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1. Introduction. The complex hypersurfaces of the simply connected
complex space forms have been classified under the conditions that in the
induced metric they are complete Finstein spaces [9]. The submanifold M
is then totally gsodesic, or else the holomorphic sectional curvature of the

ambient space M is positive and M is a complex quadric. A local version
was subsequently given in [1]. Various generalizations then f ollowed both
on the global and local levels by assuming that either the Ricci tensor
of M is parallel [8], [10]} or its contraction is a constant [7].

Recently [2}, the author showed that if a hypersurface M of a Kaehler
manifold M is immei'sed as an invariant hypersurface of an orientable
hypersurface P of M, and if the unit normal field of the immersion in
P is a Killing vector field, then M is a totally gegdesic submanifold of M.

No assumption on either the metric structure of M or M was made. Indeed,
it was not assumed that the ambient space is a complex space form or that
the Ricci tensor of the submanifold is 2 parallel field.

An odd dimensional analogue was provided in a more recent paper
by assuming that the ambient space is either a cosymplectic or a normal
contact manifold [3), the latter corresponding to the odd dimensional ana-
logue of Chern’s result [6].

The purpose below is 10 extend the results in [2] and [3] to framed
metric manifolds thereby unifying the treatments of the odd and even
dimensional cases which continues a recently inaugurated program.
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2. Framed manifolds. An m-dimensional C* manifold M, carrying
a tensor field f of type (1,1} and class C* which satisfies the algebraic

relation
f-‘i | f 0:

is called an fe-manifold provided the festructure [ is of constant rank » at
each point of M. The existence of these structures is equivalent to a re-
duction of the structural group of the tangent bundle of M to U(r/2} ./
O(m — ). Examples are afforded by the almost complex structures for
m = 2n and the aimost contact structures for m = 2n + 1, the former having
maximal rank, whereas the latter has rank 2»n. Indeed, by sctting

s=—f% =141,
where [ is the identity field,

s+1=1,
K A
fs=—s, ft=0.

The operators s and r acting in the tangent space 2t each point of
M are therefore complementary projection operators defining distributions
Sand T mm M corresponding to s and 7, respectively. The distribution S
is r-dimensional and T has dimension m — 7.

If there are m — r vector fields £, spanning the distribution T at

each point of M, and if there exist m — r linear differential forms «,
satisfying

(2.1) r{Ey) = 825
where 8%, a,b = 1,...,;m — r, is the “Kronecker delta®, and furthermore, if
(2.2) fr=—1+ 7 Q@E,

where ® denotes the tensor product, the summation convention being em-
ployed here and in the sequel, then M is called a globally framed f-ma-
nifold or, simply, framed manifold. As examples, we again have the almost
complex manifolds for m even and the almost contact spaces for m odd.
(Strictly speaking, because of the first example, the indices a,b should
run through 0,1,...,m —» with £,=0 and #*=0.) The framed structure

on M will be denoted by M(f, E,,+*). From (2.1) and (2.2), one easily
notes that

(2.3) JE, =0, «'-f=0, a=lu,m—r
The manifold M|/, E,, ") is called a framed metric manifold if M
carries a Riemannian metric g such that ’

) it gl )y w4 = L, m -y
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and
[i1) f is skew symmetric with respect to0 g

It can be shown that a framed manifold carries a metric with these
properties. We put F(X, Y| = g fX,Y), where X, Y€ ¥(M)—the module
of C* vector fields on M, and call it the fundamental 2-form of the framed
metric structure.

If m = 2» an almost complex structure

Frm [ @y — i @ By i Ly 2

is defined on M in terms of which g is hermirtian. Setting F'(X,Y) =
- g{f'X,Y), we obtain

2.4) Jo ik pan 22.,,'2- PP

If F and the 7" are closed forms, the almost hcrrr}itiar} structure on M is
slmost Kaehlerian. Tt is Kaehlerian, if and only if, S’ has vanishing co-
variant derivative with respect to the metric g that is, if the structure
tensors f and E, are covariant ronstant with respect t &. (In this case,
the fields E, are infinitesimal automorphisms of the Kaehlerian structure.)

If m=2#n - 1 the framed structure gives rise to thc almost contact metric
structure M(f7, 7"+, ). For, g £ X,/'Y) =g(X, ¥) — " H(Xya# 2 (Y),
If we set (X, Y)=gfX,Y), then

O = F 42355 A"
¢

If the fundamental 2-form @ and the 1-form 4™ 'r' are closed, the
almost contact structure on M is almost cosymplectic [4]. It is cosym-
plectic if, in addition, {f’, '] vanishes, where for any Ilricar transf ormation
field b, [A(X, Y) = [AX, Y] — h[hX, Y} — A[X, hY) - k-[X‘, Y.].

A framed metric manifold is called a K-manifold if its structure
tensors are parallel fields [5). As examples we therefore have the Kaehlerian
and cosymplectic spaces.

