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ON SOME TYPES OF SECOND ORDER CONVEXITY
BY

CONSTANTIN ZALINESLU

Introduetion. Recently, some classcs of generalized convex functions
were introduced in order to state and prove duality results of higher order in
non linear programming. Let D R® he a nonempty open set, The class of
continuous functions f:D—R whose p™ order partial derivatives (p=1)
exist and are continuous is denoted by C7; d*f(z) denotes the differential of
order k of f at z.

Let fe(C* and z=D. Using the terminology of [1], we say that

(i) [is bonvex at z if for all ueD and pER®

(1) (W) —[(x)>d'[(z) (n—z) +d*f(x) (u—z, p)—1.&*f(z) (p, p) ;
(i) fis strictly bonvex at z if for all usD\ {z}, p=R*
(2) () —[(x)>d*[(x) (u—z) +d*f(z) (u—z, p)- 2 d*f(z) (p, p) ;

(iii) fis pseudo-bonver at z if for all ueD, pel®

(3) d'f(z) (u—2) +d*f(x) (u —z, p)> O=f(u)> f(z) —/.d*{(2) (p, p) ;
(iv) [is strictly pseudo-bonvez at 7 if for all usD\ {z}, neR"®

(4) d'f(x) (u—2z) +d*f(z) (u—z, P)20=f(u) >f(2) —/.d*f(z) (p, D);

v) [ is quasi-bonvex at : if for all ueD, pER”

() [ [(x) =/d*[(x) (p, py=>d'f(2) (01— ) +-d2f(x) (22, P)<0.

[ is said to be bonvex (stricily bonvez, ...) if fis bonvex (strictly bonvax, ...)
al every aeD.

The notions defined above were introduced by Bector and Beetor
in [1]. The class of functions satisfying (1) for all z, ueD—=R", psR" was
introduced by Mo nd [6]. Mond showed that ¢évery convex quadratic func-
tion is bonvex (second order convex in the terminology used in [3], [6]). The
class of functions satisfying (3) and (5) for all =, u, p where iniroduced in
[3] and [6] and called second ordrr pscudo-convex and second order quasi-
convex, respectively.

In this note we characterize ihese classes of functions and show that
every C*-bonvex function is convex quadratic. Tt follows that ihere are not
C*-strictly bonvex functions.
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Results. Let feC* and x=D. By D-—2x we mean ju- r:usDj.
Theerem 1. [ is bonvex al x if and only if d*f(x) is posilive semi-definile
and

(6) f(x +h)= f(x) +dif(x) (h) '/ .d*f(x) (h. h) YheD—ux.

Proof. Let fbe bonvex at x. Taking u=x in (1) we obtain '/ d*f{&) (p.p)
>0 for every peR”. Therefore d2f(x) is positive semi-definite. Taking now
heD—x, u=x+h and p=h in (1) we obtain (6).

Conversely, suppose that d=f(x) is positive semi-delinile and (6) holds.
Fix heD—x and consider g : R*=R, g(p)="/.*f(x) (p, p) - &*[(x) (h. p) .0
is a convex function and d'g(p)=d*f(x) (p..)—d*f(x) (h, .). Thus d'g(h)=0,
which shows that h minimizes g on R”. From (6) we have

[(x +h) —f(x)=d'[(x) (h) —g(h)>d'[(x) (h) —a(p)
=d*f(x) () +d*f(x) (h, p)—1/.d*f(x) (p. p) Yp=sR™

Therefore (1) is satisfied.
Corellary 2. fis strictly bonvex at x if and only if d*f(x) is posilive semi-

definile and
(7) f(x -0y >[(x) +df(z) (h) +/:d*f(x) (h, h) YheD—x, h£0.

Proof. Let f be strictly bonvex at x. Letting u—ux in (2) we obtain that
f is bonvex at z, too. By Theorem 1 we obtain that d*f(x) is positive semi-
definite. Taking heD—x, h#0 and p=h in (2) we gel (7). The converse impli-
cation follows exactly as in Theorem 1.

In the sequel we shall need the following result.

