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From fig. 4 it is seen that as time increasesi.e., wz increases, the value
of that part of (), which is due to oscillatory part of the suction increases
numerically. It is also seen that as time increases, the rate of heat transfer
at the plate, first decreases and then increases for large values of A.
Further the effect of suction is to increase the rate of heat transfer at
the plate when wz — =/2. When w7 = = it is seen that as A increases, the
effect of suction is first to damp Q and then to increase ir.

Acknowledgements, The auther hes a debt of gratitude to Professor Ram Ballabh fom
valuable encouragement and guidance te him in connection with the present work., He
also indebted to the State Council of Scientific and Industrial Rescarch, Uttar Pradesh for
giving him tinan il assistance.

Iy parpment of Mathemaries,
Lucknote University,
Lucknow (INDIA)

REFERENCES

I. Singh, Dilip — J. Phys. Soc. Japan, 1Y, (1964}, 757,

2. Ballabh, R and Dilip §in g h-— Ganita, 18, (19671, 39,

3. P op, I. — ]. Bul. Inst. polit. din lasi, 31, (1967), 173

4. L al, Krishna — Trans ASME Series E J. Appl. Mech. 306, (1869), SE7.

CURGEREA HIDROMAGNETICA OSCILATORIE, LIBERA DE CONVECTIE PESTI
O PLACA INFINITA, CU SUCTIUNE VARIABILA

Rezuntat

Se considerd curzerea liberd de convectie a unui fluid viscos, incom-
presibil si electric conductor peste o piacit poroasd infinita verticald, In
prezenta unui cimp magnetic orizontal constant, cind viteza de suctiuni
are aceeayl frecventd ca temperatura de suprafatd.

CASCADES OF LINEAR BOOLEAN AUTOMATA

BY

DAN A. SIMOVICE and CORINA REISCHER

I. Introduction. The notion of Linear Boolean Automaton (LBA}
was introduced and studied in [3], [6].

We shall recall some of the main notations.

A LBA is a S5-tuple o == (7, &, O, /, &, where I (the set of inputs)
is the Boolean matrix algebra @3, 1, § (the set of states) is the Boolean
matrix algebra B,V and O (the set of outpurs) is the algebra of the
same type B, 1, Regarding the next-state function f: & » & — 4, which
gives siz - 1} = f(s(r}, u(r)) and the ourput function g:& > 7 — 0, which
gives y{r) = g(s(1), u(r)), we have

(1) s(z+1)=A xs(r) U B X ul),
2) y(r) = C % s() UD x ur),

where A, B, C, D are the characteristic matrices of the automaton. We
shall denote the automaton 1 by
d=-A B, C, D>,
Now, we shall study the cascade grouping of LBA.
II. The cascade grouping of LBA. Let o = (31, By, B

fis &)y a=(By-Y, By D, B, f,, g) two LBA. We suppose that the

outputs of the first automaton are considered as inputs of the second
one (see fig. 1),

The aim of this paper is to study the system which is obtained
in this manner and also, to study the set of LBA endowed with this ope-
ration of ,,cascade grouping®.
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For, let us consider
C—1| = e A], B;, C':, Dl """,Clr: = A-_, Bg, C-., D_, =,
where
Al € ,)3gn, u A B] (= _B(gn I s Cl € .:B(;n, n-, l)] € qj(zm, i.‘l
A._ € '1_5211. p‘, B,- € :;g\xp, ru-J (32 € 75'(;" 1-:’ Dz € 7339, m}

PPES— ﬂ.!

Uit A

vit! Y
Fig. 1

Hence, the behaviour of these two automaton will be described by
the equations: '

'lr) S](I -!— 1) == Al il S|(f) U B| X u(f),
':Qr) V(I) = C] et S](r) U D1 i u(f),
and

(1 so(r - 1) = A, > so(ry 1) B % v(1),
{27 yir) = C, > s:(2) UD2 2 v(r)

