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1980 J Introduction.. Many papers concerning (strong) vectorial optimization
e ‘have appeared in thelast few years. In the convex case, the main attempt
66 was to generalize the results from the scalar one as, f.i., the Fenchel-Rocka-
- fellar duality theorem ([1], [10], [23], [30]), the formulae for conjugate
ound operators and e-subdifferentials ([10], [13], [14], [15], [23], [24]) and
) ‘theorems of Kuhn-Tucker type ([10], [30]). The non-convex case was also
e B considered and for this case Fenchel type theorems ([8] for the scalar case,
981), ‘[20]) were established and the Lagrangeans asociated with such problems
i - were studied ([7], [16]). We elaborated ourselves a paper ([28]) in which
naire we extended the Fenchel-Rockafellar duality theory for (strong) vectorial
Tie programming. The objective functions were non-convex, the imposed con-
; . ditions assured the existence of their convex hulls and the validity of dua-
pro- 1 lity results for the relaxed problems. Thus it was reobtained all the formulae
g || for the calculus of conjugate operators and subdifferentials established
e in [13], [14], some of them in more general conditions, in ‘an ‘unified and
ming simpler manner. Meantime some papers have appeared with similar results
EST (see [3], [4], [24]), so that our mentioned paper could not be ‘published in
- SR the initial form. So, the main ideas are taken from [28], but we insist mainly
ff:.‘:l - on the non-convex case. The paper is divided in four sections. The first
| i3 section presents the preliminary results and notations needed in the sequel.
space | - The second one is devoted to duality theory. The main result is Theorem
2.3 which states the existence of the convex hull of the considered function
Jice it and gives a duality result. Theorem 2.3 will help to obtain many duality
/ results and formulae for calculating conjugate operators and e-subdifferen-
ia tials. In fact, as mentioned in [11], as soon as a duality result is valid, it
* i1s easy to establish such formulae. We also apply Theorem 2.3 to obtain
the same kind of results for functions of the form gof, where f, g are convex
and g is increasing, getting the corresponding formulae from [14], [15] in
more general conditions. In the same manner there are obtained a , Farkas
lemma” and a ,sandwich” theorem. It is also given a simple proof of [17,
Th. .1] concerning the separation of sets in product spaces. In the third
! section there are given conditions which assure that the primal problem
and the relaxed primal problem have the same value, or an optimal solution
i of the primal problem is also optimal for the relaxed one. As applications
‘of these conditions and the results of Section -2, we reobtain the results
concerning the non-convex programming in [8], [16], [20], some of them
In more general conditions. We also give a Kuhn-Tucker theorem for con-
vex programming. Finally, in Section 4 it is underlined the continuous case.
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2

The main results of this section are Theorem 44.. which generalizes [18
Th. 3.14.20] from the scalar case, and Theorem 4.5, generalizing [30, Th 61

1. Preliminary Definitions and Results. [.et £ F he real linea; spa-ce;;.
If PcE is a convex cone (i.e. x+y<€P, axeP for all x,yepP, AeR*‘j
we write x<py (or simply x<y) for y—x<P. L(E, F) denotes the space
of linear opérators from E into F; if PcE and QcF are convex cones
LHE,F)={TeL(E,F)|T(P)cQ}. If E,F are real topological linear spaces’
(t.ls.), B(E.F)={T<L(E F)|T is continuous}, while B+(E, F)=B(E, F)n

nL*(E,F) when PcE, QcF aregiven convex cones. For T eL(E, F),

N(T), R(T) denote the kernel and the range of T, respectively. The projec-
tion of E xF on E is denoted by P, If Eis a t.l.s. @(E) denotes the class
of symmetrical neighborhoods of the origin of E.Let g% A E: 14 denates
the affine manifold spanned by A, while*4 denotes the closed affine manifold
spanned by A when Eis at.ls, ‘A denotes the algebraical relative interior
of 4, that is ‘A ={y=d|Vy<'d >0 Vae(0, 1) : x +a(y—1x) €4}, while
ri A denotes the fopological relative interior when E is a t.ls., ie.ri A
={xsA4| UV sD(E): (x +U)N'AcA}. If 'A =F, *4 is denoted by 4, and
if E isat.l.s. and *4 =E, ri 4 is denoted by int 4. co A and cone A denote
the convex hull and the conic hull of A, respectively. So coned =| Jid.

R
Note thatif 4 is convex (convex cone) then 0 €4 iff Yx €4, 310, 'such

that —axeAd (A is. a linear subspace) or equivalently cone 4 is a linedr

subspace. If A cE 1s a nonempty (convex) set.and x <4, we denote by

C(A, x) and H(A) the cones)Uol(A—x) and UA(A x{1}), respectively. !
: . § => s A=0 . '

Proposition 1.1. Let E, F be real linear spaces, A, BcE. CcF and T e
eL(E,F). Then . AR 5 _
(#) co(A xC) =co A xco C. 1
(73) T(co A)=co T(A4); T(cone A)=cone T(A).
(117) co(A +B)=co 4 +co B. ‘
(1v) cone A is convex iff co ACcone A. | _,
Proof. (iv) can be found in [17]. So it is sufficient to show that co 4 x

xco Ccco(A xC). Let' x= E 5.;&',, ¥ = Ey.,-_v,, hi, w20, E-?.,— _—-Z';u.j'; I,
=1 =1 =1 1=1 3

xed, v;<C, 1<i<n, 1<jsm. Then (x, y) = 323 hawj(vis v)) co(d xC).
L . 1=1 j=1 iy 'y
Definition 1.1. The nonempty convex subsets A, ..., A, of E are in
general position if : - :
k-1
(1.1) 0i(NA,—A4,) Yk, 2<k<n.
, g1y
Proposition '1.2. [29]. Let A,, ..., A,cE be nonemptv convex sets.
The following statements are equivalent : Wyl R
~ (9) A, ..., A, are in general position, : 7
(3) NA#D and for all (one). xs (A, C(As; ), ... C(An, x)
i=1 i=1 _ .,
are in general position, ' ' '
(173)  H(A,), ..., H(A,) are in general position,
(17v) (0, ..,0)e*{(x—x,, .., x—x,)|x€E, x, €4, l<j<n}.
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Remark 1.1. Kutateladze [13] has introduced the notion of
convex cones in general position asking that (1.1) be satisfied for-a rearran-
gement of the sets. From Proposition 1.2 we see this notion does not depend
on the order of the sets. _ -

Throughout this paper Z is an ordered linear space with positive cone
Z*, having the least upper bound property (lLu.b.p.), i.e. every nonempty
subset B which has an upper bound (lower bound) has a least upper bound
(greatest lower bound) called a supremum (infimum) of B. Such an element
will be denoted sup B (inf B), although it is generally not unique. To avoid
complication of writing, we shall suppose Z+N —Z+={0}, so that sup B
and inf B are unique when they exist. As usually, max is an attained
“supremum. Z is a linear lattice when inf {x, y} =x A y and sup{x, y} =2V y
exist for any x, v€Z. A cZ is said to be lineally closed if each line meets
the set in a closed subset of the line. : : |

Proposition 1.3. Let Z be an ordered linear space with the l.u.b.p. Then

(¢) Z+ is lineally closed, i

(i7) if {Ax|A € R*} is upper (lower) bounded then x<0 (x>0).

