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Then, the stability criteria of the trivial solution of scalar differential
equation

W+ K(Dw(En), w()=u{o) =t=>0

imply the corresponding stability properties of the set B with respect to the

perturbed system (5.1). .
Proof : By virtue of theorem 3.2, there exists a function V (¢, x) such

that
V (ty, x) = d (%, A),
|V (5, 2)— V(5,3 < K@llx—I
D¥ Vit x)en < — ¢ (B V5%)
Now, the standard computation shows that
D Vit H)en<—e OV () + K@Y ()

under the assumptions of theorem. It is readily seen that theorem 4.1 is
applicable and the proof is complete.

Remark : It is interesting 1o prove a CONVerse theorem parallel to
Massera’s theorem [1]in this set up. We are, however, unable to prove such

a result,
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STABILIATE LIAPUNOV A UNOR MULTIMI CONDITIONAL INVARIANTE

Rezumuat

Se obtin conditit uecesare §i suficiente pentru critersi de stabititate
ale multimilor conditional invariante si de asemenea se discuti un rezoltat
cu privire la perturbatii. Metoda de lucru este paraleld cu aceea a teoriei
lui Liapunov §i o conine ca un caz particular. Functia Liapunov utilizata
cere conditii mai putin restrictive privitoare la caracterul descrescitor. De
asemenea, in teorema 3.1 se demonstreazd ci, indiferent daci sistemul este

stabil sau nu, existi functii Liapunov care au toate proprietatile obisnuite
cu exceptia caracterului de a fi pozitiv definite.
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1. Introduction, In the last few years, there i
mnterest in the theory of differential eq{Jati(;ns w:tl? aiel:g:gc?in ;12;::?::11:5
These equations describe physical systems, the future state of which depends.
not only on the present stare but also on its past history. Much of the
recent literature has been devoted to the extension of known results for
ordinary differential cquations to differentuial equations with retarded
argum\;:vnts (fu;llctlonal differential equations).

_ e, 'n the present paper, wish to investigate this problem

glrst, w<1: study the asymptotic behaviour of the soglutions of g f uncnoflgitgti:; :
?renrm system, through a new comparison principle. Using these results
we study the asymplotic relationships between the solutions of a nonlinear
perturbed funcuonal differential system with those of the corresponding
tél:r;erturbecé differential system, Our results generalize recent results of
B E:x;c ear: }Wong {2] for ordinary differential systems. Next we study
N Torosphe?_d,,asymptonc manifold of solutions®, motivated by the work
piilicsos! ﬂl bze [6], for scalar ordinary differential equ:stions, snd intro-
LakshmikI; yhy Hallam and Heidel [3] and also studied by lLadas,
o secondmdamd?fpd Leela [4]. Finally we apply one of our results
[0 second, :‘iner 1lferent.al-d1f ference equation obtaining a generalization
el s result 1n Bellman [1, pp. t14-115] for ordinary diffe-
= i SNstatt)n. Let ¥ denote the half-line 0 <t <« and R" the euch-
correans r;l)dice. et |- denote'any _convenient norm of a vector and the
Eorrepon ng norm of a matrix. Given any © =0, let ¢" = C[[-=,0],R"]
ook e space of contvnuous functions with domain [ —<,0] anci range
in R". For any element ®¢ =", defin. the norm ’ i
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N, = max | D(s)].
T s g

With this norm <° becomes a Bana h space. Let &, denote the set of all
non-negative functions in <. Suppose that ze C[{— 7, w), R*]. For any
t =0, we shall let the symbol z, denote the function

& (5) = 5 (I 5), = T S 0.
With this notation, we may write a functional diffcrential system in the
form
(1) 2 1) = F(t,2).

A function z(r,,®,) is said to be a solution of (1) with initial function
Qe at t =1y =0 if there is a number A > 0 such that

(1) for eachr, 1y <1< ta+ Ay 5 (to, Vo)
is defined and belongs to &%
(i) 2, {2y, Py) = Py ;
(ii1) 2 (t,, ¥, satisfies (1) for 7, <7 <1 + A.

