— in(x1=Cly1) ZG W tm,,xz}
O(x1, %2, 1) = Re{To ei%(xl—CTl//l)ZGn QN gi#dux: })

n=1

Y

where

(-i¢1,1,0),
, G 5 ([, _’.CT‘# NClY ,
<52 CK ,i&y (sz k) ¢ $ )

c? o,
V)

(Wi, wiv, e)
(WP, wi?, )

(Wf), 53), @(3))

iM, — M&s, 2 —

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)
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(W?)’ W£4>’@<4>) = (i¢,,1,0),

5 5 IC* l// < lC*lp C*Nlp
(we w00 = (2~ g, (- 1GY), GV g),

~ C*Z
(W, w®,0) = <1M,M§3,5§ -3 W)'
1

Furthermore, we have

(83)

t1(x1, X2, t) = Reg ipe*n=CGivt) ZG t(”) 5 "2},

n=1

tr(x1,%2,t) = Re{i(i +2u) ei%(xl_cwt)ZGn ig;) e }> (84)
Re{

n=1
6 .~
g2 (x1, %, 1) = ixkTy eik(xl_cwt)ZGn ‘ngn) erome b,
n=1
where
2(1’21) _ &nwl(n) + W(”>, qgr’) — 6-”@("),
—(n 202 85
iy = (1 - (322> w4 &, W —iMT™). (85)
1

In view of the relations (82), (83) and (85), we get

2
=Sy W S =

Cz’ qz
72 iChy\ -2 2C3 iCiy\  ieCiy
2152( C11K>’ e = (Sg_c_fz S%_C:K N CllK 23 56
86
~(2) _ NC*w f
9 = ) 22>
B =—aM&, 1)

_ C*Z
_ C*Z lpZ 2C2 , é(?’) _ 153 52 _ WZ ,
CZ ( 2) 2 3 C%
and

2
iy =2 ——2 VR R I

22 C2’ q;

~(5) e iCiy\  ~5) 2C3 iCiy\  ieCiy

t), = —2i&, (S%— C:K)’ ty, = (sﬁ—?%z st — CIIK - CIIK 5 o
87

~(5 NC*W

q(2> = 62 S2>

z(6) _ % z(6) _ W2 12 D ~6) _ .z |2 C?

ty =2MCs ) = C2 (C W 2C2), 9 = —ids| 55— c v?

Finally, the exact secular equation for the isotropic thermoelastic layered structure takes the
following form
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W§1> WEZ) WF’) WE4> W§5) WE6> _ W:‘(l) _ Wf(z) _ W;k(?’)
WS) Wgz) W§3> W£4> W§5) W£6> _ W;‘(l) _ W; (2) _ W;‘(3)
0ol e® ® W 6 E6 _e _e _e®

L T
O N N S )
R L R
SHEE O
ST
popy B ) R R 0 0 o
where

L S i L

I A+2u k (89)
gg;):;g)e—m&nh’ gg):;g)e—manh’ ﬁg"):f]ff)e_i”&"h, n=12..6.

The secular Equation (88) congruent with that established by Chirita [43].

7. Numerical simulations

In order to illustrate our theoretical analysis from the preceding sections, we now present some
numerical simulations. In this connection, we will consider that the thermoelastic half-space is
made of Dolomite rock, and the thermoelastic layer consists of cobalt material. We are interested
in how the two characteristics of the Rayleigh wave, the dimensionless wave speed Re(i)) and the
dimensionless decay rate of the wave amplitude Im (), behave in relation to the thickness of the
covering layer. Throughout this section, we take the wave number to be x = 1 m™! and the initial
temperature to be Ty = 300 K.

We take for the thermoelastic half-space a Dolomite rock material as considered an anisotropic
thermoelastic medium in Rasolofosaon and Zinszner [45] and Sharma [46] (see, also, [47]), with
the following material characteristics

0" =2727kg/m?, ¢;; = 106.8 x 10° kg/(ms?), ¢, = 99.0 x 10° kg/(ms?),
Cie = 37.82 x 10°kg/(ms?), ¢}, =27.1 x 10° kg/(ms*),

ki =180 (kgm)/(s°K), k; = 250 (kgm)/(s’K), a* = 8181 kg/(ms’K?),
B =32 x 10*kg/(ms’K), f5 = 14 x 10° kg/(m s’K).

