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équations indépendantes. Dans ce cas le systéme obtenu en différentiant
extérieurement (1.1) peut étre mis sous la forme (2.6).

Si g =n—s=4 il n’y a pas d’élément caractéristique et la formule

bien connue:
n=s5s+8+ . wt+s+p
montre que Fon a p=1,s5, = 3.

Conformément au deuxiéme théoréme d’existence de Cartan linté-
grale générale du systéme (1.1) est unidimensionnelle et dépend de trois
fonctions arbitraires d’une seule variable indépendante. Le systéme peut
étre regardé comme un systéme de s équations différentielles ordinaires &
s 4+ 3 fonctions inconnues et on peut prendre arbitrairement trois de ces
fonctions inconnues,

Si p=4, on a des caractéristiques 4 — 4 dimensions et 'on a

p=0—3, 5=3, ss=55=..=5,=0.

d’ordre s+ 4, s+ 3,..,2,1 nous
o 5 — 4, c’est-2-dire & des équations dif-

En effectuant alors des opérations
sommes ramenés au cas
férentielles ordinaires.

L’efficacité et la facilit4é de maniement des méthodes purement
algébriques que nous avons utilisées, nous a encore permis de généraliser
les résultats obtenus ici dans le cas des systémes de Pfaff de s équations
indépendantes dont le premier caraciére s; est quelconque, mais dom le
systéme dérivé a moins de s —s, équations indépendantes.
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ASUPRA SISTEMELOR PFAFF DE CARACTER TREI CU S'STEM DERIVAT
AVIND MAI PUTIN DECIT s —3 ECUATI

Rezumat

Autorul se ocupi de problema sistemelor Pfaff de caracter trei’
pentru care sistemul derivat are efectiv mai putin de s —3 ecuatii inde-
pendente. Se arati care este forma sistemului obtinut prin diferentierea
exterioard a sistemului Pfaff dat in acest caz si se stabileste o teoremd
care arati cind poate sistemul derivat avea mai putin de s —3 ecuatii. Se
integreazi sistemul in aceastd eventualitate, folosindu-se teoremele de exis-
tentd ale lui Cartan.

Rezultatele obginute se extind simplu la cazul sistemelor Pfaff cu
s, arbitrar avind sistem derivat format cu mai putin ca s—s; ecuafti
independente.

\ AN EXTREMAL PROBLEM ASSOCIATED WITH A CERTAIN
' NON-LINEAR INTEGRAL EQUATION?)

BY

R. H. ROLWING and I. A. BARNETT

Introduction. In a previous paper entitled On a System of Quadra-
tic Equations and its Integral Analogue (An. St. Univ. LAl I. Cuza®, Iasi.
Sect. I, 1965, p. 58) the authors have discussed the integral equation

4 ) =)~ K@)y &,

t

Let us denote by I{c) the totality of values ¢ for which

! 1—eK(x) =0 for every x on < x < 1.

i Here, K(x) denotes a real valued function defined on the interval
0 < x < 1 having the following properties:

{i) K(x) is bounded on 0 < x <1,
(ii) K (x) is continuous almost everywhere on 0 < x < 1,
1

(iii) SK (x)dx = 0,
1}
(iv) K (x) is positive on some subinterval of 0 < x << 1.

Such a function will be called admissible. Furthermore, let £(x) be a step
function assuming values 4~ 1 on 0 < x < 1; otherwise it is continuous
a.e. with the assumption that there is at least one jump discontinuity.
Then it has been shown that there exists a ¢ on I(¢) for which

1) This research was supported in part by National Science Foundation grant G19281.
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1

\e(x)] 1 —cK(x)dx =1,

L1
and hence a solution

y(x) = 2;[1 + a(x)lul —;cK(x)_]

of the above integral equation with z(x) of the same type (e(x) is of
type r if it has exactly r points of discontinuity and type oo if the
number of points of discontinuity is infinite}.

We observe that corresponding to the function K (x) =pK(x) where
o is an arbitrary constant not zero and corresponding to the same step

function = (x) of the last equation, the constant ¢ = cfp leads to the solu-
1

tion y(x) = py(x) of the integral equation y* (x) = [y (¥) - oK (x)] g yix)dx.

0
Thus we see that if K({x) is an arbitrary admissible function, the associ-
ated constant ¢ which leads to a solution of type > 1 may assume any
value other than zero. If, however, the class of functions K (x) is restric-
]

ted by some additional condition as for example SK' (xydx =1, it turns

L1
out that the constants ¢ which lead to solution are also restricted. The
subject of this paper is to determine the interval on which ¢ must fall
as the functions K (x) vary over a certain class for a prescribed = (x)
function of type =1.

Section 1. Analytic statement of the problem. Let c(x) be an
arbitrary but prescribed step function of type = 1. Consider the constants
¢ which satisfy the following:

(1) 1—cK(x) =0, K(x) admissible,
]-
2) \e@) | T=cR @ de=1,
L
(3) \K’ (x)dx =1, r fixed integer = 1.
0

The problem is to find the range of values ¢ for which conditions (1)
(2), (3) are valid for the prescribed step function ¢ (x) and for the fixed
positive integer r. If we set ¢ (x) = —cK (x), these conditions become

pe—
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*

() e =—1, \e@IT+o@adr=1,

0
1

6] ch' (x)dx = (—¢)'.

at
Lh

Thus the problem is that of finding the extreme values of R'p’ (x)dx, r

fixed, for functions satisfying (4). We first exhibit a functi(:n such that
1

S@' {x)dx may take on arbitrarily large positive values and such that

0
condition (4) is satisfied. Let p be the measure of the set for which
1

e(x) = + 1 so that p —\[(1 + 2 (x))/2] dx and consider the function ¢ de-

fined as follows.
] —1 for all x for which e(x) = -—1,

— 1 for all x for which cix) = + 1 except for a set, of points
of measure xp where x is a fixed but arbitrary number
between O and 1,

p{x) = I

=, on the set of measure Mp.

