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i. Introduction. The extension of Ahlfors’ proof [1] of the classical
Schwarz-Pick distortion theorem for the unit disc

Cle=iz: 2 <1}

(1.1)
to the #-dimensional unit ball
(1.2) Cr=1{z:lzll<1}

of the complex (unitary) space C” with the Fuclidean norm  z || { 2 |%=

— 22, + -+ 2, 2,), requires the existence of a real solution w="{u {z,_z_:,zeC’;}
shorter : {u(z,z2), 5¢C%y of the partial differential equation

1.3) det [u-:] = det (i, 2, ]u = el*TV*

h boundary values +>c and [u] = O([n:) > V& udzdz positive de-
el). This has been shown first in [7] and shortly thereafter completed
xtended in (8] and (Y] Generalizations of various kinds (Kernel
ons of homozeneous domains) using the same method as in {7] has
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been given by J. Mitchell and K. Hahn {12], {13], and more general
theorems involviny non-Kihlerian metrics were proved by S.S. Chern
[6] and S. Kobayashi [li).

Since the definitions of H. Cartan’s [5] and S. Bergman’s po-
lynomials [2], |3] resp. sequences of functions, and the Bergman Kernel
{references in [4]) rcjuire considerable technique, it should be of interest
to attack the problem, at least for the classical homogeneous domains, by
methods of the theory of partial differential equations leading to metries
with constant (negative) Ricci-curvature (references in {7)). The unique
solution of this cquation with boundary values | oo and [z..} - 0 is strongly
connected with the Bergman Kernel. In this paper, the chosen domain
shall be the Lic-sphere given by (2.4). The technique is based on a gene-
ral determinant identiry, which shall be proved in 2. The reader will find
further applications of this identity (on Hua’s algebraic indentitics) in an
additional note,

2. Definitions and preparatory theorems. A matrix with real or
complex entries o, with p rows and ¢ columns will b denoted in general
by Q,,, [0.),,0r & If p—y4, then Q  will be denoted by &, [e.],,
or [w;]. The transposed matrix of () shall be denoted by @&, [w]]

H]
bl g n

or . If the «, are complex numbers we set d=[o,],, and Q.

foud,, = [(.);k]'m(m;k =)

Definition. Let D be a bounded region of the complex space C'(n 1)
with points z = (2,,.,2,) and let f:D ~ D be a mapping from D into D
gwen by a system f = (f\ ..., [} of functions f,,..., f, holomorplic in D. Then
S is called an inner mapping of D (references in [4]).

Definition. Let n — py(p, g integers — 0). Then the four classical ye- |

gions (references in [10]) R , Ry Ry and R, will be defined as follows |

(2.1) Ry =i2:8,=-722'>0, Z=[s4],, E=[%]
(2.2) Ry, ={28,—22'>0, Z=[z2,),, 2'=2)
12.3) By ={2:E,+22'>0, Z=[z,], £ =-—2
(2.4) Ryo="1z:1=20zP+ z22'*>0, zz <1}
where 3 =(2,,...,2,) and 22’ = 5 + ... & 23,

The region A, is called the Lie-sphere (more references in [10]). The

following classical proposition will be stated without proof (references;

in [8]):
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. = 0
it dces, A,,20 and B, -0
B be Hermirian mairices, 1,

Lemma 1. Let Ap, B

Then
(25) A = B

. g important lemm
The following 1mpo ‘
[l > Bp=I[8al,, Ci

Lemma 2. Let 4, i
.E.n ' ‘\J’BI”-' i
& ]q det A C .

0 < det B3, - det A,

a is for the development of sections 3 ;u.:d 4
[v:] bDe arbitrary
Vinly

real or complex muatrices. Then

5 P F el
(-) h-) dC[ [_T,k V >_, =1 LIJ- Jil' iJ?"k pe q
here
‘ 0.2 0
Ay e
O 0. 2,
Clearly, . o LN B
Iyeest > {1.:1 fp P |J?1J-‘]q v oy M

Proof of Lemma 2. We set (p — 11
X() == det[yu Ay Bl

d . .
an 1 }_”@“. . d .r‘“gm
@i
Y(n,) = det]
Py [yaeds

btain
Then we o X"(:’h) Y (0 - 0

nd therefore [7] s
X(n,) = X(0) + =X}, Y(x) = Y{0) + 1 Y (0}

" the other hand,

X{0) == Y(0) = det[+,]

