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Abstract

This paper aims to establish a general exact secular equation for Rayleigh surface waves propagating in an isotropic
thermoelastic half-space coated by an isotropic thermoelastic layer of arbitrary thickness. The contact between the layer
and the half-space is assumed to be welded on the interface. The outer surface of the layer is free of traction, and no
heat transfer is allowed with the surrounding environment. When passing through the contact surface, the displacements
and temperature fields, as well as the stresses and heat flux fields, are supposed to vary continuously, no jump being
allowed. The explicit expressions of free Rayleigh waves in both the layer and the half-space are first presented, and
then they are used to establish the general exact secular equation. Numerical illustrations are presented for a layered
structure consisting of an aluminum layer welded on a half-space made of various thermoelastic materials outlining the
main characteristics of Rayleigh wave propagation: the dimensionless propagation speed and the dimensionless damping
in time of the wave’s amplitude. The exact effective boundary conditions for the Rayleigh waves are established in the
thermoelastic half-spaces covered with thin films. Some limiting cases are also discussed: (1) when the thermoelastic
layer is absent and (2) when the thermal effects are neglected.

Keywords
Rayleigh waves, exact secular equation, isotropic thermoelastic half-space, isotropic thermoelastic layer, welded contact,
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I. Introduction

Coated materials are widely used in engineering devices, especially for solid structures such as in the
technologies of space vehicles (like space rockets (shuttles), satellites, etc.), which work in extreme condi-
tions or have specific surface requirements. The use of a thin layer covering a half-space helps to improve
the engineering properties of the substrate material and to prevent external damage caused by weather
conditions, friction, chemical corrosion, or thermal barriers. In this line, there are good reasons for a con-
tinuing revival of interest to study the influence of the characteristic properties of the layer on the material
substrate. An efficient tool in this study is represented by guided waves because their use presents advan-
tages such as their non-destructive nature in testing materials, laboratory simulations, measurements of
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the mechanical properties of the covering layer, reduced material costs, as well as less time required for
inspections.

In the light of what was said above, there was an intense concern for the study of the half-space filled
with an elastic material (isotropic or anisotropic) on which an elastic layer (also isotropic or anisotropic)
is overlaid (welded, smoothing, or with sliding contact). We mention here the studies carried out by
Sezawa [1], Sezawa and Kanai [2], Haskell [3], Achenbach and Epstein [4], Tiersten [5], Makarov et al.
[6], Kuchler and Richter [7], Cai and Fu [8], Sotiropolous [9], Every [10], and Chattopadhyay and Raju
[11]. Mathematical modeling of the elastic surface waves guided by thin films in layered structures was
described in the books by Nayfeh [12] and Rose [13]. A comprehensive review of established and promis-
ing technologies under development in the emerging area of structural health monitoring of aerospace
composite structures, as well as a study of guided waves in thin-wall composite structures, is developed
in the excellent textbooks written by Nowinski [14] and Giurgiutiu [15].

A systematic approximation to the linear equations for small-amplitude surface waves in an elastic half
space, interacting with a residually stressed thin film of different material bonded to its plane boundary,
is developed by Steigmann and Ogden [16]. Recently, interesting results have been obtained both in terms
of establishing effective boundary conditions and obtaining the exact secular equation for the propagation
of Rayleigh waves in half-spaces on which an elastic layer is laid in the various forms of contact. In this
connection, we mention the research developed by Dai et al. [17], Vinh and Anh [18], [19], [20], [21],
Vinh et al. [22], [23], [24], Kaplunov and Prikazchikov [25], Erbas et al. [26], Kaplunov et al. [27], [28],
Phan et al. [29], Mubaraki et al. [30], and Kaur et al. [31].

On the contrary, the effect of thermal properties on the propagation of Rayleigh waves in a thermoe-
lastic half-space was investigated by various researchers, e.g., Lockett [32], Chadwick [33], Deresiewicz
[34], Brock [35], Lykotrafitis and Georgiadis [36], [37], Chiritd [38], [39], and the Chapter Rayleigh’s Waves
of the Encyclopedia of Thermal Stresses [40]. Recently, it was shown by Zampoli and Chirita [41] that by
taking into account the thermal effects, the propagation speed of the Rayleigh waves tends to decrease in
relation to the purely elastic situation and, more important, the presence of damping in time of the wave
amplitude is signaled.

In this paper, the motion of Rayleigh surface waves in a layered structure modeled as an isotropic ther-
moelastic layer overlying an isotropic thermoelastic half-space is investigated. The explicit expressions
of free Rayleigh waves in both the layer and the half-space are established. Using the boundary condi-
tions on the free surface and at the interface, the exact secular equation of Rayleigh waves is provided.
An illustrative numerical analysis is carried out on the model of a layered structure consisting of a layer
of aluminum welded over a half-space made of a different material (copper, gold, iron, lead, nickel, or
steel), highlighting the behavior of the two characteristic parameters of Rayleigh wave propagation: the
dimensionless speed of wave propagation and the rate of damping in time of the wave amplitude.