1

We see then that Sa ) |1 +- 2 @x) dx=rp|1 + ¢, and since this last ex-
0

1 e )\2 pz

pression must satisfy (4), we find that ¢, = .- Hence,
»”p
1
Scp'(x>dx=g@'(x)dx+ | ¥ @dx=1p LY =) =1y
4 - wepr | 7 ’

Ip L=2p

a quantity which can be made arbitrarily large by letting % — 0. It should
be observed that l'nl this argument p is fixed since ¢ (x) is prescribed.

The fact that\cp' (x)dx has a finite lower bound is clear since

0
¢ (*) > —1 for all x on [0, 1] so that this integral could never be smaller
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than — 1. However, the function ¢ (x) cannot be negative on the whole
1

interval 0 < x < | since \ :(x)'1 + o (x)dx must equal unity for an s,

4
function of type =1 by condition (4). Let us note that if, for example,
= (x) is prescribed to be positive on a very small range of [0, 1], the value
of % (x) would have to be large for that positive range of ¢ (x), and thus
the infimum may be an extremely large positive number.

Section 2. A restatement of the problem. Let P be the set of
points for which z(x) = + 1 and N the set of points for which ¢ (x) = —1.
Further let

a(x)=¢(x) xon P, 7{x) =0 x on N,
(x) =9 xon N, {(x)=0 xonP.

Thus we can write
{ —z(x)

fp(x)-—ii‘-;—‘x)-f.(x>+ =By,
L oln)=" ;""(1—:~-r.(x))+t;(—"’(1+t.<x>),
sV 1 %) lzﬂllJrv.(x)-l;;(ﬁl’lthxx),

Our problem now becomes that of minimizing the expression

(6) gf () dx -+ \c (x) dx

P N
subject to the conditions

(7) \1” +9 (x)dxh-&\'l +ixde=1, (@) =—1, [(x)=—1.

P N

Section 3. The case r =1. Let v, and £, be a pair of admissible
functions such that the condition (7) is satisfied. We show first that there

exists a pair of functions which are constant on P and N, respectively,
such that:

e - \1Tr e - 1T @ - \ITT GG e = 1
P N P N

and for which
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:\..-r;ldx—i— Sr dxgg-qo(x)dx+\'co(x)dx_

» N r N

To prove this, let v, and 7, be constants defined by the relations
1 ¢ _—
1y = Sl 1 = 1y (x)dx,
PP

®)

\'\ 1T dx,

N

= 1
]1‘1":i=
*

where p and n are the measures of the sets P and N respectively, so
that p + n =1, It then follows that 4, and %, satisfy (7), namely,

\]'1“—{—_ Ny dx — \l] F ¢ dr=1.
P N

By the Schwarz incquality, we may writc

O =) —(\ITFama] <s\o+me e

P r

P P

r
so that \ iy A% < \'r,o {x) dx. Similarly, \ Ldx < \ L (x) dx.
N N

Thus, we have shown the existence of two constant functions for which:

S'“ldx+ R ildxé.gno(x)dxﬂ' Lo (%) dx.

P N P N

In] other words if there is a pair of functions which give a minimum
value to

S'q {x) dx - R C(x)ydx

_ P N
subject to

RVI +n(x)dx-—Sl’l +T{x)dx=1,

this pair of functions must be constant over this domain.

4 — Matematicd — Universitate
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We next define the constant %= 0 by

(10) k=\]'1-|~C1dx=nl'1+Cl .
'.Ar + -
Using this aad (7), we see that \l i_+'q,dx-\l 1+ 7 dx=1 leads to
P N
(11) plli-tr, =k-+1.
Solving for +, and I, in (10) and (11), we obtain
(12) o= TR B
P* 7

Using thesc in (6) for r == 1, we see that

(13) \'r“dx ] \‘C_ldx; (ff_*"l)'+k“—£ _(n+ kR
' ) p n i

P N

1

Thus (13) is minimum at £ =0, and the minimum of \fg (x} dx subject to

; o 0
\z (x) 114 2(x)dx == 1 is attained for
o
| — 1 on N,
?= l l —1 on P,

p-
and the value of the minimum is ~. Thus we have proved that the minimum

b

value of the integral \cp(x) dx subject to the condition\ ()| 1TFo@Edr=1,

4] o]
where =(x) is a prescribed step function of type = 1 is given by

I 1
n 1—m

» 14 —Wherem=\-a(x)dx:p—-u. Since\-cp(x)dx=(—-c),
- m

0 o
we see that the largest ¢ is given by
1—m

o — e

1 4-m
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Section 4. Fundamental iemma. The following analogue of the
Euler-Lugrange multiplier rule will be found useful in the sequel. As
defined in Section 1, the problem is to minimize

1
(14 \o’ (x)dx, r fixed positive integer,
0
for all admissible functions «(x) defined on 0= x =1 satisfying the

condition
1

(15) \z(ﬂ 1T+ ox)de=1,
0
where = (x) is a prescribed step function assuming values - 1.

We now shuw that the minimizinz function +(x) must be a step
function. Ler us define the functions F(x,) and G (x, %) respectively, by
F(x,9) =¢" (),

Gx,7) =z x1'T+o)
Our problem then is to minimize
1
1=\Foan,
0
subject to the condition

F=\G(x,0) dx = 1.

S,

We express the variation of ¢ in terms of two parameters ry and I
o (x) =1, 0 {x) -+ 1204 (),

where 6, (x) and 0, (x) are admissible functions which each vanish at both
x =0 and x = 1. Then, with the abbreviations
1

I(tl,tz) —\F(X,Q-{-— tlel T I292) dx ==

[ (%) + £,0, (x) + 2,0, (x)]" dx,

](tlat‘z}—'\G'lx)‘? +12; 0, 2,0,)dx =

e(x) ]Il + o (x) + 2,8, (x) + 2,0, (x) da,

D, = T e

[
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it must be wrue that I{z,,2,) takes on its relative minimum subject to the
condition ¥ (r;,2,) =1, when 17, = r, = 0. If we now introduce the Lagrange
muliiplier 2, we obtain

1

I{t;,2) -2 J (0, 0) =\{F(x1‘P F 00 +10) + 2 Gl o+ 1,0, 42,0, dx =

i
1

= S{[Q (x) + 20y (%) + 2505 (x)1 + he (0) | 1 + o (x) 1, 6; (x) + 1, 6, (%)} dx.