3. Hypersurfaces of iramed manifolds. Let M(f, E.,5*) be an
m-dimensional framed metric manifold, (m = 4), with Riemannian metric
2. Then,

P

fil = g ﬂ:’): a=1,.,m—r,

where rank f --r. Consider an {m — 1)-dimensional manifold P immersed
in M with immersion 7: P -~ M having the fproperty .
(T): For each p = P, the vectors &, at i(p) belong 1o the taizent hvperplune (L), -
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Then, if N is the field of unit normals to i(P) with respect to 2

where
w(X) = g(fi, X, N)
and
(3.2) fE, =0,
(3.3) 7#(N) =0,

f and « being tensor ficlds on P of types (1,1) and (0,1), respectively,
i, is the induced tangent map and X ¢<(P). Since 7 is a regular map, there

are vector fields E,, @ = 1,.,m—r on P such that

(3.4) E,=i,E,.

Hence, by (3.1) and (3.2}, fE,=0 and «(E) =0, a=lu,m—r Putting
7* = 1*n%, we have

(3.5} 1 (By) = 83

Since fN is orthogonal to N with respect to g, it is tangent to the
hypﬁrsltllrfacc, so there is a vector field 4 on P, of unit length by (3.3),
such that

(3.6) FN=—i4.
Applying f to both sides of (3.1) and (3.6) yields
(3.7) X =— X+ X)E. + «(X)4, a{fX)=0
and
(3.8) 2(A)=1, fd=0.

Theorem 1. Let P be an (m — 1)-dimensionul hypersurface immersed

in the framed metric manifold M of rank r with immersion i. Then, P is
endowed with a framed metric structure of rank r— 2.

Proof. From (3.1} and (3.2), we obtain

(3.9) FE,=0, «(E)=0,
and from (3.7),
(3.10) 7A) =0, a{B)=0,

-
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4= 1,pm—r. If fX =0, then X = 7(X)E, + «(X)4, so rank F=(m—1)—
__-(m-—rtl)=r—2. o
Let v be the Riemannian conpection of (M,g) and let D be the in-

duced connection on D, that is, the Riemannizn connection of g=1*g
Then, the equations of Gauss and Weingarten are

(3.11) VisxinY =ixDxY + X, YN
and
(3.12) ViexN = —1,HX,

respectively, # and H being the second fundamental tensors of the im-
mersion of types (0,2) and (1,1}, respectively, where X, Y)= gHX, Y).

4. Invariant immersions. A submanifold (M,1) of codimension 2
of a framed manifold M (f,ffa,ﬁ“) is said to be invariantly immersed in M

and M is then called an invariant submanifold if there exists a linear
cransformation field f on M such that
(l) ﬁ¥x = "xfxs xed (M)
and »
(ii) For each mée M, the vectors E, at v(m) belong to (M) -
By (ii), since ¢ is @ regular map, there exist vector fields E, on M
¢=1,.,m—1, such that
(4.1) Ea=LnEa'
Hence, by (i) and (3.2),
(4.2) fE, =0.
Putting #" = 77, we have
(43) " (Es) = 8.
Applying 7 to both sides of (i) yields
(4.4) fox= —x + 142 E;

by virtue of (4.1} and the regularity of . Thus.
Theorem 2, An invariant submanifold of a framed manifold of rank
r is a framed manifold of rank r —2.

Corollary. An invariant submanifold of an almost complex (almost
contact) manifold is an almost complex (almost contact) manifold.

Assume now that M is an invariant submanifold of the framed met-
ric manifold M immersed as an orientable hypersurface (M, 7} of a hyper-

11 — Matematicd
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surface (P,7) satisfying the property (T). Then, by (3.4) and (4.1), the
vector ficlds E, are tangent to #(P), thet is
(4.5) E,=j,E.

Denoting by N the unit normal field to j(M) with respect to the
metric g (with orientation determined by P),

f7ex=Jj.fix+ BN,

where
B(x == g':fjsx) N
Moreover, )
FE,=0
and
(4.6) 7N} =0,

the latter beinz a consequence of the fact that

7 =g(E,, ), a=l,.,m—r.

Sinci N - ~
Fux=figGux) =i flx + o{f s )N =1, {J, fix + Bx)N} +

(o) @N = v fix + BN + (*0) (0N,
we conclude that
fi=f, B=0, jfa=0.

Lemma 1. Let M be an invariant submanifold of the framed metric
manifold M immersed as an orientable hypersurface (M,j) of a kypersur face
(P,i} satisfysng the property (T). Then, the vector field A on P coincides
with the unit normal field N.

Proof. Since f is skew symmetric with respect to g fN is orthogonal
to N with respect to g Hence, fN= fxu for some vector field « on M,
from which O=g(fj¥x: N)=— {J ¥, fN) =_'gU¥xsj¥u) = — g(x,u}, where
g = j*z. Since g is definite, » must vanish, so FN =0. Thus, N=7*(N)E,+
a(N)A =«(N)4 by (4.6). The vector fields A and N each being of
unit lenzth, 4 == N by choosing a(N)=1.

