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s=s=oa=1, u=r10-+1 and

v

i) In (2.3), substituting p=r=1~0, ¢ .
¢' = w, we have a results involving Appel’s function Fifl,p. 14, with 7 b
and employing the formula [4,p. 105(3)], we have after lirtle simplifica-

tion, an interesting formuly,

i (bl In

: Edeyy —ny by 4 1,6y, 81 5,5). 2" 1 — ) {4 xs
weh A

(2.5}

; Xyz y
y-—3) wHoey, bis B Lo
1+xzg—y—27 Ivxsy— 3

where H, is the Horn’s function [4,p. 223, (15)].
dii) In (2.4), substiwting p = 7 L), g=s=z=na=1, i =, and
w -w -1, we have a result involving Appell’s function F..
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ASUPRA UNOR FORMULE DE SUMARE CUPRINZIND FUNCTIILE LUI KAMPE
DE FERIET
Rezumat

Obiectul articolului este stabilirea unor formule de sumare pentru
funciia lni Kampé de Fériet. Pentru obtinerea rezultatelor se utilizeaza
tehnica operationald si metoda inductiel finite. Unele din cazurile particu-
lare sint mentionate.

—— ey

ON A RELATION INVOLVING HARDY’S TRANSFORM
RY

8. L. KALLA

1. Let 7 (1) denote any funcrion of a prescribed class of functions
defined on a given interval (a, ). Further let % (7, p) denote a definite
function of ¢ on that interval for each value of p, a parameter whose
domain is prescribed; then an integral transform 7'/ (r);pt of f{f) is
defined by means of the integral equation: ‘

@

) TUWs0)— o\ kR SO,

where the class of functions and the domain of

: parameters are so prescribed
that the integral has sense. The function % (f,p) is known as tlljle kernel
t:lf ttl:e trs;nzform. Herefwc shall restrict our attention to the case in which
he kernel %(r,p) is a function of rp alone, & (z = 4 = : i
case has the widest applications. ’ 7GSRI

By taking a suitable Special Function for the kernel %(z, p) in (1),
various integral transforms have been defined and developed by many
authors including Erdélyi [4], Meijer [9], Varma [15], Bora, Kalla
& Saxena [2] and Guprta and Mittal [6]. '

By taking a kernel ¢ F,,, (pt), where

EoL (1) = (—DE[(1]2)r]riemie
| Tl (et T k) o A-14-v-14)

Hardy [7, . 62] has ziven : - . .
vo[7, pe 62] hus ziven a generalization of Hankel’s transform
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(3) H,{f (r);p}—ugrf (1) Fo (pr)de, 1 -0
by means of the integral equationz:

() H, (1) ;05 ; E, . (pt) /(1) dr.

.
[}

If we set z— 0, (4) reduces to (3).

In the last decade 2 number of papers [i, 10, 11, 12, 13, [4] have
been published on obtaining u relation between Hardy’s transform and
other integral transforms, having a particular special function for the
kernel k(1,p) in (1). In the present mote, we wish to unify all these results
concerning relations between Hardy’s transform and other integral trans-
forms, by establishing a relation between Hardy’s transform and the ge-

neral integral transform (1).
A few particular cases are also mentioned.

2. Theorem : If

(3) T{ef{e); pi — SR (t,p) 2 v f(e)de
and "

(6) Ho o0 fl2) 555 = \.tf[r_; E, . (st)d1
then

sin (« + -,)Rs-H., (D) s 3Dy (s, p) ds —

1

T{»f(t);p} = cosec (¥7)

3

{7) — sin () \.5 H, f{1); s, p)ds

where

- L]

by (s, p) .\'k (z, p) t* F. (st) dt and by (s, p) \.k (¢, pyerJ oo (st) dr
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provided
(&) 25— 1, (x> 1, (2429 <32, [v| < 32, /()

be integrable over (0,3) where 8 >0 and 6 = min (1 - |- 22, 1j2), ' f(1}
be integrable over (8, 00) and

B) R{zx+ v+ 24 1)>0 where kipr) ~01( ¢t2) for small t and

1) if ¢< 0, then Ria - --1) <0,

(i1) if ¢ = 0 then R (b) > 10,
where k(pt) behaves as t* e~ for large values of ¢ and the integrals in (7)
are absolutely convergent. '
- Proof. Let the conditions under (A) be satisfied ; then by the inver-
sion theorem for the Hardy’s transform as given by Cooke (3], we have

(8) finy — \.SH.M s sy M, (st) ds
where
{4 M, . (1) =cos (z=) J. {r) + sin(ax) Y, {z).

