m——

ON A GENERALIZATION OF THE HOPF FIBRATION
BY
D. E. BLAIR

Presented al the . A. Myfler® Memorjal Scicntilic Session, fasi,
20--25 qugust 1970

1. In [2] 2 generalization of the Hopf fibration n': S+l PC?
was introduced as a canonical example of a manifold with an f-struc-
ture and some of its geometric properties were studied. Let A denote the
diagonal map ; then define a principal toroidal bundle H*+ over PC* by
the following diagram.

A
Hents ey §20L Ly S0t
= pw X =
il A }
PCr ——  PC* X% - X PC»

We first show that for s even, H* ¢ carries a complex structure but
cannot carry a Kaehler structure. Similarly for s odd, H* ¢ carries a na-
tural normal almost contact structure which is not quasi-Sasakian and can-
not carry a cosymplectic struciure nor a Sasakian structure if s> 1. Fi-
nally we note that H s o H*»+, 5,7 of the same parity, carries a com-
plex structure but cannot carry a Kachler structure.

Section 2 reviews the notion of an f-structure introduced by K. Yano
[10] and section 3 discusses the geometry of Hen s, The main results are
then given in section 4.
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2. An f-structure on 2 C manifold M5 is a tensor field f of
type (1,1) and rank 2 satisfying f° + f=0; the existence of an f-struc-
ture is equivalent to a reduction of the structural group of the tangent
bundle to U {n) < & (s) (K. Yano [10]). Almost complex (s=10) and al-
most contact {s = 1) structures are well-known examples of f-structures.
An f-structure with s =2 has arisen in the study of hypersurfaces in almost
contact spaces {4]; this structure has been further studied by S.I. G old-
berg and K. Yano [5]

If there exists on Mz2='¢ vector fields £, x=1,..,5 such that if
7, are dual 1-forms,

nx(zy) =81y:
va'__O: Tlx"f=03
fi=- I+ZE: X N

we say that the f-structure has complemented frames. If M?=+: has an
f-structure with complemented frames, then there exists on M?*s a Rie-
mannian metric g such that

g(X, Y|j=¢ (fX:fY) + E AKX} 02 (Y),

where X, Y are vector fields on M2»+5 [10] and we say M- has a me-
tric f-structure. Define the fundamental 2-form F by

F(X,Y)=g(X, fY)
Further we say an f-structure is normal if it has complemented frames and
[f:f] +2 E_,@d’rlx=0

where [ f,f] is the Nijenhuis torsion of f [8].

It is also showan in [8], that if an f-structure is normal, then [2:,5,] =0
and £:.f =0 where £ denotes Lie differentiation. Finally a metric f-struc-
ture which is normal and has closed fundamental 2-form is called a SH-struc-
ture and M c a Siemanifold {2}

Ia [2] it is shown that on a <i_manifold the vector fields Z,,..,&
are Killing.

Let M2+ be a Riemannian manifold with global linearly indepen-
dent 1-forms 7,,..., 7. sach that d7, = ... = d1, and

ta Ao A s A ()" F 0.
Let L(m) =iXeM>+, me Mt |0, (X)=10, x=1,-* -,5} then L deter-
mines a distribution which together with its complement reduces the struc-

tural group to < (2nr) X €(s). Now if £,, - ,Z; are vector fields dual to
iy -y and X,y X, linearly independent vector fields in L, then

(‘r, /\ SRR £ 'd Tj:.f'"': (El PR | Fas 3 Xl ERE in) - (d’q,)" {HXI ] in) :IL_ 0
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giving L a symplectic structure. Thus the structural group can be reduced
to AL(n) ¥ & (s} and M2+s has a metric jf-structure with complemented
frames 1, --» s and fundamental 2-form F =dr,. If this structure Is 2
s{-structure, we will call it an S-structure.

3. In [2] the following result was obtained.

Proposition. Let M**: be the bundle space of a principal  toroidal
bundle over a Kaehler manifold N and let v = (1, ) be a Lie algebra
valued connexion form on Men+s such that dn; = =", x=1,--,3 where =
fs the projection map and Q the fundamental 2-form on Nz, Then M?n :1s
an $-manifold.