(90)

Further, we assume that the half-space is welded covered by an orthotropic layer of cobalt
material with the following characteristic coefficients (Biswas et al. [48])

0 = 8836 kg/m?, c1; = 3071 x 10%kg/(ms*), ¢ = 3581 x 108kg/(ms?),
ces = 1510 x 10%kg/(ms*), c1a = 1650 x 10® kg/(ms*),

ki = 69.21 (kgm)/(s’K), ky =70.1(kgm)/(s’K), a = 8274.12kg/(ms’K?), Gy
B, = 0.70 x 10° kg/(ms’K), B, = 0.69 x 10° kg/(ms*K).
Therefore, we have
¢ =6258.11m/s, c¢;=6025.25m/s, ci=3724.07m/s, (92)

c1 = 5895.38m/s, ¢, =6366.11m/s, cs=4133.91m/s,

and, moreover, we get the following values for the dimensionless parameters
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Table 1. The behavior of solution of the secular equation (70) with respect to the layer’s thickness.

him] Re()) Im(y)
0 0.543811386817941007328 0
25x 107 0.543501798886273427784 0
5x1073 0.543188423530168354445 0
75x 107 0.542871325027236872759 0
1072 0.542550567178041533010 0
5x 1072 0.536971298707644382977 0
107" 0.529075223536377032411 0

Table 2. Evolution of the solution for the secular equation (60) with respect to the layer's thickness.

him] Re() Im(y)

0 0.5438926286423674104 —2.488975735073 - 102
25-107* 0.5435017998687430877 —2.2335524280374 - 10712
5.1073 0.5431884235076495129 —4.9503906922908 - 102
75-107* 0.5428713250663208765 —4.7513298109200 - 10~ "2
1072 0.5425505671252486780 —4.7473743662923 - 102
5.1072 0.5369712987189717452 —4.69387383566661 - 10~ 12
107 0.5290752235376430346 —4.61912939992415 - 10~2

M; =0.002538, Nj =8.01038 x 10°, M; = 0.004242, N; = 3.50454 x 107,
K*=0.72, K;=1.62768 x 1078,

M; =0.000742, N; =6.2927 x 10°, M, = 0.0000674, N, = 620281, (93)
K =0.987304, K, =4.48144 x 107,

7 =0.250464, = 0.276459, { = 0.0757347.

Table 1 reports the solution of the secular Equation (70), for various thickness values. For the
elastic case Im(W¥) = 0, while Re(V) decreases with increasing thickness h.

In contrast, Table 2 describes the behavior of the dimensionless propagation speed and the
rate of decreasing of the Rayleigh wave amplitude with respect to the thickness of the thermoelas-
tic layer. As can be seen, the dimensionless propagation speed of the Rayleigh wave decreases
with increasing thickness of the thermoelastic layer. Compared to Table 1 which describes the
elastic case, Table 2 highlights the fact that the presence of thermal effects leads to the appearance
of time-dependent damping of the wave amplitude.

8. Conclusions

Choosing the right materials that exhibit both the desired thermal and orthotropic properties of a
layered structure is crucial for the success of the design. In the context of layered structures,
orthotropic materials are often used to enhance mechanical performance, such as stiffness and
strength, in specific directions. For example, in aerospace and civil engineering, orthotropic lay-
ered structures can be designed to withstand various loads and stresses more efficiently than iso-
tropic materials. Understanding and managing the thermal and orthotropic properties of an
elastic material is essential for the successful design and application of thermoelastic orthotropic
layered structures.

The present analysis provides the theoretical bases necessary for experimental research regard-
ing the determination of the thermal and orthotropic characteristics of both the layer and the
half-space by means of information regarding propagation of guided waves. In fact, this paper
provides the explicit exact secular Equation (55) for the propagation of the Rayleigh wave in the
orthotropic thermoelastic half-space x, > 0 under the exact effective boundary conditions (47).
We establish the secular equation in terms of a characteristic dimensionless parameter relating to
its speed of propagation and to its rate of decreasing in time. To the authors’ knowledge, there is
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no secular equation or effective boundary conditions similar to those in the present paper, nor is
there any evidence of thermal and orthotropic effects on the wave propagation speed or on the
time-dependent damping rate of the wave amplitude.

The present results, by themselves, allow for the determination of the material characteristics
of the layered structure on the basis of those of the thermoelastic layer. Furthermore, for thin
thermoelastic layers, both the exact effective boundary conditions and the exact secular equation
can be developed in Taylor series in xh, obtaining simplified Rayleigh wave propagation problems
that can lead to approximations of the thermal and orthotropic characteristics of the layered
structure.

The numerical simulation of our analysis regarding the exact secular Equation (60) reveals the
behavior in relation to the thickness of the covering layer, h, for the two characteristics of the
Rayleigh wave propagating in the orthotropic thermoelastic layered structure. This suggests that
the dimensionless speed propagation of the wave, Re(y/) > 0, tends to decrease in relation to the
increase of h, corroborated with the appearance of the damping rate in time of the wave ampli-
tude term, Im ().

By establishing the effective boundary conditions (47), the entire influence of the thermoelastic
layer on the substrate is known. These relations, together with the expansion of the stresses and
of the heat flux at the top surface of the layer into Taylor series in its thickness furnish approxi-
mate secular equations of the waves supported by thin-film/substrate interactions that can be
employed as theoretical bases for extracting the thermomechanical properties of the thin films
from experimental data.

Finally, the relation (70) provides an explicit alternative to the exact secular equation for the
propagation of Rayleigh waves supported by orthotropic elastic layer/elastic half-space interac-
tions, previously presented in [22]. While the relation (84) represents the exact secular equation
for the propagation of Rayleigh waves in an isotropic thermoelastic layer/isotropic thermoelastic
substrate interaction as in [43].
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