¢

The relevant necessary conditions are
L Ut 2T il = LU, 1) +2 71 0
o, 15 I3 WALIPRZ o, 15 La Ty 1)) =

when 1, =1, = 0. When the indicated operations are performed, we obtain

1

y - he
.\[r o "l {x) + 21[%(—5] 0, (x} dx = 0, except when ¢ = — 1,
1
' re (x)
and \[f ¢ 7 (x) + 2| iwgi:(—x—)] B, (x)dx = 0, except when ¢ = — 1.
= e

0

Here, we note that if welet H (x,9) = F+ G, F= Flx,9+1,8, +1,0,),

—r

qu:G&@+qm+@%Lﬂm1H=ﬁH&sommI@JJ+UUDQ=

-.;gl}dx.

1]

We also sce that

0H o0H
= — 01
at,  do
and
gr, do

Thus, we can write
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-—

|
a iH
——[Iau:»4-a30nzgy=g 0, dx
dzy J 9o
Q
and
1 e
g oH
U, 1)+ F (e, 1)] = R 0, dx,
ar, J g

o
by differentiating under the integral sign. This differentiation is per-

missible except at © = — 1, since A as a function of » is a continuously

differentiable function. Finally, since H — H when t, and ¢, — 0 and the
same is true of the partial derivatuves, the necessary conditions take
the form

1 l.

\@nm=ﬂw*m+
. .

drp

re (x)

mﬁ+¢u)m“)

dx=0, except when o=-1,

1
and \iﬁﬂz dx == \[T(?f-'] (x:I '}‘ %] 82 (x) dx:o execpt When (?=_] .
? : 2] 1 7 (x;
o

C (90, ()

The function 9, can be chosen so that \H] ol )dx =0, so that A can
Z | QX

0
be so determined that the second of these necessary conditions is satisfied.

Since 8, is arbitrary on (0, 1), 1ts coefficient in the integrand of the first
of these necessary conditions must vanish giving the Euler equation:

2z {x)

ro'1(x) + e =

=0 except when o = —1.

Thus, we must have 2ro'-1|'1 + ¢ = 2r for each x¢[0,1] excep: when
p=—1.

~ Hence, the minimizing function ¢ must be a step function on [0, 1].

Section 5. The case r odd, where r is greater than 1. The
problem is to minimize
1
{(16) \(p’ (x)dx, r fixed odd integer greater than 1,
b
subject to the condition
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1
(17) \s(x)1f1+cp(x)dx=1,
0
where ¢{x) is a prescribed step function assuming values L 1. In Section
4, we found that for each x in [0, 1], we must have
(18) 2ro 1T+ o = except when ¢ =—1.
Thus, we have

2’,.0;’—] Vl -+ o = 7. for X€ P)

2o 1T+ =

If 2=0, then © =0 or ¢ =—1 on all of P but this is impossible
since equation (17) could not be satisfied. Hence, since r is odd, we must
have » > 0. We also see that ¢ cannot be negative on all of P because
again equation (17) could not be satisfied. Squaring equation (19) we obtain

A
Lo
This equation has a single positive root and depending on i possibly two
negative roots berween — 1 and 0. Here, since 7 is odd, we need not be
concerned with these nmegative roots since o= —1 would give a smaller

value to equation (16) than these two negative roots between —1 and 0.
Thus, we find from equation (19) that

(19)
» for xe N, except when o=—1.

Gl L2 =0, A

= 1 on N,
(20) o= —1 on P, where P, is a subset of P with measure p,,

| >0, ot T+o=2>00n P,=P—PLy.

Thus o =—1 on N -+ P, with measure n+p, and ¢ =x on P, with
1

measure p., so that Ss ()1 +o@x)de=p 1+ ¢,=1 and hence x; =
0

= 1/p3 — 1. Thus, we find that p, = 11t + x, and

1

\ X+ 4
(21) \c?f(x)dx=——pl—n-}-p2 ;=_1+_"‘——‘:
8 Vl _]'_.xl
0 . )
where x, = ——-= -, — 1, since p. < p.
t pi.._l PZ p P

CN FTERT—
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Our problem has now been reduced to that of finding a value of
¢ wich minimizes

(22) f(x) X el for v = ! = .
1 x P
Differentiating this last expression, we find

, C2r—=1Dax o 2rx 1]
@ S ) 217 £ x {1 4 x) '

Since f' (0) = — 1/2 and f'(1) = (2r — 1);2] 2> 0, we see that the equa-
tion o7 ' 4 0¥ "2—32=0 has a unique zero X and that since f'(x)
becomes positive, it will remain positive. Thus for x> X, the function
f{x) will be increasing. Henc= if X< 1[p?— 1, the minimum of f (x) falls
at x = 1/p>— 1, the end point; and if X > 1/p*—1, the punivum falls at
x = X. Thus, the minimum for the case » odd, > 1, is

1
If pr= ! , minimum of \cp'(x) a’x::p(l— 1) — 7
1+ X . p
o
(24 1
If p?> — l_—, minimum of \fp’(x) dy=—1-"- :)_(:___1—
1+ X b '+ X
Y]

The last expressions for the minimum are obtained by substituting
x=1/p*—1 in equation (21) and simplifyiagz the result. The first ex-
pression above is also true for the case r=1, although the metaod
of deriving the result is not valid since f'(x} in (23; becomes

(x + 1)/[2}1 -+ x (1 +x)] which does not have a positive root.
Section 6. The case » even. For the case r even, we shall find it

more convenient to return to the notation of Section 2. Our problem is
to minimize

