X

firi o invajamintuiui matematic moscoalu de cutlurd qgenerula menfi-
ondm o aclivitate rodnicd a mullor matemalicieni jeseni. Din iniliali-
va lor in cadrul filialei lasi a socielafii de matemalicd, s-@u crgani-
sal primele carsuri de informarc cu privire la dezvollarca malemali-
¢ii moderne peniru prolesorii din invataminlul medin care s-au Cx-
lins axi in cursul de vara organizale pe jard de sociclulea de male
malicd.

Lecliile si conierinfele prezenlale lu primul curs (P. Neam| 1961}
au fost publicate intr-o culegere Probleme actuale de matemalica.
Legdtura cu invajaminiul medid se realizeazd si prin leclii {inule in
cadral 1PCD lasi ca si prin vizile si conferinfe tinute la diverse scoli
medii din Moldova,

Tinind scama de cele cxpuse mai sus $ioa ind in wvedcere condi
tiile creaie pentru cercelurca stiintifica de regimul nostru democral
popular, avem convingerea cg malematica ieseanda se va impune si in
viitor alil pe plan nafional cit si internafional.
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N NEGOLACU

1. Ineroduceion. In a recent paper[16] and his book [17] Ivan Niven
gave a new proof of the following theorem:

Fwery irrational © has an infinity of rational approximations pq
such that

i
1) — 2--E<P—e< .
¢°s g g

P (14 r)l"" and 7 = 0.

(g> 0y,

.

where

The statement holds also if p ¢ — ¢ in (1) is replaced by 6 — p/g.

This theorem, introduced by B. Segre [24], reduces to the tunda-
mental result, dueto Hurwitz {6} for ; = I, B. Segre gave a geometrical
proof, which results from his investigations of lattice points in certain
non-convex domains.

C. D. Otds [20]. making use of Farey series,gave an arithmetical
proof of this theorem for - = 1. His method is a generalization of that
used by Khintchine [7] for the special case + = I,

R. M. Robinson ([23], making usc of the convergents p/g
=[a;,ay,...,a,) of irrational ¢ =(a;,a,,7,,...], gave an interesting
original proof of the same theorem for the case when r > 0.

I used in [11] a Borel’s method [I] for an arithmetical proof of
the theorem. I alsy proved there, for the first time, some properties of
th convergents of irrational 8 ..The following two properties arc more
important [t1, p. 13]:

PZH 1 p?n*.z p?"r 3

H

3 of 8 satisfics
q?n +1 q.’n 2 q?rr 3

fa} At least one of the convergeats
(1) with & = (1 +4 )" + 0.

P?,, p?nrl p?f!-rl
5 N — o

3
9o Tani1 9on 2

{b) At least one of the convergents of g satisfies

(1) with ¢ = (24 4 ¢)12, 10,
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Thus the theorcm took the following equivalent form:
A. Every irrational 4 has an infinity of ratienal appreximations pig
which satisfy (1) with

7 = mnax [-:I . It:rj, {rE 4!)12], r.=4Q,

The statement holds also if p/g— @ in (1) 1s replaced by 9-—p/g .

In my following paper {i2] on the same subject, making use of
(al, (b] and the Khintchine’s, Humbert’s and Fujiwara’s methods [7,5, 2],
I sketched three proofs of A.

_From paragraphs 1 and 1 of the same paper we mention the pro-
perties
P,_ I PE-.-}'.’ p.n 1 p'.in

; s © satisfics
q?n--] q".:: ] q]rr 1 L qzn-'_!

{c) At least one of the numbers
‘f W'i[hf -{1+4r}|‘,r>0.
p-}, P;:,, 1 pg,, L pg

t e
: satisfics (1
qz-. q.hr ! ’ q?ﬂ + q?n 1§ ( J

(d) At least one of the numbers
with & = (2 + 42, r >0,

I used there the convergents of 8, instead of Farey series, for
completing Olds” proof of A. In paragraph 4 also, I pointed out that
R. M. Robinson and myself, independently, found for & the form & =
=max [(144¢'%, [+ +47)7] [that is 5 = (1 +4¢)'2 for 0 <71 and
£=(12+47'2 for 7 = 1] in order that the inequalities (1) hold for every
¢ and an infinity of rational nun bers p/g.

W. J. Le Veque [8], using Farey series and convergents of 9,
gave an interesting proof of A. He proved again the properties (a) and
(b)?. From his considerations, one also deduces immediately (c}and (d).

The last proof of the theorem is that of Ivan Niven [16, 17|
It uses the Farey series and was suggested by works of Khintchine
[7] and Le Vequel8].

Now there are seven complete arithmetical proofs of this Segre’s
theorem but none of them coatinues thatgiven by C. D. Olds. The sub-
ject of this paper was suzgested to me by Niven’s work.

The purpose of this Note is to show that it is possible to com-
plete Olds’ proof and to make some remarks on the methods used in
the proof. In paragraphs 4 and 5 [ apply this Khintchine’s method to
prove two nore gen:ral results. In the last paragraphs I give some
particular cases of theorems B,, B,, C, and C,.