Here we should always assume 4 = o=,

3. First we study the asymptotic behaviour of the solutions of a func-
tional differential system, through a new comparison principle.

Theorem 1. Assume that

(i) FeC[f« ¢, R, geCLF x &4, R L,
g(t,u) is wmonotone non-decreasing in u for each tef, and
2 CF(r, M) L gle, |0, (t,defxe";

(ii) for a given function u, € Sy the maximal solution 1 (ty,160) of the
scalar functional equation

(3) w' {t) = glt,u)
with initial function u, at t=1=, exists and is bounded on (£4,9¢)5

(iii) 2 (to, Wy} 15 any solution of the functional differential sysiem (1)
with initial function O, at t =1lo satistiyng

(4) |l < 2.
Then,
(8) ||z {ta, Po) ()} <7 (tos2to) )y 1210 (Comparison Principle),

(b) Lim =z {z,, ©,) {£) exrses and is « finite vector 3.
]
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Proof. Define the function
(5) m(t) = z(t5,Pg) (1)1, £ 2 10

Then the right-hand derivative of m(z) exists and satisfies the
inequality
(6) m (8) < 12 (g0, Do) (0) 1| < || F (1, 20 (1o, D) < £ {8, | 24 {85, o) |) =
=g(tsm£)s =
In view of (5) and (4) we also have
(7} ny, K Hy -

From a known result (Theorem 6.9.4 in [5], the inequalities (6) and
(7), together with the monotone character of g{f,u) in u yield the desired
conclusion (a).

g To prove (b) notice that from (1} we get by integration of both
814a¢€s

¢

®) (0 00 (0 = 0 0) -+ | F (6,5, 0 sy 200

All that is necessary to prove (b) is to show that the integral in (8)
tends to 2 fmm: limit vector as - oo. Since g(t,u) =0 and r (ty, %) (1)
is bounded in [0, w), it f ollows that r (¢, %) () is non-decreasing in ¢ and
7 (00) Eth’mr(tn,u{,) (r) exists and is a finite scalar.

In view of {2) and (a) we have

! i t

S'_F(s,z.(r.;,‘bo))' ds = Rg(s 2, (tg, Do) |} ds - -gg(ss"s(fo:“o)) ds =

=7 (tos Uo) () — tip (0) << 7 {00} — 1, {0) < .

The proof of the theorem is complete.
The next theorem gives a necessary condition under which the cons-
tant vector £ of theorem 1 is nonzero.

 Theorem 2. Under the hypotheses of theorem I the vector E in theorem 1
is nonzero provided that

(9) 2@ (0) f| > (00).

~ Proof. Suppose that ®, has been chosen such that (9) is satisfied. I
view of (8) the constant vcnctor £ is given by 9 =

6 — Matemalici



82 G. LADAS and V. LAKSHIMIKANTHAM 4

-1

(10) £ = 0, (0) + SF(s,zs (20, o)) ds.

Observe that

o

KEN =11 @ (0} — g [ E (5, 2:(F0s @) |1 ds = [ Do (O} — S g (5,155 (0, D)) ds =

= || D, (0) ll—Sg(s,rs(to,uo))ds=ll‘l’o(0)l|—f(w)+uo(0)>ll®o(0)ll—r(0°)>0-
‘e
Next, we shall utilize the results of theorems 1 and 2 to study the

asymptotic relationships betrween the solutions of the nonlinear perturbed
functional differential system

(11) ¥ (=A@ x@) + i, x5, 2=, (P €S XE"
with those of the corresponding unperturbed linear differential system
(12) ¥ =A@By, y{td)= -

Here x,y and fare n-dimensional column vectors, feC[F x &% R"] and 4(r)
is a continuous n X n matrix for z€¥. Let Y () be the fundamental metrix

solution of (12) such that ¥ (z) =/ (unit matrix).
The following theorem contains as a very special case (if the delay

r = 0) a recent result of Brauer and Wong [2].
Theorem 3. Assume that

(iy (13) AR Y I<alt), t=ne]
where A (1) is a nonsingular continious matrix on [—r,o0) and oft} is a

positive continuous function on [—r,00).
|

. LA, | .
G (14 106 <g(nR) Boerxe
(]
where g€ C ¥ X €, R,), glt, o) is monotone decreasing in c €€ for each tef.

