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ASUPRA TEOREMEI DE RECIPROCITATE IN TEORIA DINAMICA
A ELASTICITATII LINIARE

Rezumat

N Se considera _ecua;iile elasticitdfii liniare in cazul dinamic pentru me-
dii omogene §i anizotrope. Folosind metoda dard in [2] este stabilitd teore-

gla de reciprocitate fird a apela la transformata Laplace, extinzind teorema
atd in [11.

ON A BASIC THEOREM IN MINIMAL COST FLOWS

BY

IRINEL DRAGAN

Let N = (V,d) be a directed network with m vertices and n arcs;
denote these elements by zi€ ¥, i=1,---,m), and a € A, (I=1,--,m),
respectively. Suppose given 2 capacity n-vector K =0, an unitar frans-
portation cOsts #-vector C>0 and a demand m-vector d. Then, we can
«tate the minimal cost flow problem as: minimize

{1 C(X)=CX,
subject 10

(2) BX —d.
and

(3) 0 XK,

where B is the incidence matrix of the network. Of course, this is the
simple case of proportional costs.

in the following we shall suppose that our network has only one
source v, and one sink z,, in consequence the demand vector has the form
d = (0,0, - --,0, = 2. A vector X satisfying (2), (3), with such a vector d,
will be called as habitually a flow with” value . We shall suppose also
integer capacities, costs and demands.

Let us denote by C (1) the unitar cost of a cycle u, i. e.

] Ciu) — C'u,
where | represents the corresponding vector cycle. A cycle yw will be called
admissible cycle with respect 10 the flow X, when there exists at least a

positive integer = such that X = X + <u be also a flow in the network.
Now, weg can state the central theorem in minimal cost flows:



108 TRENTL A GAN

(Ty A flow X 1s minimal if and only if C(u) =0 for every cycle
admissible with respect to this flow (see (2], [5]). A proof is given in [6],
where more general cost functions are considered.

As T. C. Hu remarks in his book [5], this theorem and other near
results justify several algorithms for solving the minimal cost flow problem.
In the present paper we shall consider such a result, which justifies an
algorithm given by R. G. Busacker and P. J. Gowen (see [1], [2].
Essentiaily, this algorithm solves the minimal cost flow problem by solving
successive shortest chain problems; the result which justifies the algorithm
uses the concept of reduced cost of a chain.

We define the reduced cost of a chain v, with respect to a flow X,
by the formula

(51 C ) [C'v if v is admissible,

| 2o otherwise.

Of course, the number C{v) represents the cost of sending a supple-
mental unitar flow along the chain, when we can send this flow.

Now, we shall give a new proof for the following theorem: If X s
- . » ~ - - . .
a minimum cost flow with value g and v 15 a minsmum reduced cost chain

from v, 10 v, then Y =X+ will be a minimum cost flow with value g+ 1.
Two different proofs are given in [2] and [4]. Qur proof is very
similar to that given by V. V. Menon for the theorem (T).
In our proof the following previous result will be used:
T,: If X is a flow with valte g and Y isa flow with value q 1 |

3

then there exists a chain v and a collection of cveles iy ey such that
the eguality:

(6) Ve X by e

be true for some positive INLegers i, - -« , €5 MOreover every ¢ yole pe, (1 = s 7)

will be an admissible cycle with respect 10 X.

Proof: We can prove constructively this result, just as this was done
for the theorem (T), (see [6], Th. 3). The crucial pointis: we can suppose
that every cycle ., (1< s< ), has no common arcs with the chain v;
in teuth, if a cycle . has at least a common arc with v, we can replace
the chain v by the chuin v - & p.. The constructive proof shows every
cycle w., (1 <s <r), being admissible with respect to the flow X 4v,
(see [3], Th. 4). Then, 1. will be also admissible with respect to the flow
Y, because v and p. have no common arcs.

o~ o
[o: If X is a minimum cost Sflow with value ¢ and v 15 a pummum
- i’ Ly [ . . -
reduced cost chain from v, to v, thenY =X v will be a mpumimum  cost

Sflow with value ¢ + 1.
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Proof : Clearly, ¥ is a flow with value ¢ -+ 1 and
(7) cv <X+,

for each admissible chain v. 1f ¥ is mot an optimal flow and we denote
by Y a minimum cost flow, we have

P

(8) C'Y<CY.