2. Proof of theorem A. For an arbitrary positive integer » form
the Farey series F, of order n. F, is the sequence, ordered in size, of

*} I take thz opportunity to correet amisunderstanding of my paper [12), Among
the other propositions, Le Veque asserted that T attempted to prove in [12] that of anv
three consecutive ¢onvergents of the continued fracrion cxpansion of ), one ar least
satisfies (1) for f=max [(1 +4r)1 2, (+2 + 4 1)! 2] and arbitrary r = He proved that
it is false, But it is clear that this assertion does not belong to me. Probably [ ¢ Veque
read it in the review of my paper [12], mide by Rankin [22]. I b:lieve that Rankin
did not understand well the text of my paper because it was written in Rumanian

all rational fractions 46 in lowest terms with 0 6 < n. If a/b and a'/¥’
are two consecutive terms in F, which satisfy the incquatitiesa/b <2 8 < a'/b’
and r is any positive integer, then we have thz followin; properties:

(¢) the equality a'd —ab’ = 1 holds, . .

() for all sufficiently large n the two fractions a/b and a'/6" have
b rand b > r [17,pp. 3—5]

To prove theorem A consider three parts.

Part . First we consider an irratiopal g and .= (1 = 4)17, > 0.

Let a'b, a’/b’ be two consecutive terms in £, which satisfy the
incqualities a/b < g a'/b".

We distin ,uish two cases.

Case 1. {1.1). Suppose that b6 < (:—1yZr, or bb" > (4 1321,
Then, setting «» = b b’ we see that

1 1y 1 - el (T Y
(2 ( | I_)g)ﬂ.:_fmz(,,, - )(J s
consequently, since a'b-—ab' =1,
a a 1 1 [P ooy,
(3) b' ‘5 e b'2w< blzs\" T f,,z) lI_J_:z;_ ] bi: ]
which implies that ,
a 1 . 7

() bR e by

Hence 6 must be interior to one of the open intervals

(5 N ! or LA
(5) b:b b2 & b’ b,zsﬁ X .
Then, according as @ belongs to the first or ro the second interval, we
have, respectively, the in:qualities
1 i T

a
<l _g<0or 0 .
be b P y P Sem

Thus (1) is true, where for ¢ we take cither & or &' .

(L2 If wy=b/0" = (5 L 0y2¢, 2bv +86Y =02{1 44 gives ¢
rational and hence both : and : are rational. Then the inequality sign,
in (4} is replaced by an equality sign, and the right and left end points
of the intervals in (3)coincide. But 6, being irrational, cannot be equal
to this common end point. Hence ¢ must beinterior to one or the other
of these intervals, and the proof proceeds as already explained.

b 4]
21 b' 21’

Case 2. We now suppose that . We consider in

tura the two open sub-interval:
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© [ 2]

a- a a
b’ b4 b (M-b”b’)'

(2.1} If @ belongs to the first interval, we write .,/ - bilh 4 b°).

Then, since x/(1 4+ x) is an increasing function, we get

i b 0 s+
) o = = - = .
B4b 14w 4142
Because
ol z 1 .
(8) — = = for -0,
-1 4 27 2
wc have
Srazsd|
(%) G,
0

and the inequality (2} is again true when we replace « wiith . Hence

a - a'_ a 1 e . r
bt b b (bt k)2 b2 (b b)rE

and, proceeding as in case |, we see that (1) is-true where for ¢ we
take either b or & &',

(2.2) If ¢ belongs to the second interval (6), let the positive integer
%k be chosen so that
(10) a+ ka e(_a-}(fe-{-])a_ a'_
b - kb btk Db b
This can b: done because il k“' tends to ¢ as L increases indefinitely.

i kb b
We now consider the open sub-intervals

(1) [a_-l: k__a'l’ a'] and (& ka ’ at+{k+1)a’ .
b+ kb b b kb b4 (h+ D)
9 lies in each of these intervals,
We write ' o ',éb wtkand "= S LT Lt
, b b4+ 106 b B4
{1
m 4 1
If o ga= | or m" £l di i
() = oy =
5, 0, proceeding as in case I, we see that

(1) is true where for y we take either &' or b 4 kb'.

a ON ASYMMETRIC DIOPHIANTINEG APPRONIMATIONS &

AL

If o = ?:2"' 1the proof proceeds as in (1.2).
T

i
1f - ]<m'/"
r 2

, we have

[\

T
n' s+ 1 :—1
() < : =
ml -+ 1 -'-"l‘ 14 2r 21

(12) )

i to the equality {8) and, hence the inequalities (1. are again
?f;gr(jvgegre for ¢ \36 tak}:: either b+ kb" or b+ (k + 1) &". In all the cases,
we get a solution 2,/g, of (1) with ¢, equal to one of b, &', b+ b,
bk, b4 (k1) and & = (14-41) l.12 R ,>(_),

Par: II. Now we consider ¢ = (¢4 47", >0, and the same

ions a/b, a'/b’ as in part L '
froct Case /1 (1. 1). Suppopse that &/b' < (:—1)/2r, or b6 = (2 +7)/2r.
Then we have

1 a' T
=

b?