(iii) the hypothesis (ii) of theorem 1 ¢s satisfied. Then corresponding to
each solution x(to, ®y) of (11) with ||D,| < u, there exists a constant vector &
such that

(15) WA (1) [x (6o, ®o) ) — Y () EY[ =0 («(1)), t > .

Proof. Let x (t) = x (20, D,) (z) be a solution of (11) with initial func-
tion ®, at t = z,. We define 1, = J. The transformation
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reduces {11} to the system
(16) ) =Y @, Ya)=F{,2), 5=,
In view of (14) and (13) we have

|F@2)l = Y1)/, Yz sg(z,”i—'y‘f‘—“) <gtlal).

&

Then all the assumptions of theorem 1 are verifi )
: L ied fo
and consequently there is a finite vector £ such that r equation (I16)

Ilimz(to, ®,) (1) = &.

All that is necessary to complete the i i
: . roof is to notice th
inequalities P e truth of the

A @ [x (10, Qo) {e) — Y (o) EJINA () Y1) [2 (80, Do) (1) —EHI <
La(t) O() =0 {aft)), t =» oo,

Corollary 1, Undsr the hypotheses of theor ]
orollary ¢ em 3 any solution x(t,, D
of (11) with smizial function O, at t = tq such thar || Dy || < u, satisfies the e}ti;na:l

(17) 1A (2) % (20, ®o) () || << 22 (2} 7 (205 Do) (2).

Proof. U i 1 .
of theoﬁ;{-l 3.se the conclusion (a) of theorem 1 and the hypothesis (13)

Corollary 2. Under the hypotheses (ii) and (iii h ]
Aty = Y-1(¢) any solution x(r,, Oy} of (11) with initial S ieem 3 ik
such thar | @y < uy satsfies tl}t’e l:'mz't iela)tion tal function ®o at 1=ty

liu; Y1 (1) x (25, @) () = const.

Proof. Simply observe that Y—!{z =
the conclflsion {b) of theorem 1. REEE AR SR G
Remark 1. If r=0, i.e., in the case of ordi i i
] .e, nary differential -
Eﬁnsltth: converse of theorem 3 is also true without gny extra assum;g:)]ss
4]. emains an open question if this ss al i
nonaleszerential equatic?ns. 0 rue fn our case of fune
emark 2. If the delay r=0, i,e., if (11) becomes I
| _ [ .e. an ordi
%fferennal equation, theorem 3 reduces to theorczm 1 of Brau;: r n:;g
Brong {2]. We should notice here that in the statement of theorem 1 of
3 :luerlan.d Wong their scalar equations (5) should have 2 bounded maxi-
e cso ution and not simply a bounded solution since uniqueness of initial
they s lg;nlbdl%ms is not assumed, Also in order to obtain their relation (10)
ald have assumed that [| (£) | < # (¢o) and ot [| & (16) x {z) | < & (2) 7 (8,).
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Then the proof of their theorem 2 is invalid since they cannot choose in
general || x (o) | < r(2,) which is necessary to prove (10) and at the same
time YA () % (L) | = % (fo) 7 (to) (as 18 required in their proof). Nevertheless
their theorem 2 is correct and their additional hypothesis that

(18) 7 = lim sup 1A @0 oo
t+o o (2)

is un necessary.
The following theorem which contains as a special case {(for r=0)
theorem 2 of Brauer and Wong doesn’t require the extra hypothesis (18).

Theorem 4. Under the hypotheses of theorem 3 corresponding 1o each
solution x (to, ®o) of (11) with 2] ®, (0)]| = 7 (£ %0) (00) there exists @ nonzero
constant vector & such that the asymptotic relation (15) holds.

Proof. Tt follows immediately from theorems 2 and 3.

Next, we shall study the concept of “gsymptotic manifold of solutions®
motivated by the work of Toroshelidze [6] for scalar ordinary dif ferential
equations and recently defined for vector dif ferential systems by Hallam
and Heidel [3). See also [4].