Proof. (i) is proved in [21], while (77) follows from (7) applying [12,
Th. 1.3.4]. %

Let f: Dc E—F be an operator, where F is ordered by the convex
cone Q. We say that fis convex if D is convex and f(Ax +(1—2)y)<Af(x) +
+(1—N)f(y) for all x, y=D, A€(0,1); f is a sublinear operator if :D is a
convex come and f(Ax)=»nrf(x), flx +y)<f(x) +f(y) for all x, ysD, AR+,
If E is also ordered by the convex cone P, fis increasing if D—P<D and
f(x)<f(y) for x, y €D with x<y. Every time when we write f(5)<z, we mean
x €D. Sometimes the domain of definition of f will be denoted by D(f).

Let now X be a linear space, Z as above and A c X xZ ; we say that
A is of epigraph type if (x,2)€A, 2’>z imply (x,2') €A. Note that if
AcX xZ then E(A)=A + {0} xZ* is the smallest set of epigraph type con-
taining 4. From Proposition 1.1 (z) we have that E(co A) =co E(4).

Propsiotion 1.4, (1) f: D c X—Z is convex iff epi f={(x, z) € X xZ|f(x)<
<2} is convex. - ‘ -

(1) Let ACX xZ be such that inf {z|(x, z) €A} =@ (x) exists for all
x€Px(A). If E(A) is convex then ¢4 : Px(A)—Z 1is convex. Moreover, if
¢: Px(A)—>Z, Acepiop then o< . L

The proof can be made in the same way as in the scalar case.

Proposition 1.5. (7) Let A <X xZ be such that E(A) is convex. Suppose
that inf{z|(x,, z) € A} exists for some x, *Px(A). Then inf{z|(x, z) € A} exists
Jor any x € Px(A). :

* (i1) Let f: DCX—>Z. If inf{z|(x,, z) Eco(epif)} exists for.some x,€
€1lD. then inf{z|(x,z) =co(epif)} exists for every x<coD.

The proof of (3) is as in the case Z = R. For (i7) apply (i) for 4 =co(epi f).

- When inf{z|(x, z) €co(epi f)} = e tepis)(*) exists for all x €co D, the ope-
rator cof : co D—Z, co f(x) = @eo (epi f)( %) 1s called the convex hull of f.

Very important. for the sequel is the following result.

Theorem 1.1 [31].Let X,Z be as above and.f: DC X—Z a convex, opera-
tor. If x,€'D then there exists T <L(X, Z) such that Tx—Tx,<f(x)—f(x,)
for all x<=D. ' w2

2 — Matematicd 212
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Definition 1.2. Let f: Dc X—Z and x,=D, e<Z*. The e-subdifferen-

tial of f at x, 1s the set
O f(%0) ={T €L(X, Z)|Px — Pxo<f(x) —f(x) + ¢ Vx D).

The subdifferential of f at x, <D is the set &f(x,) =3d.f(x.).

Remark 1.2. If f: D < X—>Z is a sublinear operator then é,f(0)=2f(0)
and 4, f(x) ={T €df(0)| Tx>f(x) —e} for every x=D and >0.

We shall also deal with problems of the form
(P) inf{f(x)|x C}.
xo 1s an optimal solution (e-solution) for (P) if x,=C and f(x,)=inf P=
=inf{f(x)|x €CC D}(f(x,)<inf P + ).

2. Duality Theory. In the following, X, Y are real linear spaces and
Z is as above. Let ACY xZ be a nonempty set. According to Stoer and
Witzgall [22, Def. 4.65], we introduce the conjugate A¢ of the set A
by A*={(T,z')eL(Y,Z)xZ|z+2'>Ty VY(y,z)€A}.

Proposition 2.1. (1) A€ is a convex set of epigraph type,

(i) A°=(co A)*=(E(4)) ;

(112) If A#* D then oo a(v)=inf{z|(y, z) Sco A} exists for all y<
el’y(co A) and
(2.1) Peo 4(¥) = sup{Ty—2'|(T, z') € 4°}.
The proof is immediate.

Theorem 2.1 Let AcY xZ and y, <*Py(co A). If inf{z|(¥y,, z) =co A}
exists then A# & and inf{z|(v,, z) €co A} =max{Ty,—2'|(T, z') € A}.

Proof. From Prop. 1.5 (2) and Prop. 1.4 (#7), we have that g 4 exists
and is a convex operator. Since v,<*D(p. 1) we canapply Th. 1.1 to get
TosL(Y,Z) sothat Py —Toy6< Pcoa(V) —Peo 4(Vo) V¥ €D(9w 1). Therefore,
24+ To¥o—Peo 4(¥0)= Loy Y(y, 2) €€Ppi geo 42 A4, so that (T, Ty¥o—Peo a(¥0)) €
€A% . Hence

inf {z](¥e, 2) €co A} = 4(Vvo)=sup {Tyv,—2'|(T, 2') €A} >
2 Toyo—Tovo+ +Peo a(Vo) =Pco 4(V0),

which ends the proof. .

Corollary 2.1 [17]. Let B, C<Y xZ be such that a) 0 €'Py(co(B—C))
and b) (0, z) €co(B—C)=>2>0. Then there exists T =L(Y,Z) and z, €Z such
that y,—z.ézo@z—zz V(¥,, 21) E_B), (¥e, 22) €C.

Proof. Let A =B—C. We are in position to apply Th. 2.1 with y,=0,

so that there exists (7, z') €A¢ such that 0<inf{z|(0, z) €co(B—-C)} = —z'.
But (7, z') €A° is the same with :
2,—23+2'2 Ty:—~Tys ¥(y1,7) €B, (¥, 2:) €C+>
Ty, —< Py, —z2+2'< Tys—2, ¥(y1, 21) €B, (¥2, 22) =C.

The proof is complete taking z, =sup{Ty,—z|(y:, 2:) € B}.

In fact, in [17] condition &) is given in the equivalent form (0, z) €
eco(cone(B—C))=>2>0, while condition a) is replaced by the condition
a') Vye!Py(co(cone(B—C))) 3z=Z such that (y,z)=co(cone(B—C)), i.e.
! Py(co(cone(B —C)))C Py(co(cone(B —C)))<>Py(co(cone(B—C))) 1s a lmea'r
subspace. But Py(co(cone(B—C))) =cone Py(co(B—C)), so that @) and a’)
are equivalent. It is clear that from Corollary 2.1 one can state Th. 2.1, so
that the above results are equivalent.

| ¢
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as

Definition 2.1. Let f: F « X—Z. The conjugate operator of f is e "F—Z,
f«(T) =sup{Tx—f(x)|x <F}, where F={PeL(X,Z)lsup{Px— f(x)|x = F}
exists}.

- Theorem 2.2. Let [: FCX—=Z. Then
(s) epif= (epif)” and [° is a convex operator.

(11) If F# @ then cof exists and f°=(co f)°.

(11i) T €d, f(xo)T eF and [(T)+f(x)< Tx,+ce,

' T éf(xo) =T <F and [4(T) +f(xo) 1o,

The proof is immediate.

