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Polinomul caracteristic vectorial al matricei A este
(1) Cat\) = AP = BA o] (=PI G A - (=11,
unde ¥, sint elemente ale algebrei cu baza e, e;,..., ¢, functii simetrice
elementare de valorile proprii ale matricei A. Evident, Y, = det A,
T = SA) =SAdpe t -+ S(d)ey, S(A) fiind urma matricei A,.

Pentru o matrice tridimensionald patratica A este adeviratd o teoremd
analogi cu aceea a Iui Cayley-Hamilton din cazul bidimensional
§i anume:

Demonstratia se face prin calcul, aplicind teorema Iui Cayley -
Hamilton la fetele A,(1 <J<g¢) si reprezentind matricea 4 prin (1)

Se verifici de asemenea ci, daci A, (1 < /& < p) sint valorile proprii
ale matricei A, atunci matricea A’ va avea valorile proprii A;, tinind
seami de tabla de inmultire din algebra cu baza (e, e;,...,€).

Se pot introduce de asemenea factorii invariantt i divizorii elementari,
deci se poate ajunge la forma normald Jordan pentru o matrice tridimen-
sionald pitratici.

Folosind acelayi simbolism, forma Jordan pentru matricca 4 va f

(13) F=Feg+ -+ e

unde ¥ este forma Jordan a fetei A;(1 <j<qg)
Daci consideram transformirile elementare pentru matricele tridi-
mensionale pitratice, date cu ajutorul unor matrice de forma

(14) T= T,el + T2€2 —*' LIt ‘i T_.e_,

T,(1 <j < ¢ fiind matricele transformarilor elementare pentry matricele
bidimensionale 4,(1 <j< ¢ de tip p X p, atunci matricele 4 J sint
legate prin relatia

(15) A=PFP 1

unde P este un produs de matrice al transformdrilor elementare.

BIBLIOGRAVFIE

1. Cokonon H, H. — [pocuipascmecnusie sSampuind it ) upeavwenast. Tuco it

par, aur, Mockwa, 1960, ‘
9 Cokonop H. H — 08 onepaquax nad awoconepuoisa sampuanaan. JIAH CCCP,

163 (6), 1965, cTp. 1322 — 1325.

3

O TPEXMEPHBIN MATPHIIAX
Peaicme
[MpupoanTes NpeAcTas/cHIC TPELMEPHBbIX CHMBOJOB. HMEWILCe npoc-
Toil 3aKOH YMHOMKERHS. DTO NO3BOJAET pacliipeikc ORHBIX PL3yJbTaTon
13 TeopHH ABYXMCPHBIX MATPUL 11 YNIPOILEeT (OPMyJL I HCHHCACHI ¢
TPEXMCPHLIMH MaTpPHiLa ML

COMPARISON PRINCIPLE AND LYAPUNOV’S SECOND METHOD
13

Vv, LAKSHMIKANTIHARM and 5. LEELA

1. It 1s widely known that the comparison principle has been one
of the important approaches to Lyapunov’s sccond method, which
provides a convenient means of discussing the behaviour of solutions of
a given differential system in terms of the properties of the Lyapunov
function and the solutions of the scalar differcntial equation. The
advantage of the comparison technique is in obtaining stability criteria
under rather less restrictive conditions than those demanded in the classical
theorems of Lyapunov’s sccond method. In particular, it often helps in
deducing asymptotic stability without the stronger requirement thar the
derivative of the Lyapunov function be negative definite, which, in many
practical applications, is difficult to achieve. Morcover, the comparison
method is readily applicable to the questions of conditional stability
and boundedness. [4].

Recently, Brauer [I] has proved a result which apparently sug-
gests that, in the case of stability, theorems stated in terms of differen-
tial inequality and the behaviour of the solutions of the corresponding
scalar differential equation arc not really morc general than the classical
theorems.

