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CVASI METRICI PE SPAT:] CVASI-UNIFORME
Rezumat

In aceasti Notd ne propunem si prezentim citeva rezultate in lega-
turd cu spatiile inzestrate cu o cvasi-metricd. Metrici luind alte valori
decit reale au fost studiate pentru prima oard de Kurepa [6]. AL Ghica
[5] studiazd o metricd avind valorile intr-un anume inel de functii,. Un
numir de rezultate, ca si unele probleme nerezolvate se giisesc in articolele
lui Kurepa [7] ¢i ITu. Smirnov [i4]. Notiunea de cvasi-metricd asa
cum este utilizatd in aceastd Notd a fost introdusd de autor [11].

Dupid definirea categoriei spatiilor cvasi-metrice, citeva constructil
asupra mulgimilor ,, D sint indicate in primul paragraf, impreund cu
introducerea unei cvasi-metrici pe limitele inductive (proiective). Paragraful
2 este consacrat demonstririi echivalentei intre categoria spatiillor cvasi-
uniforme si categoria spatiilor cvasi-metrice. Este regisit de asemenea
rezultatul lui Czdszédr [3] asupra cvasi~-metrizabilitdtii (deci a fortiori
a cvasi-uniformizabilitirii) spaiilor topologice. In paragraful 3 se indicd
o conditiec necesard si suficientd de continuitate uniformi, ca si citeva
criterii de tip Lipschitz. Se deduc caracteriziri pentru homeomorfismele de
spatii cvasi-uniforme $i pentru echivalenta cvasi-metricilor. O conditie
necesard si suficientd de continuitate pemtru aplicatiile liniare intre doud
spatii vectoriale pseudo-normate [12] este de asemenea indicati. In al pa-
trulea paragraf cste prezentatd constructia citorva functori adjuncti. Remarcim
ci existenta acestor adjuncti poate fi dedusd in toate cazurile cu ajutorul
teoremei lui Freyd [8].
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§ 3. We now consider the following equation :
(5) Dx "’f(’: x) i g(ts x)Du, [E[tﬂ: [1],
Here D denotes distribution derivative with respect to ¢ and u is assu-
med to be a given right continuous function of bounded variation,
Definition 1. A funciion x(t) is said to be a solution of (5) on the inter-
val 1y t < with witial condition x, if x(r) is a right continuous function
with x(t)) = x, such that the distribution dertvative of x(¢) on (t,, 1] is equal
to f(¢, x) + Glt, x)Du.
Now consider the following integral equation
L3 I
(6) s(e) =xy 1 \ fis, x(s))ds + \ £ls, x(s)idu(s).
“ t

Definition 2: 4 function x(t) in 1, <t = § is said to be a solution of
(6) if it satisfies this equation for te1,, t].

Theorem 2. x(1) is a solution of (5) m 1,
a solurion of (6).

The proof is exactly similar to that of theorem 1 [3].

Theorem 3. Ler f(1, x) and g(t, x) satisfy the following conditions

(1) flt, x) is measurable in t for each x¢ §: x:x— x| b,

(1) f(z, x) is continuous in x for each teft,, n) and x €8,

(i) there exists a Lebesgue integrable function m(t) such rhat | fir, x)|<
= m(r)_ Jor (£, x)€[ts, 1,]%S,

(iv} there exists a constant K such that &le, x) | << K for (1, x) € [t,, 1,] X S,

(

1T if and only if it is

(v) &(z, x) is u~integrable for each x€BV([to, 1,]) and | x(2) - x,[ < b,
_ (vi) glt, x) is continuous tn x for fixed tefty, 1)) and x € 8, then there
exists a solution D(z) of (5) satisfying the initial condition D1y} = %,.
Proof : Consider the following integral equation

1
n
IE{[(HZD ‘ 26]
x”([)-_—. r -

x0+5f{s, x,,(s -?I?))ds ! Sg(s, x,.(s-—’lz- )]du(s).

Ty

(7)

ra+ 28
Now choose 8 such that Km(s}ds + Kv(u, [t5, ta+28) <b; B>0.

f
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Equation (7} can be rewritten as
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Replacing nk for n and taking limit as % -» o, we have
lim z,,,,( : + i) = (1)
k»on nk
(taking into account the right continuity of x,) and hence (10} reduces to
w()) = % + \ fls, x{s))ds + \ gls, x(s)) duls).
-' -
fy fa

Thus we have proved the existence of a solution of the integral
equation (6). So by theorem 2, the equation (5) has also a solution.

Here it is pertinent to remark that if we try to prove the above |

theorem by Caratheodory’s approach, we fail since ir the last step we
require that

lim \‘g(s, x{8)) duls)

kor®

P
nk
must be zero. But this is not possible in general unless u(z) is also left
continuous.
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ENISTENTA SOLUTIILOR ECL'ATIILOR DIFERENTIALE. METODA ECUATIILOR
CU ARGUMENT INTIRZIAT

Rezumat

5e di o metodd de demonstrare 2 existentei solugiilor apropiate de
metoda lui Carathéodory pentru ecua}*ii diferengiale ordinare dar care di-
ferd, in cazul ecuatiilor cu derivate in sensul distribugiilor (1], [2], [3].
Aceastd deosebire reiese in faptul ci, pe cind un transfer.dxrcct' al metgdei
Jui Carathéodory nu did rezultate pentru demqnst;are_a_ existentel solu';ulo::
ecuatitlor dif erentiale cu derivare in sensul distributiilor, metoda prezentd
este apropriatd gl acestor ecuatit.