Then, according as 0 belongs to the first orto the second interval
from (5), we obtain, respectively, the inequalities

1 a T

ot
L —e<0or0< s —6< .
b2 S b e or bl b b'2;_

Thus (1) is true, where for ¢ and : we take eitherb or 6" and (r* 4 4 1) 123
(1.2). If oy =b/0" = (s+1)2r, (26 + b )22 =0 (r2+ 47) gives =
rational and hence both r and : are rational and the proof proceeds as
in case (I.1).
Case 2. Now we suppose that (f —;}/2r < b/d" < (5 + )27, We
consider the two sub-intervals

a a-Lag a-ta a
6' ( , — and ( -, )
) b b-i—b') b+ b0

{2.1). If & belongs to the secoad interval, we write at=1hJ &b,
Then we get

frr

-
_-T ST

b+ &
" - =l >4 -
T " Ty ook
and the inequality (2‘) is again true when we replace « with ", Hence
(1) is true where for ¢ we take either & -+ 5" or &'.
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12.2) If ¢ belongs to the first interval (6}, let the positive
J be chosen so that

(10) e ) L
b (F+-1)b4+ b

We now consider the intervals

(f{’ ja'—a']
b’ b b

o lies in each of these intervals.

integer

_jadia _a+a

Tib b b b

-

(_j Flya ---_q' ja - a
(7+ 1 b4 b jbi b

We write ..’ ; b . it . and " = 7 l) b -+ b .
]b b 14 Jin Ib b
1 T 4 Ve
lU. - ' We ger " =11 ..
A feu
If . = :;— T or -, e r, proceeding as in case I, we see that
=7 N

{1} is true where for ¢ we take & or jb 1 b'.

If ' :. _l_ T 5 B
) = the proof proceeds as in (1.2).
T

T
, we have

2r 2y

and then the inequalities (1) are again true where for ¢ we take either
Jb 4 8, or (j+ 1) b4 &'. In all the cases, we get a solution p,/gq, of
(1) with ¢, equal to one of &, &', b4 b, jb-+ b, (; + 1) b | b and
= (2444}, r =0

Thus we get that at least one of the fractions

¢ a a+a alka a-s (ki )a
(13) W R L2 or
b b T a+b b R TE 4B VE
(14) a a a+a jat+a (j+lja-+ta
: A IR T A A T N OV X
satisfies (1) with : =max [{1 + 4 )4, (2 4+ 4)%], ¢ O,

=]

ON ASYMMETRIC DIOPHANTINEG APPRONIMATIONS 7

Part [[f. 1t is easy to prove that atl the fractions {13} or (14) are
in lowest terms. For example

I a (b

kb'y—b'(a-+ka')y —a b—ab =1,
q aljb -t b') =b(ja+a)=l.
| so that the greatest common divisors of & - kb’ and a ! ka' or ;b | b
ﬂ.l'ld ja gl oare 1.

We now consider F, where u, is sufficiently large so that the two
fractions a, /b, and a /b, adjacent to ¢ in F, have denominators larger
than ¢, or ¢, respectively. This assertion is true according to the pro-
perty (B) of the Farey series. .

Repeating the preceding argument, we get a new solution p, /p,
of (1) with ¢, equ 1l to oneof &, b, b + & ,b -k b, b +(k 1 1)
or b, 8, b F by, b i by (1) b B

We can prove, as above, that all the new fractions are in lowest
terms. Then the new solution p,, /q,, of {1} is different from p,/q, or

Pm"{nl'_ . . . b
Since tais process can be repeated indefinitely, giving anew solu-

tion of {1) each time, A4 is proved for ; >0, _
The teorem is also true in the case when ; = (. We can prove 1t

by changing in the proceding argument of part [ the numbers
T

and ° respectively with I and + oo.

T
We note that the second sentence of the statement 4 follows at

. o . !
once from the first if in the first sentence we replace r with .

T

3. A few remarks on the proofs of theorem A. 1°. Cases (1.1), (1.2)
and (2.1) from part 7 tollows as in Olds’ proof. Part 1II is exactly as
in Niven’s paper. The essential idea in this proof of Segre’s theorem
is the selection of the necessary fractions which satisfy the inequalities
(10) or { 10"). It is due to Ivan Niven.