Let y be the Riemannian connection of (M,g). Then,

(4.7) D.ixsjat y =] V¥ T k(x) y)N

and
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Dj“N= — j,Kx,
where & and K are the second fundamental tensors of the immersion J.
From (3.6), (3.11) and {4.7), we derive

o, ey = 1Ty — k() N + K'(x. )N,
where #'(x, ) = (] «%,] 4 ¥)- Putting
Hjx = j H'x + o(x)N,
where © is a 1-form on M, we se¢ that
K (x, y) = g(H'%, ).
We require the following lemma.
Lemma 2. If the ambient space is a K-manifold,
(DY = a(V)HX —h(X, Y}4,
D.YEa= 0, (Dxﬂ)(y)_z —h(X, fY),
WX,B)=0 or #*(HX)=0.

Proof. Differentiate both sides of the relation (3.1) and take note of

(3.11) and (3.12).
Theorem 3. Let M(f, E., 5% be a K-manifold. If Mis an tnvariant
submanifold immersed as an orientable hypersurface (M,j) of a hypersur face

(P, i) satisfying the property (T}, then
K== —fH =H'f.
Proof. By differentiating the function o 7.y in the x-direction
applying Lemma 2 and observing that j*a vanishes, we get
2(aljyy) = (Djec) (jx) + ali Vs + R(x3)N)

— — By %y [T+ Rt ) = — B Ju ) k(%)

— (%, fy) + k(x, ) = — gUH'%, fy) + £(K%,))

= g(fH'%, y) + 8(Kx, ¥),

so that
g(Kx,y) = —g(fH'%, )

and
glx, Ky) = glx, H'fy)-
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Corollary, Under the conditions of the theorem

K:=H"
and
trace H' =trace K =0,

so M is a minimal submanifold of M.

Proof. By the theorem, K*x = — H fHx=—H{—Hx L+ (H'x} B} =
— H2x—*(H'x)H'E,. But, byjLemma 2, 0=(X, E)=g(HX,E)— g X,HE)=
= (X’.Hj:sEa)s 50 £(J 5%, H]}Eﬂ) = g(jsx:ij’Ea) = g(x, H'E,) =0. That Mis
a minimal submam:fold is a consequence of the fact that the second
fundamental tensors are symmetric and flis skew symmetric with respect to g.

Theorem 4. Let (M,1) be an invariant submanifold of a K-manifold

A immersed as an orientable hypersurface (M,j X ]
1 ki 7} of a hypersurface (P,i
with the property (T), v=1io7. If the field of unit normals to ]'(M)(w’:'t}:
respect to the induced metric 1§ a Killing wector field, then M is a framed
totally geodesic submanifold of M.

Proof. By Lemma 2, (X, fYy+ny, fX) =0 which is equivalent to

the statement that H' and f commute. This implies that H' and f also
commute. For,

Hfjux = Hj o fx = juH fx + o(fON
and

fh[i,x:f{j,‘H'x-i—m(x)N}——-j,fH'x
since fN =fA4 =0. Thus,
H f=fH, wef=0.

Applying Theorem 3, we see that K=0 and H' =0.

Remark. Under the conditions in the theorem Pis al -mani
We omit the proof of rthis fact. , Pisalo a K mantfold

(?nl_'ollary 1: Let M be a complex hypersurface of a Kacehler manifold.
If Mis @mersed in M as a hypersurface (M,j) of an orientable hypersur~
face of M and 1f the unit normal field to j(M) is a Killing vector fields

then M is a totally geodesic submanifold of M.

Corollary 2. Let M be an z:_r_warianr submanifold of a cosymplectic

manifold M IfM s immersed in M as an orientable hypersurface (M, J)
of a hypersurface with the property (T), and if the field of unit normals to

(M) 3s a Killing vector field, then M is a totally geodesic submantfold of M.
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Corollaries 1 and 2 could have been obtained by utilizing the under-
lying Kaehlerian (cosymplectic) structure in the even {odd) dimensional
case and then applying {2}, Proposition 3 and [3), Theorem 2 (see §2).

By an appropriate modification of Theorem 4 we can obtain [3],
Theorem 2, namely, Corollary 2 above with sscosymplectic™ replaced by

«pormal contact‘’.
Unfwersity of lhinais

Urbana, Ilinois
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SUBVARIETATI INVARIANTE DE CODIMENSIUNE 2
ALE VARIETATILOR REPERATE

Rezumat

Recent [2], autorul a aritat cid dacd o hipersuprafatd M a unei va-
rietigi kéhleriene /vaeste imersi ca hipersuprafaid a upei hipersuprafete
orientabile P a lui M si daci cimpul unitar normal al imersjunii in P este
un cimp de vectori Killing, atunci M este © subvarietate total geodezicd
a fui M.

{ntr-o lucrare mai recentd {3] s-a obtinut un rezultat analog pentru
dimensiunile impare, presupunindu-se ci spatiul ambiant este O varietate
cu structurd cosimplecticd sau cu structurd de contact normal.

In Jucrare se extind rezultatele din [2] $i [3] la o clasi noud de
varietd(i, pe care le numim varietdti metrice reperate.