It is natural to consider the set of states of the system formed by
coupling the auromara ¢ and &, as the cartesian product By > A V==
$

o kRl whose elements will be denoted by ( ]ECB?‘" »n1), where

S

S] E 3!2"’ 1) and 52 G 73.'2_1'-, '_'|'
We can write

(3) sit-+1) = (A; 1 O) % (S] ©)U By % uls),

Sa

where Qe Bl » is a null matrix, and also

Sg([ + 1) AgYSz(I)U BgX(CIXSI(f)UDJXu(I)) =
-- AgXSg(f)UBgXC,XS](I)UBQXD]XU(?) =

=(B.»xC;: Az)(Sl)UB‘:XDex u(z).
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The last two equations can by summarized into the following equality:

o (o= (e, ) () locn)

Afterwards:
y{r) = Cexso() YD X (Crxsi{r) U Dy wu(r)) =

s
= (D:xC;: Cy) x( ‘)(r)UD._.xDIy_u(r).
CH
By examining the last two equations we conclude that the ,yeascade®
formed by the automarta oy, < behaves exactly as a LBA. Denoting this
automaton by & — &la, We have :

A = &
(7)o =l ( ' 0] , (B‘ J, (DyxCi: Ce)y, DuaxXDy >,
B.xC, A, B. »x D,

Theorem 1. The ser of LBA can be considered as a partial  semi-
group*’ if the cascude coupling, 5, is considered us the semigroup operation,

Proof. We need only to prove the associativity of the operation. Fors

let o, = — Ay, B, Ci, Dy =, 1=1, 2, 3, three composable automata (un-
der the operation ,—). Then
A, 0 O

B,
» B.x D, ):
B.x<D. D,

((ﬂ] —r L':l_s_ — C];: o BgXC; Ag 0
B3X Dg X, Cl B:] *\Cg Ag

"

Dy DgXCl': D; Cz Cg), DgXDgXDl ==l = (C]: — CI;}),

1I]. The redundance index of the automaton ey = ;. The re-
dundance index of a LBA is the number of null components of the vec-
tor %= \J., where Z is the null ideal of the LBA (see [5], [6]). It was

wi (F
proved in [6] that this number is the same with the number of null co-

lumns of the matrix C x[\', where A = EUAU ...UA* (also |6] th. 5). Here
¢ is the characteristic exponent of the matrix EUJA (see [2], [31).

Regarding the redundance index of the automaton ¢, — ¢ls we have:
Theorem 2. The redundance index of the automaton <\~ Sa 05 af
least equal with the sum of the vedundance indices of the automuata &y and cls.
Proof. Let d¢= < Ay, By, G, D>, 1= 1, 2, and ¢~y =
<A, B, C D=

=) A partial semigroup is a semigroup whose operation is not defined between any
1wo elements.
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We intend to find out an inferior bound for the number of null co-
lumns of the matrix C < A. Because

[5.c, )
B, C, A,
is u quasitriangular matrix, its powers wili be also quasitriangular mairices,
namely :
A oy A O
B, :C, A [Gf. A;)

It is easy to see, regarding the new introduced matrix G, we have
the reccurence formula:

(8) G, =8B,xC XAUA <G,
Appiying repeatedly this relation we obtain:
G, , = B, xC xAIYAXB, X C AT UL UAI B, XC XA ).
SUALKB, < C = (AL« B, Al-'<B, A, xB,: B} x
C
Ci A R .
X ., ==-I(k>< I{A,
CIXA‘}‘)
where ‘K, = (Ai"'xB. { Al7°x By i .. i B, is the k-control matrix of the
automaton &, and
C.
C, - A
IH_'
Cl ; A;.

is a submatrix of the diagnostic marvix of the automaton ;. Because
C=D.xC,: Cy) we have

CAA‘L:(DZ/\'(,I-_ (J*’]AIG_ r\I_,
= (D, C Al C ,AARU(C,1G,: O) —
= (D, xC <Al C,xAHU(C, <K, ’IH 1 0).

= (D,xC A C G €, A
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Due to the isotony of the Boolean matricial product, [1, p. 17] we
can give superior bound for the matrix G,.