The purpose of the present paper is to substantiate the generality
of the comparison technique. It is shown that whenever a Lyapunov
function exists satisfying the conditions of the classical stability theorems,
it is possible to find another Lyapunov function which fulfills the con~
ditios of the stability thcorems in terms of differential inequalities. On
the other hand, starting with the stability theorems in terms of differen-
tial inequalities, we can arrive at the classical stability theorems, provided
some addirional conditions are assumed, namely, in the case of stability
(simple or uniform) and equiasymptotic stability the assumption (a,) [See
(Theorem 2] and in the case of uniform asymptotic stability assumptions
(a,) and (3.9) [See Theorem 7].
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2. Let [ denote the interval 0 <¢-"oo, R" the euclidean n-space
and R~ the half-line 0 <r< oc. Let | x be any convenient norm of
xe R". We shall consider the differential system

dx
= f(r, x),
= f, x)

where the function f is a continuous mapping of [ R" into R" and
f(,00=0, tel.

The following definitions and notations are useful in our subsequent
discussion.

(i) A function 7 () belongs to class K¢ K), if it is defined and
continuous for re& R, strictly monotone increasing in r, (0) =0 and
o (r) = oo as r— >,

(ii) A function 7 (z, r) is said to belong to class KK {» ¢ KK), if 1t
is defined and continuous for (z, rie I X R+, belongs to class K with
respect to r, for each fixed ¢ and is positive, monotone increasing with
respect to ¢ and 2 {t, r}— o0 as - 20, for each fixed » 0.

(iii) A function o () belongs t class L{c ¢ L), if it 1s defined and
continuous for ¢/, monotone decreasing in r and (7} — 0 as o0,

(ivi A function /(s x) =0 is said to belong to class E(heE) if 1t
is defined and continuous on 7 » R", &(s, 0} =0, r¢ [, and has continuous
partial derivatives with respect to 7 and the components of x.

(v) For any function k(z, x} ¢ £, the total derivatve /' (1, x), in virtue
of the differential system (2.1), is given by
: 4 Sl’ *) 'h_(.ti_'x_) f oty x),

I, x)
ol ox

where - denotes the usual scalar product of vectors.
(vi) A function Az, x), with 2 (s, 0) =0, is said to be positive definite
(negative definite) if there exists a function ¢ (r) € K, such that the refation

i, x) =9 x ), hi, )< —9(|x D

is satisfied for (7, x) eI X R".
(vii) A function 4 (7, ¥) >0 is said to be decrescent if a function
& (rye K exists such that

R, < U x ), (1, )€l X R

(viii) A function # (s, x) with %, 0) =0 is said to be strongly posi-
tive definite, if there exists a function (s, r) € KK such that

hi, ) =00, x ), (6, xyel X R

3. We shall say that a function g(z, ) satisfies the hypothesis Hi,
if it is defined and continuous, together with the first partial derivative
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(eleny [g (e, n), for {1, Vel > R*, gz, 0y =0, 1€/ and the solution r(7,0,7)
of the scalar differential equation

v
(3.1 t gty 1)
rh
satisfies the estimate
{3.2) By < rit, 0,1 < B,(r,), 1€ I, 8, BeK.

The function g, # is said to fulfill the hypothesis H,, if the hypo-
thesis H, holds with the replacement of (3.2) by the one-sided estimate

i3.3) r, O, r) KB (ro(n, tel, BeK, nel.

I'rom the assumption that (2/dr}[g (7, )] exists and is continuous for
(el R, it follows [2] that the solutions r, 1,,r) of (3.1} through
every point (s, r,) are unique and are differentiable functions with
respect to the initial values. Further (0/or) rit, 1y, 1) and (/) r {2, {gy 7o)
are solutions of the linear equation

= cgily 1y lys 1)) ¥

or

such that
Gl ty, 1Y) T o eF s tay By AR
ey o
respectively. Also
(3.3%) Il o B o A R )
ol o,

Concerning the stability criteria, we have the following two theorems,

Theorem 1. Let there exist a positive definite function V (L, x) e F such
that V' (1, x) < 0. Then, there exists a positive definite function U, x) € E,
which satisfies the diffevential inequality

(3.4) U'(t,5) < g, U, ¥), (r, x)el X R,

where g is any given function satisfying the hypothesis H,. If, in addition,
Vit, xy is decrescent, U, x) is also decrescent.

