MULTIPLICATIVE MORPHISMS OF MATRIXRINGS

BY
R. PUYSTJENS

1. Recently, Hitotumatu [1] found that any multiplicative mor-
phism d of matrixrings over a field for which 4(D) — det(D), D a diagonal
matrix, is necessarily the determinant. A few vears later, K. Wolffhardt
{2} proved that such multiplicative morphisms ¢ for matrices over a com-
mutative ring with unity only equais the determinant if the commutative
ring with unity has no nilpotent elements. In this paper we prove that, if
R. is any commutative ring with unity, a multiplicative morphism from
the matrixring Rm» onto R which is a linear function of the columns is

necessarily the determinant. At the same time we obtain a functional defi-
nition of the determinant which has only been found for matrices over
special commutative rings (see e.g. [2], [3], [4], [5]).

2. If we represent a matrix A — (a;),4,;=1,2,..2 in terms of its
columnvectors a; ='(a,; ay;...a,,)7 i.e. (g, a,...a,...a,) then we have to prove
that a multiplicative morphism 4 from R®» onto R such that

diay...cap, +v,...a,) = cdla,...ap...qa,) -Fd{a,..vp...a,)
WeeR , wpel, 2,...,n! and vaeRgsl

has to be the determinant.
Consider the matrices of the form

13 1 |1

Dy (a) = a Ty, (6) = Y Ppy = i

I i 10 g
1 ; E 1]

then we prove first of all the following
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Lemma 1. If d is a mudtplicarive morphism from Rnn outo R, satis-
fying d{ay...cay Fvp...as) = c.diay...ap...a)) +d (@ ... ... a,), YceR.,
woe{l, 0, i) and Yu,eR™, then

d {I}
d (D, (a}) = det (D, {a)),
d (T (b)) = det (T5, (8)),
d (P} = det (P,,).
Proof : Since d is a multiplicative morphism, we have
d(A).d(E)=d(d) =d(£).d(d), vAeRw.
This shows that d(E) is the unity of 4(Rm") or R, so d(£)=1 and

hence d (%) — det (£). Since the function 4 is supposed to be linear in
each column we have

d(D,{a)) = a.d (E),

det (%), £ the identity matrix,

yge [1,2,..., 13,
and
d Ty (b)) =d(£) +d (D;(0). Tpy (B)), VP g€ {15 2,000y 7
Now, the required result that
d (D, (a)) = det (D, (a)},
and
d (T (b)) = det (T}, (8)),
follows readily by observing that a--det (D, (a)), d(E)=det(£) and
d (D, (0}) = 0. Starting from the easily checked identity
Pp= Ty (1) Top (— 1) Tpy (1). Dy (- 1),
we obtain
d(Ppy) = d {Tpy (1)) d (Top (= 1)).d(T5, (1)) .4 (Dp (— 1)),
i d (Pp) = — 1.
Hence,
d (Pyy) = det (Py,).

Corollary. A multiplicative morphism d which is linear as a Sfunction

of each column has the following property:
d (A) changes sign if t1wo columns or 1wo rows of the

interchanged.

matrix A are
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Indeed, let A" be the matrix obtained from the matrix A by inter-
chanrgmg two columns or two rows; then 4' = A4.P,, or A" = P,,.A4.S0
| d{A") = d(A}.d (Py) or d(A') = d (Py,).d (A4) and hence d(4') - h d(A)T

. L;l(nma 2. If d is a multiplicative morphism from Rrn omo R | saris-
ying d{(ay..cay + vp..a,} =c. d(ay..ap..a,)~ d(a...v...a, c LR,,
{1, 2,.c,n) and v cR™, and if A is a triangular z(m;m'x', !/rerl, dv(ﬁl) e,qxglel
the product of irs diagonal elements.