(25) \'r,' (x) dx + \‘C (x) dx,
. R
subject to the condition
(26) Sl'i-,_--f,(x)dx—\ll+t_(x]dx--1.
P n':i'

(a) The Function +(x). Let & be an arbitrary but fixed constant
greater than or equal to one; and let us first seek the function 7% (x)
which minimizes
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(27) R o (%) dx,
»

subject to the condition

(28) TTo@ar k=1

Applying the same lemma of Section 4, we find that the minimizing
function v (x) must be a step function and that

(29) 2r1{x) I'T + 5 (x)= + » except when n{x) = —1,

where & is a constant. At this point in the case r even we redefine the
sets P and N. We now let P be the set where the first of these equa-
tions is satisfied and we still call its measure p. The set of points where
1 =—1 will be joined 1o the set N and from this point in the sequel
we use the function { as the function defined on this set which we still
name N with measure » so that p + n = 1. We note from equations (25)
and (26) that the values of these two equations will not be changed by
this change in the sets P and N. From equations (29), we see that 4 (x)
cannot change sign on the interval 0< x < 1, since 2 is constant and

s even. Further, 7 (x) > 0 on P, for if 7(x) <0 on P then |1+ (x)<1

and hence g]"l + 1 (x)dx < p <1 and this contradicts {28). Squaring equ-

Fo
ation (29) we find that

22

(30) N

73
This equation has only one positive or zero root. The case n=0 is
possible only when 2 =0 but 7 =0 contradicts equation (28). Hence the
unique root v of (30} is positive throughout the set P. Let 4, be the
positive root of (30) so that % (x)=u, on the set P with measure p.
From equation (28)

(31) SI"1+'»7(x)dx=pV1+m= .
P
Solving for w, we obtain
2
32) m=%—1

Thus the minimum value of gn'(x) dx is given by
r

13 AN EXNTREMAL PROBLEAM AT

kZ r

@) \w e ax=p(Z-1) .

i

(b} The function {(x). We now seek the function I (x] which minimizes
(34) {7 (x) dx
| X

subject to the condition
(35) \Il Y(x)dx=k—1.

N

Again, applying the lemma of Section 4, we find that the minimizing
function {(x) is a step function and that

(36) 201 {x) |14 {(x)=—1, except when {=—1,

where 7 is a constant. It is clear here also that £ (x) cannot chapge sign
on N. Squaring (32) we find

(37) 3\;2"—1 _l_ CEF—E’. - E‘Lg — 0 y .
where u? = ,/4r*. Equation (37) has two negative roots if and only if
(2r — 222

(38} << o1y

as will now be shown. The left member of (37) is Jess than or equal to
zero at {=0 and ¥ = — 1. Furiher, 1ts derivates is given by

{(39) r-s(2r—1C 4 2r—2] =0.

N /\\V

@r=2""%
0< p? u=70
@ — ¥t
Fig. 1 Fig. 2
Hence at a certain critical point, we have T=0 or { = — (2r—2)/(2r—1).

If at the critical point — (2r — 2)/(2r — 1) equation (37) is positive and
5= 0, then eguation (37) will have two negative roots between 0 and—1.



58 R. H, ROLWING and [. A, BARNETT 14

Thus (37) has two negative roots if and only if the inequality (38) holds.
The graph of this equation is given by fig. i, 2 or 3.
The case when there are no negative roots is illustrated by fig. 4.

/ 7,
T /\V

2o 2T 2 &= 22
5 (2’_ _ |)2r—l (—2r _ 1)2,__1
Fig. 3 Fig. 4

If u® is positive, then the equation (37) has a unique positive root. Thus
all the possibilities may be divided into the following cases:

Case A. U is a positive, negative, or a zero constant throughout N.

Case B. There exist two negative constants I, and ¥, between 0

and — I or one of the ; is 0 while the other is — 1 such that by (36)
we have

TG =TT,

and at each point of N, { is equal to one or the other of these constants,
Case A. ¥ constant on*N, Equation (35) now gives us

(40) g]"l——t_(x)dx-—nll-]—tzk-—-l,
N
so that
(41) {=—1-+0% where k=1 +0n, 090,

For the given fixed constant &, this T gives us the following minimum
for our integral
(42) 8 O (x) dx = m (1 — 0%,

N

Collecting our results for the function 4 from (33) and ¢ from (42)
we have

15 . " AN EXTREMAL PROBLEM 50

(43) icp'(x)dx —p[‘—‘—t’f_’fe’f— 1]’ (1 — 03y,

Since r is even and 7 = 0, it is readily seen that the value of this inte-
gral for 0 =1 is greater than the value for =1. Hence in Case A,‘_Wc
need consider only 0 = 0 =< 1. But in view of equation (41), we t.;l‘l
know that Z will be less than or egual to zero. Thus Case A mayh lfi
regarded as a special instance of Case B, i.e. when %, =% and we sha
so consider it in the future. )
Case B. Let 7, and %, be two constants such that — 1< <%<0

and

(44) G T+ G =4+ L.

Let %%, = o so that 0 <6 < 1. Then from equation (44) we have
(45) 147, =672(1 + o))

Hence in terms of & which may be regarded as a parameter, we have

1 —g2lr .
Y = —.———— on N; with measure
=1 1 _—52'_]
I'.'I.G) | — (-;2(""'1)
Ly == ol = —a————

on N, with measure n, where n, - n.=7.
1—¢c*"1

We note that as ¢— 1, {; =¥, and they both have a fixed limit
— (2r—2)/(2r — 1). Also, we have

fr— 1—0
144 =0 Vl_—f,—-x’

=
11 +C2=V—l__—c:T,'

(47)

1
To obtain a more useful form of g(p’ (x) dx, we let

0
N, be the subset of N for which {=%,; #n, = measure of N,

(48) N, be the subset of N for which { = T;; n. = measure of N,
with 5, +ny=n.