' Proof. Let the assurnption of the theorem hold. Let g(r, ) be any
given function fulfilling the hypothesis H,. Now define

(3.5) Uity x) = {1, 0, V1, x)).

In view of the hypothesis H;, the solutions r{1, 7,, ry) of (3.1}, through
every point (r,, r), are differentiable functions with respect to the initial
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values. Moreover (3.1) has identically zero solution. This fact, together
with V(, x)¢ £ imples that U(r, x)€ E. Thus,

1 U ey
U’ (1, x) = }_(!) Ay -+ (__(.I: x) -_f(f, X) ==
ot ox

o TV 3 :
I 1 (I: OJ VU: x)) IVi (_t: .\') I r_V(I} x) 'fU) x)
3 X

oy or

o, O, Ve, x)

<80 U )+ a"’ (1, 0, V't %) V' (1,5,

Fo

; or . .
The fact that ' (r,x) <0 and 5’- (£, 0, V(z,x)) is posiuve proves(3.4).
Ya
Usind the lower estimate in (3.2), the positive definiteness of Vir,x)
and the definiton of U(r, x), we get
U, ) =ri, 0, Vi, e =3, (Vi x) 2B (p( v Nn=bx

))
Clearly b¢ K, since both 3, and 7 belong to class K.

Further, if V(z, x) is dacrescent, we can use the upper estimate 1n
(3.2) and the definition (3.5) to obtain

Uty x) =ri, 0, Vi, xny <3, iV xn < Bypil x|l n=atfx)h

where 8., 7 and hence a, all belong to class K, thus proving that U, x)
is decrescent. The proof of the theorem is complete.
Theorem 2. Suppose thar
a,) there exists a positive definite function U1, X)elZ satisfying the differential
inequality (3.4), for any given function g which fulfills the hypothests H, ;
a,) the solutions r(l, ty, o) of (3.1} through every point (g, ry) can be conti-
nued backwards up to t —= 0. Then, there exists a positive definite function
V(t, x) € E such that V' (i x) < O. Further, if U, x) is decrescent, V (1, x)
5 also decrescent.
Proof. Let the assumptions (a;) (a,) hold. In view of the assumption
{a,), the solution of (3.1) through the point (7, U(r, x)) can be continued
back up to ¢ == 0. Define

(3.6) Vi, xy = rily o, Ui, x1).
As the function g obeys the hypothesis H,, the solution r(z, g, ry)

is a differentiable function with respect to its arguments and (3.1) has
identically zero solution. Hence V (1, x) ¢ £ and

vie, =20 +Y0 0 r05=
Jr dx
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718 u
= (0,0, Uty x)) + 1, (0,1, Uz, x)) (’)r {r, x) + 67 (i, ) S, 0| <
[y X

f
< 0, 5, Uity ) + 1, (0, 1, Ute, 23} - £, U, xh,

using (3.4). Now V' (r,x) < 0 follows from (3.3%).
Since the equation (3.1} has a unique solution through every point,
the definition (3.6) implies that

U, x) =r@, 0, ¥V, x)),
which, by using the upper estimate in (3.2), yields

U(Is x) =r (I, 0: V(t: t)) < BQ(VU) .’C)), 13; £ K.
Thus
Vi, x) 2 B70 WU x), grlek,

and since U(z, x) is positive definite, we get
Vi, ) <B ez n=bdlx), ¢, 6eK.

Similarly, if U, x) is decrescent, using the lower estimate in (3.2),
we have

Vi, ) <BTHUE0) <87 v xl) =alllx ), eek,

which proves the decrescent nature of V(z, x) and the theorem is esta~
blished.