Lemma 3. Let H:R" xR"—=R be a symmelric posilive semi-definite
bilinear form, a=R" such that H(u, a)#0 and «>0. Denote C=p : H(a, p)>a}
and E=/{p : H(a, p)>a}. Then there exists p,=(x/H(a, a)) a=C such that

3 e

peC=H(p. p)= H(po. po)= and peE=H(p, p)> .
H(a, a) H(a, a)

Praof. Use Schwarz® inequality (H(z, y))*< H(x, x) H(y, y)).
Theorem 4. f is pseude-bonvex at x if and only if d*f(x) is posilive semi-
definite and for every heD —x we have

(8) df(z) (M=20=f(x+Nh)=f(x) and

1_ (d'f(x) (h))*

(9) dif(x) (h) <0, d*f(z) (h, h)#0=f(x+h)> [(x) 2d:f(z) (h. h) '

Proof. Suppose that [ is pseudo-bonvex at x. Taking u=ux in (3) we
obtain '/.d*f(x) (p, p =0 forall p=R", ie. d*f(x) is positive semi-definite.
Fix heD —zx. If d'f(x) (h)=>0 then d'f(x) (h)+d*f(x) (h, 0)=0 and so. by (3).
f(x+h)>f(xz). Suppose now that d'f(x)(h)<0 and d*f(x) (h, h)#0. Taking
H=d*f(z), a=h and o= —d'f(x) (h)>0 in Lemma 3, there exists p, such

that d'f(x) (h) 4+d*f(z) (h, p,)=0 and  .d*f(x) (po, po)= % % ;

Now (9) follows taking p=p, in (3).
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(Zon\"crse!y, suppose that d*f(z) is posilive semi-definite and (8) and (9)
hold. Let ueD and h=u—a be fixed and p <= R” such that

(10) d'f(x) (k) +d2f(x) (h, p)>0.

If d'f(x) (h)>0 then, by (8), f(W)=f(x)> f(x) —1/.4%f(x) (p, p) (since d*f(x) is
posilive semi-definite). If d'f(x) (h)<<O then d*f(x) (h, h)#0. Othcrwise d2f(z)
(h, .)=0 and (10) can not take place. Once again we apply Lemma 3 with
H. a and « as above. As peC, by (10), we have

(W) =[x +h)> f(x) —v(P)> f(x) —|. d*f(x) (p, p).

Hence (3) holds in this case, 100.
Theorem 5. fis striclly pseudo-bonver at z if and enly if d*f(z) is posi-
tive semi-definite and for every he D —zx, h#£0 we have

(11) d'f(x) (k)= O=f(x +h) >f(x), and

<12 d'f(x) (W) <0, d=f(x)(h, k)% 0=>f(x+h) > f(x) — L @TE) E)*
2df(x)(h, h)

Proof. Suppose that f is strictly pseudo-bonvex at 2. Let us show
first that d2f(x) is positive somi-definite. We may suppose that d*f(x)#0. As
D —x is a neighborhood of the origin in R", there exists heD—z such that
d*f(x) (h, .) #0. Then, by (4),

peC={p: d'f(x) (h) +d*f(x) (h, p)>0}=1/. d*f(x) (p, p) >_f(.t) —f(xz+h)=: 8.

Of course, C0. Let peC be fixed and p <R" such that d*f(x) (h, p)>0. Then
p+ipeC for every {>0 and so

) (p+1p, b +tp)=d*f(x) (b, p) +2d*[(2) (p, p)+t:d *f(x) (p, p)>28 Vi=0.

Taking the limit as f—oo we get d:f(z) (p, p)>0. If d*f(z) (h, p)<<0 then
©f(2) (h, —p)>0.and so d*f(x) (p, p)=d*f(z) (—p, —p)>0. Therctore d*f(z)is
positive scmi-definite. The rest of 1he proof is the same as that of Theorem 4.

Theorem 6. [ is quasi-bonvex at x if and only if d*f(x) is positive. semi-
definite and for every heD—x we have

(13) d'f(x) (h) >0=f(x +h)>[(z) end

2

(M) d'f(x) (<0, df(x) (h, h)#O0=>f(z+h)> f(x)— é- c%fl(f_(r‘)")_(l(:'% |

Proof. Note that (3) is cquivalent to: for every heD—z, peR®
(15) d'f(x) (h) +d*f(x) (h. ) >0=>f(a ) >f(x)—"/. d*f(x) (p, p).