Definition 1. Let A{f) and « () be as given in theorem 3. The set
S (A, o) consisting of all solutions x (Lo, D), (to, Do) € F XE of e_quation (11)

that verify the order relation (15) for some £ eR* (not necessarily the same
E for all solutions), is called the asymptotic manifold of (11) generated by (12).

We are also interested in the sub-manifold S, (4, «) defined by
So (A, o) = {x (fos D) eS(A,0): YTI{)x (tos Do) (2) is bounded on [£5,%) }.

Definition 2. A subset S of S(A,a) is said to be perturbable if given
any solution xo (Lo, Do) of (11} in S, there exists a 5=~ 0 such that every
solution x, (£) = x (20, B3} (2) of (11) sarisfying [|Dg — @y llg < 3 belongs to S.

In what follows we shall assume without further mention that the
solutions of {11} are unique and depend continuously on initial conditions.

Theorem 5. Let the hypotheses (i) and (ii) of theorem 3 hold. Suppose
further that

(iii*) given any constant positive function uy € &y there is a To= T o (14}
such that the maximal solution r (2> %) of (3)5 o > T, is bounded on [tos ©)-

Then Sy (A, ) @ perturbable.

Proof. Let xo(t) = x{to, Pol (£) € So (B, @)y (Lo ®,) e Fx € Then 2, (o) =
=2z {to, Do) (t) = Y-1(1) %, (1) is a solution of {16) bounded on [fo oc). So
there exists an M, >0 such that |z DI My, 1 =15, In view of (hi*) for
the constant function u,(s) = M+1, —1<s< 0, there exists & Ty =
= T, (1) > 1, such that the maximal solution 7,(f) = r (T, #0) (1) Of (3) is
bouaded on |T,,o0). Let ¢ € {0,1) be given. Then by the continuous de-
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lt-’;:td?,[fl;: —?ED f\(l):lil%t,lsd)(:gG:mitrﬁ!;li:salues’ there exists a 8 >0, & < e such
£ (ts ®) () — 2 (20, D) Ol <& — = <t < T

Hence,

(19) 12 (Fa> @) () || < Mg+ <ty —TKIS T,.

gl atthcn follows from theorem 1 (b) that there is a constant vector £, such

{20} lim 2 (2, %) (1) = Ei.

I~
All that is necessary to complete the proof is to notice the truth of the
inequalities
A @) [ (e @) () — Y (O IS NA (1) Y () [2 (o O} () —Ell<
< ()0 (1) = O (1)),
ie., x (tg, D)) € Sg (A, 0).

Theorem 6. [n addition to the hypotheses of theorem 5 assume that

(YA @OI< B, 1206

where B (1) is a continuous positive function for te ¥ such that a (1) B() =1L
on ¥, L = const.

Then S{A,a) is perturbable.

Proof. Since Sy (4,2} is perturbable by theorem 5 it sufficesto show
that S(A, &) = Sy (A, a).

Let x, {f) = x {t,, Vo) (1) € S(A, ). Then by (13) there is a constant M, such
that |[A (1) %, (0}]| = My a (), 12 1o 0
Observe that

Y 1@ % @l =Y (O AT ) A Kol < Y OATONAM® 2 OI<
< B Mya(t) <ML, 1 Z 10

It follows that x, ()€ Se (A, «) and the theorem is proved.

_Aniexample. Here we shall apply theorem 3 to a second order diffe-
rential-differeace equation and we will obtain a generalization of a well-
known theorem in {1, pp. 114-115]. Consider the second order differential-
difference equation

(22) () +pDv(t—5)=0,120
where v = 0 and
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-}

(23) \ltp {r) dr <o,

We shall prove that every solution of (22) behaves like ar +b as 1 — 0.

Setting

W
n () =v); i) =o (1) and ¥() = (-‘r (?,))
% (1)
we reduce (22) to the system

(24) ¥ r) = Ax () + £ (. )
where
01 0
= vd = c2,
A (0 O)ar fle, (hup(!)(pl{_ﬁ),fbe
Here,
1 r—1
Y (1) = e =1,.
(I) (O 1 ]! t-/to
Take
_ {10 .
A(r)—(o 1/}:) and o (1) = 1.

