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LYAPUNOV STABILITY OF CONDITIONAL INVARIANT SETS

BY

S. LEELA

1. Introducing the notion of conditional invariant sets, Kayande
and Lakshmikantham [2] discussed the Lyapunov stability criteria
of such invariant sets. This interesting work made us realize that the clas-
sification of invariant sets and the study of Lyapunov stability with
respect to these different invariant sets, broadens the outlook and appli-
cability of Lyapunov’s second method. However, the sufficient conditions
given in {2] are not completely satisfactory in the sense that one can not
deduce from them, results parallel to those of Lyapunov’s original theorems.
Moreover, the problem of converse theorems is also open.

In this paper, we shall obtain necessary and sufficient conditions for
the stability criteria of conditional invariant sets and also discuss a pertur-
bation result. The treatment is parallel to that of Lyapunov’s theory and
also contains it as a special case. Furthermore, the type of Lyapunov
functions employed in the development demand less restrictive assumptions
concerning the decrescent character, which is a definite advantage. The
important and interesting result of the paper is, perhaps, theorem 3.1,
which shows that no matter whether the given system enjoys the stability
properties or not, there exist Lyapunov functions having all the usual
properties, except the positive definiteness and theorem 3.2 corroborates this
claim. In fact, the remark that follows implies that even for obtaining po-
sitive definiteness stability is superfluous and all that is important 1§ an
estimate of the type (3.11) which does not necessarily imply any stability.
2. We shall use the following notation in the sequel:

? = [tus O‘J), I0> 0:
R — euclidian space of % dimension,
| x| = any convenient norm of xe R,
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R . = non-negative real line,

d(a,B)=inf[ a b|,be B], B being any sct in R¥,

S(By2) =[x e R 1d (x, B) <¢),

ClF % R, R*] = the class of functions defined and continuous on
¥« RY, taking values in R%,

7 = the class of functions a¢ C[0,¢), R+1 such that a(0) =0 and
a{(u) is increasing in #,

[ — the class of functions c€C [R,,R-] such that & (s) is decreasing
in s and a(s)—> 0 a8 § = >G.

Let us consider the differential system

(2'1) x' =f(t’x)3 x(ru) = X0,

and let x (2, 1,,x,) denote a solution of (2.1). Suppose that A,B are any
two subsets of R such that AC B.

Definiton 2.1. The set B is said 10 be conditionally invariant with
respect to the set A and the differsmiial system (2.1) of x4 smplies x {t, 1y,
x,) € B, tef. In the special case when B = A, B is said 1o be self-invariant,

Definition 2.2. The conditionally invariant set B is said to be umi-
formly stable (i) if, given € > 0, there exisis a d(z) > O such that x,€35{4,38)
implies x (1,15, %) €5 (B,e),t € F, or (i) ¢f there exicts a ©€ X such that

d (x(f 205 Xo) » Byl (%0, -1)); re .
Deiinition 2.3. The conditionally invariant set B is said to be unifor-

mly asymptotically stable (i) if it 1s uniformly stable and if, given any = >0,
theve exist positive numbers 8y, () such that xy €S(A4,8,) implies x{t, tas
x) €S (B,2), > 10 T T'(5), or (ii) if there exist functions PeX and ceL
such that

d (1 (1 10, 30) BY < & (d (3, ) m (e — 1)y 1€

Ler us now state the following known results [1] that we shall be
using later.
Theorem 2.1. Assume that

@) feC[Fx R, RY} and VeC [FxRELRL VD, x) s locally Lipschi-
tzian in x and for (,x) € ¥R,
D V{x}=lim sup ;—[V(r xR f(nx) — Vi, )] <

P

(22) <g(r: V(I: il

where ge C[J =R, R],
(i) (2,20, %0) 5 the maximal solution of

(2.3) wo— glt,1), ) =tz 0

existing on J.
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Then V (ry,x,) <7 u, tmplies

V(t,x (2,80, X)) < r{t, 1o, ),
as far as v (1,1,,x,) exists.
Theorem 2.2. Ler fe C{J~ R, R¥) and for (1,x), (1,y) € J> K*
NfEx)—f Bl =Linix—yl,
where Le C{¥,R.). Then, for 1¢¥

i

2.4) %, — wollexp \L 15)ds] < [ {52 fo, 10 = 2t tes ) || €

xe —ynlexp | Lis) ds)

where x (81,5 %), X (1,14, ¥o) are the solutions of {2.1).

