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1. Introduction: The proofs of many results in the theory of sta-

bility and boundedness basically depend on dividing the vicinity of some

kind of invariant set {or other convenient set) into suitable subsets and
then trying either to prove that solutions cannot leave such sets or to

estimate the escape time. This observation makes it possible to give some
g e employed as tools

Jobal results in terms of arbitrary sets which can b
£ dealing with various problems of stability and boundedness. In applica-
tions, these tools enlarge the class of useful Lyapunov-like functions and
also offer more flexibility.

In this paper, we shall

first discuss two global theorems of a very
general character by means of several Lyapunov functions and the theory

of differential inequalities. We then give, as applications, a variety of
results on the stability and boundedness of motions. Also, introducing a
pew notion called restrictive stability which is of practical interest in cer-
tain sicuations, we obtain sufficient conditions for such a comcept to hold
as a consequence of main global results. We notice, however, that the full
force of our main results has not been fully tapped and requires a fur-
ther study.

2. Main Global Results. Let us consider the differenuial system

2.1} % = f(t, x), x(te) =%,

where feC[R" X E,R"), E being an open set in R". Let z{t, to, %, beany
solution of (2.1). We shall also be concerned with the auxiliary differen-

al system
(2.2) u' = glt, u)s u(to) = o,
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where geC[R* x RY, RY]. Let u(z, Io, 4y) be any S(_)lption of (_2:2). The
following theorem gives a very general set of sufficient conditions for
preventing the solutions that start in agiven set of R” through any given
part of its boundary.

Theorem 2.1. Assume that o

(i) VeCIR™ X E, R¥) and V (8, x) ¥s locally Lipschitzian in %

(ii) the set HC R" is such that HC £ and GC 6H; ,

(iii) there exist two sets A, Bsuch that ACR" BC RY, ANH£@ and
xe A implies u=V(, ¥)€B;

.
(iv) ae C{R , R} and for (t, ) R 3Gy Y Vo, vy -alt);

[

AY
(v) xoe ANH and 37 Vilty, o) < alto) 3

3l . .
(vi) ge C[R™ X RY, R, glt, w) is quasimonotone nondecreasing in u for
cach te Rt and for (t,x}€R™ X H,

D+ V(r, x) == im sup—}l-[V(z + hy x + hf (L, ) — V(G 1< gle, Vit, 2))5
k=07
(vii) any solution u(t, tu, u,) of (2.2) satisfies

¥
Z“-‘ (t, 1o, to) < aft), 2221,

i=1

N
provided u, € B and 3 o < alty) 3
fml]
then there exist no t*>1, such thar (I, %o x,) € H, 1 €[t 1) and
.‘U(Z*, tﬂ: -"o) € G‘ . .
Proof: Suppose that there exists a t* >, satisfying x(t, tos .}:n)eH,
te (2, t*) and x(t*, 1o, ¥,) €G. This, in view of assumption (iv), implies that

[2.3) 2 V. (2%, x(f%, tg, %)) = alt*).

Set wy = V(ty, ¥,) 50 that {i) and (vi) vield on the basis of & known resuit
(See theorem 4.1.1 in [1]), the inequality

(2.4) Vi, 508, Loy o) ity Loy gy L E [0S ™,

where r(, 2y, %) is the maximal solution of (2.2). We now let vedANH
and i V,(te, %) < at,). This means, using (iii) and the fact o = Vita, %)

i=t
that ¢ B and Z”‘“ < a(t,). It therefore follows readily from (2.4) and
=1

(vii) that
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N N
2 I;: (t*, X(t*, Lo xO))"é E r; (I*s Loy “o) < a(t*))
=1 i=]1
which contradicts (2.3). Hence the theorem is proved.
A special case of theorem 2.1 that is itself important in many appli~
cations may be stated as follows:
Corollary 2.1. Assune thar
(i) VeC[R X E, R] and Vi1, 1) is locally Lipschitzian in x;
(ii) the set HC R" is such that HC E and GC 0H;
(iii) ae C[R , R) and for (1, 3)€ R x G, V(, x) = a1);
(iv) xo € H and Vit vy) <alt);
(v) g€ C[RT R, R] and for (1, ¥) € R x H, Dv1(t, x) < glt, V{t, 0))s
(vi) any solution u(z, L, ) of scalar differential eguation

(2.5 u' = glt, u), u(te) = g,

satisfies wl(t, fy, 100} - alf), €3 Ly provided wuy < a{to);
then the assertion of thecrest 2.V 1s rrue.
A further specializaiion resuls if the function u(Y) verifies the dif-
ferential inequality
(2.6) D+ a(t) > glz, aln),

in which case, two situations arise. The corresponding results are stated
below as corollaries.