The so-called exact effective boundary conditions are presented in terms of values of the displace-
ments and temperature fields, as well as the stresses and the heat flux of the half-space atits surface. These
boundary conditions replace the entire action of the layer on the half-space, i.e., the wave can be imagined
as a Rayleigh wave propagating in the thermoelastic half-space, without the coating thermoelastic layer,
but subjected to the effective boundary conditions.

We also show that our analysis in this paper provides, by neglecting the thermal effects, an alternative
representation of the exact secular equation for an isotropic elastic layer overlaid on an isotropic elastic
half-space with respect to that established by Vinh et al. [24].

On the contrary, by expanding the displacements and temperature fields, as well as the stresses and the
heat flux vector, at the upper surface of the layer into Taylor series of the thickness of the layer, one can
obtain approximate secular equations of Rayleigh waves propagating in thermoelastic half-space coated
by a thin thermoelastic layer. Furthermore, they can be employed as theoretical bases for extracting the
mechanical properties of the thin films from experimental data.

The plan of the work is the following. Section 2 presents the basic systems of differential equa-
tions describing the evolutionary thermoelastic behavior of the materials in the layer and the half-space,
respectively. Section 3 introduces the classes of wave solutions that allow us to solve the Rayleigh surface
wave problem. Section 4 treats the propagating Rayleigh wave problem and establishes the exact secular
equation. Section 5 provides a numerical simulation exemplifying the analysis developed in the previous
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sections. Section 6 establishes the exact effective boundary conditions. Section 7 treats the limiting case
when the layer and half-space are both elastic, i.e., the thermal effects are absent.

2. The layered thermoelastic structure

Consider the isotropic thermoelastic half-space 0 <x, < oo overlaid by an isotropic thermoelastic layer
with uniform thickness / occupying the domain —/ < x, < 0. The layer is assumed to be perfectly bonded
to the half-space, and they are both compressible. Note that same quantities related to the half-space
and the layer have the same symbol but are systematically distinguished by a star if pertaining to the
half-space 0 <x, < co. In accordance with what was said above and with the linear theory of isotropic
thermoelasticity, in the half-space x, > 0, we have the basic motion equations:

*  _ keek
Srs,r_Q Us,

) (D
arr=To0™ 0",
with the constitutive equations:
Sy = )\*M;,pf;rs +p* (”t,s + ”;(,r) + B0 ors,
gi =K%,
while in the layer —h < x5 <0, we have:
Srs,r_: Qif.isj 3)
qr,r = Toom,
and
Sps = )\up,pérs + (ur,s + ”s,r) + B00ys,
o1 = —5ur,r+09, 4)

qr: kg’r.

In the above relations, we have used the following notations: A and p are the elastic Lamé constants,
k> 0 is the constant thermal conductivity, a > 0 is the constant mass specific heat, § = —(3\ + 2u)« is the
stress-temperature constant modulus, « is the coefficient of thermal expansion, g is the density mass,
while u, are the components of the displacement vector and 6 is the temperature variation from the
absolute temperature Ty > 0, Sy are the components of the stress tensor, g, are the components of the
heat flux vector, and 7 is the entropy density per unit mass.

In terms of the displacements and temperature variation fields, the above equations can be written as
follows: .

N*u:,ss+ ()‘*+ﬂ*) u:,sr—i-,@*@:krzg*ut, 5
k*ejkss + TOﬁ*’;fsk,s =Toa™ 0", ©)
within the half-space x, >0 and

MUy ss + ()\ + ,U) U, sr+ 59,r = oy,

: : (6)
ke,ss + TO/BMS,S = Toa07
in the layer —h <x, <0.

The contact between the thermoelastic layer and the half-space is supposed to be welded, and there
are no temperature changes or heat transfer at the contact interface. This means that the displacements
and temperature fields, as well as the stresses and the heat flux, are continuous through the interface of
the layer and the half-space. Therefore, we must have the following conditions fulfilled:

uf;(xl, O,X3, t) = us(xl,O,)C3, l‘), S;“Z(xl,o,x3, l‘) :Ssz(xl,O,x3, t),

7
0" (x1,0,x3,1) =0(x1,0,x3,1), ¢5(x1,0,x3,1) =¢p(x1,0,x3,1), forall xj,x3€R,7>0. 7



4 Mathematics and Mechanics of Solids 00(0)

Furthermore, we assume that the surface x, = —#h of the thermoelastic layer is free of traction and that
there are no thermal exchanges with the outside, i.e., we have:

Slz(xl,—h,X3,l‘)=0, S22(X1,—h,)€3,l)=0, ng(Xl,—h,X3,l‘):0,

qz(xl,—h,x3,t):0, for all X1,X3 ceR,t>0. ®)

Alternatively, we can consider that the free surface of the layer is thermally insulated, when the
condition (8), is replaced by the following one:

9(X1,—h,)€3,l):0, for all X1,X3 eR,t>0. 9

Finally, because we intend to talk about surface waves, we will have to impose zero asymptotic con-
ditions on the mechanical and thermal quantities in the depth of the half-space, i.e., we will assume
that:

Iim u(xy,x0,x3,8)=0, lim S*.(x1,x,x3,1)=0,
xzﬁoor(123) Jim Sy, x2, %3, )

lim 0% (x1,x2,x3,1) =0, im qi(x1,xp,x3,8)=0, forall xj,x3€R,t>0. (10)
X300 2
The following dimensionless coefficients are important in the study of thermoelastic phenomena:
ﬁ*Z ﬁZ
* _ -
e T (11)
0*c] apcy
where Ny N2
+
=t A=t 12
Moreover, we also need the following notations:
*
g2t 2 (13)
2 0" 2 0

3. Free wave solutions of the basic equations

Throughout this paper, we will study the propagation of a Rayleigh wave, traveling along the interface
between the layer and the half-space with velocity ¢ = ¢y and wave-number s > 0 in the x{-direction
and decaying in the x;-direction. To solve the Rayleigh surface wave problem for the considered layered
structure, we are looking for wave solutions of basic equation (6) in the following form:

1 .
ui (“xl’x2’x3’ t) =Re {%Z/ll (X2) el%('xl —C]’lj)l)} ,

up(xy, X2, x3,1) =Re {;Uz(xz) =1y } ’

uz(xy,x2,x3,1) =0,

(14)

9()61 » X2, X3, t) =Re {T()T(xz) ei%(xl *Clwt) } ,
leading to the following differential system for the unknown dimensionless vector (U (x2), Us (x2), T (x2)):
82
[M (2 - %2> + Q%2C%¢2
Ox5
2

0
[()\ +2pu) (6}(2 - %2> + g%zc%wz

2

(ul’z + %Uz) =0,

(%Lll +U2’2) —ixfBT (TEZ - %ZT) =0, (15)

Bery (sddy +Uap) +k (T,zz — T + WILTWT) =0.
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Furthermore, we seek for solutions of the differential system (15) in the form:
(U1 (%), Up (%), T (x2)) = (U1, U, T) %72, (16)

with (U;, U,, T) being a non-zero constant complex vector and ¢ a dimensionless constant parameter.
Consequently, the differential system (15) leads to the homogeneous algebraic system:

2

(SZ - % @bZ) (icU; + Up) =0,
C
2

T
(s> —¢?) (U +iocUy) — : 025 s?T=0, (7
oy
Beyip . 2 W
— — )\ T=
o (U +icUp) + | s % 0,
where
5% = o2 +1,
K xk ‘ (18)
Toacl
Since we have (Uj, Up, T) #0, it is necessary that the determinant of the algebraic system (17) to be
Zero, i.e.,
2 : 13
c 1
(Sz—éiﬁz) {34_[¢2+l¢( +€)]s2+l¢}:0’ (19)
5 K K
with the following roots:
2
Cc
S% = % ,1/12,
2
. . 2
) Y i(e+1) i(e—1) 4e
3= w—i-iK + 1/1—1-7[{ 2 (20)

: N2

Consequently, there exist the following admissible values for the dimensionless parameter o:

o1 =i, o03=1i&, 03=1I&3,
o4=—i§y, o05=—i&, 06=—I3,

G=y/1-57, &H=\/1-53 &G=/1-si (22)

Then, the corresponding vector solutions of the differential system (15) are:

21)

with

(7. 70) o= (U0 10) o, erns
where . :
(v, 8. 10) = (1. 1,0,
(VP02 19) = (32 & (3-) .3 (24)
15Uy =222 % | N5
(U105 19)) = (im,imea, 3 - 0?),
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(U, U, 19) = (—¢1,1,0),

(Ug5)’ U§5), 7<5)) — < — % —& (sg - ’;ﬁ) ,N¢s§> , (25)
(U1, 0. 19) = (i, iz, % —v?)

and the dimensionless parameters M and N are defined by:

M= B—Tg N= ﬁ—cli (26)
o] g
Finally, we note that:
6 .
U Uz, T) (12) =Y By (Uﬁ”), g, 1) ez, 27)
n=1

with Bj,Bs,...,Bg being the arbitrary dimensionless constant parameters, represents a solution of the
differential system (15). Consequently, in view of relations (14) and (27), we have that:

6

1 _ .
uy(x1,xp,x3,1) =Re = ol x1—c1r) Z B, Ugn) pi¥onxy
n=1
i 6 ,
uy(x1,xp,x3,1) =Re  — g“"(xl_Cl?/)t) ZB” Ué”) oIHonX)
” n=1 (28)

uz(x1,x2,x3,1) =0,

6
0(x1,xp, x3,1) =Re { Ty e1—c1¥) Z B, T oo §
n=1
is a solution of the differential system (6) in the layer —h4 < x; < 0. In view of the constitutive equations
(4), from equation (28), we get:

6
Slz ()Cl , X0, X3, l’) —Re 7 ei%(xl —611[}1‘) Z angg) ei%O'nx2

n=1

6
Sao(x1,x0,x3,1) =Re < iu elx1—c1y) Z BnSg;) ¢/ #on%2

n—1 (29)
832(x1, %2, x3, 1) =0,
. 6 .
q2(x1. 20, x3, 1) =Re { iekTg e (¥1=1¥1) > Ba an) e o
n=1
where
s\ = io, U\ — U,
P .
T
s9) =L (U +ionUs") — 20" - T 7, (30)
) )

an) =0, 7", n=1,2,...6.
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Furthermore, on the basis of the relations (24) and (25), we have:
1 1
2 s=. o=
2 i 2
ng) =-20 (S% - K) ) ng) -

1
3) (3) ‘i (3)
S0 =—2iMes, 85 =iM <c2 W - 2) c oV =g (- ¢2> ’

2

2 ) isc?
%s%_2> <s%_ll<) gV &= et

C

and

s =v?-2 sy=2. g=0,
5 i 5 c i) iec?
S&z) =28 (S% - K> ; Séz) = <C% 53 —2> (S% - K> -1 ¢ 525 Qz =Nv&s3, (32)
2
s\ —2imes, S =im (2 Y2 - 2) 0= (53— ¢2) .
2

Herewith, we write the corresponding wave solutions for the differential system (5), in the half-space
xp >0, and we take into account the asymptotic conditions (10), as:

3

1 *

MT(xl,X2,X3,t):Re ;e (x)— CNWE Dp (P o7 op X2
p=1

(33)

. 3

1 *

u;(xl,xz,x3,t):Re ;e s(xy— ClwIE Dp (P l%opxz
p=1

u3(xy,x7,x3,1) =0,

3
0% (x1,xp,x3,1) =Re { Ty el X1 —c19n) Z Dp T*(P) pixopx
p=1

where D, D;, and D3 are complex arbitrary dimensionless parameters, not all zero. Further, in view of
the constitutive equation (2) and by using relation (33), we have:

3
*
STZ(XI,XZax&l‘):RC 7 * plre(x1—c191) Z PR

3
S;z(xl,xz,th):Re lu*el%xl cyit) Z pS(P l%prz s

S35 (x1, X2, x3,1) =0,

L%
¢5(x1,x2,x3,1) =Re i3ck* Ty @71 —c1¥7) Z e *op*2
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where
sif) =iy -0,
sgg”_ (U*@ +iohUs) —2U3) - lﬁégﬁ(p), (35)

2
;P =), p=1,2,3.

At this instant, we must note that the quantities s]k, s&. and s%, as well as UT , 03‘, and ag‘ are calculated by
means of relations (20) and (21), respectively, where the material characteristics must be taken as those
corresponding to the material of the half-space x, > 0. Furthermore, with these values thus calculated,

we obtain the values UT (P ), U;(p ), and T*(P), p=1,2,3, based on the relation (24), which are involved in
relations (33) and (35).

4. Explicit secular equation of Rayleigh waves

In the previous section, we established the free wave solutions in the thermoelastic layer as well as in the
thermoelastic half-space in the form of relations (28) and (33), respectively. Now, we will use these wave
solutions to establish the secular equation for a Rayleigh wave propagating in the considered medium:
thermoelastic layer of thickness # welded over the thermoelastic half-space. For this purpose, we will
replace the relations (28), (29), (33), and (34) in the compatibility relations described by (7), as well as
in the boundary conditions described by equation (8). Thus, we obtain for the arbitrary constants By,
B,,...,Bg and D{, D,, and D3, the following homogeneous algebraic system:

3

6 3
VLS ST S S
n=1 p=1

- 3: (36)
Z BaT" Z
Z Bus - Z DY =o. Z Busyy - Z DSy =0,
(37)
Z B,,Q2” - Z DpQ;
n=1 p=1
6 6
S Bus\y =0, 3 Busiy =0 Z Bupy”) =0, (38)
n=1 n=1
where
sg’;) _ Sgnz)e—l}mnh, sg’é) _ Sgé)e_l%a”h, pén) _ an)e—l%anh’ n=1,2,..6, (39)
and . .
- K (40)
7 k

Since not all arbitrary constants By, Bj,...,Bg and Dy, D,, and D3 can be zero, it follows that
the determinant of the homogeneous algebraic system described by relations (36) to (38) must be
vanishing, i.e.,

Det A(9X9) =0, 41
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where
Ug 1) ng) Uf) U§4) UgS) Ug6) _ Ulk(l) _ UT(Z) _ U>1k(3)
1 2 3 4 5 6 1 2 3

Ug) Ué) Ué) Ug) Ug) Ug) _U;() —Ug() —U;()

