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pect 1o £ hetween the liniits O and i
* : : +~ and evaluating the integrals wit
the help of the formulac (21 and (3). we <]"(L-l L(\-I'lhl iRt ek
In particular. if we take v 0 and == 1) in {4} we obtam
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I we take SR
take ¢ 0, p = s iu (6) it reduces to a known result 5. p. 215
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ON SOME, SV STEMS O AUTOMATIC CONTROL THEORY
BY

voONOV RAG

iw concerned with the abwolute stablity
arise in the Automatic Control Theory.
when the relation hetween the
form of a convaolution
be reduced to the

1. Introduction: This paper
of some systenss ol cquations that
In particular, we <hall consider the case
crror signal and the state variables is given in the
integral. 1t is shown that the study of such avstems can
studdy of integral cquation of the type

g} =) - \.h- (¢ —ujn(o (u)) e,

4]

2 4Y Noheli

which has been studied by Corduneanu (s 3.
LLevin [G], 7] and others {5
The main results of this paper are stated in the torm ot

(2) and (3).
2 Consider the equations

{1 oty = A x{f} bo (s,

Theorems {1,

7 .

2l sl = {4 \ ¢t s) X (s ds

w5 matrix, b and ¢ are constant column p-vectors
of ¢) and & and f are sealar functions, Thesc
equations arise in the theory of automatic control. 1t is usual to consider
o (f) to be the scalar product of a constant vector ¢ and a(f). However, we
shall consider here the vase when the relation hetween st} ana x{f) 1s given

by a convolution integral,

where .1 15 a constant n
(¢T denotes the transpose
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3. From (1) we get
V() = ey, 2 \w‘“" “he(a(s)) ds
a
where + (0} ty . Stubstituting this in (2) one ha-

!
sl =0 A \er (0 s er g ds o
0

\r? {¢ x)\e:f‘“""'r'-'p(s(uj,‘ il ds —=
0

0
=y (f) \CT(’ - -\‘)\t:"'f W (e (1)) du ds
0 A

where () = f() L \c""(s) edle—s) v ils,
0

Using the property of the convolution integral, we have

\r" {f —s) \ ed=w o (6 (1)) dir ds =
o N
= \c"" (s)\ edl=s=uth e (a (1)} dur ds =
B B
3:, ’ . .
{ _\\ e (s) edv—i=w h o (g (1)) dnt ofs =
00 :
= S\ et(s)edv=r=utly o {5 (1)) ds dn
2 h

L]

Now define k() = \c.‘"' {s)etirsth s, Then
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P [ 1]
\.ﬂ' () om (i i = \\ cT(s) edt vl ds o o (1)) dir,
!

1]
which 1# the same as (3). Therefore the cquation for a{f) can be written as

) g(:)f\'/‘- () (o () du

]

|4
[nstead of the svstem of cquations (1) and (2). suppose one considers

sow  the equations
i

\ () = A x(t) 4 Rb {t - s)ola(s))ds,

si{th = f{t) i \(‘."' (f — s} v (8] s

(3]
These too. by @ similar procedure, can be teduced tooan tegral vgua-
tion of Torm (4}, by definming

S = f( -|-\-{" {! speds oy, ds

ani
[ r
E

kfl = \c'f {8) By {t = 5)ds, where ki {f] = \(!’1‘ b (t — sb s

1]

The frequency method cnables us 1o find the stability couditious for
the nonclinear integral equations of the form (4). In fact, it has been
shown, { 21, 37). that the integral equation (4) has a solution s{f), tending
to zero as [ = . under the following conditions.

Theorem (1% () w (), 9" (1) & L {4, W),

(B) ki), k() &L (0, o)L (0, ).

(C) 4 (a) is continuous and bounded
and gy (5) >0 for ¢ == 0,

(D) There exists a ¢ 3 0 such that Reyl -

for all s e K
I O ({) }; (n'.(-jil',

< Oforall real, where B (i) = \ A0 ¢t

4 — Matematie:
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Now, we proceed by stating our main results.