It is well-known that the canonical example of a normal contact me-
tric (Sasakian) manif old, the odd-dimensional sphere S?'¥1, is a circle
bundle over complex projective space PC" by the Hopf-fibration. Let '
S2n+1»PC* denote the Hopf-fibration, then using the diagonal map A we
define a principal toroidal bundle over PC" by the following diagram

o~

Hinte —y Sintlyg L St
w KT
1 A i

PC" > PC"x .- XPC"

that is H2 5= {{pry s ps) €STIX - X S|z’ (py) = w (s} I
Now let 4, be the contact form on §**! and define v, on H™'s by

/\* r /“* N
7, =A lS'f"ﬂ n.= ALY, Then
o~ o~ ~
— LA * R— LA AT = : 4
dy, = dAa] "ix‘"A;d"J;—Ax“x Q =x="AQ =m Q,

where , is the fundamental 2-form on PG and Q that on PC". Fur-

ther ¥ = (M1, "> %) 18 equivariant and fibre preserving, hence by the Pro-
position the space Hints is an $-manifold.
Recall that PC” has constant holomorphic sectional curvature 1 (Fu-
bini-Study metric) and that S+l (as a Sasakian manifold with the con-
1

stani curvature metric) has conmstant curvature . In [2] the notion of f-
sectional curvature was introduced and it was shown that H%+s has con-
} 3 .
stant f-sectional curvature 1 - f. Moreover for X, Y e L(m),me Hintr
. . 3s 1
s =2, the sectional curvatures K(X, Y) satisfy 1 — . < K(X,Y)< .
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Finally we note that since H*!'s = {(p il v ;

i ’ ’ - . 1 L PS) E S " o : 82"-‘-]
7T (pQ = (p.)}, = being the Hopf-fibra;ior;, Hints ig c/l\iffeox;wrphic
to §% 1 Tv ! where 7% ' denotes the (s — 1)-dimensional torus.

4. Let M*'s be a manifold with a normal f-structure; following
S. 1. Goldberg and K. Yano [6] we can define a tensor field 7 of
type (1,1) giving rise to a complex or normal almost contact structure on
M?*ts, f was introduced locally by T. Ogata {9].

We now show that for s z i i i i
Y even H¥* s js a complex manifol
not Kaehlerian. ? old which s

5 s .
F roposit:o{n 4. 1. Let (f,8,,m:), ¥ =1,---,5 denote the f-structure of
section 3 on H**s and suppose s is even. Then

f=f+ ;‘] (1 % Zog — iy ® By 0% = i 4 5/2,

defines a (non-Kaehlerian) complex structure on Hn+ts |
Proof : The proof is a computation showing that f*= — [ and

[, 71 =0. Since JX = 7X+ 3 (4:(X) % — 1 (X)), we have

i=l
5’

FPX =X (— i X) e = 1 (X)E) = — X.

Thc pro~of that [f,f] = 0 is more complicated and is done by cases. First
ince fi =%, and (5,8 =0, x, y=1, 5 [ffi(4.5) =
— (50 & £ s ] £ FIEs 8] £ F [, 5] = 0.

Now let X € L, then

V1K) = — 1%, 8 + /X, 8] — FIX, 2] - FU/ X%
- iX’ Z—'l] _f[EstX}
CFIX Z] — S (s (1 D) Zie — in ([ E)) &)

— FUX, 8l — 20, (05 ([F X ED G — e U/ X, EDE)
=

using £, /= 0 and the coboundary formula 0 = dy, (X, %;,) = —-
- = X, T = — 1 ([X, &)
Similarly (f, /] (X, Z;,) =0. Finally for X, Y ¢ L, )
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7,7 (X, V) = — [X, Y]+ | f X, Y] - FIX /Y] = fI/X Y]
= [, f]1 (X, ¥) — 2. 7 (1X, Y]) Eo— 2 (n, (XS YD) 2
o (X YD) — 20 (e (U X, YD Ze — i (S XS TN
3 dn (X, Y) G+ S dn (X, V) 4 2 (X, S Y)
S dn (XS YV E i (FX, V) 2 — 2 dnn (S X, V)%

where we have used normality, the coboundary formula and the fact that
dn, (f X, Y)=—dn, (X, fY) N
We note that the metric g is Hermitian for f, i. e.

e GX TV =g(f X, fY) + 200 0 (X) 0. (¥) =g (X, ¥).

Setting F (X, ¥Y)=g (X,/Y) we see that F=F — ), i N\ Tix - A short
computation then shows dF = S0 F A {n; — nix). Thus dF 0 and the
Hermitian structure (7, g} is not Kaehlerian. More generally we prove the
following theorem:

Theorem 4.2. The space H™#s for s evem cannol cany a Kaehler
structure.

Proof. Since H++ is diffeomorphic to S¥* ' T¥~! we see that the
fiest betti number is (7')=s— 1 which is odd. Thus since the odd
dimensional betti numbers of a compact Kaehler manifold are even, H*t!
cannot be Kaehlerian.

We remark that the 1-forms 7, — 7, are harmonic and s —1 of them
are linearly independent. Clearly d (v, ny) = dne — dn, = 0 and 87, =0
since 1, is Killing.

We consider next the space H2x+s with s odd, say s= 2a + 1. Label
the 1:'Sy MosMis Nins t == 1y--5 @ OF 7oy %, A=1,--,2¢ and similarly
for the £, 's.

