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TENSOR INTEGRAL AND EXTERIOR DERIVATIVE
OF DOUBLE TENSORIAL FORMS

BY
1. GOTTLIER

Relyiny on A. Mo or’s works {7], [8], we defined [2], [3}, [4] in the case
of a n-dimensional parallelizable space, a multiple tensor integral on a p-di-
mensional domain (p < #), established Stokes-type formulae and with their
help we defined the exterior derivative of exterior tensorial forms. In this
work we shall generalize these results in the case of the space with linear

connection.

Introduction. Let V, be a n-dimensional space with linear connec-
tion having the connection coefficients Ij,, x and x" € V . Let T and T;
be the tangent vectorial spaces in x, »" respectively and 7" and T} be
their duals. One calls bi-tensor [11], an element of the space (®,71)) =
N THe(»,T.)® (®,T:) defined over the space V .V .

We shall admit the convention that the indices with prime, without
prime respectively, would refer to the points x’, x respectively. Thus, T
for instance arc the components of the bi-tensor TeT @ T..

With the change of coordinates
(0.1 x = x (),

the components of the bi-tensor T transform themselves according 1o the
relation

{0.2) T ==

which mav be zeneralized for several numbers of indices.
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Furthermore we give the definition of the transport bi-tensor formu-
lated by A. Lichnerowicz [6]. Let Q¢ V¥, be a domain homeomorphic
1o an open ball of R* with the property that for every pair of points
X, x"¢ L), there is only one geodesic arc /[y, v’ joining these points and
lying entirely in (). We may define 2 cunonical isomorphism 1, ., of
I on T with the help of the parallelizable transport along /(x, x'). This
isomorphism is the identity for x v According to this 1somorphism, to
every v€ I of components o, there coresponds the vector u. .ve 7' of
components o', wich are linear fonctions of ', namely

0.3 iR Ay, e
The quantities 4 are components of a bi-tensor he T . ", which
is called rransporr bi-rensor. Naturally we have
0.4} im A (x, vy — &%,
[

Let %/ (x, x) be the components of the bi-tensor % associated with
w'.. Narurally, the bi-tensor % achieves the isomorphism of T on T s
therefore

10.5) vl =Fkl(x, x')o"
and it satisfies the relations
(0.6) ARl =3¢, k| 3%,

Similarly we may define an isomorphism v of T on 7", Qut of

the invariance at the parallel transport of the scalar product v, it fol-
lows that this isomorphism is achieved by the bi-tensor % such thar

0.7) W, = kix, x' e

and the isomorphism v ' is achieved by the bi-tensor /; therefore

(0.8) u= (e, %',
The transport bi-tensor k satisfies ulso the relarion
(0.4 .l‘!r{*x‘k;,(x, Xy=Al.

Because of the relations {0.5) und (0.8), the conditions [0.4) and (0.9)
are preserved even if we invert the tendency towards the limit, that is

({0.10) lim7'(x, x) 8 and lim Ai{x, x') &L
i ,ot
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respectively. Since u. . v was obtained from o by parallel transport, it
follows from (0.3) that |
Pl o) = (e k)0t = 0,
where v is the covariant derivative operator. This relation being true for
an arbitrary vector v, we will have
(0.11) 1 b =0, |
Similarly we obtain from (0.3), (0.7) and (0.8) the relation

: 1 5 x J — .
0.12) g k=0 vk, =0; ryh =0 |
| im (£ ©. #) — 0. But in this expression
It follows from (0.11) that !'1_131‘ AT

. q y . !

and simmlarly from (0.12),

i ' hY = lim ; k 0
{0.13) h{Rv kY =0, I__’.v
and ’

i =1 Iimo: A =0,
(014 ]:1_1"1‘1"\—_,- k), s H..»T f

i 4 and & on may

f transport bi-tensors . omym

By e o e e spave | > T’)%) (v, T.) on the space (=) 1)«

obtain an isomorphism of the space (-~ T o1 e
® (>, T ) and conversely. Certainly, for an #-umes

travariant tensors 7° we have

C ) e B0 YT LD
(0.15) T 450 = k(i I 4y
respectively o R
0.16 T = b ) T s
[0.16)
where _
o) == T Ty
{0 ll" “u )
W12 B = L (x, xT) k2, ¥) Ry, ) etc

wy Ty -
-t expression
We call a double rensorial form |9] of order p-i- g, the exp

hte . RUBRIEE ) ..
('Jl'f)({)(i")(!) .= T(-'}U'] (k’J( ety

(0, 18) Hdx A o A dx'y) (% A - A tz'x':;,),
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where T is a bi-tensor. The differentials dr* and Jdx'Y commute themsel-
ves. Thus,