Equation (35) now becomes
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E—1 =§1fr+—idx=\1/1 4-’ildx+\1’1 + Ledx =
(49) N M Na
= |1+ & + m YT+ =114 0 + m).

Using (47), (48) and (49) we see that
(50) o lny oy ={k—1) ]/1_:"—“'—1, iy -y = 1.
From these equations we obtain
n—(k—l)l/l—"” '
I " l—o0c
t=-" a1 )
(51) f—e —
—no" ‘+(/e—”] -
_ l—ao
e = 1—o"!

Using the fact that 0 <n, < »n, we find from (51}

. 1—o 1—0
l N et <9~<~] T—or1’
(52) or equiva]ently
T+4 <01+,

From equartion (46) we see that
\:’ (@ydx =m G+ G =0y (g + o' my) =

(53}

1 —
Tl =g

Let us rewrite equation (53) using £ =1 -1 n; we obtain

1]—ot

. 1 —gtr=1 .
52(r—1})’[n(1—62 1)—_(k—1)1/ iy a)]'

(54) Sc'(x) dx ;Tr;a(a,e):n(ll e ——

N
From the inequality (52) we see that

1—
_62“_1)) (1 g V o

(1— ’))f
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|| _ 1—62'—1
| 9 eI <1.
Let us define
Y 1—=c
l b (o) =¢ IVW'"”
(56) ;
— G
l 0, (0} = vl_Tf—w

so that from (55) we have
0, (o) < 0 <6, (0).

l If we now substitute 0,{s) and 8,({c) from (56) into (54) we obtain
I

1 — 22

] 3 (6,0, (0) = ( |=nt oo,

1—g2!
(57) N
3 (5, 0, (0)) - m'( «——]-_n(l—ﬁg (o))"

1 —ag¥!

We now define s, ¢ such that
(58) b (00) +1(0.6) = ¥ (6,0), str=1.

Solving for s and ¢, we obtain

(59)

From 0, (o) << 0 < 0, (s}, it follows that s =0 and ¢ =0 and since s+z—1,
we see that s and t are each less tham or equal t0 one. Hence % (o, 6)
lies between ¢ (, 0, ()} and { (o, 0, (s)) ) for each value of ¢ in 0< o< 1.
Thus in cxamm:ng (s, 0} for a minimum, we need only examine the
values of (5,0) on the boundery of the region of definition, which
consists of the three parts

(a) (0,0, (o))
shown in the figure 5.

Confining ourselvels first to the boundaries (a) and (c) with 0<<6<1/}2r—1,
we see from (56) that we must consider

(b) (o,8:(c)) (c) =0 061
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boundary (a)

(60)
boundary (c)

For the value of s =0, we have

1-— Gf"z

(61) 1 =0

T—ger—1
l1—aj

Thus it follows that for 0 in 0<0< 1, in examining Y (s, ) for a mi-
nimum, we must compare

(62) $(0,0) = n (1 —6) with ¢ (o1,8) = n (1 — 62"

Finally proceeding to the other boundaries (b) and (c) with 1/} 2r—1g6<1,
we must consider

boundary (b)

1—o0,
o= 0y 9=V1_—(,gf'ﬁ
63 | :
(63) i

5 =0, Tg;——”*jg b1, boundary (c)

For ¢ = o,, we have

1—olr—= \
(64) GQT—F:-&EP—_l =1 — 02,

19 AN ENTREMAL PROBLEM 63

Thus it follows that for 0 in 1/]2r—1< 01 in examining the mini-
mum of ¢ (o, 8) we must compare

(65) b (0,0) =n (1 —0) with ¢ (g,,0) = n(1—069".

Combining the results of (62) and (65), we sec that for cach value of 0
in 0 <0< 1, we must compare

(66) n (1 —0) with 2(1—609, 0<0<].

If =0, we see from (46} that £, = -—1 on N, and %, =0 on N,. From
(51), we see that n, = n (1 —0} and 2, = 70 using the fact that k--1=nV.
Thus from (53) we see that if =0 we have

%Z'(x)dx-—nl t4nl=n=mn(1—>4
N
(67) ‘ and
S'i"l_é- L (x)dx =de =m=nd=%—1.
N N

If, however, 6 =0, OF ¢ =0 then we obtain
First, let ¢ = o, then we have from (60) that

t—o,

I
0 =of Vl—-of"""'

Using this value of 0 in (51) we see that #, = n and n, = 0. From equa-
tion (46) we see that {; = —1-+ 6% on N,. We need not consider I,
since N, is the empty set.

Secondly, let ¢ = o,, then we have from (63) that

_ l—g
___._._—lh_cgr_l,

0

Using this value of 8 in (51), we see that n, =0 and n, = 7. From (46),
we see that J, = — 1 + 02 on N,. We need not consider £, since N, is
empty. Again using (53), we see that if ¢ = o, or ¢ =¢, we obtain:

SC' (x)dx == n (1 — 0%,

N

(68) and
S]-’i TT(de=nd=k—1,
N

respectively.
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1

Section 7. The integral \cpr {x)dx. Combinin: equation (33) with

o
equation (67) and calling it Case I, we get:

Case [T
1
{09) \.q.’(x)dxzp‘m—l’ +oa{l -0 0g<<1,
H] p-
and combining equation (33) with (68) and calling it Case I, we ger:
Case If
L -
(70) \.rg"( pl : ?@:-1] Lal—03 00,
[

For a prescribed p, our problem reduces to determining the minima of

Case I and Case II as functions of  wnere 0= 0 —~1 and then taking
1 1

as the minimura of \(p' {(x) dx subject to \a @11 e(x)de=1, r even,

0 Ly
whichever of the two gives the smaller value. We noie here, also, that
equation (70) is the same as equation (43) so that in discussing Case B
we are also discussing Case A at the same time.