O Gy B
X0)— — der " = Y'(O).
g h’d'-]:.
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Hence (2.6) hold
4 s for p=1. ; ) i
We set P Assume now {2.6) holds for some p,p ~- 1. Poro e Fag
\‘,l
- ‘ ’-'1 - 6.‘1
alld Y”" - Tg_:_ = I‘J'ZPIIﬂ'J.\ 2 ;_-_l‘ ’ l“-;.'
and
- pel o ; :‘,
. . L "y
X{n,)=det [y, - 3 s e, o ; |
e Ry 0t
Th b ; : b ' 3 )
en by applying (2.6) we get a0 o
we obtan
14' - — - )
X(h,) =det #=! i\ﬂ By X I i X S r'-;;\
Now jre=lq IYH‘]@ a,_‘,l L a}ﬂ,._ s {‘\!_“:l o ”‘L)f (1"
M Ry where ., denoics the zero matrix of order - Consequcmly,
A, B, = . ] .
/ det na Fed :f._ .
)\J’—| B;ﬂ—b' LY | Bp—x., = [ 2_. TR T
and therefore X7{7 , : N [3.2) 0 N )
X"{»,), as a function of 7,, must be identically zero. det [} 2{; ]1 N odet | " S R
i . l I?;' ”Ii I-‘\’.-I- Lo f ), Crl‘
-\ T

Hence

{2.?:— = — —
X 1, = 0 + 5 ! ¢ 3
( ’) X( ) APX (O) ’ 16;. ]q; serung o [3'-.'.]1-35; [:ﬂi!-lw (‘ IJ""q:’ and

On the other hand, X'(0) has the form

Supposing [V
introducing the 1nner products
al
aply + apls 4ot P a, A - ANy b
> "1 3 "
det A\ﬂ; e det ,\ﬂ] vy

- - . .
here P, means the determinant obtained from

L, A, B,
der| " =t "'] of the multi-vectors d o and b @ b, , we get
n- 1g Cq- o = I L
if we replace the p4-v—1r ) ' Ty 1
= owby0.-.0 BT . det [ 9 3 bt o
equals the right side of (2.6). 2P B SR A (3.3) o s -
! §o 5“ it : { 3_“ :aﬂ e e a"-.,_’ bnl P {1‘_“)[”1 i .F.nl_' H

3. Special cases. By (2.6) we have for
for later developments:

The following identity is important

Lemma 3. Suppose thar % - (Zis - s
complex vectors. Then

:“_l'_l) f”l([ E_-J (E.:. PR i._l are

l3.1) X =1Y A 7 = g : 7
( ) ( 13703 "p) = det [Yu; e Efjs] o ] {‘J'u.fr]q

the expression

detfyg, -+ il 25 @ R T

‘ - A fS - n Dyt AatmGo

udy p=11 - S e ey } (3.4) 1 det [¢ Tin ey e __! ._1.{ o
YT R S 'S e T - 20 A Gl

1go; <., <oy

o 4, Now setting Proof, Write 7., 2., tor #., %, and set % R S

w ith coefficients cpenc J
oy eera, 1T depending on -,

= Malos
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4. Partial differential equations. We define V=1V (), In

(Lie-sphere)

(4.1) Lr={z:1—2zFf + 23'[>0, 2" <N
by
(4.2) V= V(z)=(1—2|zF-+[zz" 7"

and we prove the following theorem:
Theorem 1. The function V satisfies the partial differential equation

(4.3) det [(log V), j=2"V".
Proof. Write % for log V and A4 for 22" =z} +-«-+ 2% Then
4 - =2V {3 2z 2,4-2V(z,

rd
vzl

z, ANz, — =, d)

k Ly
and consequently, using (3.4

dct[a}zgl.ak]” 251 — 2z |F - 2Vlz — 24 E—4Vz Az —=24d) I

|8
Now z /A (z — 2d}) =2 Az and therefore

z A (g — zA)F z A z2l? gl — 22’ =z} ~ AA.
On the other hand,

(1—2jzip V! 4z P+aliz))+ (1 -2 =44
and

s gA =2t — 244+ | z[fAA.
Thus
(1 -2z V" +2 g—zd|f—4llz Az =
1--2|gjf+ 22 P=V"\

It is easy to see, that J is a strong plurisubharmonic function n

L». We mark with m (as index) expressions working with the vector
[21, - -»2,) and compute [',‘Jz‘z-k]m using {3.4). Then

2-—»;]’/ (m 1) det [._IJ —

ER-FE4 )

= (12l 2ig) V7 + 2|z — Al — 2 Azl =

] m— tm

m

— (1 — 205V + 205 — B4, — 42l + 44, 4, =
— v 2z A (1 — 2] 2P+ Ad) +
Lozt 42 AT — d,d — A, d) — 4zl HAd, A,

Pt
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Hence
1.n= v 4z n.'n( s e fu) ‘2Am A A--:: 2A|IA A-u]'
Setting
Poll [ | d*
we obtain
A r(A A ™ |A _"(14 Am) ‘ ""<“- 5 T‘n d:‘u’

and therefore [, - V ' = 0. This shows that [}, ] - 0(z&L}) holds.