2°. If we want to prove directly theorem A with ¢ plg in (1)
and :— (1 + 4,1, then in the case 1 of part] we replace the numbers

f—1 s R =1 1 1
; k‘+',l(rhlw—ﬁ with AL =1 () Fi)— ,
24 2 -] ot ™ 2 2 ) m? e
and we have _
el o e—u ) or (. g—1 < !
b2 : b b b2:
bz .
fb' =“;;l,then both : and + must be rational and the proof conti-

nues as in (1.2).
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Case 2.5_1‘1’[) <
2 b’

fiy

; ]. If ¢ belongs to the second interval (G7),

we write " -(& + b')/b'. Then we get
e | s -1

o =14+wm>1 - e 3
P } 2 2

and (1) is true where for ¢ we take either 4 + & or &',

(2.2) If ¢ belongs to the first interval (6], let the positive integer
j be chosen so thar inequalities {10} are satisfied. The proot continues
as tn part Ik

3°. If we want to prove directly theorem A with 6—p/g in (1)
and = (2 +47)'?, + >0, then in the case 1 of part I we replace the
numbers

-1 :41 1 1 I I S v 1
: , + —  with R (1—:- )—-
27 QTJE(r n) W ’ e ‘

and equality (12) with
(12') : - 7 = T
P42 2

The proof continues as in part I.

4°. In the course of the prof, W. J. Le Veque has obtained the
following theorem: if F, is an arbitrary Farey series and glies between
the adjacent element a/b and a'/b’ of F,, then at least one of the num-
bers a/b, a'fb’, and (a--a’)/(6+ &) is a solution of the inequality

1
<P g T,
p* g fq?

where 7}0 and ﬁ = min [(1 + 47)12, (72+4r)l “'].

It is easy to see that it is equivalent with the result proved by
C. D. Olds.

5°, It is clear that if a/b and a’/b’ satisfya/b < a'/b’ anda'b—ab’'= 1,
then a/'b and «'/b are consecutive termsin F,,. We now consider, as W.
J. Le Veque, the cases when a/b and a’/6" are successive convergents
of 8, hence when a/b = pyu/qy,, @'[0" = P+ 1/Qanr1 OF /b = Poyia/gapea,
a' /b’ = poyi/gane1 are consecuative terms in Farey series Gom s 1

Tony 1 Ym0 "

9 ON ASYMMEITHIC DIOPHASTINE APPROVIMATIONS g
It is essy to see that the values of integers % and ;, required in
the proof of theorem A, are respectively ap,.z and du,43.
We obtain the following precision:
e If » is any positive integer, at least one of the five numbers

P._—l pv pv 1 pu 1 = PJ Pu T Hot)
> > 3 3
[/ e q. g, q—1 "I q, q. |- qds11

satisfies (1} with & = max [{1 4 47)'2, (24 47)i], 2> 0.
This precision results also form (¢} and (d).
Another precision of this kind results form (b}, (¢} and (a}, (d).

It is the following: _
(fy At least one of the five numbers

Dot P PPy P Pus
> ? 3 3
qv ] Q‘J gv——] AL‘ Q'J Qu 1 qv-"
satisfies {1) wirth & = max |(1 4 4t2, (24 405, r 205 i
We must say that the precisions (a) — {d) give other precisions
which contain only four numbers. Here, we state the following two:
At least one of the four numbers
p'-l’ pa"l’ pl' 2’ Pw:s o
(1; Q‘J 1 ‘?-nl qv 3
Pl' Pl"'l P‘J 2 p\l‘I | P'J 2
3 2 k4
q., 'PX S [/ PR ' PR '+‘ q2
is a solution of (1) with = max |{1 +4'%, (#+47)12], >0
Thus we see that the main precisions of Segre’s rheorem are
(a) — {d), especially (a}) and (b).
Now we give two generalizations of (a) and (b).

'

. o a «a .
4. First generalization. let o denote two consecutive elements
il

of F, which satisfy the inequalities

(15) 4 g el g a

~

@ <0
b b b+ b b
gnd I, m the integers so that
a _a-+la a+{I+ e
- g - and
b b+ 1 b1+ 1) &
fa+la)y (im+1)+a fa+1a)m+a

B+I6)Y im0y -6 (b lb)ymsb

(16)

hold.
Consider the two open intervals
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(a la” a (a Fla (14 Ic:')rn-l—cr’)

b I’ b ) bbbl )Ym b
and set
S o p bt Ib 1
i —— and )" = , =
i (b 16ym b ]
f’}’
If - :: Morw > M and s - (m? - 4+)'%, then at least one
2r T
le" a .
of the numbers (s , - sausfies (1).
16" b
. fam - . i ; .o,
If = then (2, -+ m)* =m* . <;, hence  is rational
=1
and : too.
If E=hns g, 53 m, we have
2 T 27
I u;' = i m = —m
] = i —
mo' 1 om(E )+ 2 2

e T e isTico g
b+ 186" b+ 18 ) m—+ b

Thus we proved the following theorem:

Then at least one of the fractions

‘

B,. If :, ? are rwo elements of F,, I, m two integers which satisfv
b
respectively (15) and (16), then at least one of the fractions
a fa (a+la)ym+a a
b b’ (b+16)Ym4 b b
sarisfies () with : =(m* + 4 0)M%, 1 = 0.

