A counter-example to
“Minimal distance between two non-convex surfaces”

M. D. Voisei* and C. Zalinescuf

The aim of this note is to show that the main results in [2] are false and discuss the manner
in which the minimization problem in [2] is investigated while presenting in a particular case a
thorough study of the mentioned optimization problem. To achieve our main goal we provide
counterexamples.

In [2] one considers the problem

“P): min{P(z,y) = Lz —yl>: h(z) =0, gly) =0}, (1)
where h(z) : X, — R and ¢g(y) : Yo — R are two given smooth functions, well-defined on
their domain X, C R? and Y, C R3, respectively. Without loss of generality, we assume that
U, := X, x Y, is a closed convex set in R x R3. However, the feasible set U. C U,, defined
by

Ue = {(z,y) €Ua | h(x) =0, g(y) =0}
is, in general, non-convex.

By introducing Lagrange multipliers A, u € R to relax the two equality constraints in U,,
the classical Lagrangian associated with the constrained problem (P) is

L(z,y, A 1) = 3 & =yl + A(z) + pg(y). (2)
If both h(z) and g(y) are convex functions, the problem (P) is a convex quadratic minimization
with convex constraints. In this case the Lagrangian is a saddle function, i.e. L(x,y) is convex
in the primal variables x, and y, etc.”

Hence, in the authors’ opinion, for 4 and g convex functions, L is convex in (x,y) for all
A, i € R. Of course, this is false as seen taking h = ||-|| = 1, g = ||||* = 2 for A\, < —3.

Later on one says in [2] that “In this article, we assume that h(x) is a convex function,
while g(y) is a non-convex polynomial of degree four given by

9v) =505 lly =’ =n)* = Ty —c). (8
where a,n > 0 are given constant, ¢ and f are two given vectors in R3”. Moreover, “the
vectors ¢ and f are properly chosen so that these two surfaces h(x) = 0 and g(y) = 0 are
disjoint”.

To the above problem one associates “the Gao—Strang total complementary function form
(see [19]):

E(@,y, M p1,6) = 3 2 = y[|* + M(@) + i (Ay)s = V(s) = [Ty - )

=3l —yll* + Ml2) + u(3 lly — cl*s = 55> —ns = [Ty — ). (11)

Through this total complementary function, the canonical dual function can be defined by

PYN, py6) = {E(:U,y,)\,u, q): g—i =0, ‘3—5 = 0}. (12)
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Let S, be the so called dual feasible space such that the canonical dual function P?¢ is well
defined by (12). Then the dual problem can be proposed as the following:
(P : max {PY(\, 11,6) : (A, p,6) € Sa} - (13)

THEOREM 1 (Complementary-dual principle) If (Z,7, A, i, <) is a critical point of Z(z, y, A,
1,<), then (Z,7) is a critical point of P(z,y), (X, 7,3) is a critical point of P4(\, <), and

P(z,7) = E@. 7.\ 7.5) = PAATLS). (14)

The reference [19] above is our reference [3]. The next result is also stated in [2, p. 708].

“THEOREM 2 Suppose that h(z) is given convex function and (7,7, A\, 71,5) is a critical
point of Z(z,y, A\, 1,5). If T € S, then (X, 7,3) is a global maximizer of P? on S, and (Z,7)
is a global minimizer of P on U,, i.e.,

P(Z,7) = min P(z,y)= max P\ u,<)=P\553). (17)

(@,9) n (z,9) o (A s ) (A m,<). (A7)

Here “S; = {(A,11,5) € Sa | A € L¢, 14 ps > 0}7, where “L. = {A e R | 3 |z)|? + Mh(z)

is convex on X,} (4)”.

In the text of the previous theorem there is a miss-print, namely “C € S.”; this must be
corrected to (\,7,5) € Se.

The ambiguous statement of this theorem can be understood in two different ways:

(A If (7,7, A, 71, 3) is a critical point of Z(z,y, A, p,s) with (X, 7, <) € S, then (Z,7) € U,,
(A, 7,3) is a global maximizer of P? on S, and (Z, 7) is a global minimizer of P on U, i.e.,
P(Z,7) = min P(z,y) = max P\, )= PY\L7),

(z,y) €U, (A, p,6)ESe
or

(B) If (7,7, A, 71,5) is a critical point of Z(x,y, A\, u,s) with (\,7i,5) € S. and (Z,7) € U,
then (\,7i,3) is a global maximizer of P% on S, and (7,7%) is a global minimizer of P on U,,

i.e., P(Z,7) = min P(z,y) = max P\ u,¢) =P\ T7,53).
(@,7) (n (z,y) A (A 1, <) (A 1,7)

Clearly (A) = (B). Thus the existence of a counter-example for (S) proves that in any
form [2, Th. 2] is false.