Pre  rdv rte Pty
(0.1 o N o= (= 1)rtr o A\

§ . The bi-tensors H and K. The quantities vy, A¥(x, »') are the
components of a bi-tensor T ¢ T:»T.&%1T,; therefore, using (0.6) we
may write

T, (v, x') = T8, Xy =T, (x, x) RL(x, XA (x, '),
ie.:

(1.1) A (x, x') = H; Hx, Xy A (x, &),

1
The bi-tensor A is a tensor of order three in x and 2 scalar in x'.

Similarly, the quantities V, #,.(x, x') are the components of a bi-ten-
sor Ue 7T, @ T, x T ; therefore

Ve Rilx, x') = U Hx, x') = Uy, XA (x, x) ALx, &)
and consequently

(1.2) Ve kl(x, ¥) = Ky, ©) Bx, x).

The bi-tensor K is a scalar in x and a tensor of order three in x'.

Now, let us apply the operator v, to the relation (0.6.1}. Taking (1.1)
and (0.5) into account and the fact that v, 8l =0,

(1.3) V, klx, X)) =~ H, i(x, x') ki(x, x').
In the same way, from (0.6.2) and (1.2} it follows
(1.4) Vol ==K, MR

From the relations (0.4),(0.9), {0.11) and (0.12), it results the following
properties of bi-tensors X and X

lim H{ "‘(.‘C, x’) ”: lim K;,}-,l’(.\', x') == 0_,
Tt o

(1.5)
HH =0, K =0

Applying the operator v, to the relation (1.1} we have
© V= 5 Hy ) B H R
respectively

B0 VoVl = (O Hyt - H

[

CH )

10 R M1 H “mOR (RSN
R} \ OUBLL bl AL
% Y

by’ [RE ST INTLORAL A
-y .

y

On the other hand ([10], chap. IIT, §4)

o b p e S BY, with 80 !
V”Vnh% S R ]

or using again (1.1),

1,“-¢JHWM.
e — - R P LA | sl t
.7 WAL ( g A l

Idemifying (1.6) o (1.7) we obrain

q H . = e H- LY, . o H .

] ) r R. . S - & i H ; ¢

i bt ; 17 n 11t { 1 y .
I)Illyl £ l) [ Oor T {8) II. ¢la 0 'l a d sing ne same

method we obtain | |
i o 1 R .'n' _S}- : v [(.I__.jlr' - K:._ K I

(1.9) AU K. "= o T
From (1.5), (1.8} and (1.9) it follows
1
i R R
. 1ot lim ¢, . K;' .]_'1 —R;
(1.10y  limy Hypf=— Rt i 8 ; )
Fate 2

As ¥, ¥, k‘,-' =¥,V k;, and |
vk K H R

Ve Vok =Ko v
| P 1
ove k= — Hig ! i Ky O

, b

it follows P
(1.11) Kot kb= — H-L_;_*‘R,k;.‘., Koy Ik B

Let (S,)C & be

i tokes-type formulae. e

§2. TFnsor mte'grzllldaﬁfiesﬂf) We s)lr‘lall define_rk'e rensgrdzircr:;gfa{"fjf

! p-dimensmnal dqo’?}a(\:). ; 'completely antisymmetric in the in Jyand,
the bi-tensor T, /77y i ip

on the domain (Sp) by means of the relation [4]

) o ey, (&Y x x"l JS.I].. I
1@%#W%ﬂﬂmwww“

£,

v o IS g,
R AR R () x, x')dSi e,
\ \ 1(!‘)' vy fl"'j.ﬂ( ’

.
S
5
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where (i) = (i'), (k) = (') and

(2.2 dSip =dxlt A opdite

Using (0.15), the tensor integral (2.1) can be written as
N At
' Uil x) =
(2.3)
T (s) i oy