.Proof : Let 4 = (a;;) be a lower triangular (»,n} -matrix, then the
matrix A4 can be written as

i

1 o

A= 1 Xy

i=] jurl
in which X, = D,(a;) and X, = T (a,), i > ]
Hence, (as) C i (ais)y 12>/, (see [2]).
d(d)= || 11 d(Xy), or d(d) = ] d(X,)
=t i=1
and so

d(A) = Inl au"
re=l

A similar proof is valid for upper triangular marrices.
Theorem. If d is a muluplicative morphism from Ren onto R, satis-
€ <

fying dia,..capd-v,...a,) =cd(a..a,...a,) +dla,.v R
1, 2sm} and Vo €R%), then d (A) — det (A)), VAéRI"-"'. AL

Proof: Let (a, ay...a,) be the matrix 4 represented in terms of its
columnvectors. Applying the linearity of the function d we get

diagaa) =3 5 5 daap...an,
P fp=1
in which
@i =(00...0a,0...07, j=1,2 .1

Sn;ce the determinant is also a multiplicative morphism which is linear as
- 2 function of each column, we have:

e

d N -
et(alag...a")z bR 2

ig=1 i

"
E det ((l{1 H,'_:__ L. .ﬂ:n).
k=

p—1=t

S0 it remains only to prove that

d ai P ) = 1 ! H ‘e :
(ajr ats air) = det (ay, ale ... ain), Vi, o1,,.. afie
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Indeed, the matrix (aj, @) . ..a}s) can be reduced to a triangular matrix by

means of left and right multiplication by permuiation matrices P for
which d(P;) = — 1 or det(P;) = — 1 and in view of lemma 2 we obtain

diapai. . al det(aivai: ... @)y Viply. o 05i 3

hence,
d (A} - det (4).
Covollary. A functional definition of the determinani for matrices

over a gencral commutative ring with unity s obtained by the following

axioms:
1) 4 is a multiplicative morphism from Rm~ onto R,

2) dfay...cay+vp ..a,) ==c.d(a...a...a)+dla. .. v - Au)s
WeeR , vpe 1,2, .., n} and Vu,€ R
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MORFISME MULTIPLICATIVE ALE INELELOR DE MATRICE

Rezumat

Generalizind unele rezultate ale lui S. Hitorumatu si K. Wolffhardr, -

se demonstreazi ci dacd R, 2ste un inel comutativ cu unitate atunci un

morfism multiplicativ de la inelul de matrice Ro» in R, care este O

functie liniard de coloane, este, in mod necesar determinantul. In acelasi
timp se obgine o definitie functionald a determinantului, care a fost datd
numai pentru inele comutative speciale.

S

L-REGULAR SEMIGROUPS (1)
BY
R. J. WARNE

Let £ be an idempotent semigroup (a band). The coliection ¥ (R) of
NR-classes of E may be partially ordered by the foilowing rule: If R,
R.eE(R), Ri<CR, if and only if ¢ < f (e-- f if and only if ef = fe = ¢)
for all eeR, and feR,. If I/ (R), under this order, is order isomorphic to
I", the non-negative integers, under the reverse of the usual order, £ is
called a naturally ordered band. A regular semigroup is called an E-re-
gular semigroup if its idempotents form a naturally ordered band. The
purpose of this paper is to describe simple Z-regular semigroups mod
E-chains of risht groups in terms of a simple multiplication. In [7], we
use this result to describe simple £E-regular semigroups mod groups. In
[8], we determine the structure of non-simple FE-regular semigroups
mod groups.

Naturally ordered bands have played a role in the decomposition
theory of regular se:sigroups [5).

Unless otherwise specified, we use the noration and terminology of [1].

The structure theorem is 2 consequence of sixteen lemmas.

The following lemma includes a result of W. D, Munn [4, p. 56).
fini Lemrg]a ]d L;tg f)e a s;;mple hE—regu!ar semigroup. Then, § has a

1te number, d, of D-classes, d 15 the smallest positive integer /
B e, P eger such that

Proof. Each ®-class of S is a regular bisimple semigroup [3, lemma
1.1}. By well known results [1], each ©-class of § is a right group or an
E—bls1mp}e semigroup. Let D, denote the D-class containing E,. Suppose
that 9, is a right group. Let T'= S\, and let xeD, and ye7. Thus,
YER, N L, , say, with ¢,cE, and feE and r, s> 0. We have x%f, for some
L eE,. Th\;s, xe, 8¢, and, hence, xe, and y are in the same D-class. Thus,
xy =x(e, y) = (xe,) ye7. Similarly, yxe¢T. Next, suppose that se7, i. e,