Another ambiguity is given by the following phrase mentioned above: “Let S, be the so
called dual feasible space such that the canonical dual function P? is well defined by (12)”.
Looking at the examples considered in the paper, one can interpret that S, is the set of
(A, i, s) € R3 for which the system [D,Z(z,y, A, p,s) = 0, Dy=(x,y, A, i1,5) = 0] has a unique
solution. Another possible interpretation is that S, is the set of (A, it,5) € R? for which the
set

{E(l‘, Y, >‘7 122 §) | DJEE(xv Y, )‘7 122 §) = 07 DyE(CUa Y, )‘a M, §) = 0}
is a singleton. Denote by SU the first set and by S! the second one; of course, SO C St.

Of course, the dimension 3 is not essential in the framework and statements above. The
computation below is done for n > 1. We consider a particular case; more precisely we take
a:=n:=1,¢:=(1,0,...,0) € R" and f := 7c for some v > 0. Moreover (as in one of the
applications in [2]), we take h(z) := & |z — 3, for z € R™. Thus we have X, = Y, = R" and
U, = X, x Y. with

2
Xe={z eR" ||zl =1}, Ye:={yeR" |55y —cl*~1)" =7 {cy—c) =0}

2



Note that X.N), = 0. Indeed, assume that x = (x1,...,z,) € X:N).. Then :L‘%—i—' . -—1—33% =
1, whence z; € [—1,1], and

Yz —1) =3 (3 (= —1)2—1—33%+---+:L‘i) —1)2 =1 (3(2-22) —1)2 = %m% >0, (1)
whence 21 > 1. Therefore, z1 = 1; from (1) we get the contradiction 0 = 1.

With the preceding data we get

By, Aopys) =5 2 —yI? + AG lel® = 5) + (5 lly — e’ s = 3 = s =7 (cy — )
for z,y € R™ and A, pu,¢ € R.

For the problem (P) set up this way note that X, and ), are disjoint nonempty compact
sets and so P attains its (non-zero) infimum and supremum on U,.. Since Vh(x) = = # 0 for
every z € X, and Vg(y) = (5 [ly — c|? - 1)(y — ¢) — vc # 0 for every y € Y., for any local
extremum point (z,y) of P on U,., by the the classical necessary optimality condition, there
exist Lagrange multipliers A, u € R such that

z—y+ =0, y*l‘+u<(% IIy*CHLl)(y*C)*'VC) =0;
from which it follows that A # 0, p # 0, and
P(z,y) = %)\2.

Setting ¢ := 1 ||y —¢|]* = 1, because z € X, and y € V., we obtain that (z,y,\, i,<) is a
critical point of =, that is,

D,E(z,y, A\ p1,6) =z —y+ Az =0, 2)
DyE(x,y, A\, p1,6) =y —x + ps(y — ¢) — pye =0, (3)
DAE(,y, A, 1,5) = 3 |2 = 5 =0, (4)
DuE(@,y, A p,6) =Ly —c?s — 3 —c—y{cy—c) =0, (5)
DeE(x,y, A\ o) = (3 lly —cf* —s = 1) = 0. (6)

Hence for every local extremum point (z,y) of P on U, there exists (A, u,5) € R3, with
w# 0, A # 0, such that (x,y, A\, u, ) is a critical point of E.

For the study of the converse of the previous fact let us first note that, because X,, Y, are
disjoint,
I. every critical point (x,y, A\, 1) of L has (z,y) € U, p # 0, A # 0,
I1. for every critical point (z,y, \, u,s) of = we have p # 0 iff X\ # 0 iff (z,y) € Ue,
ITI. and in particular every critical point (x,y, A, u, <) of E with (z,y) € U, has pu # 0, A # 0.