Corollary 2.2. Let the assumptions (i) 1o (v} of Corollary 2.1 hold.
Then if one of the jollowing inegualities

DY V(e x) = g (5 {t, %)),
D a(t) 2= g, alt)),

is strict, the conclusion of Theorem 2.1 remains the same.

Corollery 2.3. Let the assumptions (i) to (v) of Corollary 2.1 hold
together with (2.6). Suppose further thar for each t, € (to, @) and t € [Lo,1.), g(2, 1)
satisfies the condition

gley 1) — glty 1) 2= — Aty At — 1, 1y — ta)y By 2 Uy,
where ke C[RT X R, R} and »(t) =0 is the maximal solution of
o=l ), vt =0.

Then the conclusion of Theerem 2.1 vemains the same.

The proof of Coroliary 2.3 is a consequence of a known result in
differential inequalities (See Theorem 1.4.3 in {1]). A result equivalent
to Corollary 2.2 is contained in the work of N. Rouche and Dang-
Chau Phien [2]. In fact, our ideas stem from their work.

Suppose that the solutions that start in a given set are required to
reach apother given set it a finite time and remain there for ali future
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A Mod s

i icient condi-
time. The theorem that follows offers a set of general sufficie

tions for such 2 behaviour.
Theorem 2.2. Assume that

i o E Vi, ¥) is locally Lipschitzian in X ; .
((111)) };EE g [[Jéer ; IIQE ",Iii'”]],agzit, u)( ;~ qrasi~monotons nondecreasing in u for
cach te R+ and for (r, x) e R™ = E, '
D* V(Ia x) = 8, Ve, ‘:)) 3 . '
that AC R, BC R and xe A implies

- @ and xo e F A4 implies

(iii) there exist sets A, B such
= Vr,x)eB; ._
! ((iv) ghere exists a set F b such that FN A+
tote, Xg) EE, T =tk - ' e
H 0(,v)0)the ;ez D I i such that DC L and fo (r, Yje R° A BN
AN
SV, (5, %) > alo)
FE §

where a € CIR , K3

(vi) there exists a = = T(tgy Ha) > Y such that if 1y € B,

A

by ; T
LN {1 2o, 1) alt), =14y
i=ml

7 s olution of (2.2); L
fg;enrcz}:iz; tg ::?;)s :zs ;’g ;'(t vy Xo) > O such that x(t, oy Xo) €12 for 1z 1+ T
o - A. ‘ ‘ ] _ -
whene?goo}? eLitQ» cF A so thag by (iv), als Los x.,l))eflr,er f(:o é\;si,
because of'(iii), woe have u, € B, setting #, = V(ty, ¥} Delln o5 Yo

to+ T and 1, = @
= ). Let {1, be a sequence such thatwtkz o nd ¢ .
a; k( E-(: olgszusjuzol)))ose that,k;if possible, ¥(Zes Zos xo) € EXD- Then, in view

{v), we would have

N
-
=

i=1

V, (txs 2(t5 Los o) = alts)-

‘This however is not true, because of the inequality

. -
S5 V(0 ¥es s 7)< 3 1i0hs 5 ) < 20
1=
=1
i i i heorem
which results on account of (i), (ii) and (vi), as 1n the proof of The

f is complete. ) o
b qu;l;i; ti;esgggioal case oiP Theorem 2.2 that 18 sufficient for many
application;‘ is given below as a corollary.

Corollary 2.4. Assume that ) -
i R+ x E, RY and V(t, ¥) 15 locally Lips .
{(13 ;EGCC[EQ'*' % R, R] ]and for (1, ®) eRTX I, DrV(t, x) < glts Vi, %))

o
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(iii) there exists a set FCE such that x,¢ F implies x(t, 85, x) € E
t =los

(iv) the set DCE is such that D C I and for (r, v} e R* X END,
Vi, x) = alt), where a¢ C[R", R];

(v) there exists @ === (14, 1tg) > 0 such that, for any solution w(1, ty, 1)
of (2.5), the relation u(t, by, u,) < alt), 1226+ %, holds.
Then there extsts a T == T(t,, xo) > 0 such that x,€ F implies x(t, ty, xo) € D
for t =1, + T.

