ON THE LINEAR CONNEXIONS ON A MANIFOLD ADMITTING
AN ALMOST COSYMPLECTIC STRUCTURE

BY

R. MIRON and V. OPROIU

Let us consider on the (2r + 1)-dimeusional, C=-differentiable ma-
nifold M an almost cosymplectic structure, defined by the quadratic
dif ferential form ¢! and the Pfaffian form w, satisfying the condition :

M ANew =0,

We have determined, [6,7}, the general family of the almost cosym-
plectic and conformal cosymplectic connexions. In this short note we shall
show that there exists a linear connexion defined on M so that the co-
variant dertvatives of the tensor fields associated with the forms Q and
@, are two prescribed tensor fields satisfving only a condition of skew-
symmerry. Ler us denote hy A the tensor field of type (0,2), defined by:

AX, Yy =< X\Y; 0>,

where X, Y are two arbitrary vector fields. Let us censider two  tensor
fields O, g of type (0,3}, {0,2), respectively, satisfying the condition:

O(X, Y, %) == O(X, 7, Y).

There exists a linear connexion defined on M, so that the covariant deri-
vatives of A and o, with respect to this connexion are Q and q.

To prove this result we need some resulis on the algebraic properties
of the tensor fields A und «, [6,7]. There exists a vector field £ and a
tensor field I of type (2,0}, both defined on M, so thar if X' is an
arbitrary vector field, then:



£
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A, X) —  A(XE) — 0,
olE) =1,

A =—wd =0,
Ay-A—X-— (X)),

where oy is the I-form defined by: (Iy)(V) = A(X,Y) and the opera-
tions w4, w. [l are given in local coordinates by the following formulae:

II)

((-;.:T)' r-)jAj",

(o-A) oA (0,122

We shall determine the general family of the linear connexions sa-
tisfying the conditions:
(V_\'AI(Y, 7’) E= Q(‘\’s },) Z),
(Vxa)(Y) = g(X, V),
where by v we have denoted the covariant derivative, and we shall make

some remarks on the connexions of this type on the manifolds admitting
an almost symplectic or a Riemannian structure.

Let V be an, initially given, connexion and let us suppose that the
connexion VU is defined by:

(3) VeV =Vy ¥ 1 P(X, V),

(2)

where the tensor field P of 1ype (1,2), must satisfy the following system
obtained from the conditions (2):

() A(P(X,Y),Z) - A(Y,P(X, 7)) ('T\-A)(Y,Zl X, V,7),
W(P(X, Y)} — (Vyo)(Y) —g¢(X, ).
It can be easily verified that this svstem is equivalent to the follo-
wing system:

PLX,Y) — o(P(X, YNE— A, Pyd = (Vyel)y- 4 — Qo A

o{PLX, Y} = (Vye)(Y)—qg(X,Y),

where Oy is the 1-form defined by the relation (Qy,)(Z) = Q(X, Y, Z),
and Py is the tensor field of type (1,1) defined by: (Py)(Y) = P(X, }
The system (5) is equivalent to the equation:

(6) PIX,Y)— Ay Ped =(Ced)y- A =Dyl L (Vea)(Y)E — (X, V)L

i)
'.'}.II

| g
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Introducing the tensor fields @,'F, ©, of tvpe (2,2] defined by :

V=l UeI—46 4,
s 1)(1 ol A- /}_,

0='(lGa E+vdEGI—eREQo®E),
2
the equation (6) can be written as follows:

. . . R = I R VAW A
1 (T‘\'A)]"A‘}“];(\_".\'w)(y'h ; Q.YX'A' o q(A>})L>
2

(8] v,.r

where the operation P is given in local coordinates by:
(EPY, =R Py 41,k h=0,1,.., 2
Considering the products ®4" given in local coordinates by :
P V.o — md Pk
(01 )u o {Dui P:..,:'
it is proved |6,7] thar:

d 1
G =T®L; db=0- ;@J (ST LY R - o,

) PE = O =¥h = ¥O = OO = OF = 00 = _ ©.
Then the equation (8) is equivalent to the following equation :
(¥ 4 O, Pr= " (Ved)rsamp-A 4 (Vo) (Y)E—
" — ; Ox, vromrs- A —q(X, Y)E.
One verifies readily that ¥ -- ©®, ® — @ are projectors i.e.
(T+0)+ @ —0)=IRI; F+NT¥+0)="+0;
Ui g _e)w—e)=0—0; (14 0)®—6) = (@—O)¥ +8)=0.

The equation (10} has a solution if and only if the operator h— 0,
applied to the righr hand side of this equation gives zero. This condition
can be verified by a straightforward calculation and then the general so-
lution of the equation (10) is given by the formula:
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PX, V)= ' (Ved)ysome A

1
2

29
(12 1 . ‘

(Vo) (Y)H Ov. viarp d-—q(X, YIE -+ (@D =, 8y,

)

where § is an arbitrary tensor field of type (1,2).

Theorem 1. 7% veneral family of the comnexions v, sarisfyving the
conditions; (Vo) (Y, Z) = QIX, Y, 72); (geo)(Y) - (X, Y), where Q¢ S(M)
ge (M) are given rensor fields with ON, Y, 7) (X, Z,Y), is given by
the formula .

\—\-}' 'Y}\'}’ + '1) (V"\'A)‘-_'_m,}- F-_/‘I‘-l_
(Vo) Y)E })Q‘., e A glX, V)E+ (b - 0),:Sy,

where ¥ is an arbitrary initial commexion and § ts a tensor field of type (1,2)
B PR . 1 : ) oy
Particular cases: If Q — ¢ =0, we obtain the almost cosymplectic con-

nexions and if Q=rd, g=p » o, we obtain the conformal aimost co-
simplectic connexions.

- Remark 1. If we consider an almost symplectic structure on the 2x-
dimcnsmngl manifold M, then we can find always a connexion so tiat
i1e covariant derivative of the fundamenial tensor ficld is a given tensor
field O of type (0,3), satisfying the condition Q(X, ¥,Z) — — O(X, Z, ¥).

Re{nark 2. Considering a Riemannian structure on the n;;nifo*c; M
we obtain a connexion $0 that the covariant derivative of the fundarnen.t'li
tensor field is a given tensor field Q of type (0,3), satisfying the .con'i‘i-
tion Q(X, ¥,2) =0(X,Z, ). - ’ S '

Remark 3. In the case of the almost horsymplectic structure consi-
dered in {9], we can find a connexion ¢ such that (V. AY, ) =Q(X, ¥,7)
if and only if @ sarisfies the following conditions: ’ o

OX,Y,7Z) = OX, Z, Y},
(X,vY,vZ) —0,

where @ is the projector on the vertical distribution of the given almost
horsymplectic structure,
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ASUPRA CONEXIUNILOR LINTARE PE VARIETATI ADMITIND O STRUCTURA
APROAPE COSIMPLECTICA

Rezumat

Se aratd cd pe o varictate diferentiabild de dimensiune impara, admi-
rind o structurd aproape cosimplecticd, existd o conexiune liniard astfel ci
derivatele covariante, in raport cu aceasta conexiune, ale tensorilor ce de-
finesc structura aproape cosimplecticd sint nigte tensori prescrisi, satisf dcind
doar o conditie de antisimetrie. Sint ficute citeva observatii privitoare la

aceeasi problemd pentru structurile aproape simplectice i Riemanniene