Indeed, while I is straightforward and III is a consequence of II, for II the argument is as
follows: if u = 0 then from (3), x = y whence A\x = 0, by (2). But = # 0 since ||z|| = 1, by
(4). Therefore A = 0. If A = 0 then from (2), = y and so (z,y) & U, because X. N Y, = 0.
It remains to prove that (x,y) & U, implies u = 0. We use its counter-positive form, namely,



if 1 # 0 then from (6), ¢ := 1 |ly — ¢||* =1 which combined with (5) provides y € V., because
whenever p # 0 (5) and (6) can be equivalently restated as

2
CZ%Hy—CHQ—L %(%Hy_c”Q_l) :7<va_c>7 (7)
Since x € X, (see (4)) we proved that (z,y) € Ue.

In the process of examining the possible converses we present a comparison of critical
points of L and =, the two main functionals involved in the study of local extrema from the
classical and the authors of [2] points of view respectively.

To this end we introduce the sets

Spe = {(/\,,u,g) e R?| I(z,y) € R" x R": (x,y, \, i1,5) is a critical point of E} ,
Spe = {(A,u,g) € R3 | 3(x,y) €U : (x,y,\ 1<) is a critical point of E},
Sii={(\,p) € R* | 3(z,y) € R" x R™: (z,y, A, ) is a critical point of L} .
The above considerations show that

S={(\p) eRxR[IceR: (\pn5) €S} (8)

Indeed, if (\,u) € & then (z,y, A\, p) is a critical point of L for some (z,y) € U, and as
seen above (A, u,<) € Sp, for ¢ := 3y — c||*> = 1. Conversely, if (A, j1,<) € S, then there is
(z,y) € U, such that (x,y,\, u,<) is a critical point of =; whence, according to II, u # 0,
followed by ¢ := 3 |ly — ¢[|* — 1 (see (6)). Combined with (5) this shows that (z,y, A, z) is a
critical point of L, that is, (\, u) € S;.

Clearly, S). C Spe. Also, by the argument above we have

Spe = Spe MR X R* X R) = Spe N (R* x R* x R) = Spe N (R* x R x R), 9)
Spe C Spe U ({0} x {0} x R), 85N ({0} x {0} x R) =0, (10)

where R* := R\ {0}.
To describe in more details the difference between Sy and Sj. we have the following result.

Lemma 1 Assume that all the above assumptions on a,n,c,vy hold. Then (x,y,0,0,¢) is a
critical point of 2 if and only if y = x € X, and < is a real solution of

s+ sz + (v — 1) =0, (11)
where © = (1,29, ...,2y). In particular (c,¢,0,0,0) is a critical point of = and (c,c) ¢ U..

Proof. It is easily checked that for every x € X, and ¢ a real solution of (11) the point
(x,2,0,0,¢) satisfies (2)—(6), that is (x,x,0,0,¢) is critical for =, where (11) is a restatement
of (5). The converse is immediate, as well as the fact that (c,c,0,0,0) is critical for =. m

Let us describe the functional P? and its domain S,. Recall the definition of P? (]2, (12)]
mentioned above) and use (2) and (3) to obtain equivalently that

y=0+XNz, A+ ps+Auc)z = p(y+q)e. (12)



It follows that
Sy = {O p,9) ER? | A+ ps 4+ Aus # 0}

Clearly, for (\, i, ) € 82 we have that
py+¢) py+9)(A+A)

= PITY o= 13
A+ ps + Aug Y )\+u<+>\u<c (13)

and so

d _ = (_prts) ply+)(1+A)
P (>‘7N7g) - = (A"‘NCJ")\MCC’ Aps+Aus ) )":U’a g) .

If A+ us + Aus = 0 then from (12), u(y 4+ <) = 0 because ¢ # 0. Then either

e 1 = 0 which implies A = 0 and (by (2)) z = y making =(z,y, A, 4, ) = 0, and so

P%0,0,5) =0,
eoru#0,¢=—y, A¢{-1,0}, u= ﬁ In this case x = IJ%\y, and so

E(ts¥ ¥ A st =) = 2(1%) Iyl =3+ 25 (=5 lly — el — 37— {c,y — )
- _2()\-1-1) (A+7—-2);
hence

PN 5oy =) = — ooy A+ —2)

is uniquely defined.
Therefore,

St =82U{(0,0,6) |s e RYU{(A w<1+A —) | X € R\ {-1,0}}. (14)

The first inclusion below is obvious, while the the second one is an immediate consequence
of (10) or II:

Spe CSL, SpeNS) C Sy, (15)

Note that L. = {A € R| 1(A+1) (El — % is convex on A, } = [~1,00). Corresponding to
the choices S? and S! for S,, according to the definition of S, we get the following options

8% = {(M11,6) € R® | At pis + Aps #0, A> —1, 1+ pg > 0},
Se=82U{(0.0,¢) [ ¢ e RFU{(A 583y =) | A > =LA # 0.