3. Applications. To begin with, let us show, as a simpic application,
that a result on uniform boundedness may be obtained from Coroliary
2.1. For this purpose, let fe C[R" X R, R"],

S{e) =[xeR:||x]| < ] and Z, =[x € R":|ix[| = 5].

Theorem 3.1. Assume that
(i) VeC[R™ % Z,, R] and V{1, x) is locally Lipschutzian in x;
(il be Clls, o), K] and for (1, x)€R* X Z,, Vi1, ) > b (Jx]);
(iii) for every (t,7) € R* X {p, ) there exists a PB(r) > p such that
v < r tmplies V{t, x) < b(B(r);
(iv) g€ C[R* X R,R) and for (t, x) e R* xZ,, DT V{1, x) < gz, V{1, %))
(v) ewvery solution u{t,t,, uy) of the scalar differential equation

' == g(t, u), u(t,) = Uy, b €R+’

verifies the inequality u(t, t;, ug) <<b(B(r)), 1 =t,, for every r ¢[p, ], pro-
vided uy < b(B(r));

then, the differential system (2.1) is untformly bounded.

Proof. Let e (p, o) and t,€R™. By (iii), we have V(z,, x,} << &(B(«))
if v, < Set E=2,, H=S(f)\.S(z), G= 4S(8) and a(r) = b(B). Then
%, « « implies x(¢y, t,, %0) € S(B), = 2, To prove this statement, we appeal
to Coroilary 2.1. First of all, observe that only those solutions x(r, 75, x,)
of (2.1) with {lx,|| < « that reach oS(«) for some 7, > ¢, and leave G remai-
ning in H thereafter, need to be considered, Hence for such solutions, if
%, = o, where x, = x(t,, t,, %o), we have V (z,, x;) <& (B(=)), by (iii). All
the assumptions of Corollary 2.1 are thus verified and, as a consequence,
the theorem is proved.

Let M be a compact set in R* and suppose that it is self inv.riant
with respect to the system {2.1). Tor any set M, let S(M,p) =[x e¢R":
:d(x, M) <~ ¢]. The theorem that follows gives general criteria for the sta-
bility of the set M.

Theorem 3.2, Assume that

(i) VeC[R" x SM, p)\M, R, V1, x) is locally Lipschitzian m x
and Vi1, x) » —w when d{x, M) = 0 for each 1€ R";
(i) be C[R* % (0, ¢), R] and for (1, x}) € R* x S(M, :]N\M,

Vir, x) = ble, d(x, M));

3 — Matemalich
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i

(iii) ge C[R" X R, R) and for {1, v) e RY x S(M, oINM,

Dt V(I': \’) == g(l, V(I: '\:))5

{iv) any solution ult, ta, M of (2.5) sarisfies 2ty 2y, ) = bit,r), t 1l
for every r€{0, o), provided ty = bltos 1)5

then the self invariant sl M is «able.

Proof. For every (L4, ) eR X (00), there exists a & = dlty, ) such
that xo€ S(M, 3NM implies Vity, %) < bltas €)s in view of assumption (i).
Setting E = S(M, o\ M, H = S(M, eN\M, G= AS(M, =) and a(r) = bz, ),
we see all the hypotheses of Corollary 2.1 are verified. Hence the con-
clusion follows.

Remark. Notice that the Lyapunov-like function used in Theorem
3.2 is neither positive definite nor defined on the set M.

Let M and Y be any two subsets of R" such that MC Y. Let us
assume that Y is conditionally invariant oD M with respect to the diffe-
rential system (2.1). For the definition of conditionally invariant set and
its stability see [1, 3] We then have.

Theorem 3.3. Assume that

(i) VeC[R" X S(Y, e), R] and Vi, %) is locally Lipschitzian in X

(i) ge C{RT X R, R] and for (z, %) eR" % S(Y, p) M,

DV, %) < glt, Vit x5

(iii) b € C[R* X [0, ¢), R] and for (1, x) e R* = S{Y, \M, Vit, x) =
> bit, d(x Y))3 |

(iv) whenever x €M, for every (& r)eR* % (0, o), Vi, x) < blts s

(v) every solution ult, to, to) Of (2.5} satisfies, for every r€ (0, p), the
inequality u(t, to> u,) << blt, 7}, t = los if up< b{to, 1)

Then the conditionally invariant set ¥ on M is stable.