It still remains to show that log V is the only strong plurisubharmonic
solution of the partial differential equation

[4.4] det[(log V) ], —2" V"

on L} with boundary values — . This shall be done in the next section.

5. Inner mappings. Distortion theorems. Using the identity

’ i

23 zlit—llz A 2

we can put {4.1) in the form [10]

——

L= {z:1 zf >z A 2

from which follows that z € L} — az & Li(v2,0< 2 13,
Let o = (@, -, w,) be an inner mapping of Lu having the pro-

perty (property A): © is holomorphic in /E,’; (Hull of L}).
We prove the theorem:

Theorem 2. For every inner muppinig wi Ly — L7, the following 1ne-
quality holds

(5.2) o) SV e} - V()
sehere
(E(l).
<lf ] i Fal
{5.3) {er) — det \ 7 L

is the Yacobian of the system ;== O with respect to the variables i, - 53,
Proof. Suppose that « has the property A and let

Viw)*
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Then < has boundary values —— = and therefore has a maximum at a point
Ly, say 2 Hence

& dzdz- 0
and consequently

(log V{)),-d2 dz < (log V (2)), dzdz

at the point z. Thus (Lemma 1h
det[(tog V (e))..], () *det [(log V' (@) ol
on Aw) 2V {w) L det [(log V(21 »l, 20 V{z)”
which contradicts the assumption v - 0 at the point =z Therefore (5.2} s
valid in L%.
The inequality (5.2) holds without assuming A. To prove this define

L0 < §-< »} by
(5.4) Lr=iz:1 a3 (gl 4 ¥ 227 >0, 8 27| i
and set
ve= (1. —28}zl] 37 2zt Y)Y (el
Then
det [(logv) 1, 2u8"ol.
Choosing 1 == 3 o, We can now prove by the same method (o has

the property A in L} that
) 2V (@) = "D (s & LY
and (3 — 1) the general validity of (5.2).
Thaorem 3. The partial differential equation
(5.5) det[ilogu) ], — 2"

Jas exactly one stroig plurisubharmonic solution in L7 it the boundar:

values - © .
Proof. Assume (3.5) has a second solution 3= /. We consider the

function

tlog e log o, log 52 o, . (1 <58 < «in )
&
with the boundary values -+, and prove first by means of theorem 2 that
0z Sz, (1< 8 », 3 €LY

holds. On the other hand (again boundary values 7 1)
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=

‘Jogn, - log 4 ogu' _,»n (O 1)
T

has a muximum in L* and hence by mcans of theorem 2
So Mg (z el 04 1.
Consequently (35— 1 houo 1

6. Remarks. The developments of sections 4 and 5 can be repeated
for the simpler case of the unit sphere C» of C" and lead to the parual

dif ferential equation

nel

det [(log#)..}, — «

which has the strong plurisubharmonic solution « (! 1 HL IS
The proof is based on the idenuty (7,8].
0 8- B

det[4,, — re. B, =1 —* det | =
“ [3:.).

i ar

The extension of the method to the gencral casc %, and to the cases
%, and R requires mMore technique and will be discussed on another

occasion.
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ASUPRA UNOR TEOREME DE DIS FORSIUNE IN DOMENII CLASICE DE MAT
MULTE VARIABILE COMPLEXE

Rezumat

Extensiunea dzmonstragiei lui Ahlfors pentru tcorema clasicd de dis-
torsiune a lui Schwarz-Pick pentru discul unitate la sfera unitate n-dimen-
sionald, necesitd existenta unei solugii reale a ecuagiei {1.3], cu anumite
condifii la frontierdi. In Nota prezentd problema este atacatd cel putin
pentru anumite domenii, prin metode ale teoriei ecuatiitor cu derivate par-
tiale care conduc la metrici cu curburi Ricci constante. Unica solutie a
acestei ecuatii cu valori la frontierd s si [r.:]] = 0O este strins legatd de
nucleul lui Bergm n. Domeniul ales este sfera Lie datd de (2.4). Tehnica
este bazatd pe o identitate generald intre determinanti, demonstratd in § 2.
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1. Introduction. The identity [I]

!1.' ] det [T.._ 2 '._ ] }‘J. 'I'LJ 3:.ll.]-. de[

for the real or complex matrices
A_-l-- = [l-il.i-. 3 B,'lu =3 [-"j”‘]:".’ c. C'.' [Tﬂ']-. b

o= 8., 18, Kroneckers symbols]

... 0

0. .. 7

leads to an easy proof of two classical identities of L. K. Hua.
Lemma . Weser for a fixed u,1 - oo p and for 6, 6,E 1,0 Pl

Op  [Baplus

h.2) Xev e = o 1 [l
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