Theorem 1. Suppose the svstem of cquations (1) and (2} satisfies the

following conditions

() the matrix A i stable, ic.,
real parts ;

(i) (a) the vector function oft) is defined for all

c{fy L, ()Y L0 o)
(b) f{1) is defined for ¢ =0 f{). [/ {h & L, (0. %)
iii) o (s) is comtinuons and bounded for all o € K and 65 (s) -0

{
Jor & =0;
(ix

v) there exists a g

O oand s suel Hhal

o O sueh that

Re 41— fog) e (1o} (fol 1) e <0, where T (1) cT{{) eivr di

(L}

Then the svstem of equations (1) and (2} is absolutely stable.
Proof: We show that the assumption of Theorem (1*) are satisfied.
Indeed, we have

i
= f(0) - \t-f (s) et Dy ds. L () L, (0, 0)
b
becanse of (i) /(f) & L, (0, ) by hypothesis, (it} in the convolution pro-
t
duct, \r‘f () eAC= y s, 4t (as ol is stable) and ¢/ (s), bhoth belong  to
1
I
L, (0, o). Differentiating & (/) we get W7 () — [ () ]r"‘(s) deau=2 v ods
.|'l
¢T (f) xy. ‘This l)c.l(fugs to L, (0, ) as cach term belongs to Ly (0, o).
Thus the condition () of {1*) is satisfied. '

Consider now A () — \L‘T (s} edtr=sh ds. "Then
[l
‘

RO = \t"" {s) Aedu=s2hds 4 ¢t (H) D

J

all the characteristic rools have negative

iS)

3 T ON SOME SYSTEAS OF AUTOMATIC CONTROI. TIHEORY

e () e (0 %] and ¥ —ul (0, w} the convolution  product, k(1)
belongs to L (0 o) N L (0 7)) {see 9 Thus (B) of {17 #) s verified.
The l'.unctinn { l)\ ll\])()“](\l\ of Theorem 1, satisfies (C) of (1¥). It is

easy to show  that f(iw) = T el (e B W Trour assumption (iv)

f Theorem 1. we have
Re {(1 1 tog) k {{w}} = 0, which i= (DY of (1%},
Thus Trom Theoram (1#), the absolute stability of the system {1).

(2) follows.
Theorem 2.
fitivns: '
(iy The matrix 1is stable. . )
(i) {a) The wector Sfunction c{f} defined for >

c{y el (0= |ﬂ fa {0, >
(b) f ) ix defined for 2> >0 . el (0, ~)
(i) b (1) € 1 {0, ) N L (0, 2).

{(iv) 2 (=) is continuais Jor & R and 7 ofa)

Suppose the equation (3) and (B) satisfy the folloiwing con

O, s osuch thal

() fur « i ()

(v There cvists a g =0 sueh Hhal

Re il Toy) r (ten) (1eaf N vl {too)y =2 b wihere

o w

T (i o) \c‘f‘ (fy ciendt and b (i) \(. () cion dt.
: 4

Phen the system of cquations (3), (6] s absolulel stable. o
]mu/ Again, we venfy thic conditions of {he Theorem (1¥) are siatis-

fied. - o
S{f) s the sane as in Theorent 1 and so (A} of {1%)1s satislied.