0 712 703 4 75 6 _p=(1)  _=2) _=03)
1 2 3 4 5 6 *(1 *(2 *(3

ng) ng) ng) ng) ng) ng) _VSlg ) _751g ) _'VSlg )
1 2 3 4 5 6 *(1 *(2 *(3

Aox9) = ng) ng) ng) ng) ng) ng) _VSzg : _VSzg : _VSzg Sl @

le) ng) Qg3) Qg") Qgs) Q§6) —5Q;(1) _5Q;(2) _6Q;(3)

(1) 2 0B @ (5 (6 0 0 0

S12 S12 S12 S12 S12 Sz
n 2 6B @ 6 (9
Spp Sop Sop Sop Spp o 0 0 0

) o e B B Py 0 0 0

Relations (41) and (42) represent explicitly the exact secular equation of the Rayleigh wave in an
isotropic thermoelastic half-space overlaid by an isotropic thermoelastic layer for determining the dimen-
sionless parameter ¢. In general, the parameter ¢ is a complex number so that Re(cj1)) > 0 will represent
the wave speed and Im(c;1)) <0 will be related to the rate of decaying in time of the wave amplitude. We
must note that for Re(¢)) > 0, we will have a genuine wave, while for Re()) =0, we will have a standing
mode. Moreover, when Im(%)) > 0, we will have the phenomenon of damping in time of the amplitude,
while for Im(v)) =0, we will have undamped in time waves. Therefore, there have to get solutions of the
exact secular equation (41) satisfying conditions:

Re(¥) >0, Im(y) <0. 43)

A general analytical result concerning the existence and uniqueness of solutions of the secular equation
(41), under restrictions generated by the inequalities described in equation (43), there seems to be not
possible at this stage, and so it remains an open problem to be studied in future research. However, for
particular materials with numerical values for the thermoelastic characteristics, the secular equation can
be solved by using numerical methods.

Remark 1. We must note that if the boundary condition g, (x, —h, x3, t) = 0 is substituted by the boundary
condition (9), then pgn) in the last line of the matrix A described by equation (42) must be replaced by

pgn) — 7 e=ixonh 1 2 . 6.

Remark 2. A closer examination of the exact secular equation (41), through the A matrix defined by
the relation (42), shows the influence of the thermoelastic layer on the propagation of the Rayleigh wave
through: (1) the system of the first six lines and six columns, i.e., matrix comprising the six wave solu-

tions (Ugn), Ugn), T(”)), n=1,2,...,6, as described by relations (24) and (25) and the corresponding

(Sgg), ngl), an)), n=1,2,...,6, as defined by relations (31) and (32), which also involve the material
characteristics of the layer and (2) the thickness % of the thermoelastic layer, as well as the boundary data
(sg';), sg;) ,pé”)> ,n=1,2,...,6, as given by the relation (39).

Remark 3. (Secular equation of a Rayleigh wave in an isotropic thermoelastic half-space). When the
thickness of the thermoelastic layer tends to zero (2 — 0), i.e., there is no one thermoelastic layer, then
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the secular equation (41) reduces to:

¢ ¢ )

12 12 12
DetAgue| x| sis? si 538 |=o. (44)

where
Ugl) UEZ) U§3) U§4) UES) U§6)
Ugl) U§2) U(23) U(24) U(25) U(26)

W 72 713 4 765 76

A(ox6) = : (45)
(1) o2 B) 4 (5 (6)
Sl2 S12 Sl2 512 SlZ SIZ
(1) o2 B 4 o5 (6)
S 22 S 22 SZZ SZZ SZZ SZZ
(1 2 3 (4 (5 (6)
o)) oY o o of of
is a non-singular matrix, being the six wave solutions linearly independent.
By means of the relations (24) and (35), we get:
(1) d 2\ g e (g2 i ) _ oyt e
Spp == |2—3¢7 |, S =20 - m v )s Sy =M,
c2 C]K
. 2 . % *
*(1) * x(2) [ %2 Ic] CT %2 lecier s
Sp =% Sy = (Sz Tk d’) (Cﬁz 2R T e V2 (46)
522 =1 2_02T2¢ ’QZ =0, Q2 =1 ¢€252,Q2 2153 S3 _c*?qp ,
and hence, the secular equation (44) can be brought to the form:
2 . 2 *2
29 2 2l ‘1.2 1 2
() (i) s (02) (B3
2 @7
) 2 2 2 2
ic155° . ) 2 12 a2 % a2 % o
+ € — | 53— — —° =2 |+ — Y =2 —4 =0,
CTK* ¢ ‘53 6‘32 ( 3 CTZ ¢ 032 w 52 6‘;2 77/) 5153

which resonates with the secular equation presented by Chiritd and Zampoli [41] for the propagation of
Rayleigh waves in isotropic linear thermoelastic half-space.