The critical point (¢, ¢,0,0,0) of = studied in Lemma 1 shows that version (A) of [2, Th.
2] is false in the case S, := S..
Since our goal is to reveal a counter-example for (B) for any choice of S, let us find a way
to describe the critical points (x,y, A, i,s) of Z with (), u,¢) € SY.
By (15) and (10) we have that p # 0 and (x,y) € Ue. The second part of (13) yields
g WZATNR it g IR AT A
A+ (6 + Aus A+ ps + Aps’



and so (c,y —c¢) = o, ||ly — ¢|| = |o|. It follows from (7) that
2(c+1) = 02, 2= 2v0.

Hence ¢* = 47202 = 8y%(¢ + 1). For every v > 0 the equation ¢* = 8y2(¢ + 1) has two real
solutions ¢; € (—1,0) and ¢ > 0.
From the above considerations we see that in this case (for given v > 0 and ¢ as above):

o (z,y,\ ,¢) is a critical point of = with (A, u,¢) € SV iff ¢* = 872(¢c+1), A4 s+ Aus =

2
+u(y +9), W = ;77’ v+ #0, p#0, and (13) holds.
In other words if we take v > 0 such that 4* # 8y?(—~ + 1), pick ¢ one of the two solutions of
¢* = 8+%(¢ + 1), and solve for A and p the two nonlinear systems \ + us + Aus = £u(y + <),
w—ith (e, =(1 4+ A)e, A i itical point of = with (A S?
R yre en (=c, + A)e, A, 1, 6) is a critical point of Z with (A, u,¢) € S
Clearly, there are only four possibilities for such a crltlcal point. More precisely, these critical

2 2
points are (c, (55 +1) ,27,—@7%2,(),(—6,(;—7—1—1)0, ——2 —(‘?*272, <), forczgl,cg the two

real solutions ofg =8v%(c+1). Also, (\, ;) € SpcﬂSO Spe NSYiff A = 27’“ = ﬁ

2 4~
it 3§<2,for<—<1,<2

With the goal in mind of describing the set S\ SV, let us investigate the existence of
critical points (x,y, A, i, s) of Z with (z,y) € U. and (A, u1,5) & SY.

Proposition 2 Assume that all the above assumptions on «,n,c,y hold. There exist critical
points (x,y, \, i1,<) of 2 with (x,y) € U. and (A, p,¢) € S iff 0 < v < 26 — 4, forn > 2
ory = 26 — 4 for n = 1. In this case, for n = 1 the only critical points (z,y, \, iu,<) of
E with (v,y) € U, and (\, p1,s) € SO are (1,v/6 — 1,6 — 2, Hio‘f,ll— 2v/6) and (—1,v/6 —
1, —/6, 9+4‘[ ,4—2/6), while forn > 2, (x,y, A\, 1,5) is a critical point of = with (x,y) € U
and (1<) ¢ S0 if

In particular, forn =1 and v # 2v/6 — 4 or forn > 2 and v > 26 — 4, Spe C SY while
Jorn>2andy € (0,26 — 4], (A, p,5) € S\ Sy iff A=+£y/3—7—1, u:ﬁ, ¢ =—7.

Proof. Assume that (x,y, A, u1,5) is a critical point of = with (z,y) € U, and (\, u,<) € SY.
In this case A+ us 4+ Aus = 0 and p # 0 (see e.g. 1I). It follows from (12) that ¢ = —v because
lz|| = 1 and g # 0. Also, A ¢ {0,—1} since v > 0 and A + ps + Aus = 0. From (4), (2),
(6), and y € Ve or (5) we get [[z]| = 1, y = (1 + Nz, Hy—CH2 =2(1—7), {y) = 37+ L.
Combining these last two equalities with ||y||> = (1 + X)? we find (1 + \)?> = 3 — 7. Therefore
0<7y<3,v#2 and A =+/3—7—1. From [|y||*> =3 — v and (c,y) = 37 + 1 we obtain
for n =1 that (37 +1)? =3 —~, so v = 2/6 — 4, while for n > 2 we find (37 + 1) <3 —7,
from which v < 2v/6 — 4. Clearly, from X + uc + Aus = 0 and ¢ = — we get p = ﬁ,
o (16) holds.