A generalization of (b) can be stated in the tollowing theorem:

a a . . .
B,. If ~,  are two elements of F,, r, s two integers which satisfy

respectively ' ’
(15') a o d ’ i3 ~8 a+a, and
b b’ b b+b
(16') a _{r+ lya -+ a' b ra -+ a:<a"’
b r41)bL N rb+ b b

11 ON ASYMMITTRIC DIOPPANTIND APPRONIM V0N S 11

{ra - a'}j‘_—f— a _
(ré - 6")s - b

then at least one of rthe fractions

(ra4+a'){s + 1) +u
(rb + B) (s + 1) &+ &

a ra+a {(ra--d'ysta
B orb b (rh £ b)s £ b

satisfies (1) with &= (5224 4 )2, 1 > 0.
B. can be proved as B, by considering the intervals

a ra Ftl') ({m Fa)ysta ra-ta
, -

B b+ b\ b b bYs 4 b rb 4 b
. b Y (ré + 6)s 4 b , e,
with .- - and " = ) - s+ w . Instead of * =" we
rb - b rb 1+ b 2
Zeos f—sr P48 ‘ .
set ". When £ g, fheae g , we use the inequalities
2 2 2
E—8r  ie-xr
w2 8t =
2 2,
5. Second generalization. Let ™', “* and %% be three fractions which
t O, g
: LUy dy 4 .
have the following properties: ik 8 < g . By setting
2 r b

1
wpp =y by dy by gy = @by —ay by, gy = ag by ayb, , we have

ay Ay upp  dy dy g Ay dy i3

by by bk, by by bbb b, bb,

Substracting the second frowm the first of these equalities and making
use of the third, we get

“13 _ Uy Mg or
b6y bb, b,b,
b2 . ] .

L7 b, b,

g b g i
If we solve the equation
“1z _ Hya : (0.'%2 e 1

2 r 2 r 2

3+ 32 - - ,
g < (u‘?., :_-2 — 4 r)’ 2
we obtain
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(19)

and

™2
(20)

and

(21)

TN NEGOESCE

Iy

L ‘ -
(“%_‘- b orag, - m?w) e ‘1 -

3
ity

Wy (g vez2
Consider the intervals
(HZ (11 ) (Clz (13‘
c , s
by byl \by by
by b, . . . by (19
Set oy = AR e being given by (19).
| K]

We now distinguish two cases as always above.

! o .
, . Uy 3 (rzfz 57— r)
Case | (1.1} Suppose that .., - 2,
(a2 g2 2
T o [ T}
- 2 ( '::) . Then we see that
=T
1 1 ay.
T+ 2.9,
g Mgl the
: 1 1\ g
consequently, since @y by, —a, by = uy, and - ‘1 e ] i
: "z ME

a, a, ) T | l N 1 ) o i
- = < 2 . r I ‘_) v: {- 2 ‘:,
bl b, b b, b? g bl - B bl S bz-

which implies that

122)

Hence ¢ must be interior to one or the other of the open intervals

(23)

val,

L

{1.2}

al T a,
A E)

ay  ds " 1 ) or
(b‘_” b’.’ b:-.)’.:./

Then, according as 9 belongs to the first or to the second inter-

we have, respectively, the equalities
1 6«12 ’{il _ T
2__»/b—e<0 or 0<b 9<b$5'

e 2 1

Thus (1) is true, where for ¢ we take either b, or b,.
2 — 4t

S

e

“tys

(e,
[if 13

2

gy & — (52 — 4 . ..
i &y : and we have two inequalities:

27
1 1 12 1 l Ly
T + 9 == - . v T + 2 ] ;_” 3
3 v g 3 3 2

12

we have

, according to (17) and (18)

1.3 RS ASYMME TR RO HARTINE APPRONIMATIONS 13

which give to
| |

g 2
N2 ="

H
e AR ¥}
Mz Wy

a rational value. One of the equalities (24)and our hypothesis (1.2) give
rational values for v and (%, 52— 4,342, Hence, in this case,all the num-
bers r, I, («},s2~—4 )7 are rational, Then the inequality sign in (2.2)
is replaced by an equality sign, and the right and left end points of
the intervals in (23) comncide. But ¢ being irrational,cannot be equzl to
this common end point, Hence § must be interior to one or the other
of the open intervals (£3), and the argument follows as before.
{'ase 2. We now suppose that

tyg $= ((t'fg 24yt gy 3k (u;"._, 2
24 SUITRY 2, :
N Ly . . . 5
Then, since —~-<¥-— js an increasing function, we get
32
g -
e I
- gy = < —=
(23) e C ilya " . 2y
£ RS e 13 7T g = oy 3 AT S
012 apg 5 {5 — 4
From (18), (19) and (25) we have
typ & — (g &F — 4 )P
tryp ' 2, =
which gives
1 ( f )
r -+ =
: )
N 32 P

and, exactly as in case (1.1), we have that (1} is true, where for g we
take either b, or b;.
Thus we proved the following theorem:

4 . - a, ay  ay . . .
Cy. If 6 is anirrationdd and "1, "% "3 4re some Jractionssatisfyving
- s 1 02 Dy
the inequalities

a .ay _a
g BT
b, by b
;hg’zoat least one of these fractions satisfies (1) with & given by (19} and

We can also state the theorem :
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14

. . . ag a, a4y o o
C,. If ¢ is an irrational and "%, 0, are some fractions satisfying

N o b1 b2
the tequalities
y a
{?U < az . 0 r( _1 s
by b2 b

then at least one of these fractions satisfies (1) with

I 2,2
_ | T g T Uiy

4 2
(26) I == ——9] ) r}U.

k- tyy My a0

The proof of this theorem follows from an argument analogous

to that used in the proof of C,. ‘
6. Particular cases of theorems By and B,. If we set in B,

a Pg,, Cl, —Pl ]

b q‘zn’ E.J, i qZ" 1

pZ»r-'..' (a -+ I(llim-.-' aJ up-%ﬂ.l.g

=da 2? "lﬂaﬁn‘i:{’

2u

a-+la'

we have — A
b - b QQ,, +9 [b - ibvm o+ b’ 42,”3
and (15}, (16} are satisfred.

Thus we obiain the following theorem:

> of § satis-
q'_’u Y q":" +3

Past Paon Puus
B.. At lcast one of the convergents ool Ter2, o

il
fies (1) with & = (a3, , 47)72, £ 72 0.
If we set in B;
3y . pEH a — Pon

B r=a
1" q?n bl q2n—l

w12 §=

we get the theorem:

Po Pan-t Pon::

B,. At least one of the convergenis o, 2, 0%
q2rr q'lu-‘l q?u 2

af o satisfies

i1y with & == (a%a ot 4717, r =0
Form B, and B, follow the theorems:
p.niI’ P?!I 2’ p?n—?) g?_n-—-i Ofe

Bi. At least one of the convergents
an-ul q?n N q?n*,’{ q;’n t

savisfies (1) with &= max{(af, 4+ a2, (al, 00+ 4112], + =0

pz", ?E"+|’ P?"l‘ r-2, P2n+3 of o
q-z,., gru1

satisfies (1) with @ = max [(a}, ;+ 40312, (af, 7+ 412, = 0.

Bs. At least one of the convergents
q2n+2 q.?n‘.R

I 15 O VEYMMETE G DIOPIANTINDG APPRONIMATIONS 5

Because all the integers a, are greater than 1, we obtain (g)

If we make r =1 in B, and B,, we heve:

B,. At least one of any ihree consecutive convergents satisties (1)
with 2= |a 4+ 4=,

Theorem B is a result of Morimoto [9] in 1926, found again
by Obrejkov [18, 19] and M. Miller [10] in 1840 and 1953
resp:ctively. These results are cited in the book of Sudan [25].

As a particular case of theorem B; we can cite the following

Perron’s theorem [21]:
B,. At least onc of three consecutive convergents satisfies (1) with

= (m? 4 4) V2, where aq, , =m.
If m -2, then we get Humbert's theorem [5):
B, At least one of three consecutive convergents sansfies {1} with

s=8",0f a ,>2
We can also state the above theorems in the following form:
B,, If an infinity of @, , and an infinity of «,, satisfy

- ~
:’I_J" b My, a?_,.//ing,

then 8 has an infinity of convergents which satisfy (1) with
¢ —= max {{n? + 4o}V, (mEe® 4r)72], + > 0.

This theorem contains, as a particular case, theorem A, because
for any irrationzl 8 we have a, > 1 and a, = 1.
7. Particular cases of theorems C, and C,. 1f we set in C,

iy i iy Prl: a-
. = 3 = 2 s s = PG — Puda = Gu,m etc. where bn 3 pm!
b gy b2 gm by q: dn Im

1 are three convergents of 0 with n-—m - I, m—n and /—m odd

qr

integers > [ and # odd, g, is the denominator of convergent [a, ,--.,n]
of irrational 6, = [@ys1s @p.3,--.5], theo we get the theorem:

‘21’, Pm P of g satis-

3

C,. At least one of the three convergents

l_fics (1) with dh 9m Tt
- an""' rq;!” + ;J! ? 4 C "z‘
f_ ‘( T4 ;] B : ] e 0,
qnm qmi’ quI v-lf .
a 2
If we take b", 9 a5 the three convergents P", p”', Proof ¢ in
u bl b‘_’ g 9m Gt

sWithn < m<I, m —#n and 1 —m oddint i
sl m odd integers > 1 and » even iInteger
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Pn 1 .
C,. At least one of the thrce convergents -", Pu P

9n dm qt

[(q;:nrm B qir -1' u qil’)z 4 -IU:. = ”
Pt ol -
qmn qm.' qm’ q:sz

where ¢, ,, has the same meaning as in C,.
In [13, 14] I proved and stated these theorems in the same form:

of g satisfies

(1) with

drr

Cy. U < me I, men and /—m are odd inteers - 1, at least one
. ¥ h . .
of the convergents p_,’ /“, P of & satisfies (1) with
0 Gm q
_ th q'i,m - ;—:“, Pt q:_’” 2 pEa
=g |, 30,
) qnm qm’ qu! 1»,' .
| —(—1)
where ¢, = ( ) .
2