Let now @ : DCA xY—>Z be an operator Consider the problem :
(P) inf ®(x, 0), :
called the primal problem (PP), and, when co @ exists, the relaxed primal
problem (RPP):

(P) inf co @(x, 0).
. To the operator @, we associate the set. 4 ={(y,2)eY xZ|xeX:
®(x, y)<z}. It is clear that the following relations hold :
(2.2) A =Py, z(epiP), co A =Py, z(co(epi D)),
Py(4) = P,-(D) Py(epi @), Py(co A) = Py(co D)=P y(co(epi (D))
Remark 2.1. A is a set of egvgraph type. If @ is convex, so is A.
Lemma 2.1. Lt : DCX xY—>Z. Then: :
(7) inf{®(x, 0)|(x, 0) D} =inf{z|(0, z) = A4}.
(u) If co ® exists then inf{co (D(x O)I(x 0) €co D} =inf{z|(0, z) Eco 4}.
Proof. 1t is clear that for a function f: FCX xY—Z, we have

inf . inf f(x,y)= inf inf f(x, ¥)= mfFf(x y)

xEP(F) y€EF, eP,tFJ wegF
as soon as one of the above quantities ex1sts where F.={y|(x. %) EF} for
x€ Px(F). Let us take F={(x, 2)|(x, 0, ,.)Eepl ®} and f:F—~Z, f(x,2)=z.

Therefore inf inf z= inf inf z= inf =z But mfz—mf{"[ x,0,2)€
s&P (F) :€F, . :€P,(F) x€F, 2 EP,(F) 1€F,

€epi @} =D(x, 0), so that inf inf z=inf{(D (x;, 0)] (%, 0) ED} while inf{z|z €

el (F)zeF
€ P4(F)} =inf{z|(0, z) € A}, smce:EP,(F)@ Ix=X: (x,0,z) sepi ®«(0,2) €
€A, so that (7) holds. To obtain (27) replace ® by co® in (77).
Let us determine now A°

(T,2) €A V(y,z) €A 242’2 TyssV(x, y) €D : O(x, v) +2'> Ty
< V(x,yv)eD: z>Ox+Ty—-(D(x y)«(0, T)=D and z>(D‘(O I’).

Therefore A°={(T, 2')|(0, T) €D, z'>®(0, T)}. i
Taking into account the above relation, Lemma 2.1. and (2.1) it

is natural to consider that the dual problem (DP) of (P) or (P) is

(D) sup[ —®%(0, T)].

If A°# & then from the definitions of (P), (P) and (D) we have inf P>
>inf P>sup D.
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. Theorem 2.3. If 0<‘co Py(D) and int{z|(x,0, z) sco(epi D)} exists,

then co® exists and - .
(2.3)  inf{co ®(x, 0)|(x, 0) =co D} =max{—®<(0, T)|(0, 7)=D}.” . -
Moreover, x, is an optimal solution for (P) and min P=max D iofff 3T =
eL(Y,Z) such that (0, T)<od(x,, 0). ¥ N :

Proof. In our conditions, by (2.2) and Lemma 2.1 we have 0 €'Pyp(co A)=
=‘co Py(D) and inf{z/(0, z) €co A} =inf{z|(x, 0, 2) €co(epi D)} exists. Hence
we can apply Th. 2.1 to obtain that inf{z|(0, z) co 4} =max{—z|(T, z) sA4°}.
Therefore A+ &, so that epi ®¢ . Hence co @ exists and max{—z|(T, z) €
€A} =max{—®°(0, T7')|(0, T) €D}. The rest of the proof follows immedia-
tely. - ' ,

Theorem 2.4. Let f:FcY—>Z and S<L(X,Y) besuch that 0 s R(S)—
—co F). ey |

(2) If inf{z|(Sx, z) Sco(epif)} exists, then co f exists and.
(2.4) inf{co f(Sx)|Sx co F} =max{—f¢(T)|T <F, T0oS=0}.
%o 1S an optimal solution of the corresponding primal problem and min P =
=max D ¢ff 3T 3f(Sx,) such that ToS =0. Moreover, if f is convex and
(%) =f(Sx) then i e ; 3 :

(#) D(9°9) ={TaS|T €F}, o*(U) =min{f¢(P)|T €F, ToS=U},

(4#) G9(%) ={ToS|T =4,f(Sx)} VxsD(g)=S*F), e>0.

Proof. Let ® : D—>Z, ®(x, v) =f(Sx—y), where D={(x, y) €X xY|[Sx—
—y€F}={(x, Sx—y)|x=X, ysF}. Therefore co Py(D)=R(S)—co F, so
that 0 €%co Py(D). To apply the preceding theorem we must calculate epi ®.

epi®={(x, 5, 2) € X xY xZ|®(x, y)< 2} ={(x, , 2) |f(Sx—y)< 2} =

| ={(x, Sx—y,z)lx X, (y,2) sepif}=V(X xepif), ‘-

where V:XxYXxZ>XxY xZ, V(x,y,2)=(x,Sx—y,z). V is a linear
operator, so that co(epi®)=V(X xco(epif)). Therefore inf{z|(x,0,z)e
<co(epi @)} =inf{z|x € X, (Sx, z) =co(epif)} exists, so that formula (2.3)
is true. We have _ ‘ '

(P, Ty) = sup{Tx + T,y —(x, y)|(x, y) €D} _

e = sup{T1x+ T,y —f(Sx—y)|x <X, yeY, Sx—y<F}

= sup{T:¥ + To(Sx —y) —f(y)|x € X, y =F}.

= sup{(T, + T,0S)x|x'€ X} +sup{(— T.)v—f(v)|y F}.
Therefore j '

(2.5) D ={(ToS, T)|T =F} and ®*(TcS, T)=f(T).

Hence, since D# o, F# . so that cof exists. On the other hand, tal_cin.g
into account (2.5), (2.3) becomes (2.4) in our case.' The rest of part (%) is
obvious. ' RS K

(1)) Suppose f is convex and take U =D(¢°). Consider ®: D-Z, .

®(x, y) =®(x, y) — Ux, where ® is defined at (i). We have that 0=‘P,(D)
and inf{®(x, 0)|(x, 0) € D} = —g°(U). Therefore s gy g2 108
(2.6) —°(U) =max{—®%(0, 7’)|(0, T) = D(@*)}.

el !-.]'

—_
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 But @0, T) =sup{Ty—®(x, y) + Ux|(x, v) =D} =04(U, T). From (2.5) and

(2.6), (#7) follows.
(#42) It is obvious that {ToSITEE,f(Sx,,}catcp(xo) for x, €S- 1 F).
Let U<d,p(x,) cD(¢°) ; then there exists T €F such that U=ToS and
o°(U) =f‘(T). Thus f(Sxo) +f4(T) = (%) +9°(U)< Ux, + e =T(Sx,) + €. There-
fore T =4, f(Sx,), and the proof is complete.
From Theorem 2.4 we obtain the following important cases.
Theorem 2.5.-Let f: Fc X xY—Z, S€L(X,Y) and suppose that 0 <
"{Sx—yl(x, y) Sco F}.
(7) If inf{z|(x, Sx, z) €co(epif)} exists then cof exists and
inf{co f(x, Sx)|(x, Sx) €co F} =max{—f*(ToS, —T)|(ToS, —T) <k}
Xo 15 an optimal solution of the corresponding primal problem and min P=
=max D iff 3T €L(Y,Z) such that (T oS, —T) < df(x,, Sx,). Mareover, if f
s convex and (x) =f(x, Sr) then
(1)) D(9°)={U|U= +’P..oS W T)EI, e(U) = mm{f‘(Tl T,)|
](Tl, 1) EP ‘T4 T0S=U}. "

(i) Zp(x) = {T: +Ts 031(T T,) Ee.f(x Sx)} -VxeD(p) =
=={x| (x,Sx) €F}, €20,

: roof This case can be rediiced to the one in Theorem 2.4 consideririg
the operator Sel(X, X xY), %v‘c.-n(x Sx), and noting’ that 0=*{Sx—y|
(%, y) €co F}<>(0, 0) €*(R(S) —co F).