Assume that n = 1 and v = 2v/6 — 4 = —¢. Since ¢ = 1 we have y = (c,y) = %7+ 1=
V6 — 1. From |z| = 1 we see that + = +1. For z = 1 we find A = y/z — 1 = —/6

and



= 7(1{\;_)\) = 1+10\[7 that is the point (1,v6—1,v6—-2, 1?{,4 21/6) and for x = —1 we find

A=y/r—1=+6-2,pu= 7(1{‘”\) = 9+4‘[ , that is the point (=1, v/6—1, —/6, 9+f10f,4—2\/6).
It is easily verifiable that these points fulﬁll all conditions.

Conversely assume that n > 2, 0 < v < 2v/6 — 4, and (z,y, \, 1, ) satisfies (1 ) Clearly
(2), (3), (4) hold, x € X, A ¢ {—1,0}, u # 0, and A+ us+ Aus = 0. From (c,y) = 3y+1and
[y]1> = (14+A)? = 3—y we find §|ly—c|*> = 1— = 1+ and 5|ly—c[*s— 3¢ —s—7 (¢,y — ¢) =0,
that is, (5), (6) are true and this yields that y € ). (see e.g. (7)). The proof is complete. m

Let us now fix v := v/6/96; of course, v < 2v/6 — 4. For this fixed v and every n > 1,
we make a complete analysis of critical points (z,y, A, i, ) of = with u # 0 in terms of local
extremality properties for problem (P).

The equation ¢* = 8y%(¢ + 1) becomes 192¢* = ¢ + 1 and has the solutions ¢ = —1/4
and ¢ = 0.2860829239. Note that v* # 8y2(—v + 1). Therefore the four critical points
(7,9, \, 1, 6) of Z with (A, i, ) € SY are

(e, (L+3vV6)e, 3v6, 48, 1) (—c, (1 + 1v6)e, -2 — L1V6), 18(3 + 2v6), 1) (17)
and

(c,2.603797322¢,1.603797322, —3.701 325488, 0.2860829239) , (18)
(—¢,2.603797322¢, —3.603797322, —8.317027781, 0.2860829239) , (19)

found with the following Mathematica code:

Clear[y, ¢, \, ul; 7 = ¥&; 4'—872( 7+ 1)
solCe = Solve [C4 8’y (C +1)= ]

sol¢n = NSolve [¢* — 8¥%(¢ + 1) == 0, ¢,10] ;
¢ = ¢/-solle[[1]]

(2 = ¢/.sol¢n[[4]]

sysl = Solve [{2y(yp — A+ Myp)==C% (A + pé1 + A G1)

A plr 4+ == p (v + 1) A+ pé + A G!=0}, {A, p}]
sys2 = Solve [{2y(yp — A+ Myp)==C% (A + 1 + A G1)

A pCi 4+ G == —p(y+G), A+ pé + Ap G'=0}, {\, 1}
sys3 = NSolve [{2y(yp — A+ Ayp)==C* (A + pla + A (2)
A+ ple + A G == p (v +G2) s A+ pla + Ap G1!=0}, {\, p}]

Note that only _
(@7, 07,9 = (¢, (1 + 3V6)e, 5V6, 35, —7) (20)

has (\,77,3) in S? (even in int S?) because the second critical point in (17) and the critical
point in (19) have A < —1 while the point in (18) fails the condition 1 + ug > 0.

For n = 1 we have seen that (16) has no solutions, and so all critical points (x,y, A, 1, <) of
= with (z,y) € U, (equivalently p # 0) have (X, i1,6) € SY, and so they are given by (17)—(19
In this case (Z,7) is indeed the global minimum point of P on U, with P(Z,7) = %Xz =3



min P

Xy

dh

(&) n=3 (b)y n=2

Figure 1: The constraint sets and critical points

Geometrically the case n = 2, corresponds to the section of X. and ), with the plane
Ozx1xo considered in the general case n > 3. For n = 3 the sets X, and ). are obtained
rotating around Oz the corresponding sets from the case n = 2 (see Figure 1 (a), (b)).