’
k()= \('1 {(s) ky (¢ — %) ds
kil
Ei.hf..
ke (D) \ eAti=sth (5] dfs.
Heneo b
r

K (l) = \r'r (8) K (1 — s} ds 5 T () Ry ),
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and
i

k) = \.-1 A0 b (s) ds L+ b (1),
b

Since b () and e both belon
| ng to L(0, ey L0, ), k () he 78
ﬁ&(l,o‘c)) M L, (0. o). Again since bhoth A, (t; :llld-(ti'r(!))‘lilcl(n)tl Kllml(gtfl fto
L2 (0, o), & (8) also helongs to L, (0, w) M) Ly (0. o). l*‘nrtherH ki’
Fiw) = ¢ (o) (fol — A 15 (fa).
The hypothesis (5) of Theorem (2) impli
‘ ¥ (8 implies Ke {{1 -- 1 e {i ic
is the assumption (D) of Theorem (1*}). So it{(fc)llrn\i-?qt}hiléi?1)1}- g’()twlmh_
equaﬂou (n)fax}1d {6) is absolutely stable. ¢ syten g
one of the characteristic roots of the matrix A is »
trol equations, corresponding to (5) and (8}, lczrlll:: #elt"‘\'ﬁ.‘st“e’r1ﬂ}1i"(zgs L"(iulg
s (see [

vo= Ay {t) 4 .\b (f — shola(s))ds
(7) _ :
i=¢(o): s()=/t} Sb""' (= s)x(sjds — v &v>0

This svstem can be e ] . .
define ¢ reduced to the integral equation of the form (4), if we
I

Y =10 ~\

.
1

T —s)edrxyds — v E,,

and
kL) - Sc‘r (s) ey {f — s)ds — v, where k& () = Rgt‘h(l- Db (s} ds
U .

as shown in Appendix A.

. k’lhe stability of in.tegral equations of the form (4) with the above type
of kerntel, has been discussed by Corduneanu [2]. We 15 %
orem without proof. b WE LS, bisthes

Theorem (2%, Consider the non-linear equation
L)
(E) c(i)--r.f;(t;—ksk (t — n)o(o(u) du
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7

under the following assumplions:

(A) oty is defined for 1220 and V), v &L (0. )

(B) A ¢ oy >0) and () is defined for >0 and is such that
ht)y and R (D EL, (0, o) M Lo (0, o).

@ (6} is continuous for s & R uand 69 {5) > 0 for az£0.

- h ()

(©)

x

1 () =R hoAn eerdt and glio) = b {iw) — (fw) ', fhere

(D)

0
evists a ¢ > O such thal
Rel{{l + iwg)gliw)}< .
Ihen theve is al least one solution a(f) of () and a(t) = 0 as t = .

Theorem 3. Let the svstem of equations (7) satisfv the following con-
”Ihw[ris) The matrix A, Is stable.
i) (a) The function c(l) is defined for t =0 and is such that
c{t) € 1,0, )L, (0, ), ) E L, (0, o).
(b f(t) is defined for t>0 and fQ), f'0) € L, {0, ).
(i) b (1) 1s defined for t>0and €L, (0, Y L, (0, o).
(iv) o (o) 7s continous for s &R and oo (6) > 0 for a=£0.

(v) There exists a > 0 swuch that
Re[((1 + iwg) ¢ (io) (ol — AN B iw) ) — v (fo)1]1 <0
(7) is absolutely stable.

Fhen the system of equations
ons of Theorem (2%) are satisfied.

Proof: We verify that the conditi

We have
1

o) =118 +Sc’f' (5) etsti= g ds — v Ko,

L
1

Yy =f0) + Sc?'(s) Ayeasli=s) x, ds L- 7 ({f) xy,

.
1
i

a
YO =+ S r(s) A2 eAti=n xyds - €7 (E) Az ot — () %o

Ll
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off), ¢ all belong to L (0, ) and

Thus W7 (1) e L, {0, whas [{).
L e L as SO (0 (et e= {0, el So (A of (2%) s satis.

lied. Purther,

\:-'r (s} oy (¢ slafs ol

.