5. Numerical analysis

The illustrative analysis in this section is based on a variety of materials whose useful characteristics
are presented in Table 1. We consider that the thermoelastic layer is made of aluminum, and the half-
space consists of one of the other materials shown in Table 1: copper, gold, iron, lead, nickel, or steel.
We are interested in how the two characteristics of the Rayleigh wave, dimensionless wave speed Re(1))
and dimensionless rate of decaying of wave amplitude Im(v), behave in relation to the thickness of
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Table I. The materials in study together their characteristics useful to our analysis.

Material ¢ (m/s) & (m/s) g(x1072) K(x1078) k(w/mK) o(kg/m*) a(x1078/K)
Aluminum 6317.01 3110.28 2.65 1272 237 2700 23

Copper 4641.67 2285.40 1.90 2.108 401 8940 17

Gold 3212.02 119291 3.0l 3871 317 19300 14

Iron 5778.29 3137.25 1.01 0372 80 7874 1.

Lead 1999.35 654.44 474 1171 36 1 1400 29

Nickel 5650.40 2965.04 .25 0.345 94 8907 13

Steel 5533.04 3105.75 077 0.069 54 7850 y

Table 2. The dimensionless speed wave, Re(¢)), depending upon the thickness h of the layer for the considered layered structures.

h 0 25x 10 *m 5510 3m 75x 10 *m 10 2m
Copper 0.33943 0.339009 0.338584 0.338156 0.337723
Gold 0.178601 0.178279 0.177951 0.177618 0.177277
Iron 0.467482 0.467126 0.466769 0.46641 | 0.466053
Lead 0.0985793 0.0976307 0.096559 0.095356 0.0940126
Nickel 0.443142 0.442827 0.44251 | 0.442195 0.441878
Steel 0.462512 0.462161 0.461809 0.461456 0.461102

Table 3. The dimensionless rate of damping in time of the wave amplitude, Im(%)), depending upon the thickness h of the layer for
the considered layered structures.

h 0 25 % 10 *m 5% 10 3m 75 x 10 4m 107 2m
Copper —0.00250732 —0.00254988 —0.00259312 —0.00263707 —0.00268173
Gold —0.000441715 —0.000454409 —0.000467424 —0.000480768 —0.000494449
Iron —0.00286191 —0.00289574 —0.00293019 —0.00296526 —0.00300095
Lead ~0.00030109 ~0.00035035 —0.0004064 ~0.000470151 ~0.000542662
Nickel ~0.00233527 ~0.00236366 ~0.00239252 ~0.00242185 ~0.00245165
Steel ~0.000799118 —0.000815468 —0.000832104 —0.00084903 —0.000866252

the covering layer. Throughout this section, we take the wave number to be > =1m~! and the initial
temperature to be Ty =293 K.

Tables 2 and 3 consider a thermoelastic layered structure consisting of an aluminum layer coating a
half-space made of one of the rest of materials presented in Table 1. Table 2 presents the variation of
the dimensionless speed wave, Re(1)), of the Rayleigh thermoelastic wave with respect to the thickness
h of the layer, the Table 3 provides the variation of the dimensionless rate of damping in time of the
wave amplitude, Im(¢)), with respect to the same thickness. The results in Table 2 lead to the idea that by
increasing the thickness of the covering layer, the dimensionless speed of the wave decreases, whatever
the material of which the half-space is made of. Instead, Table 3 suggests that the dimensionless rate of
damping in time of the wave amplitude, Im(¢)), increases in relation to the increase in the thickness of
the layer.

In the last part of our numerical analysis, we considered a hypothetical layered structure consisting of
an aluminum layer with a thermal conductivity of 237 w/mk and covering a half-space made of a material
with the same elastic characteristics and thermal like aluminum, only the thermal conductivity being
different, here k* varying in [220, 260] w/m/C. We wanted to see how the characteristics of the Rayleigh
wave in the layered structure vary in relation to the variation of the thermal conductivity, taking in this
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0.464538
0.464538}
0.464538}
0.4645381--

0.464538.1

0.464537L -

Figure |. The variation of the dimensionless propagation speed Re(1)) >0 with respect to the thermal conductivity k* €
[200,260] w/m/C, (the thickness of the layer is fixed at h= 10~3 m).

Im[¥]

-0.00385440}-
-0.00385445 -
-0.00385450 -

~0.00385456-4

Figure 2. The variation of the dimensionless rate of damping of amplitude, Im(1)) <0, with respect to the thermal conductivity
k* € 200, 260] w/mK., (the thickness of the layer is fixed at h= 1073 m).

sense the thickness of the layer to be 1073 m. Thus, Figures 1 and 2 answer this question and show that
the dimensionless speed of propagation of the Rayleigh wave, Re(v)), decreases in relation to the increase
in thermal conductivity, corroborated with an increase in the dimensionless rate of damping of the wave
amplitude Im(2)).