Let us prove that, in general, that is, for n > 2, (Z,y) (from (20)) is not a global minimizer
of P on U,. This proves that [2, Th. 2] is false for S, := SY; for S, := S! we already observed
that [2, Th. 2] in its version (A) is false.

According to the previous geometric observations it suffices to show this only for n = 2.

Let n = 2. Let us study all the critical points (z,y, A, i, s) of Z with (x,y) € U, (equiv-
alently 11 # 0). Besides the critical points in (17)-(19) (which correspond to (A, u1,<) € SY),
there are four other points that correspond to (A, i1,<) € S\ 82 and are found via system
(16); we mention only two of them, the other two being symmetric with respect to the Ox;

axis. Let y := (1+79/2,y/2—-2y—~%2/4) € Y. and T := ||g7||_1 y. Then these two critical
points, determined by (16), are
o~ ~ V3i—v—-1 - 3= 1
(337% 3_7_1777_’7)7 (_x7y7_ 3_7_177—‘_7—7)
W3 =7 W3 =7
We have that
P(7,7) = (3=~ - 1) = 0.2625728576 < 0.75 = P(Z,7),

which proves that (Z,%) is not global minimizer of P on U., even though (\,7,5) € SY.
Therefore [2, Th. 2] is false, even with its weaker version (B), for all possible choices S0, S!
of S,.

Comparing P(x,y) for all critical points of L (we look at |A]), we conclude that

(Zm, Um) = (%, 7) = ((0.5872184947,0.8094284647), (1.012757759, 1.395996491))

is a global minimizer of P on U.. Moreover, from Figure 1 (b), we observe that (Z,7) is not
a local minimizer; it is a local maximizer of P on U,.

It is worth mentioning the arguments used in the proof of [2, Th. 2]: “By the triality
theory developed in [5] we know that if h(x) is convex on X,, the totally complementary



function Z is a saddle function over the product space U, x S, i.e. it is convex in x € X, and
y € ), and concave in A, u and ¢ such that (X, u,s) € S.”.

The reference [5] above is Gao’s book [1].

In fact, in our example, for a fixed (X, 1, <) € R? we have that Z(-, -, \, i1, <) is convex if and
only if 1+ X >0, 14 puc > 0 and (1+ A)(1+ pus) > 1. Moreover, for a fixed (z,y) € R” x R",
Z(z,vy,-,,) cannot be discussed as being concave on SY or S! because the sets SO and S¢. are
not convex.

In the case S, := S, the equality S;. = Spe N (R x R* X R) in (9) shows that (A) < (B)
provided 7 # 0. In the case S, := 82 the inclusion S, NS C Sy in (15) shows again that
(A) < (B). As seen before, for 7 = 0, the statements (A) and (B) are not equivalent.

The critical point (Z,7, \, i, <) of Z provided by (20) has (%, %) € U,; hence (Z,7) is not a
critical point P, contrary to what is claimed in the first part of the conclusion in [2, Th. 1],
and this happens for any of the possible choices S?, St of S,. However, for this critical point
of Z we have that (\,72,3) is a critical point of P

Let us consider S, := S! and take the critical point (¢, c,0,0,0) of =. Clearly (c,c) is a
critical point of P. For any u # 0 we have, by (14), that (0, ,0) ¢ S = S,, and so %—T does
not exist. Hence (0, 0,0) is not critical for P?. This shows that this claim of [2, Th. 1] is false
when S, is taken to be St.

In conclusion,

e the definition of the set S, in [2, p. 708] is ambiguous; from the examples considered in
[2] one can deduce that S, is our set SY;

e for any interpretation of S, the conclusion of [2, Th. 1] is false;
e the statement of [2, Th. 2] is ambiguous;

e in both versions (A) and (B), and for the possible choices 82, Sf of S, [2, Th. 2] is false
as seen taking the critical point provided in (20);

o for S, := S (the case considered in the applications from [2]) and n > 2, one does not
find the solutions of problem () among the pairs (,y) provided by the critical points
with (A, 7z,<) € S¢; in our example this point is even a strict local maximum point;

e the consideration of the function Z is useless, at least for the problem studied in [2].
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