3. Let us begin with the necessary conditions for the stability criteria
of the conditionaily invarient set B. Before proceeding to that, we shall
first of all, prove the following resuly, which may be considered as ,
basic tool in discussing the converse theorems. )

Theorem 3.1, Assume that

(i) fe CLFX R R and for (1, x), (5, )€ F X R*
flox) —fe,ni<Llx—y

3

where Le C{J,R ];

(i) geC[F#R ,R)g(r,0) =0 and for 1€, u,v -0,
gl u)—g (o) <MU) (- o), u>o,
where Me C[J, Rl.

Then there exists a funcrion V (1, x) such that

(a) VeClFxS(B,2),R.} and V(t, x) ~d{x,4);

by | Vie,x)—V (t, ) < K@) ||x—nr|,where KeC[F, R.}and Kitgt=1.
(€) D' Vi(r,x) <, Vi, %), (6,x) € 22 8(B, 2).

Proof. We notice that the assumpti i i
) _ ptions (1) and (1) guarant
\t;l}:lnq\;ene_ss and continuous dependence of solutions of ((2.)1) Dané m(QC?‘}) [Sg
at letting x - x (1, te, X)), we have x, = x{ts, t, x). )
If u(s,2,,un,) 1s the solution of (2.3}, we define

{3.1) V(tyx) = u(t, 10, d (x (£, 1, x), A)).
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Notice that, because of (i), ¥{fo;7, x) is well defined for (r,x) e J = S(B, e}

and therefore (a) is veriticd.
Denoting x (¢ - 2, tos Xo)

Vit +hs*}y=ull-+ Byt d{x (ty, 7 + hy x*

in view of uniqueness of solutions of (2.1)

by x*, we observe that
), A= (24 I 10, d (% {tos 15 %) A)),
_ As a resuit, it follows that
(3.2) lim sup L (Vi + hx*)— V{t,x)} = lim supl—[u (t-+hy ty,d (x(Zos 15 1),
w0t B YR
A}) —u (‘: Ios d (x (to,r, x)3 A) ] =& (ts v (t: x))'

Furthermore, 8s a consequence of theorem 2.2, the assumption (i)

yields the estimate

, et

(3.3) 'xy— Yol = x— vl exp \ SL (s) ds.

where x = x (£, 25, %) and y = x {t, tos Yo)» Similarly, we get

yo|epr{M(s‘)a’s‘, tet,

L

(3.4) 2 (£, 20 to) — 8 {15 105 Yol | =2 | ug

in view of (ii). Hence for tef,x,y€S(B; g, we obtain

| 14 (t: x)_'V(t:y) "_'I i (ISIOJ d (x (tﬂa L3 x)JA)}"—“ Et, to:d (JC (tos t:y):A)) l-{.
< | d{x{t, 2, x), A)—d (x (Lo, 5, V)s A) exp(%M {s) ds )<

L3

t

)l exp ( \M (s) ds ) <l x—] exp(.S (L (s) + M (s)) ds\ -

fo

ix (tu>t:x) — x(ta,t, ¥
(3.5) 5
— K@)ix—yi
Here, we have used the retations (3.1), (3.3), (3.4) and
d(x,4) —d(y,4) <lx—yl
Observe that K {to) = 1. This proves {b).
Tt is now easwy to prove (C), from (3.2) and (3.5), using the standard

arguments as in [1}. The proof is complete.
Having the foregoing theorem at our d
the necessary conditions in a unified way.

isposal, one can readily obtain
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Theorem 3.2. Assume the hypotheses of th
of the following conditions hold, inyﬁddin':n:af e

(1), (3.6) d(x{t,00,%0), B) < B(d(x0,4)), te], BeX
and

(37) Y (“o)*‘gu(f:to,“o)a lEf, TEI;

(2). (3.8) d(x (2,10, %), B)=< B (d (%0, Ao (t — 1), 1€ F
and

(39) ﬁ(un)c(t——zo)gu(t,to,uo), tef, peX, ocel;

(3). (3-10) d{x (1,25, %), B) = Ld (x,, A) exp[p (2) — e (}], 2€ ],

where p€ X such thar p' (1) exists and p(t) -

Then, the function V (1, x), in addition zf; havs. 0l the properti

3.1, is positive definite wi;h respect to the set”g. all el properties of ey
Proof. Assume (3.6) and (3.7). Then, because of (3.1), it follows that

V(l, x) =l (IJ tosd(x (tO: 4 x), A)) =Y (d (x (to,t, x)s A)) =
>y p 1 (d(xB) =b(d(%B)), beX

This proves that V(z,x) satisfies the additi iti i
nitencsss \_&;ith respcct’to the set B, if a(l)ll'llg?;sl iRl gt
imilar conclusion is immediate, when (2)' holds, I
s~ : . In the case of (3)
) redgc(c;; 20 o' (#) u so that u(t,2,,u,) = ugexp e (z) — p (2)]. chce’