C] \
CxA
G, =K x'H = (A]1xB,; ..: A,<B,: B)x ' ) )_
\C, %A
.IIOIA;X xC R A* el ,U"A \/B /\(; /\K / B_>\C1' A!.‘
real) P
Hence
Ak 0 A 0
Av g .
A,xB,xC x4, A (A xBxCxA A,

Then

A, o
A<

S~ ~
\AszQXC‘XA] Ag/

Now, we can infer that

~

CxA = (B.xC: CIxA L
é; ([)2><(:1><}i1LJ (:2><?i2><l}2><(:])<1\| : (:3- 2‘2)
= ((DgUngﬁngg) ><C1><3,; ngﬁz).

Here, the number of null columns of the mairix CxA is ecqual at

least to the sum of the number of null columns of the matrices C, AAI

and C,~A..

IV. The cascade power of a LBA. Let & =(B{" ", @ (ﬁ(”’ nf, 8=
~ A, B,C, D -, where A¢n", Besymm™, (‘605 Y D e BiTke
The % cascade power of ithe automaton c‘l will be the automaton :

ol — ol = L= el
Slk) =

koumes

if o Al LW bR ) then
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g — [BYY
B < D#-1)’

CH = (DxCH 1% C), DW=Dx DG,

©) o (A(" l 0 ) ’

B-C¥-t A

Aplying repeatedly the equalities (9) we have:
DD
CWl = (D*'xC: D¥ *xCi i DxC: Q).
The matrices A% and B can be obrained immediately from the

last equations. Regarding the redundance index of the automaron At de-
noted by /*) we have:

i < IWY L kem,

vhere 7 1s the redundance index of the automaton <. It is clear that, by

an appropriate renumbering of the delayers (see [6]), ir is possible to carry

the units of the state vector - - |J w into the last %4 positions (instead of
(-)E‘_Z

first % positions as in [6]). Then the states of the null ideal will have the

[\
aSpCCt G == ( ]’ L € -B\zk, ]', o¢ jj:zrl_k’ 1) .
33

G - - 4
Then the state ( ') will be equivalent to the state (rl) where

B () =e=

Following a similar development as in [6], we can conclude that
under the permutation which acts on the delayers in the way which was
described earlier, the characteristic matrices of the automaton become:

(52 (e
A’f Aﬂf Bl.’

C—(':0), D D,

a € B 5V, because

where A" ¢ Bf4 G e Bl =0 a0,
Now, we notice that it holds:

Theorem 3. Lvery LBA, & can be regarded as a cascade of rwo auto-
mata iff the svstem of Boolean matricial equations

7 PRt = LENEAR BUHILEA®™ Al onNATA PXR

10) A" =Z xU, B —ZxY,
|
' D = XxY, C =X+U,
has at least a solution
Proof. Let us suppose that the system (10) has a solution (X, Y, Z,U).
Then, let us consider the automata

J, - <A,B, U, Y>,
A= <A™ Z, O, X

Their cascade-product is the automaton

(A' 0), [B ) X <U:0),X . Y)>,
Z. U A" ZxY

Taking into account the equations (10) we obtain the relation

ey = iy = < [A O), (B )) {C': 0),D -,
A” Am’ 'B"

which we had to prove. It is easy to see that the second automaton is in

fact a combinatorial device because C.= 0. Its outputs are influenced
only by its inputs and not by the internal state.

We can also infer thar, if there exists a square root of an automa-
ton (in the sens of the cascade-composition) then the automaton and its
square root must be combinatorial devices.

cly = ol =
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CASCADE DE AUTOMATE LINEARE BOOLEENE
Rezumat

in multimea automatelor liniare booleene, care au fost introduse in
[5,6) se considerd operatia ,,—, de grupare in cascadd a doud automate,

>

faid de care muljimea ALB formeazd un semigrup in sens larg.
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Cunoscindu-se matricele caracteristice ale ALB, ¢, sl ¢l. se gasesc
matricele caracterisiice ale ALB, o, — ¢l;. Se introduce apoi puterea % in
cascadd, a unui ALB pentru care se gisesc matricele caracteristice. Pentru
indicele de redundantd al automatului ,-»¢l, se Jdemonstreazi teorema: in-
dicele de redundantd al automatului o, - &, este cel putin egal cu suma
indicilor de redundantd ai avtomatelor ¢, si &,. Un ultim rezultat indica

o condijie necesard si suficientd de decompozabilitate a2 unui ALB intr-o
cascadi de douid ALB.
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