Section 8. Discussion of Case I. We define ~ by

(7]) - = ]i = _.;.tio
p p
. N i 14+=n ..
Since 0 lies in 0O <1, we seethat 1 <~ <~ . Rewriting (69)
in terms of 1, we find h4 r
l-
(72) \cp’(x)dx =14n- p[(=*—1) —1}

o

We now differentiate with respect to 6 and cbtain

1

d (Sq:’ (%} a’x)
(73) —-"do— —n[2ro{t=1)"t = 1],
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where we havs used the fact that dz/d0=n/p. We define function f (1) by
(74) fE=2r(— W=,

1

o that d(\.fg’ {x) dx)/dﬁ = nf (). We now show that f(<) is an increasing

function o} = for = in 1/p <7< (1+a)/p and that f (=) has a unique

zero between <=1 and = =12, We find that

(75) fR=2(2—-)"=1]F-1)7%

which is clearly positive for = > 1. We see that f(1) = —1 and f{]'2) =
—2,12—1=0; hence /(=) has a unique zero between ~=1 and =2

Let X be thss root of f{z) =0 so that we have
fX)=2r X (X*—1)'—1=0, 1 X =21125
(76) f(=) >0 for == X,
f(=) <0 for v X.

We now consider the three possibilities for X, v.z.

. 1
Case I, X< Lor equivalently p < _,
P X

1 1+ = . 1 2
- & = ] Il -"."\’_w é - 2
(77) Case I, ; <X 5 or equivalently > P T x
Case I, X = 7o equivalently p = — =
? 14X

Case I,. In this instance we show that the minimum of (69) occurs
at 6=0. By assumption we have X < 1/p <~ which from (76) gives
f(x)>0. From (75), we see that f{) is increasing and since

1 1
d(sc?' (x) dx)/do — nf (=), we have d(\q)’ (%) dx)/a’0> 0. Thus the mini-

0 q
mum must occur at = = 1/p which corresponds to # = 0 and the value of

the minimum of (69) is

1 —p%y
(78) \emas  =p=p[F) r,
9=0 ?
where we have used f, to denote this value.

b — Matemalica — Universitate
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Case [,. Here the minimum occurs at ~=X, since we have 1/p< X
<(1 + ) pand ut X,dl\@- (x) de/do 0. At = — X, we have 0 — (pX—1)/n.

The value of the minimum for this case is by (69)

{79 fo=2 — ap,

where

(80) = (X4 1} [{2r—1) X + 1]
2rX

and X is the unique =zcro of f(z) - 2ro{(z —1) '—1=0 for
Tp - (1 -+alip.

Case I.. Here we show that the minimum occurs at 0 — 1. By as-

sumption, we have v="1 - n)/p — X. Since = is less than X, we have f(3)
negative. Using this fact and also that f(=) is increasing, we see that the
minimum must occur at v = (1 -+ n)/p, which corresponds to 0 = 1. The
value of the minimum is in this case given by

4"’
(81) f:s s }'D-:r'—j )

Section 9. Discussion of Case II. We define = by

(82) w - ML+ p 4 n0)
r(1—=0

to simplify the discussion. Rewriting (70), we obtain

(83) \0 (x)dx = (1 — &) (pw’ + n).
We now differentiate with respect to 0 and obtain

i
(84) d‘f) ( \ o (x) dx] = 2 (1 + ) (1 —Oﬂ)r—l[ P 1_{’_*’”6] :

{

where we have used the fact that dw/d0 = 2n/[p?(l — 0)?). To find the
zeros of the right member of (84) we note that
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1

d [\ o' (x) dx) N
. 10 ZJFH(I——PL) is positive
[¢ ezl p -
and at 0 = 1we get 2ra[(l - ) (2n/p?)” '|/p which is also positive.
]

Therefore, if d(\; (x) dx)/dU is to vanish, we must have

i}

| pd
(85) “ 1. n(),
where
o WP ap
(B6) wp2+n"’

is the solution of (82). Writing (85) in terms of =, we obtain.
(87 (1 n*) oo — noo" ! —plw 4 1 —pt =0

. . . £ (70)
e no real roots for this equation, the minimum o

Case IIfI g::iiisa;t f — 0 since the derivative would be posiuve attllcl lthff;

function would be increasing. Thus, the minimum must occur at}t1 e ?1'

endpoint which is 0=0. It would follow from (70) and (78) that this

value would be
1=
fl —P( }2—) -+ n.
il s re

If the equation (87) has real roots, we will show that rtcr)lg:se gre
exactly two positive roots and no negative roots. If the twoh i
distinct, then the larger of the two roots is thelvalue wherilt e re]d b
minimum of Case II occurs. The minimum of ({70), Case hwou]uc B
then the smaller of the two values: the value at 0 =0 anﬁ t ega 8
the relative minimum. 1f the two roots are not d_1st1nc;t, then the mi .
mum of Case IT occurs at 6 — 0 since the derivative is positive every
where except at the one root of multiplicity two. ) )

By Descartes’ Rule of Signs, we see that the equation (87) will ha\;;e_
exactly two positive roots if it has any at all and no negative roots.
we use equation (87) to define f(w) by

(88) Flo) = (1 —n?)w —nw™ ' — plw 1 —=p%,
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we have f{0) = 1—p* >0 and f(1) =4np > 0. We will show later in the
sequel, page 70, that we need consider only f(w) for = between 0 and
1. Suppose that f(w) has two roots on the interval 0< w<"1: The graph
of f(z) becomes fiz. 6 and fig. 7.

Let the zeros of f(w) be w, and w, with, > .. The fact that ),
gives the value of = where the relative minimum occurs is seen by ob-
serving that for 0 <@ < w,, the integral in equation (83) is increasing
and, for w, <@ < w, this integral decreases and for w < w= 1, this
integral is again increasing so that at w =, we have the point of re-

Flw) flw)
\l\w‘ /Vu E i
l N 1 w,
iy < ity Wo T Ay
Fig. 6 Fig. 7

lative minimum. If @, = w, then w, is not a point of relative minimum
since the derivative is positive on 0 <w < | except at w = w,. Hence
th: minimum in this case would occur at 0 = 0 which is f1. We now
compute the relative minimum when w, > w;. The two roots w,, w,
correspond to 0, and 0,. The value of the relative minimum of (70)
(Case II) is given by

p_nI=09 40y

89)
(89] Y T,

where 0,=[p?e? — n—npl/ip?w, + n?).