Observe that
V-1 (1) f{t, O < 1p (1) | D (— =) for large .

So g{t,u)=|p{t)|ult—=).
All the solutions of the scalar differential equation

(25) w = |tp (0)| (£ —=)

are bounded. Indeed integrating (25) from z, to ¢ we get

!

Mn=wm+@wmws—ﬂm

r“
and so
!

|wm<umn+yww u (s—=)]ds.

iy

:

Set K (1) = u (z) - Stsp ()1 fu (s — )1 ds.
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Then, because X (1) is monotonic,
(26) K(@ty=1p (@) lult—s)<|p (8} K(©),
(27) K (25) = |u (to}] -

From (26), (27) and (23) we conclude (using Gronwall’s inequality) that
any solution of (23) is bounded. All the hypotheses of theorem 3 are
satisfied and so corresponding to any solution x {7) of (24) there is acons-
tant vector & such that

I 1/e[x (5) — ¥ (1) E]f) = OQ1).
1t follows that
(28) |x(2)!| < Cr, C=const.> 0.

So |2 (f) <ct. But

(28 v ()=o)~ \p@ols—ds
and i
\'-p{s} |w;s—:)1ds<c\',p(s)'(s-.-T)ds:;.:c\"p(s)|(s—-:)ds<oo.

Hence lim o' (¢) exists and is a finite number and so ¢ () ~at +b,t—>
[
University of Rhode Island
Kingston, R, I. 02881
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ASUPRA COMPORTARII ASIMPTOTICE A SISTEMELOR FUNCTIONAL
DIFERENTIALE

Rezumat

Tn acest articol se studiazi comportarea asimptoticd a solutiilor siste-
melor functional diferentiale, cu ajurorat unui principiu nou de comparatie.
Folosind aceste rezultate, se studiazi relatitle asimptotice Intre solutiile
unui sistem neliniar functional diferential perturbat si acelea ale sistemului
diferential neperturbat. Aceste rezultate 'e generalizeazd pe acelea ale lui
Brauer §i Wong [2]. Se studiazd apoi conceptul de , varietate asimptotici
a sotutiilor, motivat de lucrarea lui Toroshelidze [6]. In sfirsit se aplicd
unul din rezultate 'a o ecuatie (22) de ordinul al I1-lea.

CONDITIONS DE NON-OSCILLATION POUR LES
EQUATIONS DIFFERENTIELLES D’ORDRE DEUX ET TROIS

PAR
N. VORNICESCU

fanunieatfon presentee 1 o session scientifigue  jubilaire LA Myller®, Juassy,
2025 qoni 1970 ’

On considére Péquation différentielle d’ordre #»:

{1) P = Flx, 3, ¥ e Y1)
o F:la, o[ xR" = R,

Nous supposerons que pour cette équation il existe une solution unique qui
vérifie des ‘cqndmous initiales arbitraires dans Pintervalle ouvert ]a, §[
(fini ou infini).

~ On dit que I’équaiion (1) est oscillatoire dans Pintervalle Ja, b s%il
existe ’c}eux solutions y,, y» de (1} (¥, F ¥.), telles que y, — v, a n racines
dans ln}tervalle la, 8. Au cas contraire on dit que ’équation (1) est non-
oscillatoire.

Nous considérons dans la suite deux cas particuliers:

(2) ¥ = —f(x,y) —alx)y’,

@) V' = —pu(x)y — pulx)y — palx)y”.

. L"iclée. de base de cette Note est de ramener les équations (2) et (3}
4 des équations ,lmea_lres du premier ordre non-homogenes et d’ici a des
inéquations dlfferentlelles linéaires du premier ordre pour lesquelles il y
a des conclusions de non-oscillation. Cette idée apparait dans [1], étant

appliquée 4 un systéme de deux équations differentielles linéaires du pre-
mier ordre.

Théoréme 1. Soir Péquation (2) et la fonction p:la, b[ = R relle gue:
(4) £ 1) — £, 1) < ple) (s — w1,