Theorem 2.6. Let X, Y,, 1<k<n be lmear spaces, f.: FycY,—Z and
SyeL(X,Y,), 1<k<n, Suppose that (0, . '{(S,x Wi vies X =Y} |2 €
eX, yy€co Fy, 1<k<snl.

(1)  Ifinf{z;+ .... +2.|(Sex, ) ECO(Cplfk), 1< k<n} exists, then co f
exists for all R, 1<k<n and ;

1

inf [?: co fi(Six)|Six =co Fy, 1<k n} =
=1 s

=max l - 2 (T | T eF,, ;_; T'0S, =o} ;
Xo 1S an oftz'mal solution of the corvesponding primal froblem and min P =

=max D iff Vk, I<ksn 3T, <if(Six,) such that 2 Ty oSy =0. Moreover,
if f 1< k<n are convex operators and o(x) = 2 [fi(Six), then
| (i5) D(cp‘) ={U|U - E T;0S;, P, eF‘., 1< ks n}
o°(U) = =min {ka(n )| T €F,, l<lk<;z. 2 TyoS; = U} :

(17) ‘,q,(x) {Z} nos.mea,kf;.(skx) 1~<~k<"~2‘?=;}"n
Vx =D(g). T
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Proof. Take S: X=>Y =Y,X..XY,, Sx=(5,1,....5,x) and f: F=F, x...
XF,CY—=>Z, f(y1, ey Ya) =/i(¥1) + ... +/u(32) in Theorem 2.4, Note that co f
exists exactly,when co f; exists for all 1<k<n and then

o f(3s, o 30) = 230 fu(3),
@) DU =DUS) X oo X DU, ST, ey Ta) = ST,

(2.8) 2 f(y1, os ¥a) = U0 fi(31) X oo X G, fu(3n) &2 0, &1+ ... +en=¢].

Corollary 2.2. Let f, . F,.C X—Z, 1<k<n. Suppose that co F,, 1<k<n,
are in general position.

(2) If inf{z; + ... +n]x€X, (x, z;) Sco(epi f;), 1<k<n} exists, then
co f; exists for all 1<k<n and

inf{) co fi(x) ]| x € N co Fk} - max[*zf{(Tk)lT,,Eﬁk, ?"_,n=o}.
=1 A=1 7 . =1 =1
X, is an optimal solution for (P) and min P =max D iff Yk, 1<k<n 3T, €

€ dfe(x,) such that;: Ty =0. Moreover, if f, are convex and ¢(x)= Ef;—(x),
=1 X k=1
then '

(i7) D(3°) = {U[U = fS i Tix Eﬁ,,} , 9°(U) = min {Efﬁ( I)| Ty =
ey | ' el ‘ 3
thE Ty= U} .
k=1
(177)  ép(x)=U {pl Cep (%) 6,20, I<k<n, e, + ... +e,= e},

Vx €D(9) =NF;.
k=1
Proof. Apply Theorem 2.6 for S,=identity of X, 1<k<n, and take

into account Proposition 1.2.
, ~Theorem 2.7. Let f: FC X-—Z and S € L(Y, Z). Suppose that 0 *co S(F).

If inf{z]x € X, (x,2)<=co(epif), Sx=0} exists, then cof exists and
(2.9)  inf{co f(x)|Sx =0} =max{—/f(ToS)|T=L(Y,Z), ToS<F}.
Morcover, x, is an optimal solution for the corresponding primal problem and
min P=max D iff

Sxo=0 and 3T L(Y,Z) such that ToS = ¢f(x,).

Proof. Consider ® : D—Z, ®(x, y) =f(x), where D={(x, y)€F xY|Sx =
=y} ={(x, Sx)|x €F}. Therefore Py(D)=S(F), so that 0<=f‘co Py(D). To
apply: Theorem 2.3 we must calculate epi ®.

epi ®={(x, 3, 2)|Sx =y, f(x)<z} ={(%, Sx, 2)|(, z) =epif}.

q
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so that co(epi ®)={(x, Sx, z)|(x, 2) co(epif)}. Therefore inf{z|(x,0,z)e
€co(epi ®)} =inf{z|(x, z) =co(epif), Sx =0} exists. But ®*(0, T) =sup{Ty—
—@(x, y)| (x, ¥) €D} =sup{Ty—f(x)| Sx=y} =/ (T oS). Hence cof exists
and (2.9) follows from (2.3). The rest of the theorem follows immediately.

Corollary 2.3. Let [:F CX—~Z be a convex operator and S<L(X,Y).
Suppose that o(y) =inf{f(x)|Sx =y} exists for every vy €S(F) (this is the case
when (yo) exists for some v, <'S(F)). Then

() D(9%) ={U|UoS €F}, o°(U) =f(UoS),

(#7) for every attained o(y), e.g. o(v)=f(x), Sx=y, we have

0e9(y) ={UlUoS =¢, f(x)}.
Proof. (1) It is just clear that ¢ is convex. Let U €D(g°).
—¢%(U) =inf {o(y) —Uy |y €S(F)} =inf{f(x) —Uy|Sx—y=0, x<F, yeY}.
Let us take f:FxY—Z, f(x,y)=f(x)—Uy and S: X xY=>Y, S(x, y)=

—

=Sx—y. Since 0='S(F xY)=%S(F)—Y) =Y we can apply the preceding

- theorem, so that —q;‘(U)=max{—j_‘(f_1_’oS)| .T'o.SED(F}. But for T =

€L(Y, Z), ToS=(ToS, —T) and f%(ToS)= f(ToS, —T)= sup’ {ToSx —
—Ty —f(x) +Uylx<F, y €Y} = sup {ToSx~ f(x)|x € F} + sup {(U — T)y|
y €Y}, so that ToS €D(f°) iff ToS€F and U =T. This shows that D(g°) =
={U|UoS €F} and o°(U) =f4(UoS).

(77) Let y=Sx such that ¢(y)=f(x). Then for U<é,q(y), U D(°),
so that UoS €F and f(x) +f(UoS) = o(y) +¢°(U) < Uy + e =UoSx +¢, which
shows that UoS €4, f(x), i.e. é,9(y)C{U|UoS €¢,f(x)}. The converse in-
clusion is obvious.

Corollary 2.4. Let f; : FyC X—Z, |<k<n, be convex operators. Suppose
o(x) =inf{fi(x)) + ... +fa(x) X €F,, 1Sk<n, x,+ .... +x,=2} exists for.

every x€F,+ ... +Fy=F (this is the case when o(x,) exists for some x, €'F).