Theorem 4.3. On H+s with s odd, the tensors £y, 1y and

Fof+22(nu® 8 — i ®%)

define a normal almost contact structure which is ot quasi-sasakian.
Proof. First note that

T3X=f2X+i2l (— niv (X) & — e (X) ED) ==X 4+ %(X) %

while 7o (E,) = 1, 5, = 0, 0, © f = 0 are immediate. The proof that this
structure is normal is a matter of showing that [ £, f1+ &, ® dvy, = 0. This
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is a lengthy computation analogous 10 the one given in the even-dimen-
sional case. As before we see that the metric g Is compatible with the
structure, 1. €.

g(X, %) =g(- 72X+ 110 (X} %0 s Go) = o (&)
TRV =g Ko £Y) 2 a (X s (1) =g (B V) e (K1)

Setting F(X,Y) = g{X,JY) we again have B Fe Y its N iy and dF =

=Y i FA(u— 11y) 5 0. NOW by a quasi-Sasakian structure we mean a
normal almost contact metric structure whose fundamental 2-form 18 clo-

sed [1]. Thus the structure (F5 5050, &) 01 H?nts js not quasi-Sasakian.
e do note here that %o has rank 2n-+1, 1. € 7o Aoddn) 20
(dn) 2t = 0.

Although the above structure on Hn+ is not quasi-Sasakian, Hns
does carry a quasi-Sasakian structure. Since H#ns, s odd is diffeomorphic
o St x T¢', we consider Hen s as the product of the Sasakian mani-
fold S%'t and the Kaehler manifold T* ' . These structures naturally in-
duce a quasi-Sasakian structure on Sttty To-t 1), We do show however
that H#+s, s odd cannot carry cosymplectic structure, i. e. a quasi-Sa-
sakian structure such that its (almost) contact form 1 is closed. Moreover
Hn+s, s odd >>1 cannot carry a Sasakian structure.

Theorem 4.4. The space H™ ' s— 2a 41, cannot carry a cosym=
plectic structure.

Proof. Suppose H=*7 is cosymplectic, then its fundamental 2-form @
is harmonic and = A ®"*° is a volume element [3]. By de Rham’s theo-
rem @ determines an element in H? (H?™"s, R), but since Hwts is diffeo-
morphic to S T+ 1 its cohomology is given by that of Tv-! by the
Kunneth theorem. Hence a1 — 0, a contradiction.

Theorem 4.5. The space H™"', s odd, s> 3, cannot carry d Sasa-
kian structure.

Proof. Using the S-structure (f, Ex> 2> 8) OF section 3 on H*'™, we
see that since 7, is Killing, dna(X, ¥) = 2(vy 1) (Y) where v denotes Rie-
mannian covariant dif ferentiation. Now since dv, = dry, x +y for an 8-
structure, 7, — 7y 18 8 non-trivial covariant constant 1-form on H**". How-
ever it is shown in [3] that on a compact Sasakian manifold M?N+1 there
are no non-trivial covariant constant p-forms for 1 <P < 2N. Thus H*>***
cannot be Sasakian.

In {7] A. Morimoto proved that the product of two normal
almost contact manifolds carries a complex structure. We now give a gene-
calization of the Calabi-Eckmann manifolds.

Theorem 4.6. Hnts X H»'", s = 2a-fc, t=2b+e c= 0,1 has a
complex structure. Moreoper Honts X HPti cannot carry a Kachler structure.
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Proof. The first statement is an immediate consequence of Proposi-
tion 4.1 for ¢=10 and of Theorem 4.3 and the Morimoto result for ¢=1.
Now suppose M = H»*:X Jzm+1 is Kaehlerian, then, as is well-known its
fundamental 2-form € is harmonic and QY, N==n Tm+ (02 is a
volume element. By de Rham’s theorem €2 determines an element in H: (M,R).
Now M is diffeomorphic to Sl §mit oy T6 e =2 (a+b) —2o0r2 (a + b}
according as ¢ =0 or 1. By the Kunneth theorem the second cohomology
group of M is given by that of T¢. Thus Q2+ =0, a contradiction.
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ASUPRA UNEI GENERAL1ZARI A FIBRARII LUI HOPF

Rezumat

in [2] s-a introdus urmaétoarea gener alizare a fibrarii =t S+l PC”
a lui Hopf. Se defineste 0 fibrare principald toroidali FHin++ peste PC*
prin diagrama din § 1 in care A este aplicatia diagonald.

fn prezenta Nota se obgin anumite proprietiti geometrice ale lui
Honte i se aratd cd pentru s par, Hw+s are o structurd complexd, iar pen-
tru s impar are 0 structurd aproape de contact normald. Se aratd apoi cd
Han+ew s+t unde s §i¢ sint impari, are o structurd complexd. Aceste spatil

4

generalizeazd deci varietitile lui Calabi-Eckmann.

12 — Matematlcd