] ‘\]e_-_‘ (xy &) BfECe, &) T @00 dSitn,

From (2.3) i
2. t follows that th iti

: e quan ; '
a tensor. nntns 4

If V. ., i .
f I,,_..,,, is a p-vector, we have ([10], chap. II, {8

are the components of

1 ’a o . *
(2.4) ‘\r i AP ;,,___\,)“ V,y S s
"'_."' {-;',,., . 3

:I\S‘). 1 o
. ») b;l;lg the boundary of (S, ;). But k) hiA) T 2 0 Y=
m x. us if S-: iS l . rl ' P =y o £ -vector
R L fmm( (.2?3: o (()'_;?) hypersurface, being the boundary of (8, ),

[ L) o [ )
(2.5) )

' \ f ,k:_. frik ['“f(y_}(_.)l , II ds
On the other hand ([10], chap. III, §2)

g .V . f

il i "' V“ V""'il?] +pS‘“Jh V o d ] ?

therefore (2.5) becomes

A T Y == ’ 0
Ui ) = \ (v, A2 T, 0
L R BT pan

2.6] M g
i \;)_1)
= bl2) Rk "’ j
RO RS T 0 A mjp]} A8ty -y,
where ({10}, chap. III, §5)
(2.7
) Wy d - y
I con A il Yy r Qi p |'.-_ZJ' F b i
o Ful
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We can write explicitely the first term under the integral with the

help of (1.1) and (1.3) namely,

(g I Tyt = (Hyg ko T — My ok by T
or
(2.8)
Using (2.8), (2.5) becomes

(v, ke ) Tt = (Hyy T — Hin TR Iy

Ut W) -\/eg;m--'-j Tiry Tl gy gt St

(2.9) TRRETS > :
Sp )
where
}l* L AL ("') I e (l.)
Vi 1 () dp il =V 1 w7 dyeigl
i
i o R O -
IL2.10) ZIHU iy o f L .ﬂ_x...ig,r:)i
x
Lo o : "
{ >— Hy i e re

Taking into account the definition of the tensor integral, the relation

(2.9) may be written as

»
gt () e dp = > ley « (&} [FEREEE
[-\I' r'f'i(? (i) Jyedy ash ! L VU | T P A "j;n]ds ; 3

L) (.SI,_H}

(2.11)

»

where (8,) is the boundary of (S,.1). The relation (2.11) is the generaliza~

tion of the Stokes-type formulae for the tensor integral.

The tensor integral can be defined as well with

variable of the bi-tensyr. All the results obtained may be trans
o

this case too, but instead of the operator ¢*, the operator ¢~ appears, in

whose definition the tensor K appears instead of tensor H.
§3 Double tensorial forms and exterior derivative, We shall call

double tensovial forms of order p + g’ [5], [9] the expression

respect to the second
posed for

Wia ; :
' et c (e () o d Ryl
(3.1 o = T dS Ty dSh ke,

rl

where T is a bi-tensor whose components are fonctions of necessary class.
We may introduce two exterior derivative operators [9] for double
tensorial forms which will allow to find simple expressions for Stokes-type

{ormulae.
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We can derive these operators to act upon double tensorial forms by
the relations
vtg’

(3.2) d o

»” . .
b (k) - ) . ) L, TR T}
UM THIT(f'}' T RNTINE I A8 Tp d8e by,

respectively

r+q’

- q’ ) ,
(33 d CET) LR — et T’y (k) , N _,fp Sk, b
) = O ) Vie T it Fpedpi by _,,q,]dé’l A8V by

Thus, the Stokes-type formulae become

lo=1 d,u; I o I dow
(3.4) T R s N TO R

~ We may call the operator (3.2) {(3.3) respectively) an exterior deri-
vative ([1], chap. IV, §6) because it satisfies the followinz properties:

. 0
1) 01f p =10, d. w agrees with the definition of the absolute differen-
tial of w;

. P »
2} domain of «w = domain of d.e;

3} d; is R linear (R = real numbers) ;
» i r b9 [/
1) defo A o) =(ds ) A o+ (— )P A dy o)

F
5) du(d, ©) =0 for all o.