Remark. Note that the stability of the nuil solution of (3.1) is ex-
pressed as an inequality in terms of monotone functions, The lower
estimate in (3.2) is compatible with the stability of the solution » =0 of
(3.1). Theorem 2 is a refinement of Brauer’s result [1] and dispenses with
the assumption g(z, r) = 0.

Regarding equi-asymptotic stability, we have the following results.

Theorem 3. Assume that there exists a strongly positive definite function
Vi, xye E such that V' (1, xy 0. Then, there exisis a strongly positive defi~
nite function U1, x)¢ E obeying the differential inequality (3.4), where g is
any given function satisfying the lypothesis H,.

Proof. Let the assumption of the theorem hold and g, r) be any
given function which satisfies the hypothesis H,. Using the definition
(3.5) and employing the arguments used in the proof of Theorem 1, it
Is easy to see thar inequality (3.4) holds.

Making use of the strongly positive definiteness of V{1, x), the
lower estimate in (3.2) and the definition (3.5), we ger

Ui, xy=r, 0, Vi, £y 28, (V{, ),
2800 xin =00 llxdl,
e KK, 8,e K, 2, e KK
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and the proof is complete.

Theorem 4. Let the assumption () of Theorem 2 hold. Suppase further
that there exisis a strongly positive definite funcrion Ulr, x}e I such that the
differential inequality (3.4) holds, for any given function ¢ sarisfying the
hypothesis H,. Then there exists a function V{1, x) e F, which is sirongly
positive defimite and V' (1, x} < 0.

Proof. By using the definition (3.0) and proceeding as in the proof
of Theorem 2, it can be shown that V'(r, x) = 0. Further, the unique-
ness of solutions of (3.1) and the definition (3.6) imply that

Utr, x) —rit, O, Vi, x)),

which, together with the upper ¢stimate in (3.2) and the strongly positive
definiteness U/ (z, vJ shows that [/, x) is strongly positive definite. We
omit the details.

The hypothesis H, can be used in place of hypothesis H, in the
above theorem to get the following variant of Theorem 4.

Theorem 5. Let the assumprion (a,)) of Theorem 2 hold. Let there extst
a positive definire funcrion U (1, x) € I sansfying (3.4) for any given function
g which obeys the fypotesis Hy. Then, there exists a strongly positive definite
Sfunction V(t, xy ¢ E such thar V' 1, x) <O0.

Proof. The definition (3.6) and the reasoning similar to that in The-
orem 2 imply that there exists a F(r,x) ¢ E such that V' (1, %) < 0.

Now, as before, we have

Uit,) =r@ 0,V x),
which, by using the estimate (3.3), yields

U@, x) = B, (V{t, X0 (7).

V(r,x).>/e?'[U(r’x)]“;Br'(?(-'ix )),

Vs : (1)

thus proving rthat ¥, x) is strongly positive definite. This proves the
theorem.

Remark. It has been shown by Hahn [3] that if a strongly positive
definite function cxists, having a non-positive derivative, the null-solution
is equi-asymptotically stable. The estimate (3.3) is equivalent to the
asymptotic stability of the null solution of (3.1).

In case of uniform asymptotic srability, the following theorems are
in order,

Theorem 6. Let there exist o positive  definite, decrescent  function
Vi, x) € B such thar V'ie, xy is negative defintte. Then, there exists a function
Ui, x) € E, swhich is positive definite and decrescent, satisfying

(3.7) Ui, %

Proof. Let Viz, vye IY be such that

Hence,

A, xn, we K, (,v)el - R

¥

B
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billxy< Vi, x) <a( x|, bacK, (1, x> R"
Since, by assumption, ¥’ (z,x) is negative definite,
i,y —c(lx|), ceK, (,x1el R

Define

©dr

Fa - Jw) =\ w0,

Jrm
where + () —cla ("), and U@, x) =7 "(V(, x)) Since y€K, F(u} is
an increasing function and this yields, in view of the definition of
U1, x), that

FU@, N i, x) =V, x)y< — clllx]).

