MEAN CURVATURE OF IMMERSED SURFACES
Y

T. J. WILLMORE

1. Introduction. Let X be a closed orientable surface, differentiable
of class C=, and let f: X— E® be a C® — immersion of X into euclidean
space of three dimensions. We denote by =, (X, f) the real number given by

1
TI(X:.f)z ' \Had“:
2r,
X

where H is the mean curvature of f(X) and dp is the element of surface
area of X. We define 7,(X) by

“(X) =inf n(X, /),
e

where the infimum is taken over the space J of all C*-immersions of X
in E°. In this note we prove the following:

Theorem 1. For all fé¢J and all X, we have (X, f) = 2, equality
holding if and only if X is embedded as a euclidean sphere.

A pariicular case of our theorem was proved in [4] where X was
assumed to be diffeomorphic to the 2-sphere and moreover the immer-
sions were restricted 1o be embeddings. In order to prove our theorem
for X of arbitrary genus, it will be necessary to consider an application
of the theory of Morse to local properties of surfaces in E° In particular
we shall require the following

Lemma. Let K> 0 denote the open set of all x€ X at which the Gaus-
sian curvature K> 0. Then we have

1 ngp.>2.
2
K0



100 T, J. WILLMORE 2

2. Proof of the lemma. The lemma is contained as equation (3.7)
of [2] by N. H. Kuiper, and we give here an outline of Kuiper’s analysis.

A differentiable real-valued function @ on X has a critical point
at x,€ X if db =0 at x,. The critical point is called non-degenerate if
loca}_l cootdinates ®,, ¥, exist such that in some neighbourhood of x,
we have

¢Y) P — q)(xo) + cbf -+ (])g_

The non-degenerate critical point is said to be of index % if there are %
negative signs in (1). We denote th: number of non-degenerate critical
pornts of index % of the function @ by {,(X, ®).

Following Kuiper, let 2¢S? be a unit vector in E® considered as a
point on the unit sphere S%, and let 2f denote the real-valued function
on X which assigns to x€ X the value of the scalar-product z.f(x), where
f is now considered as a vector-valued function.

Let z, z,, 2, be three points on S* such that they form an ortho-
normal frame, with z orthogonal to the tangent plane at f(x) and 2z, 22
paralle! to the direction of principal curvatures 3, x, of the surface at
f(x,). In some neighbourhood of x, we may take as coordinates the
functions ©, = 2,.f, O, = z..f. At x, the line element is given by

ds? = do? 4 02,

The 2-jet of 2/ at x, (i. e. the equivalence class of all functions defined
in a neighbourhood of x, with the same values, first and second deri-
vatives as the function zf) may be represented by the equation

&2 (2f) = 2.f(xy) + %,dP] + %, dP.

It is well-known that the Gaussian curvature K of f(X) at xo is
given by K = x;x,.

We see that K is positive if and only if 2/ has a non-degenerate
critical point of index 0 or 2 at x,. K is negative if and only if xo
has index 1. K is 0 at x, if and only if x, is a degenerate critical point of zf.

Denote by v the Gauss normal map which sends x£ X to the pair
of unit normal vectors orthogonal to the surface f(X) at f(x).

Let U be a connected neighbourhood of x for which these normal
vectors can be classified according to the two ,sides* of f(U). Then if
U is sufficiently small and K =0 at all points x&¢U, then v|U is 1—1,
and the historical definition of Gaussian curvature gives

\d:::ﬂ;K I

rvitn U

where do is the volume element on S% and the integral is evaluated over
just one component of y(U). Taking both components together, we get
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g e 2& K|dg.
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The integral on the left hand member is taken over all zE-((U),
and these are precisely those points for which the function zf restricted

.. . . o U
to the open set U has a critical point. Owing to the restrictions on U,
this critipcal point will be unique and its index will be 0 or 2 if K>0

and 1 if K<0.
Hence ) .
g 2
@ {8y, 20 + Ball M = S K,
I K=0

:(':":-!'.-'"

The set of points z for which the corresponding function zf has
degenerate critical points with corresponding value of K =0, form a set
of measure zero according to Sard’s theorem [see (3)]. Thus we may

replace U in (2) by X to get

do Kd;_x_
@) (est, 20 + BK NN = 8—2“ :
¢S K>0
Similarly we have
ds (—Kdu
@ RB‘(X’ ol g 2m
£ 8 K<0

Now, except for a set of z of measare O, the function zf has only
non-degenerate critical points. In particular, this continuous functlondon
the compact space X must attain a maximum (point of index 2) and a
minimum (point of index 0). So, for almost every 2, Wwe have

BO(Xs Zf) >/ 1 and pz(XJ Zf) > 1'

Thus, from (3} we have

Kd
S 2: >2
K>0
thus completing the proof of the lemma. :
3. Proof of Theorem 1. We have H2=K + Z(xl—xz)z, so that

1 1
06 = oo\ Hrde = SKdH o S (o — w2

X
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Hence
1 ¢
(X 0) > 5\ Kdo =\ Kau +
2=, 2%,
g K50
1 1
+ —ngu,>,—ngp._>2
2m, 2,
K0 K>0
from the lemma.
Moreover, if 1,(X,f) =2, then
1 g Kdy = 0.
ﬂ +
K0

Hence, by the Gauss-Bonnet theorem,
1

\-Kdu=zigl<dp+ i\Kdy-:Z,

T T

.

K>0 K<0

r
.

and the Euler characteristic of X is equal to 2. Thus X is homeomorphic
(and therefore diffeomorphic) to the 2-sphere §2%
The total absolute curvature is then
l\uc dgl-—-i&de—l—\de:Z
T 7T, T,
K>0 K0

It follows from theorem 1 of Chern and Lashof [l], that such an
immersion must be an imbedding. Moreover, we have H? = K except at set
of measure zero. In this case almost every point is an umbilic and it
follows that A and K are constant [see, for example, (5) page 128]; and
the continuity of A and K guarantess that X is embedded as a euclidean
sphere. This completes the proof of the theorem.

For X = &2, the infimum of 2 is attained. An open question is the
extent to what this infimum value can be improved for surfaces of genus
p. There are strong reasons [see (4)] for conjecturing that for a surface
of genus 1, the corresponding value of =, (X) is w, but even this case
remains open.
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CURBURA MEDIE A SUPRAFETELOR IMERSE
Rezumat
Dacid f: X — E® este 0 C» — imersiunea suprgf etei de clasd C® inchise
si orientabile X in spatiul euclidian E3, se noteaza

1
o(X, f) = ;SH*du
X

sl T infimumul lui 7, (X, f) in raport cu I ) ) 5
! 1(%2 ;ucrare se demonlnstr,cazé ci 7, (X, ) > 2, egalitatea avind loc daci

f(X) este o sferd.
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