I 1follows from (2.10) that the property 1) is satisfied with coeffi-
cml?ts I+ H, ;" of the connexion. The properties 2) and 3) are easy to
verify. The relation 4) was verified for the case of parallelizable spaces

¥ »
[4] wi,uen v* is reduced to y. The difference between the two operators
doesn’t produce difficulties in deriving the property 4).

It remains to verify the property 5). By omiting the indices with
prime it follows from (2.10) that

(T T
V[m V; Ti PN e
P+l p T P+l A
A - x ] , .
V[m v i fy gl V[m (Ta- F eIy H”‘u.) + V[m (T‘_‘ hoend, Hr lh;.

Y * o e
H[M TN Jpdpl —Hyt T ig..ipl—i_Hi i 1;--’;' e

1 Jp]"‘

L P A 1
..;pl'_Hz ir 15. .

/1 *'Jpl)l.

Al ~ iy Al

Using the relations (([10], chap. III, §3)

Via Vi T I e P L L

and

pEy

-p 5

»
Tk . -t
+ Ty, Vi Ui ay gl

we obtain

pwl

;
* * ok —_
ViaVe T8 s

R

mt &

But

and thus, because of (1.8)
it follows
P 11-5-1' o

*

which was to show.

1 £
R Ty

i T o i 1 tar el

_ I
| 2
! a PRI i A
L ) {; R[n.!i }“+V1,.,H| .“.+Hl,|u c HJ i }Ia- fyo-dp

d (dr(.ﬂ) =V[mvt I‘lk iy o dpl

&

P . ' ,
. _ : +
v (5 5 U"..n,...np])’_(mr.rio jl...jp)Uswh].‘.kp]

al o -

] .
' + \_lm Hl' .hk + H'_:‘.'.- 4 H ! b l 'ri sy - jp[

! A Y 5 S -
T[m HJ. [ S \_[nl Hrf b ES wt Hi b

, the expressions in the brackets wil

1 vanish, and

d8§miiy -1p == 0,
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FENSOR  INTEGRALA SI DIFERENTIALA EXTERIOARA
A FORMELOR DUBLE TENSORIALE

Rezuinat

Gtilizind bitensorii de transport [11], [6], pentru care se deduc unele
proprietdti noi in §1, se defineste tensor - integrala bitensorilor prin rela-
tia (2. 1). Pentru tensor —integrala astfel definiti formulele de tip Stokes
au forma (2.11). Formula (2.11) conduce la definitia (3.2}, respectiv
{3.3), a diferentialei exterioare a formelor duble tensoriale (3.1). Se aratd
cd aceastd operatie sarisface axiomele diferentialei exterioare.

ON FFUNCTIONS OF NON-HOMOGENEQUS MARKOV CHAINS
By
JACK HACHIGIAN

Introduction: Functions of Markov chains have been considered bﬁ
many authors {see bibliography] and a variety 'of results haveh beenhobta:lrzli !
This paper contains some analogous results in the case where the u
lying Markov chain is non-stationary.

Statement of Problem and Results. Let X.» u) 1,2, .. be_l::
denumerable state Markov chain having transition matrix P n, ” 1) “;’t
anv initial distribution p = (p; >0). Consider now a new proce;.s Y, = f(f o
where f is a given function on the state space of X,. The unctru;n is
many-one and the states 1 of X, on which f assumes the same \adue ar:-i
collected and considered as a single state of ¥,. The states of Y are denote
by S.s a=1,2,..[1} o y

osition: Ler X, [X(0)] n=0,1,2,.. [0 < o] beadenumeradic
state :Ii’dlc.:a)-goz: chain  having [transin'mz matrix Plnyn+3) [P (59,14 }wuh
anv initial distribution p = {p. > 0). Let Y, =f(X.) {Y{r) X)) Thena
sufficient condition that Y, [Y(r)] to be Markovian is given by:

(1) 3 polrn 41) = PIX, € 8] X, =i] = CEAT
1=
| 2 (65 = PIXWES, | X () =il = C,
igsy

w fived by, b=1,2,... und all 1= S,, and all u 1,2, .. )
o P:'oof: We ;nust show that P[Y,— S8, Y~ Smeed @, A

Pl Y, =S AP Y =8, 1 Ye= S, |- PV, =8, [V =3, 1
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