If we take r — 1, we get a theorem, due to Fujiwara [3].
p:"n 1 p".n 2 P‘ju S
2 2

Seiting a,, = 1, a, ;=1 and considering
Gon 1 q2nr2 q3n+5

or

P, P, Pag .
o TE b we obtain the theorems:
q.'ll q?n' ! q';'n |

P, Poy 2 Doy o .
C,. At least onc of the convergents * 1 S22 dnghof g satisfies

b
e i1 q?lr{? q2n 5

i1} with
_ ,(1 Cdr b (2a, 1)%12 4,2 e
s l 2{20’_" 3 !'_ 1)\ . - (20":1 3_}- ],2 ! ! \}0
C;. At least one of the convergents pz", P?-'l-", gz__. “b o satisfies (1)
: n on4 | EITEER
with
'(7 +4+(2a, .+ 1‘]2)2 4 'luz
:: = - s o e, = ~ )
224, ., + 1) Ry, + 12} 2 1
When we take a, ., =2 in Cg or a, ,=2in C, and ;1 =1, we get:
(‘ A 3 Pn pn-] pn-*u] 0 g H
“s- Al least one of the convergents;y— g . of 6 satisfies (1)
o " n+l n4
with & | 242l , where @, ,=2,a, ,=14a,, =1 This rheorem is also

due to Fujiwara [4].
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If we take m=n+1, I=n+2 then ¢, .. =1 G niz™ 15
a +?.A‘:C(ering as # is an odd or even integer, we have respectively

qn,n+2 ”"
SO, . 2 ' B . ”
K AR e g = fa;”'+? AR, = ICI.-,_‘.I_I’2 4 dq ¥,

=

N 2
a,.-'r‘_‘ au 2
i Thus, in the case when n, m, ] are three conseculive integers, we get

rems B; and B,.
e Then “all the‘ particular cases of theorems B, and B, are also

i articular for C; —GCs, that is theorems C, and C, cre the best general

ones among all those given here.
8. Other particular cases of theorems C, and

C,. Now we consider the

numbers _ ok
27 ?z“z‘ ffi,,_"”lp?z:', Pznu3_k a2
Gonin  JGamsz T T2mnn Ton+n Ton-2
It is easy to see that we have the following inequalities:
Pauir <o <1_°2n 3 Doy 2 < j.PinE + Puns ’
Gt Qoniz — Ropiz  J92442 pal P

ayy = (jp2n+2 + p2n+1) o™ {qu,,” + q2n+l‘ p?:.+2 =1,

Az = (Pouiz™ RpPopso) Qanin— (g s3 — B2 2) Pours = I

iy = (Pyn 2 T P cil @z ™ gy ) — (Honea + Fons1)(Ponss — BPyyyol =
= a,,,,—+ k).

¢ numbers in C,, we obtain the following theorem:

f we replace thes ‘ _theoren
X eD‘.pr Apupn 21+ k, then at least one of the fractions (27)satisfies

with £ = [{a,,,,—{/ + &) 4 4312, 20
fn a similar way, we can state the theorem: ‘
D,. If a2"+2>j+k, then at least one of the fractions

Pouy2 kp_zn_:_i 1
Q2at2 RPo i1
1 > 0.

p2u+| jp2n+1+p_2n
3 D L]
Toui1 95,21 T 9on

satisfies (1) with &= [{ay,,,— (f + k)22 47]12,
1 proved D, and D, for + =1 1n [15].
Theorems D, and D, are more general than B, and By, because we
these by setting j = k=0 in D, and D,.

9 General remarks 1° It is clear that we could state a great deal
of theorems as particular cases of theorems C, and C,. But we gave
only some theorems which generalize the well known ones.

ag a, a, as

2°. In the pro.fs of C, and C, the fractions ==, —, —,
p bg b] -b2 173

are

Anale = Matemaricd &
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supposed as arbitrarly satisfying only some inequalities. They do not
depend on the convergents of 6 or Farey series.

3°. If in peragraph 5 case | (1.1} we set : =

11‘2
1 ( 1 ] -
AR e -
= Ha ),

12

| +, then
-{} and hence:

. a, a
E,. At least one of the fractions ', % satisfies (1] with

1 0
2
5= b 1 o),
]
Setting v
a P, e a x a.
b[ ), 2= oor ‘--.p"""', # = Pz", we have:
1 q’n i bg q?n b-. q:_-!uﬂl b'z qgn
E,. At least one of the fractions ff", Pt satisfies (1) with = 2|'r,
qv q;' H
1 = 0. If weset;=1inE,, we get Vahlen’s theorem [26]:
E, At least one of the {ractions p,’ Py satisfies (1) with = = 2,
g, R |
If we take !
al -’Pn.Pni (I'_Jmpn_kpnl

J

bl i jqn + qn -1 b2 Err-_ kq" 1

we obtain the following theorem:
F. If a, > max(l,k) and a, ,

'.jp"_]_p" 1 pn /\?p" 1 isfi 2 ith = 2
g, + g, 0 q,— kg, SRUSHSS (1) with ¢ =

1+ &y

1 proved directly this theorem in [15).