From (5) and {8) we have
Titf(1);p) = \k (t, p) t* dz\sH‘,,‘J. £(0) 55 M, . (st) ds
= \ SH. . if(0);s) ds\k (t, p) 1> M, o (s1) dt —

: \'sH, Y10 ;s}ds&k (8, ) £+ [cos (x7) T, (st)

i osin (x5=) Y, (se)] dr -

.

cosec {v) SsHM{ {t) ;53 ds Rk (g, pyelsin (o - v)= F, (st)-
sin (o) F-. {st)] dr ;

on changing the order of integration, which is justified by the absolute
convergence of the integrals, under the conditions stated by the theorem,
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cosec (a) | sin (250 u),—\'sH,,,a{f(;)s}dn (s, p) ds —
o
— sin (or) \\ Hy o (F ()35 Da (s, p) ds |
:, |

Particular cases: If we set, & (pt)=e- 12t pr "

]

T Wip L o (pr),then
the transform (1) takes the form of a generalized Laplace transform as
eiven by Matnra [8, p. 23] and consequently our theorem reduces to a
relation between Mainra transform and Hardy’s transform as obrtained
by Nigam [10, p. 283], which itself is a generalization of many results
given earlier by Singh [Il, 12], Srivastava and Bhonsle [13],
Varma [14], and Bhonsle [1].

If we rake Fox’s H-function for the kernel &(pr) in (1), then it
reduces to the H-function transform of Gupta and Mitral {6} and
consequently our theorem bscomes a relation between this transform and
Hardy’s transform. Similarly many other relations between Hardy’s
transform and other integral transform can be established by using our
theorem.

REFERENCES

1. Bhonsle, B. R, — A relatian berween Laplace and Hankel transforms. Proc, (Glasgow
Math. Assoc., 5 (1962), p. 114 — 113,

2, Bora, S L., Kalla, S, L., Saxena R, K. — On integral transform, Univ. Nac
Tucuman Rev. Ser. A, 20 1970).

3. Cooke. R. G. — The tnwversion formula of Hardy and Titchmarsh, Proc. Iondon
Math, Soc., 24 {1923), p. 381 —-420.

4. Erdélyi, A. — On some functional transformations, Univ. Politec. Torino Rend. Sem.
Mat., 10 (1950 —51), p. 381 —420.
b, Fox, C. The G and H-functions as symmerrical Fourier kervels, Trans, Amer. Math.

Soc. 98 {1961), P. 385—429.
6. Gupta, K, C. & Mijttal, P. K The H-function transform, Jour. Aust. Math.
Soc., 11 (1970), p. 142—148,
.Hardy, G. H. Some formulae in the theory of Besse! functions, Proc. Londen
Math. Soc., 23 (1925},
8. Mainra, V. P. — A4 neww generalization of the Ladlace iransform, Bull. Cal. Math
Soc., 33 (1961), p. 23—31.
9 Merjer. C. S Uber erne Erweiterung der Laplace transformation, Pro-. Kon, Neder
Akad. van. wet.. 5 (19403,
10, Nigam, H. N. — A relation berween genevalized Lapiaece and Hardv’s transform, Mar.
Bec., 7022 1970, p. 285 288,
11. Singh, 5. P. Relation:  between Hanke! transform uand  the generulized Laplace
rransform. Proc. Nat. Acad. Sci.. India 32 (1962}, p, 355 359,
12, Singh, 8. P. ~ Relation betiveen the Hankel transform and the generaltzed Laplace
transform, Proc. Nat Acad. Sci., India 33 (1964), p. 431—436.,
13 Srivastava, K. N, &Bhonsile, B R, A relation bericeen Laplace and Hardy’s
rransform, Math, Student, 33 (18650, p. 103114,

=1

h v RELATION INVOLVE PIARDY S b 117

4. Varma, C. B. L. Relations between Hankel and  generalized Luplace transforms,
Proc. Nat. Acad. Sci., India 30 (186t), p. 102—107. o _
Verma, RS On a generalization Laplace fntegral, Proc. Nat. Acad. Sci. India

1951), p. 209216,
Instituto de Marematica,
odveritdad Nacional de Tucuwmidn

ASUPRA UNILl TRANSFORMARL CARE CUPRINDE TRANSFORMAREA
1 UL HARDY

Rezuomut

In lucrare se unificd mai multe rezultate referitoare la relagia dintre
transformarea lui Hardy ¢i alte transformiri integrale, S[{lblllnd}l-s:e o le-
giturd intre transformarea lui Hardy si transformarea generald (1). Din
aceastd relatie se deduc diverse cazuri particulare cunoscute.