Thus if f(w) has two roots w, and w, with =, = w,, the minimum of
(70} {Case II) is given by the smaller of the two values f, and £, as gi-
ven in equation (87) and (89).

Our problem then for Case II reduces to determining for fixed r
the range of p for which the function flw) as given by equation (88)
has real zeros.

We can rewrite (87) in the form

(90) w-l— Pt -1 .
wp(2—p) — (1—p)?
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We now examine this equation by considering the graphs of the two
functions of = for w =0 given by

wp? -+ pt—1
wp (2 —p) — (1 —pF
to determine their intersection points. The sketch of the graph of

y=w'"1is given by
Y
l/(w
w

/|

Fig. 8

(91) y=w 'andy

The sketch of the graph of y = (wp® + p* — 1)/[wp (2 —p) — (1 —p)*] is
shown by

Fig. 9

The graph of y — (wp® -+ p*— Dj[wp (2—p) — (1 —#)?] is a rectangular
hyperbola with horizontal asymptote given by

p
23
(92) Yo,
and vertical asymptote given by
(1—p)*
93 w =
59 p2—2)
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Since p lies in the range 0= p < 1, we see thac the horizontal asymptote
is between the graphs of ¥ —= 0 and y = 1, and the vertical asymptote is
between w = 0 and w — o°

If we sketch both graphs on the same set of coordinate axes,
we obtain

Fig. 10

which gives us a clearer view of the possibility of having two roots of
equation (88).

We now show that we need not consider the values of « for which
y — w1 intersects the upper part of the hyperbola. Since 0 must lie in
the range 0 = 0 < 1, we see from equation (86) that

(94) wzl"F,

If y ="' is to intersect the upper part of the hyperbola, we see that
the value of w at the point of intersection must lie to the left of the
vertical asymptote, i.e.

p(2—p)

Thus if 0 is to be on the range 0 L0 <1 and if y = ="' Is to intersect
the upper part of the hyperbola, we must have

(96) 1—'P2<“""P)2
r P 2—2)

equivalent to p(l —p) <0, but this leads to a contradiction since
0 <p < 1. Hence, we need consider only points of intersection of
y =" ! with the lower part of the hyperbola. We first note that if the

z - 1n ENTIIEMA _“11[.‘0(;T|7_M - 71
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_ ' intersects the lower part of th: hyperbo}a,_the value
g‘f":ue a(:ftﬁe pz:fint of intersection must be less than one. This is seen gy
observing that the lower part of the hyperbo!a is b.ounded all:ove thz
y==1, since the horizontal asymptote ¥ p/(i:—g)) is IIEVGII']Q ?:‘;16 i
line y — 1 and by the fact that the curve y=w passes t rﬁ)u‘o e
point (1, 1) and lies to the left of w =1 for w<1. We gF? thus that
at a point of intersection must lie on the interval 0 <w << 1.

We can be assured that the lower part of the hyperbola intersects

_ g for » fixed if and only if the ordinate of the veftex of tl?e

ﬁyperbola is gr ater than or cqual to the vatue of y = w'h at Lheha qd

cissa of the vertex. The coordinates of the lower part of the right han
vertex of the hyperbola are

(-:_1 e 2p(i—p) V2 —p))

(97) p(2—p) p2=72

Analytically, we have a necessary and sufficient condition for the inter-
cection of the two functions In 91}

et

. ot 12p 01 —p) |1 =+ 12p (0 —p)
il p2—p) 3 p2—p)
The abscissa of the vertex must be less than one, ie.

(—p 120 —p)
2—7)

(99)

i ' : 8 ich i lid for
is i ivalent to dp' —16p* + 22p* — 10p +1>0 which is va
g‘lhlls()(l)qf(}:uzl approxpmately. We also must have the ordinate of the
vertex greater than zero, L.e.

o I 53 0 %
P20 =p_

(100) @)
This is equivalent to
(101) pPr2p—2>0,

which is valid for 77/100 < p < 1 approximately. Hence we see that (98]
and (99) will simultaneously be true for p* -+ 2p—2>0.
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For a given p, we note that, as a function of r, the expression
f—p2 +12p (1 —p))[p(2— p))" ! is decreasing. Hence if for a given
p the inequality (97) is satisfied for r — »,, it will be satisfied for all
> 1.

In summary, we find that the range of p, for a given r, for which
the function f(w) given by (88) has zeros is the range of p for which
both the inequalities (97) and (100} simuitaneously are satisfied. The mi-

1

nimum of Sc;)'(x) dx for the case r even is given by the smaller of the

113
minima obtained in Cases I and II.

Section 10. Summary. A summary of the preceeding discussion is
very effectively brought out by the diagrams that follow: Let us consider

the minimum of \tp' (x}dx in Case I, viz.

7]

1
‘ 1 -1 ] r
Sqa'(x)a’x—p[‘l unﬂ’——l] Ll —0). 001,
5 b
Here we found that the minimum is given by fi, /., fs according as p

lies on different parts of 0 = p <1 which are mutually exclusive, We
found that

1 — p*7 1
fi=n4 [— Qp__] forp<E,

r

where X, is the unique zero of f(z) =2rz(z2 — 1)1 —1.

1 2
e =2—aup for —<Lpg—"—,
Je ap X p -

where 2 = {(X, + 1)[(2r — 1) X, + 1]}/2r X))

4" n" 2
LR . for s
f T o p>1 :
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These are illustrated by fig. 11.

1
Let us now consider the minimum of \fp’ (x) dx in Case 1I, viz.
0

! Al
ch'(x)dx:plu—_l—fl)“] Lal—0) 0<b<1,
P
i
In Case II, we found that we must compare f, with f,, given by
n(1—02)771 (1 +0)*
Si= 1+ #n0

where

prw —n(l+p)

0, = .
prw -t

° 1 2 1
Xr 1+Xr

Fig. 11

fi

fs

Pr !