V{t,x) =d(x (05,1, %), 4) exp[p (to) — ¢ ()]

and consequently the positive definite
ently ness follows at once. Th i
K {1), occurring in (3.5), now becomes equal to e

uﬂﬂ@—ﬂﬂﬂL@ﬁ}

Remark. Instead of o iti .
theorem 3.2, an estimate (;lfe t(l'))f: }lzermcondltzons (1), 2}, () assumed in

(3.11) d{x(t,te, %), B) < uty to,d (%, 4)), 1€f

is al i i iti

b i )t}::itt lllsrgg:u;etti t% g%al:antee the additional positive definiteness of
5 ct to B, 1s is clear fro I

It 5 mmporian \ m the proof of theorem 3.2

t to note thatthe estimate (3.11) ily imply

E 0 1 3. need not necessarily impl

sug’p rtl{‘?;uo; stability of the conditionally invariant sct B. This shgws Fhi

Ly g facl:, _mem:one‘d' in the introduction, that for the existence of
punov functions stability behaviour is superfluous,
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4. In this section, we shall statc a direct theorem which gives suffi-
cient conditions for the suability criteria of the conditional tnvariant set B.
We make use of the special type of Lyapunov functions obtained in the
earlier section.

Theorem 4.1. Assume that

(i) there exisis a function Ve Cl1F X S(B,p), R} such thar V(t,x) 15
locally Lipschitzian in X, positive definite with respect 1o the set B and
Vi, %) < a (d(x,d)),a€ X

(i) feC[FxR,R and the inequality (2.2) holds.

Then the stability properties of the irivial solution of the scalar diffe-
rential equation (2.3} wmply the corresponding stability criteria of the conditi-
onal invariant set B wirh respect o the system (2.1).

Proof. We shall prove only the uniform stability of the conditionelly
ipvariant ser. The proof for the other cases can be constructed on the
basis of this with abpropriate modifications.

Since V (f,x) 1s positive definite with respect to the set B, there
exists a function b¢ X such that

(4.1) Vi, x) = b(d(x, B)).

Let 0 < = < p be given. Assume that the trivial solution of (2.3) is uni-
formly stable. Then, given b{z) >0 there exists a 8 — 8 (<) =0 such that
1, < 5 implies.

&2) u (tsll)!u[})"/\b(s)s tef.

Choose #, = a(d (x,A4)) and a (3,) =38 We claim that X (f,25, %) =
=x(1)eS(Bz),ref provided x, € 3 (4, 5,). Suppose that this is not true.

Then, there exists a solution x () with a(x,,4d) < 5, and a n>=y such
that

d{x{r),B8) =+ and d(x (0),B) % tEln SR
Thus we have, by (4.1),
(4.3) f'(rl,x(tl))}b(s).

For te[t, 0], d{x (@), B) <3¢ and hence the choice #,=a(d (xy,A4)) and
the inequality (2.2) yields, as a consequence of theorem 2.1, the estimate

(4.4) Vi, x (7)) Lt testh)s? €[ta 1]

whare (I, To,4,) is the maximal solution of (2.3). At =1, We obtain,
using (4.2) and (4.4}, the inequality

I/ (Il ,X(h)} é r{t.,In;”u) <b (:)

which contradicts (4.3). This proves the uniform stubility of the conditic-
nally invarian:c set B.
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Corollary 3.1. If g(r,u) =0 in theorem 1 iti i
riant set B is uniformly*sra,blzs. ol A

Corollary 3.2, If g{r,u)-- C(u),CecX, in th
o0 - . 3 Qr .
conditionally invariant set B is uniformly )asympt(;tically sctab?: L

Remark. 1t 15 clear that corollary 3.1 corresponds to Lyapunov’s first

theorem. Corresponding to Lyapunov’s second theorem, we have the fol-
jowing two situations:

) D Vix) < CldxA), CeX, (x)€IXS (B,
(i) D Vx)< —CdxB), CeX, (,x) ¢I%S(B,2)

instead of the inequality (2.2).