1

Then

(@) D(#) = Fi. 9(U) = 2, fi(U),

(i1) for cvery attained o(x), e.g. o(x)=fi(x:) + ... +fa(x0), 21+ ... +
Xa=X, O, q(x)éU{kri\ Canfi(x)]&r=>0, e +.... + &, =¢}. s

Proof. Take in Corollary 2.3 ¥V, =X, S: X" X, S(xy, ..., %) =%y +... +
txgand f : Fy x ... ®EFiaZ, (%, ... B)=fi(%) + ... +f(x,) and use (2.7)
and (2.8).

In the sequel, suppose that Y is ordered by the convex cone Q, f:
F—>Y is convex and g:G—Z is convex and increasing (see Section 1).
Note that D(g°)CL+(Y. Z), so that d,g(y)C L+(Y, Z). It is simply enough
to show that ¢ : H—>Z, ¢(x) =g(f(x)), where H = {x €F|f(x) G}, is a convex
operator.

Theorem 2.8. Let f, g be as above and 0 %G —f(F)).

(1) If inf{p(x)|x = H} exists then
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(2.10).  inf{p(#)|x =H} =max{—g*(T) —(Tof)*(0)|1 =G, 0 =D((Tof))}.
Moreover x, is an optiimal solution iff

| BTeag(f(xo)) such that 0 <3(T of)(x,).

(37) 4D8F) = U{D((To))I T <G}, |
@11)  &(U)=min{g(T) +(Tf)(V)|U =D(Tef)9), T <G}.

(1#1) Opp(%) =U{le(T of)(2)I T 2cg(f(2)), &1, €220, ex+er=¢}.

Proof. (i) Let ®: D—>Z, ®(x, y)=g(f(x) —y), where D={(x, 'v) eF x

x Y|f(%)—y SG} ={(x, f(x) —y)|* <F, yG}. Therefore0 «'Py(D) =Y f(F)—
—G), so that we can apply Theorem 2.3 to get inf{p(x)|x €H}= max {—®°

(0, T)|(0, T) €D}. But
Q(Ty, —Ts) =sup{T,x—T.y—g(f(x) —y)|x F, f(x) —y =G} =
_ sup{Txx (Taof)(%) + T2y—g(y) | €F, y €G =sup{Trx—(T:of)(x)[x =
EF}+SUP{sz —8(y)|y €G} = (Taof (T.) +£5(T),

as soon as T EG and T; ED(( 20f) ). So (2.10) is wverified.

() Let U<H and take ®:D—=Z; (D(x v) Ci)(r v)—Ux, where @
is deflned above. We have ‘

i-' —cp(U —1nf{(1)x 0)|(x, O)ED} max{ CD"'(O—— )I(U-—T)ED(‘I":)}=
~max{—®(U, — T)|(U, —T) D).

So we get 1mmed1ately (2.11).

_ (7i1) Let new U €8,0(x) c H. There exists T <G such that UeD((To
of)?) and ¢ “(U)=g%T) +(Tof)?(U). Therefore

g(f(%)) +&°(T) +(Tof)*(U) =9(x) +9(U)<s Ux +e¢,

or equivalently,
g(f(%)) +&(T) — T(f(x)) + (T of)(x) +(Tof)(U) = Ur<ce.

Taking e, =g(f(x)) +&°(T) =T (f(x))> 0 and e, =e—¢,, we have Teé'.,g(f(x))
U €&, (Tof)(x). Thus we pro\ ed an inclusion in (z7z). The converse is ob-
vious: -

Corollary 2.5. In Theorem 2.8, suppose that g is sublinear. T hen

. {3) - inf{p(x)|x = H} =max{—(Tof)(0)| T <&g(0), 0 <D((Tof)},

(i) D(¢") =UID((Tof)?)| T <2g(0)}, 9°(U) =min{(Tof)*(U)| P =

=3g(0), U.=D((Tof))}.. |
S0 0 | 4 =UleTeN () T <8(0), TN EU() =i eh 5>

Proof. We must only note that D( g°) 'Eg(O) and take into' account
Remark 1.2. aEY ey 3
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Theorem 2.9. Let Y be a linear lattice, T€L+(Y,Z) and f,.: F,CX—->Y
I<k<n, convex operators. Suppose that F,... F, are in general position.

T o :*rlek-+Z, o(x) = T(fu2) V. . VLil2)).

(7) If inf {'I(f,(x) Ve N Fb)) % Ef]le} exists, then
inf {T(fl(x) Voo Via(x)]x Eké Fk} =max{— i_\, (Txofi)(Se)| TreLlX(Y, Z2),
ZT,,—T Sk €D((Trofi)") 25":0}

(1) D(¢%) = {Z}skurleuyz ET T, Sy € D((Tofy)* )}

() =min {3 (T (S0 Ty LAY, 2), B To=T
S, € D((T1ofh)"), ﬁ g U} .
(m) cp(x)=U {{‘__‘, e Teofi) ()| T = L+(Y Z), E T.=T, >0,

‘P(x E T fi(2)) + 2 € = e}

Proof. Take f: rﬁﬁFt=F—>Y", F(3) =(fu(x), oors ful%)) and g: Y2,
831 sy Vu ) T(y: V.. \/_) ), Y™ being ordered by Q". g is an increasing sub-

linear operator. Moreover 0 €*(f(F)—Y")=Y" and ég(0) ={(T,, ..., Ta) ! T, =

elHY,Z), E T, =T} . The assertions follow then from the preceding coro-
k=1

llary and Corollary 22,

Remark 2.2 The duality results in the preceding propositions are new
for vectorial optimization (except the Fenchel duality in Corollary 2.2),
as well as those assuring the existence of convex hulls. Also new, for
this case, is the method to obtain the formulae for conjugate operators
and e-subdifferentials.
: Remark 2.3. The formulae stated in Corollaries 2.3 and 2.4 are new
for the vectorial case (for the scalar one see [11], [19]) and are dual to
those in. Theorem 2.4 and Corollary 2.2.

-Remark 2.4. In [14] I‘heorem 2.8 (17) and (¢77) are established in the
condition f(F)ﬁG‘aé .
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Remark 2.5. From Corollary 2.2 and Remark 3.2 one obtains Theon-
rems 1 and 2 and Lemma 3 from [20], taking into account that (0, o0)
(F,—F,)=X implies 0=(co F,—co F,)'.

Remark 2.6. Corollary 2.2 (i) is nothing else but [1, Th. 6]. Taking
into account the disccussion in Section 4, one obtains [8, Thms. 2.3 2.4]
and [30, Thms. 2,3]. ;

An-immediate consequence of Corollary 2.2 is the following.

Corollary 2.6. Let f: FC X—2Z, & : GC X—Z be such that f and —g are

convex and 0 = F—G). 1f f(x)>g(x) for all x <FNG then thee exist T e
€L(X, Z) and z<Z such that

(2.12) 8(¥)<Tx—z for all x<G, flx)>Tx—: for all xeF.

In the sequel we give a necessary and sufficient condition for the
existence of T€L(X, Z) and 27 satisfying (2.12) (compare with Sandwich
Theorem 4.3 in [31]).