] - . .

4. In my paper 14, p. 200), it is easy Lo sec that the equalities
{24), written for the coavergents of ¢, prove better and faster that
is rational.
- 5% T must say that the préblem of the best approximation of
irrational numbers by rational numbers cznnot be solved with the methods
given here Robinson’s works and my papers, written in 1947—1948 and
which are not cited here, show it immediately. On this occasion
R. Robinson solved the important problem of critical numbers for
asymmetrical approximation and I gave a geometrical interpretation for
this kind of approximation and generalized a Perron’s and Shibata’s
theorem.

6°. I must also add that, in many occasions, I formulated the
theorems and their proofs using Olds’, Niven’s and Le Veque’s words.

= max (1,7}, then at least one of

fractions ' 2% 0
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Rezumat

In primele trei paragrafe se da o demonstragie completd a teoremel
Iui B. Segre [24]: Orice irational 8 are o infinitate de aproximiri
rationale p/g aya cd (1) sd fie satisfdcutd cu = max [(1 -+ 4)12, (+2 + 41)'72)
st 7= 0.

Folosind o idee dati de I. Niven [16, 17}, autorul aratdi cum
trebuie continuatd demonstrafia aritmeticd datd de C. D. Old s [20] numai
pentru ;= L.

Tot aici se fac unele observatii asupra precizirilor teoremei date
de demonstratie.

In paragrafele urmiroare se dau doud generaliziri ale teoremei lui
B. Segre. Generalizarea a doua contine drept cazuri particulare multe
din teoremele clasice asupra aproximirilor diofantice simetrice.

06 ACCHMMETPHYECKHUX JTHOQAHTORBIX TTPHULAREHHAN
KpaTxoe comcpmauie

B nzpsux tpex maparpadax taercs Mo.ioe J1okazare beTso 1eopeisl
L. Cerpe {24]. Kaxaeii nppaigtonar 8 nucer Ge3KoneuHOC MHOKECTRO
PaWoHANbHLIX HpuBAHKeHUit p/g Tak uTo (1) yroBictnopserca
E=max (] + 4¢)"2. (22 4 40)12] B0 0.

Henombsys waew M. Husena [16, 17], aBTop ykasbiBacT kak 100K10
MPOAOTKETHCH apHPMCTHUECKOE AoKazaTedbeTsBo RoTopne C. JI. Oaac
[20] maeT Tosibko aast ¢ 1.

3Rrech Ke  [eNaloTCH  HEKOTOPLIC 3aMelauls Ha  CHeT Y TouHCHHI
A0Ka3aHoll TeopeMul,

B nocreayiomux naparpadax mawres otoCuicuna Teopenn B, Cerpe.
Bropoe odoGitieHte conepAinT Kak 4acTrble Cyual MHOPHE KAacCHYecKlie
TEOPEeMbl O CHMMETPHUCCRKHX ARD(PAKTOBLIX NPHOJINKCHDIAX,

ASUPRA SIRURILOR RECURENTE
nE

CORINA REISCHER-HAIMOVICIsi V. TAMAS

0 Sa (1}
1 sesiunea stiinpificd a Unjversitdn WAl 1. Cuza

1 fcare presentald t ‘ -
Gapuniare e din 26-27 octombrie 1963

1. Fie
ll) Uy = a4 Uy + ay Up—3 SRR -+ agtty—n

. . . .
o relatie de recurentd de ordin n, unde a; (j = 1,2,.. ., n) sint numer
reale §i fie

@) i a2 o

ecuatia generatoare a relatiei (1).

Dacd termenii girului ), #s,..0y Upy.r-
pumeste recurent. ) o = )
. O problemd importantd care se¢ punc In l}:gatura cu slr!unlc rc]
curente este aceea de gisire a unei formule care sa’dga_ termenu _g'e%era_
u, in funcgie de coeficientii relagiei (1) sau de ridicinile ecuatiei(2) si
de primii n termeni ai sirului. . ' ‘

Astfel I J. Schwatt [5], folusind inductia matematici, ajunge,
dupd calcule laborioase, la formula

"] 251

—2ea 2 AR k m—1=2k 7k
u, = uga, ¥, Ct_, , ay=? *ai-tu ¥ L9 a,
e = o o’

satisfac relatia {i) sirul se

3)

ru termenul general al unui yir oarecare ce satisface relatia de re-
entd de ordin 2:
Up =y Uy tazgmy_z.

.~ L, Toscano [7], plecind de la ecuatia generatoare x—pxtqg= 0,
giseste pentru termenul general al unui sir ce satisface relatia de re-
curen{i corespunzitoare:

a