Proof. Let (1o, )€R™ X (0, o). By (iv), there exists a 3 = 8(io, z) such
that x, € S(M, IN\M implies  V(tq, %o) < bitgs ) Srated result follows by
appealing to Corollary 2.1 when we set E=8Y,p)y H= S(Y, )N\M,
G = 38(Y, <) and a(t) = b(t, €).

Remark. 1f the sets M and Y are bounded, the stability information
obtained in the foregoing theorem is of real practical interest. Observe
that the definition of conditional invariant set is so general, it includes
many situations. For example, a case of interest is where M is 2 compact
self invariant set which is unstable and Y is an unstable subspace of R".
In such a case, although the above result prevents the scattering of solu-
tions throughout the space R» apd channelizes along the neighbourhoods
of Y, it is of little practical significance. A more useful concept in such
situations, may be def ined as follows:

Definition. The ser ¥ is said 10 be

(i) restrictively stable on M, if for every e 0 and 1,€R7, there
exist positive numbers S = By, 2 and &= Bllos 2) such that x, € S(M, 8)
implies
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%(2, Loy %o) eS(Y, ) N SM, B), t =10

(ii) restrictively asymptotically stable on M, if (i
;9 ERT, rher)e exist positive numbers 8, = 3(1‘0), a{u}l) ﬁi:oiisﬂgn)d {zf:hwrezz
Y 57, tg, o) = A € ¥ () S(M, Bo), uniformly on %€ S(M, 8). ’

f»®
A simpl it B
o 1 iss gligeen siclzlt of conditions that guarantee restrictive stability of ¥
T?eo;ené 3.4. Assume that
1 e C[R* X 8§ 9 . - .
or (&, x)) R X S[(Y, ;\%, o), R?}, V(t, %) is locally Lipschirzian in x and

D* Vi, ) <05

(i) be C[R*, RY and for (t, ¥) € R* X S(Y, p)\M,
Vile, x) > b,(d(x, Y)),

Vao(e, %) = b.(d(x, M));

3

(ifi) whenever x & M, for ever.
rxeM, v {t,7) €R° X (0, o)y Vilt, %)< b
for every (e,7) €R* X (0, p), th ] = s O s
f e < bg([ig - o), there exists a B= B(t,r) > 0 such thar x e S(M, rf
Ifl;"hen the set Y is restrictively stable on M.
it arogf;la,e(tt (t".’ s} eR* % {0,p) be given. By assumption (iii), there
crists 3 3= <°3:&3 > 0 such Bthatﬁ(::o es.)S‘(M\{IS) implies V) (r0, ) < by ()
an o(B), § = . We set E=S =
= [311;, s)ﬂg(M B)INM. First of all,‘J ’!ct us write G, = agh‘:ﬂ)saild—)find
alt) = 1‘(3). \n a?peal to Corollary 2.1 with g{t, 4) = 0 yields that sc;l:ltions
:cig, ruG, ,m_,,) a\gth ,309 S(M, 8) cannot leave G, for r >1,. Similarly, by set-
tiog cif2 -Corollra‘riv 2(11:[’ [tak)la?nc:oﬁl(:i)ofsb(ﬁzt, it el repeateti e
o cls Xily Lp» i
leave 'I(‘;tieelatgul" fog t ;zo.fHence the theox?er: oi)s ;:;l;ecjl%ES(M’ S
plicstions so far considered centered aro ind
gle sIIjall next discuss a result on conditional stability [;J] utilicz?égl'il?go? &
1. Let us assume, to that end, that the set M is self invariant s
Tl_leo;em 3.5; Assume that .
(511)) geecci:gi ' XXRS.::'(A/{%‘\'P]), }%:] Gmd_ Vi, x) is locally Lipschitzian in x;
for cach Y SRY and for (’t, 3 é §+, ;)S(;\S/I , Sm\s:&:,onatanc nondecreasing in u

DV, x) <glt, Vi, 2))5

(iii) there exist t ,
ced mplios v e Vit x) ¢ B ;A’ B such that MC AC R", {0} C BC R" and

(iv) b€ C[R* X (0, o), R] and for {t, x) € R+ X S(M, 5)\M,

S Vile, 2) 2= b0, d{x, M) ;

[
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(v) whenever V€ M, for (1, ) eR? % (0, ),

X
ST ) < bl 7
1=l
provided € d; o
(vi) every solution u(t, te, ) 0f (2.2) sarisfies

v
2 ;{1 tos 1g) < bt r), t2 Lo

im]

.
for all r € (0, ¢), provided u, € B and E 1o << b{ts )3

=1
then the self invariant set M 1s conditionally stable.
Proof. Let (o =) € R™ 3 (0, g). By assumption (v), there exists a
5 = 8(ty, 2 > 0 such thar

N
v € S(M, )N 4 implies 5 V.{t0, Xo) < bltos =)-
il

Setting £=3SM, ¢), H= S(M, o) \M, G = AS(M, =) and alr) = bit, ), we
see that ail the assumptions of Theorem 2.1 are verified and consequently
the proof is complete.