From this incquality, we deduce, using the decrescent character of
I (t, %) and the definition of J(u), that

r , x)‘-é ‘-'(VU’ X (U(I, x})
< (F U@, 09 v (U, <)

— (Ui, xn.

This proves {3.7). _

Further, the positive definiteness and the decrescentness of Vi, x
imply
Ui,y =3V, on=F@e(xn=bixh, bekK
and

Ue, o =J ' Vi,on<FalxN=ax], aek,

respectively. The proof is complete. .
Theorem 7.Letthe assumption (a,) of Theorem 2 hold. Let there exist

a positive definite, decrescent function U, x) € E, such that (3.4) holds, for
any given function g satisfying the hypothesis H,. Suppose Sfurther that

(3.8) P 0, = B e, 1el, BeK, osel
and

5o Ri, o= {-}-Lﬁ’—o’—qv’—xﬂ—)[ o, Ul xys 1y !
(3.9} Lt

g Ui, xnein + U, xye' (1)

Is negarive definite.

Then, there exists a positive Jdefinite, decvescent funcrion V (1, x) ¢ £ such
that V'(r, x) is negative definite.

Proof. Lert the assumptions of the theorem hold. Define

(3.10) Vi, x) = rt0, 1, Utr, x)y o (1)),
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Since (a,) holds, the function Vi, x) is defined for r7=0. In view of the
fact that U, x) ¢ I and the hypothesis H, it follows that Vi, e E. Also,

dr (0,0, U, x)a ) | artOy 0, Utr, x) min))

Vi, xi -
ot g

[, xya ) F Uy, x) e (0]

which, in virtue of (3.3" and (3.9), is negative definite.
The uniquencss of the solutions of (3.1), together with the defini-
tion (3.10) and the estimates (3.3), (3.8), implies that

V@ emy = U, x)a @) —=r,0, Vi, x) < 3, (V (1, %) 6 (8),

whence,
S, ) D Uty xy =28, (174, 00,

which yields, in view of the positive definiteness and decrescentness of
U, x), that

Vie,) 287" (U x) =87 O xin=b (] x B, b, b e K
and
Vi, ) < BT UGN < @ v =a (lx Yy B, a, a 6K

respectively. The theorem is proved.

Remarks. (1) If the solutions of (3.1) are exponentially asymptotically
stable, it is easy to verify that V{,x} =r(0,1, U, x)e="), 4 =0 is posi-
tive definite, decrescent and ¥’ (s, x) is negative definite.

(2) Observe that, in general, it is not necessary to demand that
s€l, in the estimates which guarantee asymptotic stability of the null
solution of (3.1). It is ecnough even if &) decreases after 127, >0 and
A B

2 .

With this remark, consider the following example, which is illus-

trative.

tends 1o zera as t— o, tor example 5(1) = exp

i

= —(—=1r

- 1y

whose solution through 0, r) s ris, 0,190 — rpexp —{. This

-

shows thar » — 0 is asymprorically stable. However, we observe that, in
this case, R{r,x) is — (0 acording as f\g 1, v e R,

This means, that cven in the simpler case when g, r) is linear in
r, V' (t,x) need not be strictly negarive, fet alone being negative definite.

r
1
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*

PRINCIPIUL COMPARATIEI §1 METODA A DOUA A LU! LIAPUNOY
Rezumat

fn aceastd lucrare, autorul demonstreaza citeva teoreme de existenta
a functiei Liapunov pentru sistemul x = f{z, x}.

Conditiite clasice referitoare la derivata funcgiei Liapunov in baza
sistemului sint inlocuite prin inegalitdfi de forma (3.4), sugerate de prin-
cipiul comparatiei.

Se aratd cd existenta unei functii Liapunov, cu proprietd{i cunoscute
din teoremele clasice de stabilitate, atrage existenta unei alte functii
Liapunov cu proprietiti cerute de principiul comparatiei.