According T, we can write

(g) Y:f-—i—-\f'}—sl.{l,l-l“"'—i"sr.y-r,

where 2, =0, {1 <5< r), and u, (1 <5 <L), are admissible cycles with

o - »
respect to X. As X is an optimal flow, we have for these admissible
cycles

(10) C (i) =C a2 0, (1 = s 1),

according to theorem (T). So, by using (9) and (7) we get

(11) CY=C X4+ e(Cw) Xz Y,

d=l

which contradicts (8). Hence, ¥ is an optimal flow.

Now it is clear that a minimum cost flow with value o could be
reached by constructing minimum cost flows with values 1,-- ,o— Lo
successively ; in every Step g we have an available minimum cost flow
with value ¢— 1 <o and we are looking for a minimum reduced cost
chain with respect to this flow. If such a chain doesn’t exist we can’t
reach a flow with value v, because the maximal flow has the value g —1;
otherwise, we get a2 minimal cost flow with value ¢, by sending a sup-
plemental unitar flow along the chain. If ¢ =2 the problem is solved,
otherwise we have to pass to the next step. This is the algorithm given
by R. G. Busacker and P. J. Gowen (sce (.
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O TEOREMA DE BAZA ASUPRA FLUXURILOR DE COST MINIM

Ruezumat

Se di o noud demonstraijie pentru teorema cc stabileste lesdtura

dintre problema fluxului de cost minim si problema drumutui minim.

HECKOTILKO 3 YMEUAHKMIT OB AJTTOPHTMAX OTCLEMEHMS
(PEHIEF I LIEJAQUUICTEHHOMA 3AILAHN JIHHENHOTO
MPOTPAMMMPOBARTS)

B. H. XOXTHOK

B pabore omucai aaropiT™ pepefopa  BOPIINL MIIOFOrpaninKa, 34-
SAHHOrO HPH 1OMOLLH  THHETiHBIN orpaunmuelinii, KpaTho H3A0MKCH cnocod
HAXONICHHS OBIIETO PENICHIS B 11eJBIN UHCIAN CHCTCMBL AiHeilnplx adare-
Gpanueckiy  ypaBhHeHnil ¢ [eJLIMH KO3 (ppHILKHENTAMN, a4 B AAKOUEIHE
JIpsBEACHbl  PEBVILTATLL  BLIUNC/ITCALIOTO skenepinienta st 100 saiay,
HaJOCTPHpYIoUUie paGoTy adropHTAlun oTcedehil HPE POLICHH IAMH Hes
CROJTBRHEX KJAACCOD NCJIOMHCIENNMN 3a/1al Junefinoroe uporpaMMHpoBanits.

0. 1. Aaeopura orcewent Oax aepedopa G MHO202PUHATIRU,
[} zTOM aJropHTME  HPOH3BOANTCA qepeGop  BEPUHIL  MHOFOrpaNHIKRd,  HC
V10BACTBOPSHOULIY 321aHIBIM - YCHUOBIM, IpHYENM [polece HaulwHaeTes o7
BITHMAJALHOTO  PCINCHHS 38134l JIMIEHHOIO NpOrpaMMHpOBANHSL, Ecan
30 0aHHLIMH YCTOBHAMH SIBASIOTCSL YCAOBHS 1LEJOUHCNENHOCTH, TO PacCyas-
rpuBaeMplil aAropHTM  MOKET BLITL  HCNOAB3OBAN AAH AHAAH3E COefHalb-
HOTO KNACCA 1ETOUHCACHIBN 3d1ad. B ochnoBy a’tropiTMa nepeBopa 1oa0-
ACHDB  BEKCHKOrpadiyecKnii ABORCTBEIALIT  CHMIEACKE — MCTO 1 nes
OTCeuett L.

K.ace 3ajfiay, A8 KOTOPHX MHOTOFPANIOC MHOIKCCTBO vedoBHil B
qgeTest INCIOUHCIRINILIN (T.e. BCC BEPIITHN STOTO MHOrOl PAHHOTG MHOMKCECTBA

HeA0UHCICHIBIE BEKTOPHI), [PCACTABIANCT cofioil BecLMa  V3KHIT Koace
14144 MATEMATHUECKOrO [[POFPaMMHPOBAHILA.

PaceMOTPHAL OHH CHRIUTATBHBIT  KJace 1eJ0dncacniny sa.1a4d. [0t
GACTHWHO  WEJOUHCICIHTLIM  MHOUOTPATIBIAL  MHOMKCCTBOM Oy 188 ONHMATL
1AKOC MHOFOrPANIOe MIOKECTBO, /15 KOTOPOro nee TOUKN., YAOBICTBORS-
IOULIE OFPAaHHUEHTSM e IOMHETERIOCTH,  #BAOTCS TOORKO  BOPIIHAN
PieCMATPHBAEMONO MHOKCCTER.