Suppos® that fis quasi-bonvex at r. Let us first show that d*f(x)"is positive
semi-definite. We may assume that d*f(x)#0. As in the proof of Theorem S5,
there exists he D — x such that d*f(x) (h, .)#£0. Let

-~

E={p=R": d\f(x) () +d*f(z) (h, p)>0} .
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It is obvious that E#Q and ¢l E=C (where C is defined in the proof of Theorem
5). The fact that d*f(z) (p, p)>0 for p =R" follows now as in the proof of Theo-

rem 5, taking p = E instead of (. _
Let now heD —z be fixed. If d'f(x) (h)>0 then 0 €E and so. by (15),
f(x+h) >f(2), i.e. (13) holds. Assume now that d'f(z) (h)<0 and d*f(x) (h, h)#0.

From (18) we have d*f(z) (p, P)>2(f(z) —f(z+h)) for p<E, and so

p<=C=s d*f(2) (p, p)>f(@)—f(x +H).
Applying Lemma 3 for H=d*f(z), a=h, a— —d'f(z) (h), we gat

1(dif(z) ():

24d*f(z) (h,. 1) 2 f(x)—f(x +h), -

whence (14) follows. ‘
Conversely, suppose that d*f(z) is positive semi-dcfinite and (13), (14)

hold. Let heD—z be fixed and take p<F. It d*f(x) (h) >0 then, by (13),

f(x+h)>[(2)> [(x) —/. d*f(z) (p, p),

i.e. (15) holds in this case. If df(z) (R)<O then d*f(z) (h, h)#0 (otherwisc
E=0). Applying once again Lecmma 3 we have that for every g<E.

1 1 (d'f() (h))®
— 2 - P = o g [ '
571 (@ )>v(P) 2d(z) (h, )
whence, by (14),

LS L B A _
Mt 10— 2 ot @ 1y T 144 @, p)

Thus (15) is verified in this case, too.

The characterizations given above show that if f is bonvex (pseudo-
bonvex, quasi-bonvex) at z then [ is locally convex (pseudo-convex, quasi-
convex) at'z (see [5] for these definitions).

Corollary 7. (i) If f is strictly pseudo-bonvex at x then f is quasi-bonvex
at zx.

(ii) If f is quasi-bonvezx at x and d'f(z)#£0 or d*f(x)#0 then f is pseudo-
bonvex at z.

(iii) If f is strictly pseudo-bonvex af x then [ is pseudo-bonvez at z.

Proof. (i) Let f be strictly pscudo-bonvex at z and heD—zx, h#0. If
d'f(z) (h)>0 then, by (11), [(x+h)>f(z), and (13) holds. Assume now that
d’f(z) (h)<0 and d*f(zx) (h, h)#0. If d'f(z) (h)=0, we have, again by (11),

() — 2y L@@ @y
iR

If d'f(x) (h)<0, by (12), we have

e +h)>f(z)— é% .

Therefore (14) holds (even with strict inequality).
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(ii) Let f be quasi-bonvex at x. Of course (9) holds. Assume first that
d'f(¥)s#0. Then

{heD—x : d'f(x) (A)>0}ccl {heD—z : d'f(x) () >0}.

Let heD —x be such that d'f(x) (h)>0. By the above relation, there exists
(h,) =D —x such that h,—h and d'f(z) (h,)>0 for all n=N. By (13) we have
f(x+h,) >f(z). Taking the limit we get f(x+h)> f(z). Assume now that d'f(x)=
=0 but d*f(x)#0. Then

X={p=R": &f(2) (p, p) =0}

is a linear subspace of R", X+ R". Tt follows that cl (R™\ X)=R".Take heD —z;
there exists (h,)< (D —x)\ X such that h,—h. By (14) we have that f(x+h,)>
f(x). Passing to the limit we get f(x +h)>f(a), i.c. (8) holds.

(iii) follows immediately from Theorrms 4 and 5.

Note that if d'f(x)=0 and d*f(x)=0 then f is quasi-bonvex, while f (in
this case) is pseudo-bonvex if and only if x is a global minimum of f.

It was remarked in [1] that fis pseudo-bonvex and quasi-bonvex (strictly
pscudo-bonvex) at x when f is bonvex (strictly bonvex) at z.