Theorem 2.10. Let [ FCX—>Z, g:GCX—>Z be such that f, —g are
convex. The following statements are equivalent :
(1) there exists a convex operator h: X—7 with, h(0)<0 such that

Sf(%x,) é-g(xg); —h(xy—x.) for all x,<F, x,eqG,

(17) there exist TeL(X, Z) and »<Z satisfving (2.12).
Proof. Taking h=—T, it is clear that (i7)=(1). For the converse
implication take /: X x X—2Z, M(xy, %) =h(x,—x,)and k: F xG->Z, k(x,,

x3) =f(%:) —g(x.).For h and —% one applies the preceding corollary, and the
conclusion follows.

Theorem 2.11. Let f: FCX>Z be a sublinear operator, PCX, QCY
convex cones, S€L(X|Y) and y, Y. Suppose that F—P is a linear sub-
space and y, = (S(FNP)—Q). Then

(2.13) 220, Sx=v,=>f(x)>z,
iff
(2.14) 3T, eL(X, Z), T, L*(Y, Z) such that I'y+T,0S €6f(0) and Tay,>z,.

Proof. It is clear that (2.14)=(2.13). For the converse implication
take ©:D—Z, ®(x, y) =f(x), where D={(x, v)]JxeFNP, Sxsy,+y +0Q}.
® is convex and P,(D) =S(FNP)—Q—y,; therefore 0 =*Py(D). Since -

<inf{®(x, 0)|(x, 0) €D}, from Theorem 2.3, there exists T,=L(Y, Z) such

that (0, 7,) P and z,< —®%(0, T.). But
(0, ;) =sup{T,y —d(x, y)|(x, y) €D} =sup{T:(Sx—y,—y) —f(x)|x =
€FNP, y€Q} =sup{T,oSx —f(x)|x €eFNP} +sup{—T,y|y €Q} —T.v,.

Therefore T,eL+(Y, Z), T,oSxgf(x) for all x*<FNP and (0, T,) =
=—Tyyo'If I,: P2, I.(x) =0, then T,oS €d(f+1I,)(0) =cf(0) + eI p(0) =
=¢f(0) —L+(X, Z), which completes the proof. :
Remark 2.7. Theorem 2.11 represents a generalization of the Farkas
lemma analogous to the one in [26], but in different conditions. Theorem
2.11 provides a new condition in which Problem II in (7] has solution.
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3. Applications. In this section we emphasize conditions in which

inf P=inf P and an optimal solution for (PP) is also optimal for (RPP),
respectively. Using these conditions and the duality results from Section 2,
we reobtain the results for nonconvex programming in [16]1, [20]. We give
also a Kuhn-Tucker type theorem.

Let ACY xZ and suppose that inf{z|(0, z) €4} =v exists. [tis obvious
that v=inf{z|(0. z) co A} iff

(3.1) V(yiezm) €4, %20, 1< ksn, kEl =1, ,,21 My =0= E Mzp2 0.
= = k=1

A sufficient condition for v=inf{z|(0, z) =co A} is

(3.2) co (4 —(0, v)) Ccone(A —(0, v))<>cone (4 —(0, v)) is convex.

Indeed, if (v, z) €4, 420, 1<kgn, E Ke=1, ; Meve =0 then 2 MV,
k=1 =1 k=1

7 —0) = ( p A2y — ) eco(4-(0, v)), so that, by :(3.2), .tlicre.exist A=>0,

(v,2)€A such that (0, p )\kz,—v) =A(¥y,2)—(0,0) =Ny, z—v). If :l-—-O

then p Mz =v>v ; if A>0 then y =0, so that z>v which implies E Mza_t 4

Therefore (3.1) holds. Also note that if (3. 1) or (3.2) is satisfied for v<mf P

then v<inf P.We emphasize especially the situation 4 = Py, (epi @), whete
O:DCXxY—>Z (as in Theorem 2.3). In this case condltlons (3.1) and
(3.2) become :

_(3.3) Y(xx, ¥2) €D, 020, l<k<n El,,—l E)\kyk—0=>zh(b (%e-35) 2

: B T |

V(xx, v:) €D, L0, 1<k<n, Z}Aﬁl N0, (x, v)eD: Elm—J.
k=1

<ETRE
; MO (x, 312 M0(x, y) +(1—N)o,

respectively. Let us remark that (3.2)=(3. 4)=>(3 3), but the converse im-
plications are generally not true. If x, is an optimal solution for (PP), ie.
v =®(x,, 0) and one of the conditions (3.3) or (3.4) is valid then x, is also
optimal for (RPP).
We rewrite conditions (3.3) and (3.4) for some situations from Sec-
tion 2. Thus in the case of Theorem 2.4 the above conditicns bccome res-
pectively :

Vy,eF, M0, 1<ken, E)\t=1 Z)\ly; € R(S) ==°27\;th

k=1
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'Vy,, eF, >0, ISksn, Jt2?\k=1 Ir>0, _}'.EF with ?:)\,,yk—-)«_)‘zER(S)
=1 =1 :

| | and 3 hef(3)> W(3) +(1—A)o.

For the case of Corollary 2.2 with # =2 condition (3.3) becomes *

Vi, €F,, y.€F, N30, I<k<n, 2 Ae=1, E-Mxx = E A=
(3.5) ‘ k=1 k=1, =

g Mefr(x) + Z_; lkfz(yk)? v,

while in the case of Theorem 2.7 (3.3) and (3.4). become

Vi, €F, 3,30, Iskgn,;)\k:‘l, ;Mx,,EN(S);oEMf(x,,)av,.
" =1 - =] k=1
| VxS 020, 1<k<m, 25 %=1 330,2 €F: 3 M1y —rxr €N(S),
k=1 A=1 o 2

|E w0 + (1=

Remaqrk 3.1. The above conditions do not assure the ex;stence of the
convex hull of the respective functions.

~ Remark 3.2. Condition (3. 5) 15 nothmg else but condltmn (CI) from
I'ZO] for f—v and —g. |

Let now f FCX—>Z and g GCX =Y w1th Y ordered b\ the convex
cone Q. Let D=FNG. Consider the problem

(P) - inf{f(x)|g(x)<0}.
To problem (P’) corresponds the Laarangean
(3.6) L:DxLHY,Z)>Z, .L(x, T) =f(x) + Tg(x).
The saddlmlem associated with (P?) is E |

(SP") {Fiﬁd (%0, To) €D x LYY, Z) such, tlmt
L(xo, T)< L(xy, To)<L(x, Ty) YxeD, TeL+(Y Z)

Theorem 3.1. Suppose tlzat 0 ='co(g(D) +Q). If x5 is an e-solution for
(P’) and : |

(3.7) co BC cone B
where, B ={(g(x) +q, f(x) —v+2)|x €D, 2>0}, v being inf P’ Then ‘
(3.8) 3T LYY, Z) such tnat Tg(xg +e=6,20 and 0<3,(f+ Tog)(x,).