I(f)y == k(1)

r
.

by (1) = \eAt=0 b (s) ds.

o
i

. : ;

]1 (f(JUE L, (1?: w) M L. (0, o) as edr and 6{) Doth belong to L (0, 2 M

2 (00 ). Since £y () and ef () betong to Ly (O o) (Y L. (0, =), & (0) 1' dong

120, 2) Y Lo (0, 7). Farthe - e
Fiw) — T (i) (Tol

.I) 1".!([(,,:

By hypothesis (v) ol Theorem 3, we have

]\, ! : ] 14 T i i i
¢ (1 It ([) (/I {im] i (“')I 1 \<() which is (]) of

[ h( coNl lltl 1 1].L 111 (—) ) H [t a b % =
lllll‘% lll t ML O11= Ui wore e ~it1-]ll.(l lll(l S0 con

(24)

clude -tl-lzit the svstem (7} ts absolutely stuble
I anstead of (7). suppose we have
X = A, vl - bo s},
!
Ol 2 ool o s 4k
=l e =) \(‘T([ — shov(x) dds v i, =0
(1]
where & is a constant n-vecto !
¢ st -veetor. We van reduee system (8 * 1
e 3 (8) to the mtegral

equation  (3).,
1

D) = 11 et = ey ds =3,

and
I

kI == l T {s) ed (=31l ifs

= 0 &

g~ On somk SYSTEMS oi‘Tﬁ"ﬁn'ﬁK-'ifc"‘com"Fﬂ&.*—'I‘H'?FE)W
I o) & L0 =] (Y 1a (0. 72} and o () € L, (0 »), and  the freguency
coundition
)Tt (o) (ol Ay th iy NYIL 0 g = 0.
cthod

Re (1

is satisfied (f and %
as in Theorem (3], we ¢

are as in Th. 3), then by using the same 1m
an prove that the system of cquations (8) is abso-

v the other

futely stable.
Remark : T4 is possible to replace the frequency condition |1
fvpes of conditions, similar to those given by Levin and Nohel
61, 171
Corduncann Lor introducngs e to this pro-

Fhe author wishies Lo thank Projessor <

e amd for his valuable stggestions

APPENDIN A

The reduction of systew {7) 1s as follows ;

v=d,x{) 5 \b {t —s) w (a (s ds,

+

1]
P p(a), ot = [+ \("" (f — sy (shds — ¥ s L
o
From the first equation it follows.
r k)
X ff) = e Xy \vﬁl(‘"ﬂgb (s — 1) o(a (1)) d ds —
= odv xy +\k1 (t — u)o{s(x) du.
o
1
Whert () = Smb (t —s)ds =
[

E

= &M-(' - b (s) ds.

1
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1

C(] = edd v, 4 \ bt = ) fe () dhie:

T \‘"T (t — -\')S Ay (s wie (a (1)) dirds — \.-'Ig(r,'{g) ds ong B

-i-\f" (¢ - .\?\ hy (s ) (m (i) due ds - S:p(r:(s)) ds =

=% (/] \ {'T(s)\ Relt - 5 — g {a (1)) duds

£ *,r\ w{m(a)) i

Where L) =S+ \‘“’Tff — Sl ety — v I, =
o

P i—u

=
—
ok

cT(shhy {(t—5 - uh ds o (o (1)) du -

1

- '.r\ ¢ (c{s)) ds=

]

el s) Byt — s ~upds — v |o(a(u)) du

o

b

11 ON SOME SYSTEMS OF

AUTOMATIC CONTROL. THRORY %7

Define ki et @k s

Onte hax

\' et )z (a () du \[R et (sphy{t — w0 — s)ds — v oo (u)du,

which isx the same as above.
University of Rhode Felaud
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[, Mate

ASUPRA UNCGR SISTEME ALE THORILL CONTROLVLUI
Rezuinat

Autoral considera sistemme de forma (1}, (2) sau (3). (6) si aratd ci fie-
care din aceste sisteme poate fi redus la o ccuatic integrala de forma (4).
Apoi se aplich metoda transformatei Fourier pentru stabilirea comportdrii
asimptotice a solutiilor. Rezultatul principal este stabilitatea absoluta
a sistemelor considerate, in condijitle precizate in luerare,