Corollary 8. Lel D be convex and feC*. Then the following assertions
are equivalent :

(1) [ is pseudo-bonvex,
(if) [ is quasi-bonvex,
(iii) [ is convex and (J) holds for all x=D, heD —x. )
Proof. (i)=(iii). By Theorem 4 d*f(z) is positive semi-d=finite for every
r<D. By a well known characterization of convex functions (see [8, Th.4.5])
[ is convex. Of course (9) holds for all z€D, he D —r. :
(iii)=(i). If [ is convex then (by the same characterization of convex

functions) d*f(x) is positive semi-dcfinite for x<D. Another characterization
of convex functions shows that fis convex if and only if

(16) d'f(x) (u—2x)<f(u) —f(x) Yu, z<D.

Therefore (8) holds, and so [ is pseudo-bonvex.

(ii)=(iii). By Theorem 6 d*f(z) is positive semi-d-finite for every xr D,
and so fis convex. From (14) we have that (9) holds for all reD, heD —rz.

(iii)=(ii). [ being convex, d*f(x) is positive scmi-definitc and (16) holds
for all x, u= D. (13) is a consequence of (16). Let d*f(z) (h)<0 and d*f(x) (h, h)#
#0, where <€D and heD—zx. If d'f(x) (h)=0, (14) follows from (16), while
for d'f(z) (h) <0 (14) follows from (9). Hence [ is quasi-bonvex.

When n=1 the characterizations given above become simpler and {wo
cases must be distinguished : f”(x)=0 and ["'(z)50.

It he R™\ {0} we can consider the function on - =R, ou(t)=f(z+1h)
where x<=D is fixed and I,={feR: r+theD}. We say that f is bonvex
(strictly bonvex, ...) at z in direction h if ¢ is boavex (strictly bonvex, ...)
at 0. From tl}e characterizations given above and the relations on(0) =
=d'f(x) (h), 91 (0)=d*f(z) (h, h) we see that f is bonvex (strictly bonvex, ...)
at x if and only if f is bonvex (strictly bonvex, ...) at z in every direction.
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Ezxample 1. Let D=R", a=sR"\ {0}, f: R">R, [(z)=<a, z>. Then.
by Corollary 8, fis pseudo-bonvex and quasi-bonvex, but it is obvious that f
is not strictly pseudo-bonvex.

Ezample 2. Let f:R—R be defined by

sin x for z< /2.

- b '
f(z) !l(lxs o a+ 22 4-abx —i——l-b’_—l ab® |for x>x=/2,
613 2 6 2

where a==/2, b=a 6. { is pseudo-bonvex at 0, but it is not quasi-bonvex
at 0. Indeed, f'(0)=1, f(0)=0 and h>0=f(h)>(0), but f(b)=0={(0).
~_ These examples show that the converse implications are, generally, false
in Corollary 7. '
Ezample 3. Let f: R—R, f(z)=e* Of course f is convex, but condition
(9) does not hold. Therefore f is not pseudo-bonvex or quasi-bonvex on R.
Indeed, f'(z)=f""(z)=e¢". Condition (9) beccmes

"> e*—1,e* ¥V h<<O<se’>1/, Vh<0<=0> Y2,

a contradiction.

Theorem 9. Lef D be convex and f<C®. Then f is bonvex if and only if [
is convex gquadratic.
For the proof of Theorcm 9 we need the following lemma.

Lemma 10. Let I R be an open interval end f<C*(I). Then

(17) - (@2 f(@)+"(2) (g—2)+/= () (y—2)* Yz, y=I

if and only if f" is constant. Moreover, in such a case equality holds in (17).
Proof. Let us note that for all z, y=1 we have

MN=1@+ ] FO dt =f @ + @) — 9~ — @
So, from (17) we get _
(18) 0> {(t — ) (") — (@)t Vr,ye< 1.
Let us show first that f* is not decreasing. Suppose that there exist a, b1,

a<<b such that f""(a)>f"(b). As f"" is continuous, there exists #<[a, b] such
that f"(2)>f"(¢) for all t[q, b]. Of course, f<b. Then, by (18),

0= J(=0) (f"(—f"(2)) dt.

As o(f)=({—Db) (f"(t)—f"(£))>0 forall { [z, b] and o is continuous, we obtain
that f“(f)=f"(z) for all t=[z, b], and so f(b)=f(z)>f(a), a contradiction.
Let now z, y<1, y<z. Then f"(O<[f"(z) for all t [y, z].

On the other hand, by (18), we have

0< [(t—1) ('O —["(2) dt.
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Because f' is nondccreasing we have that ({—y) (f"()—f"(x))<0 for t=[y, x],
and so, as above, we obtain that f(f) =f"(x) for t=|y, x]. The conclusion
follows. If " is constant it is easy to sce that equality holds in (17).