6. Exact effective boundary conditions

We proceed here to establish the effective boundary conditions that could be very useful in deriving
the approximate explicit secular equations for the Raleigh waves in thermoelastic half-spaces covered
with a thin film. We have to mention that the entire effect of the thermoelastic layer on the half-space
is replaced by the exact effective boundary conditions at the interface. Consequently, the wave can
be imagined as a Rayleigh wave propagating in the thermoelastic half-space, without the coating ther-
moelastic layer, but subjected to the effective boundary conditions. Following this idea, we should
establish boundary surface conditions on x, =0 that look like some linear combinations including the
values calculated at x, =0 for the displacements and temperature fields, as well as for traction and heat
flux.
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In this connection, we consider the propagation of a Rayleigh wave, traveling along surface x, =0
of the isotropic thermoelastic half-space with velocity ¢ = cj¢ and wave number s in the x|-direction,
decaying in the x,-direction. Consequently, for x, > 0, we will have:

1 .
uT(xl,xZ,x:\’, [) —Re {% el%(xl—01¢f) uik(XZ)} ,

»

u5(xy,xp,x3,1) =Re {l ey U (xz)} , (48)
u§(x1,x2,X3,t) =0,

0* (xl,xz,)C3, l) =Re {TO ei%(xliclwt) T* ()C2)} S

and
S75(x1,X2,x3,7) =Re {M* e —ervi) sz(xz)} .

S5 (x1, %0, X3, ) = Re 4 ip* e*1=a1¥1) g% () L
20 (X1, X2, X3, 1) {M 2 ( 2)} 49)
S;z(xl,)Cz,)@,l):O,

¢ (x1,xp,x3,1) =Re {i%k* Ty e#1—c1¥1) o= (xz)} .

In view of the continuity conditions (7), from relations (28), (29) and (48) and (49), we obtain the
matrix equation:

A6x6)B(6x1) =D(6x1)- (50)

where
T
B(6><1) = (B1, By, B3, B4, Bs, Bg) ",

T (5D
D61y = (U] (0).U3(0). T7(0),7S7,(0). ¥53,(0).6Q3(0)) "
On the contrary, the boundary condition on the free surface of the layer in the form (38) can be written

in the following matrix form:

Li3x6)Box1) =0(3x1) (52)

where
NN
Mog=| 0 @ S 0 9 49 | )
Pél) péz) pg3) p§4) p§5) p§6)
Consequently, from relations (50) and (52), we can deduce that on the interface x, = 0 we have to fulfill
the following condition:

F(3x6)A(_6lx6)D(6><l) =033%1)- (54)

As it clearly results from relation (51), the matrix D¢, 1) involves the values of the displacements and
temperature fields, as well as those of the traction and the heat flux vector on the surface x, =0 of the
half-space x, > 0. This means that in the Rayleigh wave propagation problem for the half-space x, > 0, the
boundary conditions on x; =0 must be specified as a linear combination, as described in relation (54),
relating the values of the displacements and temperature fields, as well as the values of traction and heat
flux.
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7. The isotropic elastic layered structure

We start here by studying the secular equation for Rayleigh wave propagating in an isotropic elastic half-
space on which an isotropic elastic layer is welded. In this connection, we will use our analysis from the
previous sections, in which we will neglect the thermal effects. This shows that:

(55)
so that we have:
1
uj (x1 , X2, X3, t) =Re { el%(xl —c1yi) [B]f e_%£x2 + 32 e_%QCz — Bgf €%§x2 + B4 e%CXZ} } S
P
P ) (56)
uz(xl,xz,x3, t) =Re {l el%(xl_clwt) [Bl e_%§x2 + Bz C e_%CXZ + B3 €%§x2 — B4 C E%sz} } ,
VA
bt3(X1,X2, X3, l) = 0,
and
S12(x1,x2,x3,7) =Re {M e =crvn) [_Bl (1 + 52) e 72— 2By (e N2
B (1 n 52> %2 | 0B, ¢ 672 | } :
Sy (x1,%2,x3,7) = Re {m eiHxI—er ) [—231 fe %% g, (1 + 52) o702 (57)
12By £ By (1 n §2> 72| } :
S32(x1 , X2, X3, l‘) =0.
Furthermore, we have:
MT(XI,XZ’X& l») = Re {1 ei%(xl—cl’lﬁl‘) |:D1§* 6_%6*)(2 +D2 e—%C*X2:| } ,
VA
6 (x1, %2, %3, 1) = Re {’ =) [py =42 4. py ¢ e } :
A
u3(x1,x2,x3,1) =0,
and ) « *
S1>(x1,xp,x3,1) =Re {,u* eHri—c1yn [—Dl (l +£*2) e 2 2D, (F e XZ} } ,
Séz(xl,xz, X3, l) —Re {l,u* ei%(xl—611/}t) |:—2D1€* e—%f*xz o D2 (1 +§*2) e—%C*X2:| } (59)
S;z(xl,xz,)@, l) =0,
where
2 2
2_¢1 .2 2_ 9 2
5] ZCTQ@b, 53 ZCW/}, &= (60)
2 1
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Consequently, the conditions on the free surface of the elastic layer, together with the continuity condi-
tions when passing through the contact surface between the layer and the half-space, lead to the following
exact secular equation for the Rayleigh wave:

3 1 =£ 1 —&* -1
1 ¢ 1 —C -1 —C*
—(1+8%) ~2¢ ~(1+€?) 2¢ Y(1+€2) 29
¢ ~(1+€) 2 ~(1+€) et A(1+e2) |
—(1+&Heh  —aceth (142 h p¢eh 0 0
—2¢ e%{h _(1 +£2) e%(h 26 e—%{h _(1 +£2) e—%{h 0 0
(61)

The relation (61) offers an alternative to the exact secular equation obtained by Vinh et al. [24].
Of course, a development of the determinant described in equation (61) after the last two rows should lead
to an exact secular equation similar to that established by Vinh et al. [24]. In fact, we have the following
non-zero minors of the second order, formed with the elements of the last two rows of the determinant:

—(1 4%t ocelh -
M= =[(1+€%)% — 4g¢lelé O
12 e (14 )i [(1+£7)7 —4¢C]e
Myz=—46(1+67). Myg=[(1+&)? +4eClels— 62)

Mz =—[(1+€2)2 +4e)el 9% My, =a¢(1+€2),
Mg =[(1+€2)% — 4g¢e™(EFC)

and hence, the exact secular equation takes the following form:

4(1+E2)(EN13 — CNag) + [(1+€2)2 — 4€C][Nyp elE+C)h 4 N3y e (G0

63
H(1+€7)? + 48Ny €87 — Nog o8] =, Y

where Ny, Ni3, Nig, No3, N4, and N34 are the cofactor of the minors My, M3, M4, Mp3, My, and
Msy, respectively.
The effective boundary conditions are:

[(1 4 €2)? sinh(&sch) — 4€¢ sinh(Cseh) U (0)
—2¢(1 + €2)[cosh(&5h) — cosh((sch)]U; (0)

—7€[(1 + €2) cosh(&sch) — 2 cosh(Ch)| ST, (0) (64)
+[(1 + €2) sinh(&5¢h) — 26 sinh((h)S3,(0) =0,

2¢(1+ €2)[cosh(&sch) — cosh(Cs<h) U5 (0)

—[4€¢ sinh(&seh) — (1 + €2)? sinh(Cs¢h) U5 (0) 65)

—~[2€¢ sinh(€3¢h) — (14 €2) sinh((5¢h)] ST, (0)
+7¢[2 cosh(€sch) — (1 + €2) cosh((5eh)]S3,(0) =0.
These are the exact effective boundary conditions that replaces exactly the entire influence of the elastic
layer on the elastic half-space.

When the thickness of the elastic layer tends to zero (h — 0), i.e., there is no one elastic layer, then the
secular equation (61) reduces to:

(1+ 5*2)2 —4¢%¢, (66)
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which, in view of relation (55), takes the form:

2
2 2 2
C C C
(2—:2w2> =4y 1= gh vty 1 o, )
) ¢ )

i.e., the secular equation deduced by Rayleigh [42] for surface waves propagating at the surface of the
isotropic elastic half-space. Furthermore, the effective boundary conditions (64) are reduced to:

(€ = 1S[p(0)=0.  (1-E7)55(0) =0, (68)
i.e., they are coincident with the free traction on the surface of the half-space:
12(0)=0,  52,(0)=0. (69)

It seems that the effective boundary conditions established in Vinh et al. [24] do not fulfill this property
of being able to be reduced to the conditions of free traction on the surface of the half-space, when the
thickness of the layer tends to zero.

8. Conclusion

This paper highlights the importance of knowing the system of free wave solutions in the half-space
xp >0 described by the relations (28) and (29) and in the thermoelastic layer —h < x, <0 described by
the relations (33) and (34), which determines the exact secular equation (41) for the propagation of the
Rayleigh wave in a thermoelastic layered structure. They are therefore the key factor, the main purpose
of the investigations of Rayleigh waves propagating in half-spaces covered by a thin layer.

On the contrary, the numerical simulation of our analysis regarding the secular equation (41) reveals
the behavior in relation to the thickness of the covering layer, 4, for the two characteristics of the Rayleigh
wave propagating in the layered thermoelastic structure. This suggests that the dimensionless speed prop-
agation of the wave, Re(¢)) > 0, tends to decrease in relation to the increase of A, corroborated with an
increase in the rate of damping in time of the wave amplitude, Im(¢)).

By establishing the effective boundary conditions (54), the entire influence of the thermoelastic layer
on the substrate is known. These relations together with the expansion of the stresses and of the heat flux
at the top surface of the layer into Taylor series in its thickness furnish approximate secular equations
of the waves supported by thin-film/substrate interactions that can be employed as theoretical bases for
extracting the thermo-mechanical properties of the thin films from experimental data.

Finally, the relation (61) provides an explicit alternative to the exact secular equation for the propa-
gation of Rayleigh waves supported by isotropic elastic layer/elastic half-space interactions, previously
presented in Vinh et al. [24].
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