Proof.. Let @ : D(®)—Z, ¢(x ¥)=f(2); where D(®)={(x, y)|xeD,
g(x)<v}. We have i '

S1
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(3.9) A'= Py, ,(epi ®) ={(g(x) +¢, f(x) +z)|x €D, g=Q, 2>0} =B +(0, v)

and Py(D(®)) =g(D) +Q. (3.7) and (3.9) show that co(4 —(0, v)) C cone(4 —
—(0, v)). Therefore the relaxed primal problem has the same value as (P’)

- Since 0 €‘co Py(D(®)), by Theorem 2.3, there exists T L(Y, Z) such that

v=—0%0, —T) = —sup{—Ty—f(x)|g(x)<y}=
= —sup{—Tg(x) —f(x)|x €D} —sup{—Tqlq =0}.

~ Therefore T eL*(Y, Z), sup{—Tq|g=Q} =0 and v=—(f + T'og)(0), so that

f(x)<v 4 e = —(f + T 0g)*(0) + e<=0< f(x,) + Tg(x,) +
+(f+Tog)(0)<e+ Tg(xo) = €.

Hence 0 €d,,(f + T og)(x,) which together with Tg(x,) + ¢ =+¢,>0 show that
the conclusions of the theorem hold.

Remark 3.3. If (3.8) holds for an admissible x, then x, is e-solution
for (P*) Taking €=0, and therefore v =f(x,) in the conditions of Theorem,
3.1, it follows Tg(x,) =0 and (x,, T) is.a saddle point for L given by (3.6)
i.e. (x,, T) is solution for (SP’).

;. Remark 3.4. If x, is an optimal solution for (P’), the existence of T
such that (x,, 7T) be a solution for (SP’) is proved in [16] in the conditions:
0 €¥(g(D)+0Q) and g(D) +Q is expansive. In [16] there are also indicated
some exemples of nonconvex problems for which (3.7) holds.

~ "Corollary 3.1. (¢) 1f f and g are convex and 0 <%(g(D) +Q), then x, <D
is an e-solution of (P') iff x, is admissible and (3.8) holds.

(#) If moreover 0 €Y (F —G) then x, is an e-solution for (P') iff x, s
admissible and : " s &

(3 10) AT €LY, Z) and e, >0 such that Tg(x,) +ec=

' &1+ and 0S8, f(x,) + &e,(Tog)(x).

Proof. (¢) was already remarked, while (3.8) and (3.10) are equivalent
by Corollary 2.2. i

Corollary 3.2. Let g : GC X—Y be a convex operator and g:G>Z, g(x) =
=0, where G ={x|g(x)<0}. If 0=*(g(G) +Q) then

A3:11) - ‘ d.8(%) ='_L_J!'{?.l-.(To'g)(x) | T €LY, 2), '- Tg(x) +e=¢,20}.

Proof. Let U<2,g(x) and take f=—U in Corollary 3.1 (7). Then x
is an e-solution for the-appropriate (P’). Therefore there exists T elr(Y,Z)
such that Tg(x)+e=¢,20 and U<é,(Tog)(x). The converse inclusion
being obviously true, (3.11) holds.

Let consider now the problem

(P") ' inf{/(x)|g:(#)<0, 1<k<n},
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where f: FC X—~Z, g, : G,C X—Y,, 1<k<n are convex operators, Y, being

ordered by the convex cones Q;. Let G, ={x|g; (x)<0} and g,: G,—Z, g,(3) =

=0, 1<kgn. A Ty Syl BT
‘Theorem 3.2. Let f, gi, 1<k<n be as above. Suppose that

04

F, Cl. G, ..., Gn, are in general position and
(3.12) £ (0,...,0) € {(g:i(%) + 1 ..., &a(%) + @) | x €EFNGN .... NGy, g €
€(Q,, ISkSn}

or

F,G,, ...,G, are in general posilion and

(3.13)
0 ='(ge(Gi) +0Qr), 1<k<n.

Then x, is an e-solution for (P'"') iff x, is admissible and

it

314 3T EL+(Y,,, Z), €q, €1,...,642 0 such that 2 T,,gl.(x,,) +e= E 5y
(_ A ) . k=1 U R=F 1 1
and 0 € &, f(x,) + 0e,(T1081)(%0) + ... + ey(TuEa)(X0).

e

Proof. If condition (3.12) is satisfied, take g: r"\ Gyr—=>Y,x ... xY,,
i e =1 L _
g(x) =(gi(x), ..., &a(x)) and apply Corollary 3.1 (7). Let  condition (3.13)
be satisfied, x, is an e-solution for (P"') iff 0.=4,(f+ kz:gg)m).. Applying
=1

now Corollary 2.2 and taking into account (3.11), we obtain" that (3:14)
holds. It is clear that (3.14) implies x, is an e-solution. -

4. The Continuous Case. In this section we show that from the pre-
ceding algebraic results it is possible to obtain their continuous Versions.
This means that the linear spaces under consideration are t.Ls. and that
in the definitions of conjugate operators and e-subdifferentials continuous
linear operators instead of linear ones are taken. The notations are the same
as in the preceding sections and the linear and order structures are keeped
(so Z has the Lu.b.p.); in addition all the spaces are separated topological
linear spaces. Throughout this section we also assume that Z is normal,
i.e. there exists a base ) of symmetric neighborhoods of the origin of Z
such that W=(W +Z9N(W —2Z+) VW 7). Fhe operator, [: FCX—>Z is
said to be comtinuous at x, if x,<int F and f is continuous in the usual
sense at x,. Concerning the continuity of convex operators we have the
following results whose proofs follow from [3], [4] and can be also found
in [28]. ' , i

Theorem 4.1. Let [: FC X—>Z be a convex operator.

(2) f is comtinmous at x, iff -

LeZ VWel) IVe®(X) Vicx,+V:f(x)sz+W—2

(i1) If f is continuous at x;<int F then f is continuous on int F.
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(137) If
3zeZ, Ve@(X) Vrex,+V : flx)<z

then f is continuous at x,. If int Z+# & and [ 1s continuous at x, then the above
condition holds.

(19) Let g : GC X—>Z be continuous at x,<int G and AC X xZ be con-
vex such that A Cepig. If there exists inf{z|(x,, z) €A} then @, : Px(A)—>Z,
@.4(¥) =inf{z|(x, 2) S A} ‘exists and ¢, is continuous on int Px(A) Dint(co G).

(v) Let, g: GCX—>Z. If g is continuous at some x, <int G then D(g°)C

CB(X,Z) and therefore 6,8(x)C B(X,Z) for every x <G, £>0.

Theorem 4.2. Let X be a locally convex space and assume that int Z+#
#@. If T,€B(X,, Z), where X.C X is a linear subspace with the induced
topology, then there exists T € B(X, Z) such that T|x,=T,.

Proof. Since T, € B(X,, Z), T, is convex and continuous at 0. Accor-
ding to Theorem 4.1 (iii), there exist z=Z and p : X—R+*-a continuous
seminorin such that x €X,, p(x)<1 imply T,x<z. Therefore z>0 and Tox<
<p(x)z for x=X,. Taking p: X—=Z, p(x) p(r)z, $ 1s a (continuous) sub-
linear operator, and therefore we can apply [31, Th. 2.1] toget T€L(X, Z)
such that Ty, =7, and Tx<(x) for all x€X. From Theorem 4.1 (v),
we have T < B(X, Z)

In ‘the following we shall emphasize the conditions which assure, in
the convex case, the validity of continuous versions of the results from
Sections 2 and 3. For the nonconvex case, we must take into account Theo-
rem 4.1 (7v), or we have to write these conditions for the convex hulls of
the operators. So, all the operators are assumed to be convex.