Proof of Theorem 9. As mentioned in the Introduetion, the sufficiency
is proved by Mond [6]. Assume that f is bonvex. Then, by Theorem 1,
we have that

)= () +df(@) (y—2) +/2 d*f(2) (y —2, y—2) Vz, y=D.

Let us fix x,=D and take 9 : I- R, ¢({)={f(x,+{d), where I=fteR;: z,4td
€D} . Thus, for x=x,++d, y=2x,-+td, with =<1, we have that

?(022(z) +0'(x) =)+ 9"(x) (1—1)* VI, =<].
Using Lemma 10 we obtain that
2N =2(")+9'(=) ({—=)+"2 9" (z) (t—)* VI, =<L.
'I:aking yeD, d=y—z, v=0 and (=1 wc get
W) =1(xs) +47(2o) (§—x0) +/2 d*f(2,) (y — X0, y—2,) YYD,

which shows that f is quadratic. As, by Theorem 6, d*f(x,) is positive somi-
definite, it follows that f is convex quadratic.

Remark. The result stated in Theorem 9 is valid if we supposc that
D is open and connectcd.

Corollary 11. There are nol bonvex funciions f<C? with D conver, thal
are sirictly bonvex al some point. :

Proof. Lot f&C*® be bonvex. Then f is quadratic, by Theorem 9. There-
fore

fle+B)=1(x) +4'f(2) (W) /s d*f() (h, B Vz=D, heD .

This relation shows, using Corollary 2, thet f can not be strictly bonvex at
some point x=D. _

Bector and Chandra [2] say that the function f: R"=R is
pseude-linear if f is differentiable and for all x, u=R"

(19) d'f(x) (u—x)=0=>f(u) =[().

Note that f: R—R is pseudo-lincar if and oaly iff is constant or f'(x)#0
for all z=R.

The next result characterizes the psendo-linear functions. This charac-
terization is of the same type as those of quasiaffine functions [4, Th. 2.31]
and evenly quasiaffine functions [4, Th. 2.36]. '

Theorem 12. Lef f: R"—R. Then [ is pseudo-linear if and only if there
czisl @ : R"—R lincar and 5 : R—R a pseudo-linear function such that

(20) f=2 cw.

Proof. Suppose that there exist a linear functione : R"—R and a pseudo”
linear function 9 : R—»R such that f=9 cw. If 9 is constant or =0 then
is constant, and so pseudo-linear. If w0 and 7 is not constant then o'(f)=%
#0 for allfeR. and
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dif(z) (h)=2"(()) w(h) Yz, heR"

As ' (w(x))#0, if d*f(z) (u—x)=0 then o(u)=0(z), and so, by (20), f(u)=f(x)-
Therefore f is pscudo-linear.

Conversely, let us take [ a pseudo-linear function. The conclusion is
obvious if f is constant or n—1. Assume that f is not constant and n> 2.
Let us first note that d'f(x)#0 for all reR" (otherwise f is constant). Let
%< R" such that f(Z)#(0) and X,=ker dif(0)={h=R" . d1f(0) () =0}, X=
— ker dif(Z). We have that X = X,. If this is not the casc. as dim X=dim X,=
—n—1, there exists € XN (& +X), and so, by (19), f(0)=[(x)=[(Z), a con-
tradiction. Let now x&R™ be arbitrarily chosen : then f(x)#f(0) or f(x)# ().
As above we obtain ker dif(x)=2X, er ker d‘f(.r-)=5(. Hence ker d'f(x)=X,
for all z=R". Take w=d*f(0) and 7 e R" such that ©(z)=1. Then every ¥ R"
can be written as r=(x—o(x) T) +w(x) & and so, by (19), f(x)=[(w(x) I).
Taking ¢ : R—R, «(1)=f(1x), (20) holds. Moreover o' () =df(ix) (x)#0. There-
fore o is pseudo-lincar. The proof is compleie.

Remark. The results concerning (strictly) bonvex, (strictly) pscudo-
bonvex and quasi-bonvex functions stated in this notc are also valid in infi-
nite dimensional normed spaccs, while, Theorem 12 is valid in every topolo-
gical linear spacc, taking the Gateaux differential of f.
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