Remark. Notice that the foregoing theorem offers more general
criteria for conditional stability than known results [1].

We shall now discuss some applications of Theorem 2.2 and its Co-
rollary 2.4. First of all let us consider the criteria for asymptotic stability
of a self invariant set M.

Theorem 3.6. Suppose that the hypotheses of Theorem 3.2 hold. Assume
further that b{t, u) is nondecreasing in u for each 1€ R” and that there exists
a == (ty, o) = O such that every solution u(t, ty, #y) of (2.5) satisfies the
relation u(t, tg, #e) <blt,r) t = Io 4- 7 for all r€{0, p). Then the self inva-
riant set M is asympiotically stable.

Proof. Since, by Theorem 3.2, the set M is stable, we have, for
e=p, @ do= d{l,, p) such that 1. € S(M, 3,) implies x(z, %o, xo) € S(M, p),
¢t =1,. We therefore set F = S(M, 3,) so that the condition {iii) of Corol-
lary 2.4 is verified. Let (te, ) €R™ 2 (0, 2). Write D = S(M, =) and observe
that for (r, x) € EN.D (recall that E = SIM, o)~ M), V(, ») = bl ) because
of monotonicity of b(z, «)). If we choose alf) = b(z, ), this shows that
assumption (iv) of Corollary 24 is satisfied. The rest of the hypotheses
are checked already in the proof of Theorem 3.2. Hence the conclusion
follows from Corollary 2.4.

We now merely state 1wo theorems on other kinds of asymptotic sta-
bility whose proofs can similarly be reduced to Theorem 2.2 or Corol-
lary 2.4.

Theorem 3.7. Assume that

(i) VeC[R" x S(Y, o), R] and Vi, x) is Jocally Lipschitzian in X;
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(ii) ge C[R* x R, R} and for (1, x) e R* X 8(Y, p)\M,
DIV, x) <glt, V2, %));

(iii) € C[R* x [0, p), R, b(t, u) is nondecreasin in 1 g/ }
and f?g‘ )(r,;) €eR" % S(Y, o) NM, V(i x) = b(r, d(x, é;/)); ¢ for each te R
iv) there exists a v = <(ty, ) >0 such that Juti
of (2.5) satisfies the inequalit ;0’ ! poil s ettt

u(t, 1y, ty) < b(t,r), 1 =g+ 7,
for every re (0, );
then (1) the restrictive stability of Y on M impli feti
srotic eatitiy of ¥ o M 'y of mplies the restrictive asym-
(2) the stability of conditionally invariant set Y mplt
as ymptotic stability of ¥ on M. ? on M implies the
Theorem 3.8. Ler the hypotheses o Theorem 3.5 hold. Assume further
that b(t, u). is nondecreasing in u for each 1€ R and that there exists a ==
= (o, 1) = 0 such thar for anv solution wu(t, to, uy) of (2.2}, the relation

N
E!u;(t, to, ty) = blt, ¥, 1=ty + =, holds for every re 0, 9); then the self-

imvariant set M is conditionally asymptotically srable.
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REZULTATE GLOBALE $I STABILITATEA MISCARII
Rezumat

. Se discutd in primul rind doui teoreme globale privind teoria stabi-

lxta'ql‘c_u caracter foar_te ger}eral, cu ajutorul unor functii Liapunov si al

:zge“?s l:ncgahta;g.llo_r" d.{fe;en;‘}ale. Se dau apoi, drept aplicatii, diferite rezul-

no;iuncapl;f S[ab'll itdgii §i mdrginiry mlscgrllor. De asemenea, introducind

oo o e sc;g gt 1ta}e restrictivé care e de interes practic in anumite situatii,

e consem'] 1}11 suficiente pentru ca un astfel de concept si fie valabil
cintd a unor rezultate globale,