In case (i}, it can be easily i ‘
. asily shown using the standerd argument
- - . a s l
with appropriate changes, that the set B is vniformly asymptotically stab[le].
However, since V(t-, x) is decrescent only at ¢ =¢,, case (i) does not reduce
to cerollary 3.2 as is to be expected.
In the situation (ii}, it is only possible to prove that

{4.5) lim infd(x{1),B) =0,

[+ @

and e problem of finding additional restriction to guarantee uniform
asymp1otic stability gf the set B is open, It is easy to observe that (4.5)
is true even when (ii) is replaced by '

D+ V(t,ﬁ)- -~ (d (I,Ao)),

where A, is any set such that 4 C 4, C B, becau
i ecause d(x, Ady) =d| .
5. Finally, let us consider the p%rturl;ed system (%, o) = (x, B)

(5.1 ¥ = fl,x) + R, x), x (to) = Xy,

and state a result which concludes the preservation of stability properties
under constantly acting perturbations.
Theorem 5.1. Assume that

(i) The conditional invariant set B is generali ]
‘ eralized ex
with respect to the ser A and the system (2.1)g; paneniaily stabl

(1) fe CIFx R, RY and for (t,x), (1,y) € FXR,

If(tax} _f(ra.y) é—L(I) Ilx— Yis
where L ¢ C{J,R4];

(iii) R ¢ C{¥ xR RY and for (t,x) € Fx R,
R (5, %) |< w(,d(x, B)),

where w e C[¥ » Ry, R.],w(,0) — 0 and w(t,u) is non-decreasing in u.
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Then, the stability criteria of the trivial solution of scalar differential
equation
W= — ¢ (Du+ KDwlu), (1) = 1 (to) = 10 =0,
imply the corresponding stability properties of the set B with respect to the

perturbed system {5.1). )
Proof: By virtue of theorem 3.2, there exisis a function V (¢, x) such

that
V (tg, %) = d (x, 4)
Vs — Vi) <K@le—l
D V(%) ay < — ¢ (1} V(5%
Now, the standard computation shows that
Dt Vi, xon < — ¢ OV (53) + K@)V ()

under the assumptions of theorem. Tt is readily seen that theorem 4.1 Is

applicable and the proof is complete.
Remark : It is interesting to prove a COMVErSE theorem parallel to

Massera’s theorem (1] in this set up. We are, however, unable to prove such
a result.
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STABIL{{'ATE LIAPUNOV A UNOR MULTIMI CONDITIONAL INVARIANTE

Rezumat

Se obtin conditii necesare si suficiente pentru criterti de stabilitate
ale muljimilor conditional invariante si de asemenea se discuti un rezaltat
cu privire la perturbatii. Metoda de lucru este paraleld cu aceea a teoriel
lui Liapunov §i o conpine ca un caz particular. Functia 1 japunov utilizatd
cere conditii mai putin restrictive privitoare la caracterul descrescitor. De
asemenea, in teorema 3.1 s¢ demonstreazi ¢, indiferent daci sistemul este
stabil sau nu, existi functii Liapunov care au toate proprietitile obignuite

cu exceptia caracterului de a fi pozitiv definite.

ON ASYMPTOTIC BEHAVIOUR OF FUNCTIONAL DIFFERENTIAL
SYSTEMS

By
G. LADAS and V. LAKSHMIKANTHAM

Presented at the .. Myller” Memoriad Scientific Sessicon, loasi
Auguist 20—25, 1970 '

1. Introduction, In the last few years, there i
snterest in the theory of difterential eqjilam;ns wntlilaigg:gczn z::lgczfr?:::sg
These equations describe physical systems, the future state of which depends.
not only on the present siate but also on its past history. Much of the
recent literature has been devoted to the extension of known results for
ordinary differentisl cquations o differential equations with retarded
argum\;}nts (quctronal differential equatrons).

y e, 'n the present paper, wish to investigate this problem

£1rst, \_atfe study the asymptotic behaviour of the soglutlons of 2 f unct:ofll;}‘tg?; L
feremldl system, through a new comparison principle. Using these results
we study the asympiotic relationships between the solutions of a nonlinear
perturbed functional differential system with those of the corresponding
%nperturbec(li differential system. Qur results generalize recent results of
|hl;33?oex;c eant o}Wong [2] for ordinary differential systems. Next we study
7 Torosphel_d,,asymptonc manifold of solutions®, motivated by the work
e recentll bze [6], for scalar ordinary differential equ:tions, and intro-
N yhy Hallam and Heidel [3] and also studied by Ladas,
s secondmdamdgpd Leela [4]. Finally we apply one of our results
35 second ;m‘: er di lferent:al-d:f ference equation obtaining a genersalization
e equanonlsl, result in Bellman [1, pp. 114-115) for ordinary diffe-
f. ? SN:tatlIi)n. Let ¥ denote the half-line 0 <7 <o and R" the eucli-
COrrcs;)o rix)dicrf' et |- || denote any convenient norm of a vector and the
TR g norm of a matrix. Given any © =0, let ¢*=C[[-=,0],R"]
R 1¢ space of contnuous functions with domain [ — ~,0] and range
in R*. For any element ®¢ &, defin. the norm ’ 2