Fig. 12

wo positive roots of the equation
(1 —n)w —nw ' —ptw+ 1 —p?=0. To insure that there will be_twccia
positive roots w, and w, with @ > w, for which 0 < 6, < 1, the prescribe

p must satisfy the following two inequalities
P+2p—2>0

and where @, is the larger of the t

and

p* =12 —p) [(1 —p) +12p(1 —pi]"l
r2—rp p(2—p)
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The range of p for which the above inequalities are valid increases as

r increases; for example the range of p for which the inequalities are

valid for r —= 12 includes the range for which the inequalities are valid
for » = 10.

Diagramatically, we may represent the functions f; and f, as in fig. 12,
where p, is the left endpoint of the interval for the range for which
the above inequalities are valid for some fixed r.

Finally the absolute minimum is found by comparing the minimum

found in Diagram 1 (Case I} with the minimum found in Diagram 2
(Case II).

Section 11. The case »=2. We now consider the special case
r — 2. Cases I and II for r =2 reduce to

1

2 2z
Case 1, S¢2(x)dx=p2[(l-i:—mm1] +n(l—0) 0<0<1,
) ?

. 2 2
Case 11, \@z(x)dx=p2[“‘“—"”0)_1] Sa(l—0 0=6<I,
. »

0

{a) Discussion of Case 1,. The zero of the function f(z) = 4+%—471—1

is X, — 1.10716 approximately. By our discussion of Case I for all r, the
minimum of Case I, is given by

fo =2V for p =L ~ 00321182
] n-}—p(?—) orpm?n.,.

b

{~ stands for approximately)

fi=2—ap for —Lspg = . 94014482
X, »

(X, + 1) (3X, 1)
4

where o = == 2.05612

_16(1— p)? 2

- 1+ X,

{b} Discussion of Case 11,. The inequality (97) for r =2 reduces to
1—12p +12p°> 0,

fi for p>

which is valid for pgg——‘— and for p = 3—_1_21 6

5 . However the inequa-
lity (100), viz,
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pi2p—2>0

is not satisfied for p < (3 — |'6)/2, while both of these inequalities are

ise f Case II for all r,
lig for p > (3 16)/2. Hence by our discussion o
::?elseeothft the minimum for Case Il: is given by

1y _ 318 aos25.
f.—‘""f“P( = \ for p = 3 .

if. however, p > (3 '6)/2 we compare the value of f, with that of £
gi':ren by

a{l — 683 (1 + 0

e 1 - »0,

where 0, =[ptw, —n(1 + P))f(pP s -+ n%) and where z, is the larger of
the two positive roots of the equation

{1 — ) w? —nw + pPw & 1—p2=0.
1
The absolute minimum of \q)z (x)dx subject to the condition
1’ .0 - .
'\v(x)\'l T+ o{x)dx = 1, where £(x) is a step function assuming the value
0

i N with measure
- et P with measure p and —1 on the set .
r-zl \i'h(;:ct}r:e—l—sp =1, is the smaller of the minima obtained in the Case I,
and Case IL,.
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78 2. 11, ROLWING and [ A, BARNETT 34

O PROBLE \tA EXTREMALA ASOCIATA UNEI ANUMITE ECUATII
INTEGRALE NELINIARE

{Rezumat)

fn [1] este studiatd urmitoarea ecuatic integrald

V() = () — RN\ Y (5.
b

Se arati cdi solutia y (x) depinde de ecuatia

1

\a(x)]'l — K (xjdx =1

0
in necunoscuta ¢ pentru K({x) dat. Aici =(x) este functie salt prescrisd
juind valorile + 1. Obiectul acestei lucrari este de a determina intervalul
ciruia trebuie si apartini ¢, astfel ca functia K (x) si varieze intr-o anu-

miti clasd. Aceasta di nastere la urmitoarea problemd. 53 se giseasca
maximum ¢ pentru care

1 1

\s(xn'f’—“a\{x)dx=1 si SKf(x)dx_ 1,

0 0

unde r este un intreg pozitiv fixat si e(x) este o funcyie salt prescrisi

luind valorile + 1. Pentru cazul » = 1, se giseste ci cel mai mare ¢ este
1

dat de expresia — (1—m){(1 +m), m = Sa (%) dx.
0
Daci se ia o{x)=—cK(x), problema revine la a minimiza
1

\(p" (x) dx, supusd conditiei \s (x)]'1 + o (x) dx = 1. Folosind regula de mul-

0 0
tiplicare Euler-Lagrange, se aratd cd functia minimizanta trebuie si fie
functie salt.

1

" 1 r
Pentru cazul » impar, »> 1, minimum \C?' (x)dx este P[;g—l) —

o
L Fl dacd p* > ———l——, unde p este masura
14+ X

{
dacd p*< - i—14-=
7S x 1+ X

—e

e e
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multimii pentru care =(x)= —1 gi X este solutia unicd a ecuatiel
(2r—1)x" - 2rx~1=0.

Pentru cazul r par, se obyin rezultate analoge cu cele precedente,
dar problema si rezultatele sint mult mai complicate. Aici problema se

reduce la a determna minimul expresiei
l‘ (1 + nb)? i’
Cazul 1. \cp'(x)dx—-pl" '}'):-‘-) --1] Ga{l—0), 0<0<1
1

. 032 2 . _

Cazul IL \cp’(x)dx-——p[(—lipf—}—l} +ar{l—04, 001
b 1_

ca functie de 0 pentru 0 <0 =<1 apoi la a lua drept minim pentru \ o (x)dx

1

supusd la \s(x)l'l_ to(x)dx =1, r par, cea mai micd dintre cele doua

0 - v »
valori. In sectiunea 10, cazul r par este dus pind la capat f olo_smd diagrame.
O parte din calcule apar sub formid tabelard la sfirgitul articolului.