To obtain the continuous version of Th. 2.3 we strengthen the condi-
tion 0 €*Py(co D) in such a way that @4 =9, be continuous at 0. From
Theorem 4.1 such conditions are

(4.1)  FTeZ VWeRIVeO(Y)VveVIxeX : :O(x, y)sz+ W -2+,
(4.2) eZ Ve@Y) VyeV IxeX : O(x, v)<2,
(4.3) x, € X such that ®(x,, .) is continuous at 0.

Let us note that to obtain the formulae for conjugate operators and

subdifferentials, we considered also operators ®, ®(x, y)=®(x, y)—Ux. To
get that the corresponding ¢, be continucus at 0 at least for all operators
UeB(X,Z), conditions (4.1) and (4.2) must be rewritten as

s 2zeZ xeX VWeW, Ue@X) IVe®(Y), Vye
i sVixrex+U: O, y)ez+W -2+

and | .
@.2') keZ, x=X VUeOX)JVe@(Y), VyeV v ex+U: O(x', v)<z.

Note that if (4.3) holds than it holds also for every ® with U EL(X Z).

It is clear that a necessary condition in order that o, be continuous
at 0, is 0 € Py(D)". The next result shows that this condition is sufficient
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to satisfy (4.1') and therefore that 3 be continuous at 0 for U € B(X, Z),

in enough general situations. :

Theorem 4.3. Let X, Z be Fréchet spaces, Y be a barrelled space and
®: DCXxY—>Z a convex operator with closed epigraph. If 0 € Py(D))* and
inf{®(x, 0)|(x, 0) € D} exists, then o(y)=inf{®(x, v)|(x, y) €D} exists for eve-
ry v € Py(D) and ¢ is continuous at 0. Moreover condition (4.1") holds.

The proof is given in [28] and follows also from [4].

From Theorem 4.3 it follows also that the continuous version of Corol-
lary 2.2 is valid for n=2 if X, Z are Fréchet spaces and 0 =(F,—F,)".

We remember the form of ® in Theorems 2.4, 2.5, 2.8, namely O(x, y) =
=f(Sx—y), D(x, y)=f(x, Sx—y), D(x, y) =g(f(x) —v), respectively, so the
conditions (4.1), (4.1°), (4.2), (4.2) (4.3) can be easily written for each case.
We mention that, even in the case Z =R, condition (4.3) was used, in most
cases, to establish duality results, formulae for subdifferentialsior conju-
gate operators (see [2], 5], [9], [25], [27]). In [19, Th. 19] it is provided
a condition, more general than (4.3). We also remark that in the case of
Theorem 3.1 condition (4.3) is nothing else but the Slater condition ( 3x, €
eF such that —g(x,) €int Q). : i ;

It seems that the most general conditions in which the Fenchel duality
theorem in the case Z =R is proved are provided by [18, Th. 3.14.20]. We
shall reestablish it in the present context, with.a simpler proof.

Theorem 4.4. Let X be @ Fréchet space, int Z+# & and f.: F,C X>Z,
k=1, 2 be convex operators. Assume the following conditions holds : a) ri F,N
Nri Fa# &, b) f, is continuous relative to LE; ‘at some point of ri Fy, k=1, 2,
c) LF, +1F, is closed. If inf{fi(x) +/:(%)|x €F:NFs} exists, then

inf{fy(x) +/a(¥)|x €FNFo} =max{—f{(P)—f§(=T)|T <
eB(X, Z2)NF,N—F.}.

Proof. Without loss of generality we can suppose 0Oeri F,NriF,,
and therefore “F, =X, and “F,=X, are closed linear subspaces. Note that
ATy =f(P:) for T, T.€L(X,Z) with' T, —Tslp,, =0. On the other
hand, taking into account Theorem 4.1 (v) and b), if T eF,=D(f{) then
Tz, is continuous. Also note that T|x,+x, is continuous if T[x,, k=
=1, 2, are so. This follows immediately because X,, X, and X, +X, are
Fréchet spaces and B: X, x X XitXs Blay %) =% +t%s 15 & surjective
continuous linear operator, and therefore it is open. From Corollary 2.2
we have that inf{f,(x) +/fu(x)|¥ €F:NF,} =max{—/{(T) —/i(— NTeL(X,2),
T e F,N— F,}. Let T realize the maximum in the right-hand side. Then
To=T]|x,+x, is continuous. Applying Theorem 4.2 we get T' e B(X, Z) such
that T'|x,+x,= T, From the above discussion, f{(T') = f{(T) and fi(T"')=
=/%(T) so that (4.4) holds. |

At the end of this section we give the continuous version of Theorem
3.2 which constitutes a generalization of [30, Th. 6]. In this case X Xy L
are s.t.l.s., the cones 0, C Y,, 1<k<n, are convex and closed and int Q,# J,
and Z+ is closed. |

(4.4)



19 DUALITY FOR VECTORIAL NONCONVEX OPTIMIZATION 33

Theorem 4.5. Let f: FCX—>Z and g, :G,CX—=>Y,, 1<k<n, be convex
operators such that g, are continuous on int Gﬁé . Assume there exists x,=
€F such that g.(x,) € —int Qp, 1<k<n. Then X is an optimal solution' for
(P") iff ® is admissible and there exist. Ty s BHY,, Z) with T\ gy%)=
I<kgn and

(4.5) 0 = af(%) + 25 &(Troga)(%).
Moreover, if g are Gateaux differentiable at ; then condition (4.5) (for T, e
€ B(Y,, Z)) is equivalent with ) ) T,ogi(%) € —éf(%).
k=1
Proof. We must only show that for a convex operator g:G—Y

(4.6) og(%) ={g'(x) + SIS €L(X, Y), R(S)CON -0}

if g is Gateaux differentiable at *( =int G). Because g is Gateaux differen-
tiable at ¥, it follows that ¥ €int G. Let x €X be such that ¥ +x =G ; there
exists 7,>0 such that 0<i<{, implies ¥ —¢x €G. For tE(O to); taklng Jinto
account the convexity of g, we have that (g(x—fx)—g(*))/(—1)<g(x +x) =
—g(%). Letting £10 we obtain g'(¥)(x)<g(r+%)—¢g(*) for all xe6—%,
Hence g'(¥) =dg(x) and therefore the inclusion D holds in (4.6). Let now
SeL(X,Y), S=dg(*); we have Sr<g(x +%) —g(%) for all x =G—%. ' Since
Z €int G, for x €X there exists #,>0 such that ¥ +ix &G for {£(0, ¢,).
For such a ¢ we have S(tx)<g(® +tx) —g(X)<=Sx< (g(x +1%) —g(%))/t. Taking
the limit as ¢ | 0 in the above relation, we obtain Sx<g'(¥)x for-all x € X,
and therefore R(S—g (x))CQn Q. Thus (4.6) holds. If T =B+(Y, Z) then
Tog is convex and (T og)'(X) =Tog'(¥). Since Z*N — Z+—{0}, we have that
d(Tog)(%)={Tog'(x)}.
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